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Universal texture of quark and lepton mass matrices and a discrete symmetry Z3
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Recent neutrino data have been favorable to a nearly bimaximal mixing, which suggests a simple form of the
neutrino mass matrix. Stimulated by this matrix form, the possibility that all the mass matrices of quarks and
leptons have the same form as in neutrinos is investigated. The mass matrix form is constrained by a discrete
symmetry Z3 and a permutation symmetry S2. The model, of course, leads to a nearly bimaximal mixing for
the lepton sectors, while, for the quark sectors, it can lead to reasonable values of the CKM mixing matrix and
masses.
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I. INTRODUCTION

Recent neutrino oscillation experiments@1# have highly
suggested a nearly bimaximal mixing (sin22u12;1,sin22u23

.1) together with a small ratioR[Dm12
2 /Dm23

2 ;1022.
This can be explained by assuming a neutrino mass ma
form @2–7# with a permutation symmetry between seco
and third generations. We think that quarks and lept
should be unified. It is therefore interesting to investigate
possibility that all the mass matrices of the quarks and l
tons have the same matrix form, which leads to a nea
bimaximal mixing andU1350 in the neutrino sector, agains
the conventional picture that the mass matrix forms in
quark sectors will take somewhat different structures fr
those in the lepton sectors. In the present paper, we
assume that the mass matrix form is invariant under a
crete symmetry Z3 and a permutation symmetry S2.

Phenomenologically, our mass matricesMu, Md, M n and
Me @mass matrices of up quarks (u,c,t), down quarks
(d,s,b), neutrinos (ne ,nm ,nt) and charged leptons (e,m,t),
respectively# are given as follows:

M f5PL f
† M̂ f PR f , ~1.1!

with

M̂ f5S 0 Af Af

Af Bf Cf

Af Cf Bf

D ~ f 5u,d,n,e!, ~1.2!

wherePL f andPR f are the diagonal phase matrices andAf ,
Bf , andCf are real parameters. Namely the components
different inM̂ f , but their mutual relations are the same. Th
structure of mass matrix was previously suggested and u
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for the neutrino mass matrix in Refs.@2–7#, using the basis
where the charged-lepton mass matrix is diagonal, motiva
by the experimental finding of maximalnm2nt mixing @1#.
In this paper, we consider that this structure is fundame
for both quarks and leptons, although it was speculated fr
the neutrino sector. Therefore, we assume that all the m
matrices have this structure.

Let us look at the universal characters of the model. He
after, for brevity, we will omit the flavor index. The eigen
massesmi of Eq. ~1.2! are given by

2m15
1

2
„B1C2A8A21~B1C!2

…, ~1.3!

m25
1

2
„B1C1A8A21~B1C!2

…, ~1.4!

m35B2C. ~1.5!

The texture’s components ofM̂ are expressed in terms o
eigenmassesmi as

A5Am2m1

2
,

B5
1

2
m3S 11

m22m1

m3
D , ~1.6!

C52
1

2
m3S 12

m22m1

m3
D .

That is,M̂ is diagonalized by an orthogonal matrixO as

OTM̂O5S 2m1 0 0

0 m2 0

0 0 m3

D , ~1.7!
©2002 The American Physical Society06-1
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with

O[S c s 0

2
s

A2

c

A2
2

1

A2

2
s

A2

c

A2

1

A2

D . ~1.8!

Herec ands are defined by

c5A m2

m21m1
, s5A m1

m21m1
. ~1.9!

It should be noted that the elements ofO are independent o
m3 because of the above structure ofM̂ .

The zeros in this mass matrix are constrained by the
crete symmetry that is discussed in the next section, defi
at a unification scale~the scale does not always mean ‘‘gra
unification scale’’!. This discrete symmetry is broken belo
m5MR , at which the right-handed neutrinos acquire hea
Majorana masses, as we discuss in Sec. IV. Therefore,
matrix form ~1.1! will, in general, be changed by renorma
ization group equation~RGE! effects. Nevertheless, w
would like to emphasize that we can use the expression~1.1!
with ~1.2! for the predictions of the physical quantities in th
low-energy region. This will be discussed in the Appendi

This article is organized as follows. In Sec. II we discu
the symmetry property of our model. Our model is realiz
when we consider two Higgs doublets in each up-type
down-type quark~lepton! mass matrices. The quark mixin
matrix in the present model is argued in Sec. III. In Sec.
the lepton mixing matrix is analyzed. Section V is devoted
a summary.

II. Z 3 SYMMETRY AND MASS MATRIX FORM

We assume a permutation symmetry between second
third generations, except for the phase factors. However,
condition (M̂ f)1150 cannot be derived from such a symm
try. Therefore, in addition to the 2↔3 symmetry, we assum
a discrete symmetry Z3, under which symmetry the quar
and lepton fieldscL , which belong to 10L , 5̄L and 1L of
SU~5! (1L5nR

c ), are transformed as

c1L→c1L ,

c2L→vc2L , ~2.1!

c3L→vc3L ,

wherev3511. @Although we use a terminology of SU~5!,
at present, we do not consider the SU~5! grand unification.#
Then, the bilinear termsq̄LiuR j , q̄LidR j , ,̄LinR j , ,̄LieR j and

n̄Ri
c nR j @nR

c 5(nR)c5Cn R̄
T and n̄R

c 5(nR
c )̄# are transformed

as follows:
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S 1 v2 v2

v2 v v

v2 v v
D , ~2.2!

where

qL5S uL

dL
D , ,L5S nL

eL
2D . ~2.3!

Therefore, if we assume two SU~2! doublet Higgs scalarsH1
andH2, which are transformed as

H1→vH1 , H2→v2H2 , ~2.4!

the Yukawa interactions are given as follows:

H int5 (
A51,2

~Y(A) i j
u q̄Li H̃AuR j1Y(A) i j

d q̄LiHAdR j!

1 (
A51,2

~Y(A) i j
n ,̄LiH̃AnR j1Y(A) i j

e ,̄LiHAeR j!

1~Y(1)i j
R n̄Ri

c F̃0nR j1Y(2)i j
R n̄Ri

c F0nR j!1H.c.,

~2.5!

where

HA5S HA
1

HA
0 D , H̃A5S H̄A

0

2HA
2D , ~2.6!

so that

Y(1)
u ,Y(2)

d ,Y(1)
n ,Y(2)

e ,Y(2)
R 5S 0 0 0

0 * *

0 * *
D ,

~2.7!

Y(2)
u ,Y(1)

d ,Y(2)
n ,Y(1)

e ,Y(1)
R 5S 0 * *

* 0 0

* 0 0
D .

In Eq. ~2.7!, the symbol* denotes nonzero quantities. Her
in order to give heavy Majorana masses of the right-han
neutrinosnR , we have assumed an SU~2! singlet Higgs sca-
lar F0, which is transformed asH1.

In the present model, the phase difference arg(Y(1)
f

1Y(2)
f )212arg(Y(1)

f 1Y(2)
f )31 plays an essential role. There

fore, for the permutation symmetry S2, we set the following
assumption: the permutation symmetry can be applied
only the special basis that all Yukawa coupling constants
real. ~Of course, for the Z3 symmetry, such an assumption
not required.! We consider that the phase factors are cau
by an additional mechanism after the requirement of the p
mutation symmetry S2 ~after the manifestation of the linea
combinationY(1)1Y(2)). In the present paper, we consid
that although the Z3 symmetry is rigorously defined for th
fields by Eq.~2.1!, the permutation symmetry S2 is a rather
6-2
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phenomenological one~i.e., ansatz! for the mass matrix
shape. Then, under this S2 symmetry, the general forms o
Yf[Y(1)

f 1Y(2)
f are given by

Yf5PL f
† Ŷf PR f

5S 0 ae2 i (dL1
f

2dR2
f ) ae2 i (dL1

f
2dR3

f )

ae2 i (dL2
f

2dR1
f ) be2 i (dL2

f
2dR2

f ) ce2 i (dL2
f

2dR3
f )

ae2 i (dL3
f

2dR1
f ) ce2 i (dL3

f
2dR2

f ) be2 i (dL3
f

2dR3
f )

D .

~2.8!

We have already assumed that cL

5(n ,eL ,dR
c ;uL ,dL ,uR

c ,eR
c ;nR

c ) have the same transforma

tion ~2.1! under the discrete symmetry Z3, so thatc̄LicL j
c are

transformed as Eq.~2.2!. From this analogy, we assume th
the phase matricesPL f andPR f come from the replacemen
cL→PfcL , i.e.

c̄LYfcL
c→c̄LPf

†Ŷf Pf
†cL

c . ~2.9!

However, differently from the transformation~2.1!, we do
not assume in Eq.~2.9! that all the phase matricesPf are
identical, but we assume that they are flavor dependent.
explains the assumption

dLi
f 52dRi

f [d i
f , ~2.10!

in the expression~2.8!. @However, this assumption~2.10! is
not essential for the numerical predictions in the present
per, because the predictions of the physical quantities dep
on only the phasesdLi

f .#
Since the present model has two Higgs doublets horiz

tally, in general, flavor-changing neutral currents~FCNCs!
are caused by the exchange of Higgs scalars. However,
FCNC problem is a common subject to be overcome
only in the present model but also in most models with t
Higgs doublets. The conventional mass matrix models ba
on a grand unified theory~GUT! scenario cannot give rea
istic mass matrices without assuming more than two Hi
scalars@8#. Besides, if we admit that two such scalars rem
until the low energy scale, the well-known beautiful coinc
dence of the gauge coupling constants atm;1016 GeV will
be spoiled. Although the present model is not based o
GUT scenario, as are the conventional mass matrix mod
for the FCNC problem, we optimistically consider that on
one component of the linear combinations among th
Higgs scalars survives at the low energy scalem5mZ , while
the other component is decoupled atm,MX @9#. The study
of the renormalization group experiment~RGE! effects given
in the Appendix will be based on such an ‘‘effective’’ on
Higgs scalar scenario.

III. QUARK MIXING MATRIX

The quark mass matrices

M f5Pf
†M̂ f Pf

†~ f 5u,d!, ~3.1!
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are diagonalized by the biunitary transformation

D f5UL f
† M fUR f , ~3.2!

whereUL f[Pf
†Of , UR f[PfOf , and Od (Ou) is given by

Eq. ~1.8!. Then, the Cabibbo-Kobayashi-Maskawa~CKM!
@10# quark mixing matrix~V! is given by

V5ULu
† ULd5Ou

TPuPd
†Od

5S cucd1rsusd cusd2rsucd 2ssu

sucd2rcusd susd1rcucd scu

2ssd scd r
D , ~3.3!

wherer ands are defined by

r5
1

2
~eid31eid2!5cos

d32d2

2
expi S d31d2

2 D , ~3.4!

s5
1

2
~eid32eid2!

5sin
d32d2

2
expi S d31d2

2
1

p

2 D . ~3.5!

Here we have setP[PuPd
†[diag(eid1,eid2,eid3), and we

have takend150 without loss of generality.
Then, the explicit magnitudes of the components ofV are

expressed as

uVcbu5usucu5

sin
d32d2

2

A11mu /mc

, ~3.6!

uVubu5ususu5

sin
d32d2

2

A11mu /mc

Amu

mc
, ~3.7!

uVtsu5usucd5

sin
d32d2

2

A11md /ms

, ~3.8!

uVtdu5ususd5

sin
d32d2

2

A11md /ms

Amd

ms
, ~3.9!

uVusu5cusdU12r
su

cu

cd

sd
U

5A mc

mc1mu
A md

ms1md

3F122 cos
d32d2

2
cos

d31d2

2
Amums

mcmd
6-3
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1cos2
d32d2

2 S mums

mcmd
D G1/2

, ~3.10!

uVcdu5cusdUr2
su

cu

cd

sd
U

5A mc

mc1mu
A md

ms1md
Fcos2

d32d2

2

22 cos
d32d2

2
cos

d31d2

2
Amums

mcmd

1S mums

mcmd
D G1/2

. ~3.11!

It should be noted that the elements ofV are independent o
mt and mb . The independent parameters in the express
uVi j u are uu5tan21(mu /mc), ud5tan21(md /ms), d3, and
d2. Among them, the two parametersuu andud are already
fixed by the quark masses of the first and second generat
Therefore, the present model has two adjustable param
d3 and d2 to reproduce the observed Cabibbo-Kobayas
Maskawa~CKM! matrix parameters@11#:

uVusuexp50.219660.0026,

uVcbuexp50.041260.0020, ~3.12!

uVubuexp5~3.660.7!31023.

It should be noted that the predictions

uVubu
uVcbu

5
su

cu
5Amu

mc
5A2.33

677
50.058660.0064,

~3.13!

uVtdu
uVtsu

5
sd

cd
5Amd

ms
5A4.69

93.4
50.22460.014

~3.14!

are almost independent of the RGE effects, because the
not contain the phase difference, (d32d2), which is highly
dependent on the energy scale as we discuss in the Appe
@see Eq.~A9!# and we know that the ratiosmu /mc and
md /ms are almost independent of the RGE effects. In
numerical results of Eqs.~3.13! and~3.14!, we have used the
running quark mass atm5mZ @12#:

mu~mZ!52.3320.45
10.42 MeV, mc~mZ!5677261

156 MeV,
~3.15!

md~mZ!54.6920.66
10.60 MeV, ms~mZ!593.4213.0

111.8 MeV.

The predicted value~3.13! is somewhat small with respect t
the present experimental valueuVubu/uVcbu50.0860.02, but
it is within the error.
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The heavy-quark-mass-independent predictions~3.13!
and ~3.14! have first been derived from a special ansatz
quark mixings by Branco and Lavoura@13#, and later, a simi-
lar formulation has also been given by Fritzsch and Xi
@14#. For example, the CKM matrixV is given by the form
V5R12(uu)R23(uQ ,fQ)R12

T (ud) in the Fritzsch-Xing ansatz
and their rotationR23(uQ ,fQ) with a phasefQ corresponds
to R23(2p/4)PuPd

†R23
T (2p/4) in the present model, be

cause the present rotation given in Eq.~1.8! is expressed as
Of5R23(2p/4)R12(u f). However, we would like to empha
size that the 2↔3 mixing in V comes from only the relative
phase difference (d22d3), and it is independent of the form
of the up- and down-mixing matrices~1.8!. The present mass
matrix texture is completely different from theirs. The re
erivation of Eqs.~3.13! and ~3.14! in the present model will
illuminate the farsighted instates by Branco and Lavoura

Next let us fix the parametersd3 andd2. When we use the
expressions~3.6!–~3.11! at m5mZ , the parametersd2 and
d3 do not mean the phases that are evolved from thos
m5MX . Hereafter, we use the parametersd2 andd3 as phe-
nomenological parameters that approximately satisfy the
lations ~3.6!–~3.11! at m5mZ . In order to fix the value of
d32d2, we use the relation~3.6!, which leads to

sin
d32d2

2
5A11

mu

mc
uVcbuexp50.040160.0018,

~3.16!

d32d254.59°60.21°. ~3.17!

Then, we obtain

uVubu5Amu

mc
uVcbuexp50.0023460.00028, ~3.18!

uVtsu5A11
mu

mc

11
md

ms

uVcbuexp50.039160.0018,

~3.19!

uVtdu5A11
mu

mc

11
md

ms

Amd

ms
uVcbuexp

50.0088060.00094, ~3.20!

which are consistent with the present experimental d
Therefore, the value~3.17! is acceptable as reasonable. The
by using the value~3.17! and the expression~3.10!, we can
obtain the remaining parameter (d31d2):

d31d2593°622° or 280°622°. ~3.21!

Since sin(d32d2)/2.0.04 and cos(d31d2)/2.0.2, the
present model also predicts the following approximated re
tions:
6-4
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uVusu5cusdU12r
su

cu

cd

sd
U.Amd

ms
, ~3.22!

uVcdu5cusdUr2
su

cu

cd

sd
U.Amd

ms
, ~3.23!
to

09300
uVtdu5ususd5AuVcbu21uVubu2A md

ms1md

.uVcbu•uVusu. ~3.24!

Using the rephasing of the up-type and down-type qua
Eq. ~3.3! is changed to the standard representation of
CKM quark mixing matrix
Vstd5diag~ea1
u
,ea2

u
,ea2

u
!V diag~ea1

d
,ea2

d
,ea2

d
!

5S c13c12 c13s12 s13e
2 id

2c23s122s23c12s13e
id c23c122s23s12s13e

id s23c13

s23s122c23c12s13e
id 2s23c122c23s12s13e

id c23c13

D . ~3.25!
neu-

t-
ned

n

Here, a i
q comes from the rephasing in the quark fields

make the choice of phase convention. TheCP-violating
phased in the representation~3.25! is expressed with the
expressionV in Eq. ~3.3! by

d5argF S V12V22*

V13V23*
D 1

uV12u2

12uV13u2
G , ~3.26!

so that we obtain

d56~80°622°!. ~3.27!

It is interesting that nearly maximalusindu is realized in the
present model.

The rephasing invariant Jarlskog parameterJ @15# is de-
fined by J5Im(VusVcs* Vub* Vcb). In the present model with
Eqs.~3.6!–~3.11!, the parameterJ is given by

J5usu2urucusucdsdsin
d31d2

2

5
uVubu
uVcbu

uVtduuVtsuuVtbu

11uVub /Vcbu2
sin

d31d2

2
. ~3.28!

Using the relationuVtdu.uVcbuuVusu in Eq. ~3.24!, and the
experimental findingsuVusu2@uVcbu2@uVubu2, uVtsu.uVcbu,
and uVtbu.1, we obtain

J.uVubuuVcbuuVususin
d31d2

2
. ~3.29!

On the other hand, in the standard expression ofV, Eq.
~3.25!, J is given by
J5c13
2 s13c12s12c23s23sind

5
uVuduuVusuuVubuuVcbuuVtbu

12uVubu2
sind

.uVusuuVubuuVcbusind. ~3.30!

Comparing Eq.~3.29! with Eq. ~3.30!, we obtain

sind.sin
d31d2

2
. ~3.31!

By using the numerical results~3.17!–~3.21!, we obtain

uJu5~1.9160.38!31025. ~3.32!

IV. LEPTON MIXING MATRIX

Let us discuss the lepton sectors. We assume that the
trino masses are generated via the seesaw mechanism@16#:

M n52MDMR
21MD

T . ~4.1!

Here MD and MR are the Dirac neutrino and the righ
handed Majorana neutrino mass matrices, which are defi

by n̄LMDnR and n̄R
c MRnR , respectively. Since MD

5Pn
†M̂DPn

† andMR5Pn
†M̂RPn

† according to the assumptio
~2.9!, we obtain
6-5
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M n52Pn
†M̂DM̂R

21M̂D
T Pn

†

5Pn
†S 0 Am2m1

2
Am2m1

2

Am2m1

2

1

2
m3S 11

m22m1

m3
D 2

1

2
m3S 12

m22m1

m3
D

Am2m1

2
2

1

2
m3S 12

m22m1

m3
D 1

2
m3S 11

m22m1

m3
D D Pn

† . ~4.2!

Here and hereafter,m1 , m2 andm3 denote neutrino masses unless they are specifically mentioned. In the last express
have used the fact1 that the product ofAB21A of the matricesA andB with the texture~1.1! with Eq. ~1.2! again becomes a
matrix with the texture~1.1! with ~1.2!.

On the other hand, the charged lepton mass matrixMe is given by

Me5Pe
†S 0 Ammme

2
Ammme

2

Ammme

2

1

2
mtS 11

mm2me

mt
D 2

1

2
mtS 12

mm2me

mt
D

Ammme

2
2

1

2
mtS 12

mm2me

mt
D 1

2
mtS 11

mm2me

mt
D D Pe

† , ~4.3!
o-

f
rs

ions.
ters
s

der

ri-ca
whereme , mm andmt are charged lepton masses.
Those mass matricesMe and M n are diagonalized as

(Pe
†Oe)

†Me(PeOe)5De and (Pn
†On)†M n(PnOn)5Dn , re-

spectively, where

Oe5S ce se 0

2
se

A2

ce

A2
2

1

A2

2
se

A2

ce

A2

1

A2

D ,

~4.4!

On5S cn sn 0

2
sn

A2

cn

A2
2

1

A2

2
sn

A2

cn

A2

1

A2

D .

Herece andse are obtained from Eq.~1.9! by replacingm1
andm2 in it by me andmm ; cn andsn are also obtained by
taking the neutrino massesmi . Therefore, the Maki-
Nakagawa-Sakata-Pontecorv~MNSP! lepton mixing matrix
@18# U can be written as

1The seesaw invariant texture form was discussed systemati
in @17#.
09300
U5Oe
TPOn

5S cecn1rnsesn cesn2rnsecn 2snse

secn2rncesn sesn1rncecn snce

2snsn sncn rn

D , ~4.5!

where P[PePn
†[diag(eidn1,eidn2,eidn3). Hereafter we take

dn150 without loss of generality.
The explicit forms of absolute magnitudes of the comp

nents ofU are given by expressions similar to Eqs.~3.4!–
~3.12!, whereuVi j u, (mu ,mc ,mt), and (md ,ms ,mb) are re-
placed by uUi j u, (m1 ,m2 ,m3), and (me ,mm ,mt),
respectively. It should again be noted that the elements oU
are independent ofmt andm3. The independent paramete
of the unitary matrix U are ue5tan21(me /mm), un

5tan21(m1 /m2), dn3, anddn2. Among them,ue is given by
charged-lepton masses of the first and second generat
Therefore, the model has the three adjustable parame
dn3 , dn2, andm1 /m2 to reproduce the experimental value
@11#.

Let us estimate the valuesun , dn3 anddn2 by fitting the
experimental data. In the following discussions we consi
the normal mass hierarchyDm23

2 5m3
22m2

2.0 for the neu-
trino mass. The case of the inverse mass hierarchyDm23

2

,0 is quite similar to it. It follows from the CHOOZ@19#,
solar @20#, and atmospheric neutrino experiments@1# that

uU13uexp
2 ,0.03. ~4.6!

From the global analysis of the SNO solar neutrino expe
ment @20#,

lly
6-6
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Dm12
2 5m2

22m1
25Dmsol

2 55.031025 eV2, ~4.7!

tan2u125tan2usol50.34, ~4.8!

with xmin
2 /DOF557.0/72, for the large mixing angle~LMA !

Mikheyev-Smirnov-Wolfenstein~MSW! solution. From the
atmospheric neutrino experiment@1#, we also have

Dm23
2 5m3

22m2
2.Dmatm

2 52.531023 eV2, ~4.9!

sin22u23.sin22uatm51.0, ~4.10!

with xmin
2 /DOF5163.2/170.

Independently of the parametersdn3 and dn2, the model
predicts the following two ratios:

uU13u
uU23u

5
se

ce
5Ame

mm
5A0.487

103
50.0688, ~4.11!

uU31u
uU32u

5
sn

cn
5Am1

m2
. ~4.12!

Here we have used the running charged-lepton mass am
5mZ @12#: me(mZ)50.4868472760.00000014 MeV, and
mm(mZ)5102.7513860.00033 MeV. The neutrino mixing
angleuatm under the constraintuDm23

2 u@uDm12
2 u is given by

sin22uatm[4uU23u2uU33u2

54urnu2usnu2ce
2

5sin2~dn32dn2!A mm

mm1me
. ~4.13!

The observed fact sin22uatm.1.0 highly suggestsdn32dn2
.p/2. Hereafter, for simplicity, we take

dn32dn25
p

2
. ~4.14!

Under the constraint~4.13!, the model predicts
09300
uU13u25
1

2

me

mm1me
50.00236,

~4.15!
or sin22u1350.00942.

This value is consistent with the present experimental c
straints~4.6! and can be checked in neutrino factories@21#,
which have sensitivity to sin22u13 for

sin22u13>1025. ~4.16!

The mixing angleusol in the present model is given by

sin22usol[4uU11u2uU12u2

.
4m2m1

~m21m1!2 F12A2 cos
dn31dn2

2

3Amem2

mmm1
1

1

2 S mem2

mmm1
D G

.
4m1 /m2

~11m1 /m2!2
, ~4.17!

which leads to

m1

m2
.tan2usol50.34, ~4.18!

where we have used the best fit value~4.8!. This value~4.18!
guarantees the validity of the approximation~4.17!, because
of A(me /mm)/(m1 /m2).0.12. Then, we can obtain the neu
trino masses

m150.0026 eV,

m250.0075 eV, ~4.19!

m350.050 eV,

where we have used the observed best fit values ofDmsol
2 and

Dmatm
2 , Eqs.~4.7! and ~4.9!, respectively.

Next let us discuss theCP violation phases in the lepton
mixing matrix. The Majorana neutrino fields do not have t
freedom of rephasing invariance, so that we can use only
rephasing freedom ofMe to transform Eq.~4.5! to the stan-
dard form
ific phase
Ustd[S cn13cn12 cn13sn12e
ib sn13e

i (g2dn)

~2cn23sn122sn23cn23sn13e
idn!e2 ib cn23cn122sn23sn12sn13e

idn sn23cn13e
i (g2b)

~sn23sn122cn23cn12sn13e
idn!e2 ig ~2sn23cn122cn23sn12sn13e

idn!e2 i (g2b) cn23cn13

D , ~4.20!

as

Ustd5diag~eia1
e
,eia2

e
,eia2

e
!U diag~e6 ip/2,1,1!. ~4.21!

Here,a i
e comes from the rephasing in the charged lepton fields to make the choice of phase convention, and the spec

6p/2 is added on the right-hand side ofU in order to change the neutrino eigenmassm1 to a positive quantity. Similarly to
the quark sector, theCP-violating phasedn in the representation~4.20! is expressed as
6-7
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dn5argFU12U22*

U13U23*
1

uU12u2

12uU13u2
G

.argS U12U22*

U13U23*
D

.argrn* 1p

52
dn31dn2

2
1p. ~4.22!

Though the lepton mixing matrix includes the additional M
jorana phase factorsb andg @22,23#, the number of param
eters which will become experimentally available in the n
future is practically four, as in the Dirac case. The additio
phase parameters are determined as

b5argS Ustd12

Ustd11
D5argS U12

U11e
6 ipD .07

p

2
, ~4.23!

and

g5argS Ustd13

Ustd11
eidnD

5argS U13

U11e
6 ip

eidnD
.arg~2sn!1dn7

p

2

.
p

2
7

p

2
, ~4.24!

by using the relationsme!mm and (dn32dn2)/2.p/4.
Hence, we can also predict the averaged neutrino mass^mn&
@23#, which appears in the neutrinoless double beta deca
follows:

^mn&[u2m1U11
2 1m2U12

2 1m3U13
2 u

5u22rnceseAm1m21rn
2se

2~m22m1!

1m3se
2u. ~4.25!

The value of Eq.~4.25! is highly sensitive to the value o
(dn31dn2)/2, which is unknown at present, because the v
uesse /ce5Ame /mm.0.070 andAm1m2/m3.0.088 are in
the same order. For (dn31dn2)/250, p/2 andp, we obtain
the numerical resultŝmn&50.00018 eV, 0.00049 eV an
0.00069 eV, respectively. However, these values should
be taken strictly because the valuem1 /m2 is also sensitive to
the observed value of tan2usol . In any case, the predicte
value of ^mn& will be less than the order of 1023 eV.
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The rephasing-invariant parameterJ in the lepton sector is
defined byJ5Im(U12U22* U13* U23), which is explicitly given
by

J5usnu2urnucnsncesesin
dn31dn2

2

5
uU13u
uU23u

uU31uuU32uuU33u

11uU13/U23u2
sin

dn31dn2

2

<
uU13u
uU23u

uU31uuU32uuU33u

11uU13/U23u2
. ~4.26!

The upper bound is described in terms of the ratiom1 /m2,
so that we obtain

J<0.019. ~4.27!

It should be noted that if we again assume the maximalCP
violation in the lepton sector, the magnitude of the rephas
invariant uJu can be considerably larger than in the qua
sector,uJquarku.231025.

V. CONCLUSION

In conclusion, stimulated by recent neutrino data, wh
suggest a nearly bimaximal mixing, we have investigated
possibility that all the mass matrices of quarks and lept
have the same texture as the neutrino mass matrix. We h
assumed that the mass matrix form is constrained by a
crete symmetry Z3 and a permutation symmetry S2, i.e. that
the texture is given by the form~1.1! with Eq. ~1.2!. The
most important feature of the present model is that the t
tures~1.1!, ~1.2! are practically applicable to the prediction
at the low energy scale~the electroweak scale!, although we
assume that the textures are exactly given at a unifica
scale.

It is well known that the matrix form~1.1! leads to a
bimaximal mixing in the neutrino sector. In the prese
model, the mixing angleu12

f between the first and secon
generations is given by

tanu12
f 5Am1

f /m2
f , ~5.1!

wherem1
f andm2

f are the first and second generation fermi
masses. This leads to a large mixing in the lepton mix
matrix ~MNSP matrix! U with m1;m2 ~neglecting tanu12

e

5Ame /mm in the charge-lepton sector!, and it also leads to
the famous formula@24# uVusu.Amd /ms in the quark mixing
matrix ~CKM matrix! V ~neglecting tanu12

u 5Amu /mc in the
up-quark sector!. In the present model the mixing angleu23

f

between the second and third generation is fixed asu23
f

5p/4. However, the~2,3! component of the quark mixing
matrix V ~and also the lepton mixing matrixU) is highly
dependent on the phase differenced32d2, as follows:

V235
1

A11m1
u/m2

u
sin

d32d2

2
, ~5.2!
6-8
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where d i5d i
u2d i

d . Replacing the arguments by their le
tonic counterparts, we have the same form forU23. We have
understood the observed valuesV23 and U23 by taking (d3
2d2)/2 as a small value for the quark sectors and asp/2 for
the lepton sectors, respectively. As predictions, which
independent of such phase parameters, there are two
tions

uVubu
uVcbu

5Amu

mc
,

uVtdu
uVtsu

5Amd

ms
~5.3!

~and the similar relations forU). The relations~5.3! are in
good agreement with experiments. The relationuU13/U23u
5Ame /mm in the lepton sectors leads touU13u2.me/2mm
50.0024 if we accept sin22uatm51.0. This value will be test-
able in the near future.

Since, in the present model, each mass matrixM f ~i.e. the
Yukawa couplingYf) takes different values ofAf , Bf , and
so on, the present model cannot be embedded into a G
scenario. In spite of such a demerit, however, it is wor
while noting that it can give a unified description of qua
and lepton mass matrices with the same texture.
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APPENDIX

The mass matrix texture~1.1! with Eq. ~1.2!, which is
defined at the unification energy scalem5MX , is applicable
to the phenomenology at the electroweak scalem5mZ . In
09300
e
la-

T
-

the present appendix, we demonstrate this for the quark m
matricesMu andMd .

It is well known @25# that the energy scale dependenc
R(A)5A(m)/A(MX) for observable quantitiesA approxi-
mately satisfy the relationsR(uVubu).R(uVcbu).R(uVtdu)
.R(uVtsu).R(md /mb).R(ms /mb), and that the ratios
R(uVusu), R(uVcdu), R(md /ms) andR(mu /mc) are approxi-
mately constant. This is caused by the fact that the Yuka
coupling constantyt of the top quark is extremely large wit
respect to other coupling constants. The above relations oR
are well explained by the approximationyt

2@yb
2 ,yc

2 , . . . .
Therefore, we will also use approximation below.

The one-loop RGE for the Yukawa coupling constantsYf
( f 5u,d) has the form

dYf

dt
5

1

16p2
~Cf11Cf fYfYf

†1Cf f 8Yf 8Yf 8
†

!Yf , ~A1!

where f 85d ( f 85u) for f 5u ( f 5d), and the coefficients
Cf , Cf f andCf f 8 are energy scale dependent factors wh
are calculated from the one-loop Feynman diagrams.
start from the Yukawa coupling constantsYf(MX), corre-
sponding to the mass matrix form~1.1! @with Eq. ~1.2!#.

Since the matrixYuYu
† is approximately given by

Yu~MX!Yu
†~MX!.

mt
2

vu
2 S 0 0 0

0 1 2e1 idu

0 2e2 idu 1
D ,

~A2!

where du5d3
u2d2

u , vu /A25^Hu
0&, and we have used th

relations ~1.6! and the approximationyt
2@yb

2 ,yc
2 , . . . , the

up-quark Yukawa coupling constantYu(m) in the neighbor-
hood ofm5MX is given by the form
a result,

y

Yu~m!.r u~m!F 11«u~m!S 0 0 0

0 1 2e1 idu

0 2e2 idu 1
D GYu~MX!

.
r u~m!

vu /A2 S 0 Aue2 id2
u

Aue2 id3
u

Au~11«u2«u!e2 id2
u

Bu~11«u2«uCu /Bu!e22id2
u

Cu~11«u2«uBu /Cu!e2 i (d2
u
1d3

u)

Au~11«u2«u!e2 id3
u

Cu~11«u2«uBu /Cu!e2 i (d2
u
1d3

u) Bu~11«u2«uCu /Bu!e22id3
u
D .

~A3!

Although this form is one inm.MX , since the texture keeps the same form under the small change of energy scale, as
the texture ofYu(m) given by Eq.~A3! holds at any energy scalem. Therefore, we can obtain the expression~1.1! at an
arbitrary energy scalem. @The demonstration~A3! has been done for the casePR5PL

† mentioned in Eq.~2.10!. However, the
conclusion does not depend on this choice.#

On the other hand, the evolution of the down-quark Yukawa coupling constantYd(m) is somewhat complicated. By a wa
similar to Eq.~A3!, we obtain
6-9
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Yd~m!.r d~m!S 1 0 0

0 11«d 2«de1 idu

0 2«de2 idu 11«d

D Yd~MX!

.
r d~m!

vd /A2
Pd

†S 0 Ad Ad

Ad~11«d2«de1 i (du2dd)! Bd~11«d2«de1 i (du2dd)Cd /Bd! Cd~11«d2«de1 i (du2dd)Bd /Cd!

Ad~11«d2«de2 i (du2dd)! Cd~11«d2«de2 i (du2dd)Bd /Cd! Bd~11«d2«de2 i (du2dd)Cd /Bd!
D Pd

† ,

~A4!

wheredu2dd5(d3
u2d2

u)2(d3
d2d2

d)5d32d2. Note that the part that is sandwiched betweenPd
† and Pd

† includes imaginary

parts and those phase factors cannot be removed by an additional phase matrixPd(m) into the form Pd
†(m)Ŷd(m)Pd

†(m).
However, the quantity that has the physical meaning isYdYd

† . When we define

je2 ia511«d~12e2 i (du2dd)!, he1 ib511«d~11e1 i (du2dd)!, ~A5!

we obtain

Yd~m!Yd
†~m!.

r d
2~m!

vd
2/2

Pd
†PbS Ad

2 Ad~Bd1Cd! Ad~Bd1Cd!

Ad~Bd1Cd!h Ad
2j21~Bd

21Cd
2!h2 Ad

2j2e2i (a2b)12BdCdh2

Ad~Bd1Cd!h Ad
2j2e2i (a1b)12BdCdh2 Ad

2j21~Bd
21Cd

2!h2
D PbPd

† , ~A6!

where

Pb5diag~1,eib,e2 ib!, ~A7!

so that we can obtain a real matrix for the part which is sandwiched by the phase matrixPdPb under the approximation
Ad

2/uBdCdu.0. This means that we can practically write

Ŷd~m!.
r d~m!

vd /A2 S 0 Ad Ad

Adj Bdh Cdh

Adj Cdh Bdh
D , ~A8!

with

Pd
†~m!5diag~1,e2 i (d2

d
2b),e2 i (d3

d
1b)!, ~A9!

at an arbitrary energy scalem. It should be noted that the changes of the phasesd2
d→d2

d2b andd3
d→d3

d1b do not come from
the evolution of the phasesd2

d(m) andd3
d(m), but they are brought effectively by absorbing the unfactorizable phase pa

Yd(m). Thus, we can again use the texture~1.1! at an arbitrary energy scalem from a practical point of view.
In the Yukawa coupling constantsYe andYn of the leptons, the RGE effects are not so large as in the quark sectors.

charged lepton sector, sincemt
2@mm

2 @me
2 , we can again demonstrate that the expression~1.1! is applicable at an arbitrary

energy scale in a way similar to the quark sectors. For the neutrino Yukawa coupling constantYn(m), the evolution equation
is different from Eq.~A1!. We must use the RGE for the seesaw operator@26#. However, the calculation and result a
essentially the same as those inYu(m), Yd(m) andYe(m), becausem3

2@m2
2.m1

2 in the present model.
Finally, we would like to add that these conclusions on the evolution of the mass matricesM f ( f 5u,d,e,n) are exactly

confirmed by numerical study, without approximation.
o
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