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Cosmological perturbations in a generalized gravity including tachyonic condensation
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We present unified ways of handling the cosmological perturbations in a class of gravity theory covered by
a general action. This gravity includes our previous generalizedf (f,R) gravity and the gravity theory moti-
vated by the tachyonic condensation. We present a general prescription to derive the power spectra generated
from vacuum quantum fluctuations in the slow-roll inflation era. An application is made to a slow-roll inflation
based on the tachyonic condensation with an exponential potential.
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I. INTRODUCTION

In our present paradigm of physical cosmology, the o
served large-scale cosmic structures and the anisotropie
the cosmic microwave background~CMB! are regarded as
small deviations from the spatially homogeneous and iso
pic Friedmann world model@1#. In such a paradigm the
structures in the large-scale limit and in the early stage of
evolution are assumed to be linear deviations from the ba
ground world model@2#. Although the observations are con
sistent with the perturbed Friedmann world model, the
however, do not necessarily constrain the underlying gra
theory ~and the matter content! to be the Einstein one. Gen
eralized forms of gravity appear in a variety of situatio
involving the quantum aspects of the gravity theory and
low energy limits of the unified theories of gravity with oth
fundamental forces. Thus, it is likely that the early stages
the universe were governed by the gravity more general t
Einstein one.

We have been studying the cosmological perturbation
the so-calledf (f,R) gravity theory which includes divers
generalized gravity theories known in the literature as ca
@3#. In this work, motivated by the recent interests on t
action based on the tachyonic condensation@4#, and also by a
previous study in the context of ‘‘k inflation’’ @5#, we extend
our study to a more general form of gravity presented in
~1!. Section III presents the classical evolutions in a unifi
form. Section IV presents the quantum generation proc
and the generated power spectra under the slow-roll assu
tion and others. Section V is an application a tachyonic slo
roll inflation. We setc[1[\.

II. GRAVITY

We consider an action

S5E d4xA2gF1

2
f ~R,f,X!1LmG , ~1!

whereX[ 1
2 f ;cf ,c , and f is a general algebraic function o

R, f andX. This action includes the following gravity theo
ries as cases.~1! A minimally coupled scalar field:f
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5(1/8pG)R22X22V(f). ~2! f (f,R) gravity: f 5 f̃ (f,R)
22v(f)X22V(f). ~3! p(f,X) gravity: f 5(1/8pG)R
12p(f,X). ~4! Tachyonic condensation:f 5(1/8pG)R
22V(f)A112X.

The gravitational field equation and the equation of m
tion become

Gab5
1

F FTab
(m)1

1

2
~ f 2FR!gab1F ,a;b2F c

;c gab

2
1

2
f ,Xf ,af ,bG

[8pGTab , ~2!

~ f ,Xf ;c! ;c5 f ,f , ~3!

T(m)a;b
b 50, ~4!

whereF[ f ,R . Tab is the effective energy-momentum tenso
andTab

(m) is the energy-momentum tensor of additional m
ters.

III. CLASSICAL PERTURBATIONS

We consider the Friedmann background with the sca
and the tensor-type perturbations. Our metric convention
lows Bardeen’s@6#:

ds252a2~112a!dh222a2b ,adhdxa1a2@gab
(3)~112w!

12g ,aub12Cab#dxadxb. ~5!

The energy-momentum tensor is decomposed as

T0
052~m̄1dm!, Ta

052~m1p!v ,a /k,

Tb
a5~ p̄1dp!db

a1S 1

k2 ¹ (3)a¹b
(3)1

1

3
db

aDp (s)1pb
a . ~6!

A vertical baru and¹a
(3) are the covariant derivatives base

on gab
(3) .

To the background order, Eq.~2! gives
©2002 The American Physical Society09-1
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H25
8pG

3
m2

K

a2 , Ḣ524pG~m1p!1
K

a2 , ~7!

where H[ȧ/a and an overdot denotes a time derivati
based ont with dt[adh. We also haveR56(2H21Ḣ
1K/a2). The effective fluid quantities are

8pGm5
1

F Fm (m)2
1

2
~ f 2FR!2

1

2
f ,Xḟ223HḞG ,

8pGp5
1

F Fp(m)1
1

2
~ f 2FR!1F̈12HḞG , ~8!

where we haveX52 1
2 ḟ2. To the background order Eq.~3!

gives

1

a3 ~a3f ,Xḟ !•1 f ,f50. ~9!

A perturbed set of equations can be derived similarly. T
perturbed set of equations in Einstein gravity based on
convention in Eqs.~5! and ~6! is presented in@6#.1 These
equations are valid even in our gravity theory if we r
interprete the fluid quantities as the effective ones. The
turbed order effective fluid quantities can be easily read
comparing Eq.~6! with Eq. ~2!.

For the scalar-type perturbation we ignore the presenc
additional fluid, thusTab

(m)50. In the following we consider
two general situations:~i! F5F(f) and K50, and ~ii ! F
51/8pG but generalK. We introduce the Field-Sheple
combination@8#2

F[wdf2
K/a2

4pG~m1p!
wx , ~10!

where

wdf[w2~H/ḟ !df, wx[w2Hx, ~11!

are gauge-invariant combinations;3 x[a(b1aġ) is a spa-
tially gauge-invariant combination@6#.

~i! In the first case, perturbed parts of Eq.~2! can be
combined to give a closed form of second-order differen
equation forwdf

4

1

a3Q
~a3Qẇdf!•1cA

2 k2

a2 wdf50, ~12!

1See Eqs.~43!–~50! in @7#. We have e[dm, p5dp, C[
2(a/k)(m1p)v, ands5(a2/k2)p (s).

2See the paragraph containing Eq.~36! in @9#.
3wdf is the samew in the uniform-field gauge (df[0) @10#. wx

is the same asw in the zero-shear gauge (x[0) @11#, and is the
same asFH which is often called the Bardeen potential@12#.

4The procedure is exactly the same as the one used to derive
~66! in @7#.
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Q[

3Ḟ2

2F
1 f ,XX12 f ,XXX2

S H1
Ḟ

2F
D 2 [

ḟ2

H2
Z,

cA
2[S 11

2 f ,XXX2

3Ḟ2

2F
1 f ,XXD

21

. ~13!

For f ,X522v(f) we recover the result derived in th
f (f,R) gravity theory@7#.

~ii ! In the second case, perturbed parts of Eq.~2! can be
combined to give5

F5
H2

4pG~m1p!aS a

H
wxD •, ~14!

Ḟ52
HcA

2k2

4pG~m1p!a2wx , ~15!

wherem1p52 1
2 f ,Xḟ25 f ,XX, and

cA
2[cX

22
p,f2cX

2m ,f

m1p

ḟ

H

K

k2 ,

cX
2[

p,X

m ,X
5

f ,X

f ,X12 f ,XXX
. ~16!

Equations ~14! and ~15! were derived by Garriga and
Mukhanov; see Eqs.~21! and ~22! in @13#. Equations~14!
and ~15! can be combined to give

1

a3Q
~a3QḞ!•1cA

2 k2

a2 F50, Q[
m1p

cA
2H2 , ~17!

m1p

H F H2

~m1p!aS a

H
wxD •G •1cA

2 k2

a2 wx50. ~18!

Using

v[zF, u[
wx

Am1p
, z[aAQ[

1

cA
z̃, ~19!

Eqs.~17! and ~18! become the well known equations@8,10#

v91S cA
2k22

z9

z D v50, ~20!

u91S cA
2k22

~1/z̃!9

1/z̃
D u50, ~21!

q.5The procedure is exactly the same as the one used to derive
~32! and ~33! in @9#.
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where a prime indicates a time derivative based onh. Equa-
tion ~20! is valid for the first case in Eq.~12! as well.

In the large-scale limit, withz9/z@cA
2k2 and z̃(1/z̃)9

@cA
2k2, we have exact solutions

F5C~x!2D~x!E
0

t dt

az2 , ~22!

wx54pG
H

a FC~x!E
0

t z̃2

a
dt1

1

k2 D~x!G . ~23!

Ignoring the transient solution~which is theD-mode in ex-
panding phases! we have a temporally conserved behav
for F

F~x,t !5C~x!. ~24!

For the tensor-type perturbation, for thegeneralaction in Eq.
~1!, we have

C̈b
a1S 3H1

Ḟ

F
D Ċb

a1
k212K

a2 Cb
a5

1

F
p b

(m)a , ~25!

which is the same as Eq.~111! in @7# based onf (f,R) grav-
ity. Thus, the presence of general algebraic complication oX
in Eq. ~1! hasno effecton the tensor-type perturbation. Als
Eq. ~25! can be written as in Eqs.~17! and~20!. In such cases
we haveF5Cb

a , Q5F[Z/(8pG), cA
251, thusz[aAF,

and Eqs.~22! and ~24! also remain valid.
The vector-type perturbation of additionally present fl

id~s! is described by Eq.~4! which is not affected by the
generalized nature of the gravity theory in Eq.~1!.

IV. SLOW-ROLL INFLATION

As in @14# the quantum generation process can be p
sented in a unified form. From Eq.~17! we can construct the
perturbed action@10#

d2S5
1

2E a3QS Ḟ22cA
2 1

a2 F ugF ,gDdtd3x, ~26!

which is valid for both the scalar-type and tensor-type p
turbations in a unified form. The rest of the canonical qu
tization process is straightforward; see@14#. Under anansatz

z9/z5n/h2, cA
25const, ~27!

where n5ns , nt for the two perturbation types, the mod
function has an exact solution in terms of the Hankel fu
tions; see Eq.~24! in @14#. The power spectrum based on th
vacuum expectation value ofF̂ can be constructed as in Eq
~26! of @14#, and in the large-scale limit we have6

6For n50 we have an additional 2 ln(cAkuhu) factor. For the gravi-
tational we should consider additionalA2 factor @15#.
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P F̂
1/2uLS5

H

2p

1

aHuhu
G~n!

G~3/2!S kuhu
2 D 3/22n 1

cA
nAQ

, ~28!

wheren[An11/4. We can read the spectral indices

nS21532A4ns11, nT532A4nt11. ~29!

We introduce the slow-roll parameters@7#

e1[
Ḣ

H2
, e2[

f̈

Hḟ
, e3[

1

2

Ḟ

HF
, e4[

1

2

Ė

HE
,

E[FS 3Ḟ2

2ḟ2F
2

1

2
f ,X2 f ,XXXD . ~30!

Compared with the Einstein gravity in@16# we have two
additional parameterse3 ande4 for the scalar-type perturba
tion which reflect the effects of additional parametersF
([ f ,R) and f ,X in our generalized gravity; for the tensor-typ
perturbation we have only one additional parametere3 from
F. Compared with@7# the only difference occurs in our defi
nition of E which includes thef (f,R) gravity in @7# as a
case. Using our present definition ofe i ’s our unified analyses
made in Eqs.~30!–~32! of @14# remain valid.

To the first-order in the slow-roll parameters, i.e.,assum-
ing

ė i50, ue i u!1, ~31!

we can derive

Pŵdf

1/2 U
LS

5
H

uḟu
Pdf̂w

1/2 U
LS

5
H2

2puḟu

1

AZs

$11e11@g11 ln~kuhu!#

3~2e12e21e32e4!%cA
2ns , ~32!

P Ĉ
b
a

1/2U
LS

5A16pG
H

2p

1

AZt

$11e11@g11 ln~kuhu!#

3~e12e3!%, ~33!

where g1[gE1 ln 222520.7296 . . . , with gE the Euler
constant. We have

Zs5
E/F

~11e3!2 , Zt58pGF, ~34!

where Z’s become unity in Einstein gravity. Thus, besid
e1, the scalar-type perturbation is affected bye2 , e3 ande4
~thus, f ,f , F and f ,X), whereas the tensor-type perturbatio
is affected bye3 ~thus,F) only. The spectral indices of the
scalar and tensor-type perturbations in Eq.~29! become

nS2152~2e12e21e32e4!, nT52~e12e3!. ~35!
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For the scale independent Harrison-Zel’dovich (nS21.0
.nT) spectra@17# the CMB quadrupole anisotropy becom

^a2
2&5^a2

2&S1^a2
2&T5

p

75
Pwdf

17.74
1

5

3

32
PCab

, ~36!

which is valid for K505L. The four-year Cosmic Back
ground Explorer~COBE! Differential Microwave Radiom-
eter ~DMR! data give^a2

2&.1.1310210, @18#. From Eqs.
~36!, ~32! and ~33! the ratio between two types of perturb
tions r 2[^a2

2&T /^a2
2&S becomes

r 2513.834pG
ḟ2

H2 UZs

Zt
UcA

2ns

513.8
1

~11e3!2U~e12e3!~11e3!1
ė3

H
UcA

22nS

.13.8ue12e3ucA

.6.92unTucA , ~37!

where in the last two steps we used the slow-roll conditio
in Eq. ~31!. In the limit of Einstein gravity we haver 25
213.8e1526.92nT which is independent ofV and is known
as a consistency relation. ThecA factor difference from the
Einstein gravity forp(f,X) gravity was noticed in@13#. For
the f (f,R) gravity we havecA

251.

V. TACHYONIC CONDENSATION

The recently popular tachyonic condensation is a cas
our gravity with a form f 5(1/8pG)R22VA112X: if
based on the string theory, we should regard the field in
action as being written in the unit where the string theory
relevant. We have

Q5
ḟ2

H2

V

~12ḟ2!3/2
, cA

2512ḟ2. ~38!

Equations~20! and~21! in this case were derived in Eq.~17!
of @19# and in Eq.~44! of @20#, respectively. We havee3

50 andE5(V/8pG)(12ḟ2)23/2.
Assuminga set ofslow-roll conditionsf̈!3Hḟ and ḟ2

!1, and under anansatz V[V0e2af @21#, from Eqs.~7!–
~9! for K50 we have@22#

f52
2

a
lnS C2

A3a2M pl

6AV0

t D ,

a}e(CAV0/A3M pl)t2(a2/12)t2, ~39!

where M pl
2 [1/(8pG). If we set t i50, we have C

5e2(a/2)f i andVi5V0C2. For t.t i we have an accelerate
expansion stage. In such a situation we have the slow
conditions in Eq.~31! are well met, with the result
08400
s
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e152e25e452
a2M pl

2

2Vi
, e350. ~40!

Thus, Eq.~35! gives

nS2154e1 , nT52e1 , ~41!

and Eqs.~32!–~34! and ~37! reduce to

P wdf

1/2 .
H2

2puḟu

1

AV
.

1

2A3p

Vi

aM pl
3

, ~42!

P Cab

1/2 .A16pG
H

2p
.

1

A6p

AVi

M pl
2

, ~43!

r 256.92unTu. ~44!

Therefore, if the seed structures were generated from
vacuum quantum fluctuation under such a slow-roll pha
the final spectra show that~1! the spectra are nearly scale
invariant Harrison-Zel’dovich type,~2! the consistency rela
tion is met,~3! the graviational wave is suppressed, and~4!
the CMB quadrupole requires

^a2
2&.

1

75312p

Vi
2

a2M pl
6

.1.1310210. ~45!

We have assumed that, first, the seed fluctuations were
erated during the slow-roll inflation stage supported by
tachyonic condensation, and secondly, the tachyonic gra
stage was switched successfully to an ordinary big-b
stage while the fluctuations stay in the large-scale limit~see
@23# for the reheating problem!; in such a case the relativel
growingC-mode fluctuation in Eq.~22! survives as the sam
C-mode of the curvature fluctuationF now supported by the
Einstein gravity with ordinary matter. We have derived the
results directly based on the generalized form of grav
theory whereas the previous analyses@24,22# were based on
known formulation in Einstein gravity by using some fie
redefinition.

VI. DISCUSSIONS

We have presented unified ways of handling the cosm
logical perturbations in a class of gravity theory covered
an action in Eq.~1!. Section III presents the classical evol
tions in a unified form, and Eqs.~28! and ~29! show the
generated seed fluctuations of the quantum origin unde
assumption in Eq.~27!. The rest of Sec. IV presents th
general prescription to derive the power spectra gener
under the slow-roll assumption, and Sec. V is an applicat
to a tachyonic slow-roll inflation.

We note that even in the gravity withadditional stringy
correction terms

j~f!@c1RGB
2 1c2Gabf ;af ;b1c3hff ;af ;a1c4~f ;af ;a!2#,

g~f!RR̃, ~46!
9-4
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in the Lagrangian, whereRGB
2 [RabcdRabcd24RabRab1R2

andRR̃[habcdRab
e fRcde f , we still have Eqs.~12! and ~26!

with more complicatedQ andcA
2 @25#. Thus, the rest of the

analyses made above can be applied similarly as well@25#.
Similar unified formulation also exists in the fluid conte
@10,14#. We also have studied the situation withRabRab term
in the action @26#, in which case the gravity becomes
fourth-order theory.

We would like to emphasize that our gravity theory in E
~1! covers many of the modified gravity theories, and o
assumption in Eq.~27! is satisfied by most of the expansio
stages~including diverse classes of inflation scenarios av
able in analytic forms! considered in the literature, and w
hope our slow-roll conditions in Eq.~31! cover most of the
.

,

.

-
-

08400
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-

specific slow-roll conditions in the inflation theories bas
on specific modified gravity theories. We emphasize, ho
ever, that the classical evolutions studied in Sec. III are va
for the general cosmological situations governed by our
tion in Eq. ~1!.
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