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The ESA mission BepiColombo will explore the planet Mercury with equipment allowing an extremely
accurate tracking. While determining its orbit around Mercury, it will be possible to indirectly observe the
motion of its center of mass, with an accuracy several orders of magnitude better than what is possible by radar
ranging to the planet’s surface. This is an opportunity to conduct a relativity experiment which will be a
modern version of the traditional tests of general relativity, based upon Mercury’s perihelion advance and the
relativistic light propagation near the Sun. We define the mathematical methods to be used to extract from the
data of the BepiColombo mission, as presently designed, the best constraints on the main post-Newtonian
parameters, especialfy, y and the Nordtvedt parametet but also the dynamic oblateness of the Spp and
the preferred frame parameters,«,. We have performed a full cycle simulation of the BepiColombo radio
science experiments, including this relativity experiment, with the purpose of assessing in a réasistic
opposed to formalway the accuracy achievable on each parameter of interesy. fhar best constraint can be
obtained by means of a dedicated superior conjunction experiment, with a realistic ace@ad0 6. For 8
the main problem is the very strong correlation with, ; if the Nordtvedt relationshipy=48— y— 3 is used,
as it is legitimate in the metric theories of gravitation, a realistic accuracy=a&10® for g8 and
=2x10"° for J,, can be achieved, whilg itself is constrained within=10"°. If the preferred frame
parametersy; ,«, are included in the analysis, they can be constrained wittx 10 ° and=10"°, respec-
tively, at the price of some degradation® J,, and ». It is also possible to test the change with time of the
gravitational constan®, but the results are severely limited because of the problems of absolute calibration of
the ranging transponder, to the point that the improvement as compared with other teclsigpheas lunar
laser rangingis not so important.
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I. INTRODUCTION AND MOTIVATION hypothesis by Le Verrietsee, e.g.[3]). Even today, every
misfit of the orbital data of cosmic bodies can be approached
from two radically different standpointgi) either assume
Among all bodies in the solar system, Mercury is the bestne validity of the gravitation theory and seek for the “miss-
placed to probe the theory of gravitation since it feels Moreng mass,” or(ii) put in question the gravitation theotfor
than any other planet the gravity field of the Sun and moveshe sake of simplicity we neglect in this discussion the role
with the highest velocity. Only a few near-Earth asteroidspf nongravitational effecjsLe Verrier leaned toward the first
reside on temporal’ily stable orbits with perihelia closer to th%pproach mentioned above_ To exp|ain the excess in Mercu-
Sun, but their larger semimajor axes decrease the magnituggs perihelion drift, he postulated the existence of an in-
of the relativistic orbital effects. Moreover, their smaller size yramercurian planet named Vulcan. Soon he realized that, if
results in significant nongravitational forces, with a typically anything, “Vulcan” should be a belt of many small bodies
low model accuracy, which perturb their orié.g.[1,2]). rather than a single object. Interestingly, this subject is still
The fascinating story of Mercury's contribution to the alive today(e.g.[4—6]) but the total mass of the Vulcanoid
tests of the theory of gravitation starts with the Vulcanoidbelt, as it is hypothesized now, must be many orders of mag-
nitude smaller than required to cause any observable effects
on Mercury’s orbit.
*Email address: milani@dm.unipi.it At the end of the 19th century, after several decades of
"Email address: vokrouhl@mbox.cesnet.cz unsuccessful search for Vulcanoids and with Newcomb’s

A. Historical perspective
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more complete and precise computation of Mercury’s peri- The PN parametey appears in the perihelion precession
helion drift, the problem had a brilliant solution through of Mercury but also has other effects, such as the light de-
adopting the second approach: a radical change of the gravilection which can be measured by very high accuracy as-
tation theory. Although Mercury’s perihelion drift was not trometry. Thus, after the pioneering phase of the measure-
the primary topic for Einstein to complete his general rela-ments of light deflection during a total eclipse, the
tivity (GR) theory, he was apparently very excited to realizehibernation period for the experiments grended when the
the new theory explains Newcomb’s resitinstein obtained very long baseline interferomet/LBI ) technique became
this result on Nov 18, 1915; s¢&]). A little later, in August  available[10,18. Moreover,y appears in the light propaga-
and September 1916, de Sitt¢8] computed precisely tion apparent delay, which can be measured by tracking a
enough of this relativistic drift within a fully relativistic for- spacecraft passing behind the Sawen if it is not close to
mulation of planetary motion and concluded that there washe Sun. Experiments based on this principle are under way
an excellent agreement with the observations. now[19]. Thus the new generation of Mercury based experi-

After the pioneering period, this test of general relativity ments being designed now need to compete, as far iss
went into what has been called a “hibernation perig®] concerned, also with these independent determinations.
because the technologies for more accurate measurements ofin the context of our work, the Eddington parametgrs
the orbit of Mercury were not available. Starting in 1959, theand y are regarded as purely phenomenological factors that
new technology of interplanetary radar allowed the measureare to be determined or constrained from the observations.
ment of the Earth-Mercury distance with accuracies of a fewWe note, however, that these parameters have a deeper the-
km. Taking into account that the general relativistic effectsoretical significance since they are directly linked to the fun-
displace Mercury with respect to the Newtonian orbit by sev-damental constants by which the assumed additional scalar
eral tens of km per year, just a few years of data allow tdfields mediating gravity are coupled to the metric fiédee,
constrain the values of the post-Newtoni@N) parameters ~€-9-,[20]). Since the tensor-scalar theories represent the most
at the level of 1% or better. By accumulating many years ofviable extensmn (_)1_‘ th_e E|_nste|n|ar_1 gravitation theory, their
data an estimate of the combination2 8 consistent with observanpnal venflcatlon is very |mpqrtant. We shall thgs
GR within 0.003 was obtaindd.0]. Although the radar tech- pay special attention, and (_jevote particular e_ffort, to which
nology and the knowledge of the plasma effects on radiAeVel of accuracy our experiment can constrgiand y.

. : : : Nevertheless, there are other parameters which can be de-
waves propagation have improved considerably, still t(mla)fermined or constrained together with these two and are by
the accuracy of the observations of the orbit of Mercury is

limited by the uncertainty of the topographic height of thethemselves valuable scientific gogls. The mc_)st Important is
. the Nordtvedt parametet; describing violations of the
radar bounce point.

Moreover, the first viewpoint was revived. Dick&l] in- strong equivalence principl&EP. Since the late 196421

troduced another form of “missing mass” by postulating that't was understood that the coupling of gravitation with the

) self-gravitational energy of a large body could violate the
the dynamical oblatengs:'s of thg Suho , could pe Ia_rger equivalence principle and lead to observable effects in the
than expected from a rigid rotation of the solar interior, and

could contribute to Mercury's perihelion precession andorbits of the planets and of the Moon. This form of violation
mask deviations of the values of the PN paramegeesid y is different from the composition dependence of the gravita-

from their GR value 1. The spectrum of motivations ran edtional constant, which has been the subject of intense experi-
- 1N€ Sp DN S 1aNgel o ntal efforts in the last decadg®2], but as a matter of
from better accommodation of Mach’s principle within the

gravitation theon{12] to suggestions that the solar interior principle it has to be constrained experimentally.
might be rotating significantly faster than the surfdper-
haps due to the drain of the angular momentum of the solar
envelope to the planetary nebul@lthough these expecta- Although there are theoretical argumeh®8,24 for the
tions were not later fulfilled, Dicke was right in prompting a necessity to obtain constraints ¢gh y and » well beyond
serious investigation of thé, contribution to the observed the 10°* level, the state of the art in gravitation theory is
effects[13]. This is especially true if we are aiming to reach such that there is no compelling prediction of the level of
the 10°* or better level in determination of the PN param- accuracy at which a violation of GR would be detected. It
etersp andvy, since it is easy to see thdg, must contribute has been clear for a long time that a space mission to Mer-
to Mercury’s perihelion motion at this level. Unfortunately cury, with either a surface long-lasting transponder or an
the orbit of Mercury is not inclined enough with respect to orbiter, could achieve a very significant improvement in the
the solar equatofonly 3.3°) to allow for a separation of the determination of the PN parametdi25—-27. However, to

B and theld,q effects(if the only orbit used is the one of justify such a complexand expensivemission uniquely for
Mercury). Precise independent measurements of the sola relativity experiment, not being able to claim that some
quadrupole coefficient are not available: note that the presviolation of GR would be discovered, proved to be difficult.
ently available disk-oblateness dadtat,15 and the SOHO- According to[9], the best way to proceed in the present
GONG measurement of the splitting of the solar normalperiod with the verification of GR in weak field conditions is
modes[16] still yield somewhat controversial results. Thus to adopt “an opportunistic approach,” in which new tests
the value off is currently better measured from lunar laserresult from available technologies exploited in new ways.
ranging[17] than from radar ranging to Mercury. Analogously, already planned space missions need to be in-

B. The BepiColombo opportunity
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vestigated to detect opportunities for relativistic experimentsaccelerations are measured by an on-board three axis accel-
by exploiting as much as possible existing instruments, availerometer. In this case the readings of the accelerometer are
able spacecraft capabilities and already established missiqust added to the equations of motion containing the gravita-
plans. tional terms only, and the orbit propagation error is con-
The opportunity arose during the European Space Agencirolled by the accelerometer measurement efsme Sec.
(ESA) study for a Mercury Orbiter mission. Two members of IV A), which is typically two orders of magnitude less than
the Mercury Orbiter study team, L. less and one of the authe perturbations. This allows an orbit determination with
thors (A.M.), proposed a comprehensive radio science exunprecedented accura¢fpr an interplanetary probe
periment which would coordinategravimetry experiment
rotation experimentind arelativity experimentby process- C. Purpose of this work
Irr;%ég ;10: Taprlg)é \p:g tt?aeciﬁlﬁrgaesggtz}]n: TEK; Iftrr:qice%%?te inen the ne.ed fpr tighter verificatio.n of GR or detectipn
communication systerf29)), the readings from an on-board of its smaller violations, .If any, and given the opportunity
accelerometef28], and the images from the most accurate"®Presented by the BepiColombo mission to Mercury, our
cameras(pointing at both ground features and sjafEhis ~ PUrpose is to establish which of the PN parameters can be
experiment was included in the baseline design of the misdetermined, and with which accuracy, given the current mis-
sion, which in the meantime had been renaBegiColombo ~ sion design and instrument performance assumptions.
[30] and is now a fully approvetand fundedl ESA mission. Although the choice of the PN parameters and solar sys-
To appreciate how good is the “opportunity” provided by the tem model constants to be determined is discussed in full in
BepiColombo mission to Mercury, we need to consider theSecs. Il and 1V, we need to anticipate that our choice of the
following features of this mission. target PN parameters is somewhat different from the one in
First, the orbit around Mercury of the main spacecraft ofprevious studies. In comparison with the study of Ashby,
the ESA BepiColombo mission, with altitude between 400Bender and Wahi27], we neglect some parameters we con-
and 1500 km[30]. Previous studies assumed much moresider of less importance; however, we include the planetary
elliptic orbits. Since the ESA project includes a separatedest of the strong equivalence princigf#ue to the polariza-
orbiter for the investigation of the Mercury’s magnetospheretion of Mercury’'s and Earth's orbits in the gravity field
(requiring a highly elliptic orbik, the main orbiter may reside of Jupiter; see[32]). In fact, the solution for the related
on a much less eccentric orbit. This is favorable for surfacéNordtvedt parametey may be employed to remove the cor-
observations but also in the solution for the gravity field andrelation between the solution ¢f and theJ, , which used
for the center of mass determination for MercBl]. The to be the weak point of the Mercury-based tests of GR.
nominal mission plan includes one full year of operations in  The main achievement of our work consists of performing
orbit around Mercury; this paper assumes this nominal duraa full cycle of numerical simulation of the radio-science ex-
tion, although there is always hope for an extension of thg@eriment of BepiColombo, out of which the determination of
mission if the spacecraft main subsystems are found to bthe relativistic parameters is only a part. Since the solution
robust enough. for the gravitational field of Mercury and other parameters
Second, the range and range rate measurements will beay in principle produce systematic effects in the observ-
performed by using a full 5-way link29] to the main orbiter ables used to determine the relativistic parameters, it is of
(the magnetospheric orbiter is not involved in this experi-fundamental importance to adopt this global approach. In
men). By exploiting the frequency dependence of the refracthis way, “internal” systematic effects may result from the
tion index, the differences between the delay and Dopplecorrelated solution of different parameters, but we also test
measurements done in the different chanfielshe Ka band, the influence of the “external” systematic effects due to pos-
in the X band and in mixed mode with bgtprovide infor-  sibly biased observations. These latter include both effects on
mation on the plasma content along the path followed by theanging measurements, such as the degradation of the on-
radio waves between Earth and the spacecraft orbitinpoard transponder, but also correlated noise in the on-board
around Mercury. In this way most of the measurement erroraccelerometer readings. Details of our strategy has been out-
introduced, in a single channel, by the plasma can be rdined in Ref.[33] and will be recalled only to a minimum
moved. The expected performances correspond to an inextent related to the solution for the relativistic parameters,
provement of about two orders of magnitude with respect tdhe main focus in this paper.
what was possible with the previous technology, and are The paper is organized as follows: in Sec. Il we give a
briefly discussed in Sec. IV A. Third, we have the on-boardbrief overview of our approach and the necessary mathemati-
accelerometer. Around Mercury the illumination, mostly in cal formulas to evaluate the effects of the different ways of
visible light from the Sun and mostly in the infrared from violations of GR; some results required for the evaluation of
Mercury, is fierce(for each of the two sources one order of the effects of violating the strong equivalence principle are
magnitude larger than the solar flux at the Earth’s distancerelegated to the Appendix. In Sec. lll we present in two
This results in radiation pressure, which is very difficult to separate steps the methods used to fit the data to solve for the
model also because the spacecraft refléntthe visible and  mercurycentric orbit of the satellite and for the orbit of the
reradiateqin the infrared in a very complex way. Thus the planets. In Sec. IV we discuss the simulations and their re-
propagation of the orbit of an artificial satellite around Mer-sults, and conclude in Secs. V and VI with indications for the
cury is affected by large errors, unless the nongravitationalvork to be done between now and the time of the experiment
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and with an assessment of the quality and value of thesecheme and because the “equivalent bounce point” is the
results. center of mass of the planet, without loss of accuracy due to
topographic model problems. These observations may be
Il. MATHEMATICAL FORMULATION confronted with a theoretical model depending on the PN
parameters. Obviously, the light propagation relativistic ef-
Within the metric theories of gravitation, each violation of fects in both range and range rate should be taken into ac-
the principles of GR is reflected in a corresponding modifi-count. This happens mainly when Mercury gets in superior
cation of the space-time metric and thus affects all sectors afonjunction with the Sun as seen from Earth.
the observation modeli) the connection between local and  In the next two subsections the relevant orbital effects and
global coordinate system§j) the equations of motion, and the light-propagation relativistic effects are summarized at

(iii) the propagation of the electromagnetic signal. the level needed for our study.
The coordinate transformation effedi34,35—item (i)
above—are too small to probe the PN parameters. For in- A. The orbital effects

stance, the transformation between the barycentric and geo- 1he most compact way to describe the orbital effects re-

centric coordinate systems alters the position of an Eartiyieq to the PN parameters is to express them through addi-
station by about 6 cm in general relativity. Though we taketjonal terms in the Lagrangian describing the planetary dy-
this effect into account, we do not consider its dependencggmics (which follow in a straightforward way from the
on the PN parametersy(in particulaj. Moreover, we shall  corresponding terms in meticLet us assume that the mo-
not introduce in this work a truly relativistic local reference tjgn of the planets, as given by the Jet Propulsion Laboratory
frame (and time scaleof Mercury but rather formally ex- (3py) ephemerides, is described by the Lagrangiak,
press the spacecraft solar system barycentric position witjsed here as a zero order approximation. The subsGiipt
respect to Mercury. _ _ o indicates that all necessary Newtonian and general relativis-
The relativity test then consists of investigating the PNijc effects have been consider¢86]. Since the BepiCo-
parameter dependence of the equations of motion and thempo data are of superior quality to those used in construc-
propagation effectgitems (i) and (iii) abovd. The role of  tjon of the JPL ephemerides, we assume that their description

the equations of motion in our approach deserves a brigheeds an extended dynamical framework that can be given
discussion. As is usual, the satellite motion is best referred tgy the Lagrangian

the planet it is orbiting around. The solar system state vector

of the spacecrafithat enters in definition of the observables, L(B,v,8,a1,a5,GIG, ...)

i.e. the delay and Doppler shift measuremgimgshen com-

posed of the local motion of the satellite and the motion of =Lert{lptLy+ Lot L tLo, Lot -1,
Mercury’s center of mass in the solar system. Both these

components are affected by the relatividiie. «1/c?) per- (1)

turbations in their own way. It can, however, be easily seeRyith the new terms in the curly brackets. These latter terms
that the satellite local dynamics, i.e. the motion around Meryye individually linked to some of the parameters to be de-
cury’s center of mass, does not have the capability of problng rmined. such a37= y—1 and EZB— 1. Hereafter we

tehﬁeescet iznigozigziiéndzi%sls”i(:nISJQ?JL:Rerg?aSre, rg]\?itlafrigel iefly overview their nature, but refer to earlier studies for a
9 P 9 Y ore detailed analysis. The classical textb¢dg] is a gen-

(the perihermian drift due to Mercury’s relativistic monopole eral reference here.

gravity is significantly smallgr The g_eodetic precession can . The velocity-dependent modification of the two-body in-
be represented as a constant rotation of the spacecraft orbit —

with respect to distant stars, resulting in a displacement oiiera_ction is parametrized by the Eddington parametery
about 30 cm over one month. This value is far too small to be™ 1
detected. The method we use to solve for the mercurycentric
motion, discussed in Sec. lll A, essentially gives up any at- [—=—m

. y 2Y
tempt to define a long term reference system based upon the 2c "A7B  TaB

satellite orbit. In fact, the local dynamics of the satellite o ]
around Mercury is modeled with sufficient accuracy bywhlle the modification of the non-linear three-body general
purely Newtonian equations of motion. relativistic interaction depends upon the Eddington param-

Thus it is only the Mercury’s center of mass heliocentriceter 3= 8—1 through

motion that is capable of determining the PN parameters.
The output of ic orbi inati 1— G*MaMgMc

put of the mercurycentric orbit determination, used as Ls=— 8 &)
input for the orbit determination of the planet, contains only B c?UafEc  Tasfac
a set of “synthetic observations” of the Earth-Mercury range
and range rate, one for each of the arcs in which we split thélere v,g denotes the mutualbarycentri¢ velocity of the
satellite orbit(see Sec. lll B. This two-dimensional observa- body A with respect to the bod, r 55 their mutual(bary-
tion of Mercury’s heliocentric motion is at a level of accu- centrig distance and the speed of light. Since we are deal-
racy superior to the ground-based radar measurements, bdtrg with gravitational interaction, the definition of the con-
because of the higher frequencies and plasma compensatistantsG andM , deserves a special attentidd:denotes the

VaB» 2
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coupling constant for the composition-independent part of @y GM;Mg
the gravitational interaction ard , denotes the inertial mass L,=— — (V] VD)
of the bodyA. 2 4 A7 rpgc?

The second type of the orbital effects to be included in our — (Mag V) (Nag V)] 6b)
study are caused by a possible violation of the equivalence ABTAJLTABT TR/
principle. They can be described by an additional Lagrangial

n . .
term Here, V2 represents the velocity of bodywith respect to the

gravitationally preferred frame. Marghough not all of the
1 — — GMpMg observable effects linked t@; and @, depend on the choice
Ls=5 (6p+ 8g)——, (4)  of the gravitationally preferred frame. We shall follow the
standard assumptidi 3] that the latter frame, being of cos-
with mological origin, can bedat least approximatelyidentified
with the rest frame of the cosmic microwave background.
. Eqa This means that the center of mass of the solar system has
Ooa=oat 1 ——>, (5)  the velocityw with respect to the preferred frame of rest,
Mac with |w|=370+=10 km/s in the direction &,5)=(168°,
—7°) [42—-44. The cosmic velocity of a bod# then reads

and represent the combined effect of the comp03|t|on§/2:W+VA, wherev, is the velocity of the body with re-

dependent_gravitational qouplingﬁﬁAsﬁO; violation of the spect to the center of mass of the system. Notice whig
‘weak equivalence principle”(WEP)] and of the Dicke- |5r0er thanv,, but the Mercury's perihelion velocity
Nordtvedt contribution dug to tlhe coupling with the gr.aV|ta-(%58 km/s) is not much smalleithus the Mercury test of
tional self-energyl »#0; violation of the “strong equiva-  he preferred-frame effects is different from the correspond-
lence principle” (SER]. Within the frame of the metric j, toqts using the dynamics of satellites of the Earth, e.g.
theories of gravitation, the parameteis related to the other 4z)) ‘| what follows, we have neglected a term quadratic in
PN parameters through the relatiop=48—y—a;—5a,  the cosmic velocity in Egs.(6), since it is equivalent to a
[13,37,38. It can be easily checked that the BepiColomboconstant redefinition of the gravitational parametér
data do not have the capability to bring new results regarding G [1— (a;— a,) W?/4c?] in the solar system and thus
WEP, since the laboratory and lunar laser ranging experigdoes not lead to observable effects.
ments constrained WEP with a higher precisj@8,17. On Many alternative theories of gravitation also allow for the
the other hand, exploiting the large value of the solar gravitime dependence of the gravitational coupling constan.,
tational self-energy(EZ*7Moc?)=—3.52<10 °], our ex-  because of the cosmological evolution of some coupled sca-
periment may result in better constraining the SEP through &ar fields. Since the characteristic time scale is comparable
tighter limit on the parameten. to the inverse of the Hubble constant, the solar system ex-
The effect of  in the planetary equations of motion is periments could probe just the rate by whigithangege.g.
twofold: (i) it contributes to a redefinition of the solar and [13]). The corresponding dynamical effect, parametrized by
planetary masses ar{d) it produces a polarization of the d(In G)/dt, is expressed by the Lagrangian
Mercury and Earth orbit around the Sun in the gravitational
field of other planetgmainly Jupitey. However, the bulk of d(InG) GMaMg
the first effect can be interpreted as an unobservable redefi- cie=t dt E '
nition of the gravitational constant in the solar system,
namely:G—G,=G[1+ 7 (EZ*/Mc?)]. In what follows
we assume such a recalibration®fand we shall focus on
orbit perturbations due to the polarization phenoména
Since this is a somewhat delicate issue, we devote the A
pendix to a closer description of the related perturbation o
Mercury’s orbit(see also the discussion [i#6,32).

)

A#¥B  I'aB

wheret is time measured from some conventional origin. It
is well known that this perturbation produces mainly a qua-
dratic change in the planetary longitude in its orbitg.
46]).
Together with testing the PN parameters we must consider
o : . other “Newtonian” effects that may cause their mismodel-
As gravity is a long-range force, one migatpriori ex-

t th - s alobal tter distribution t lect ing. These effects belong to two classé$:Newtonian pa-
pect the universe s global matter distribution 10 SEIect a Préz, maters that have been taken into account in the JPL eph-

ferred rest frame for local gravitational physics. As shown Nemerides, but their uncertainty produces orbital effects
comparable to or larger than the expected perturbation due to
She tested relativistic effects, arfl) effects not modeled by

many as Six parameters, bL.’t only two .Of thesg,and a, the JPL ephemeridgg.g., the gravitational perturbations of
can be different from zero without violating some fundamen—Some asteroidsIn our solution we shall considé, but the

tal theqretical constraint[sal]. T_hese paramete_rs are aS?Q’QCi'effects of(ii) will not be modeled directly; see the discussion
ated with the following terms in the Lagrangian descrlblngin Sec. VI

the gravitational dynamics df-body systems: The first class(i), includes essentially two effects: a small

SYRY change in the solar mass and a small chaddg, in its
L -2 ﬁ(vﬁ-vg), (6a)  duadrupole coefficienl,e (characterizing the solar gravity-
4 A7B  rppc? field “oblateness’). As mentioned above, the second term

@y
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has been considered for a long time as a primary cause of trtraightforward, but lengthy, expression for the terms in large

uncertainty in Mercury’s perihelion modeling, but at the curly brackets at the right-hand side of E4.0). We only

level of precision of the Mercury orbiter data even the firstnote that the sensitivity of the planetary ranging data on the

effect has to be taken into account. Nordtvedt parameter is discussed explicitly in the Appen-
Apart from the previously considered set of PN param-dix.

eters (8,y,7,a1,a,,G/G), we shall thus extend our model ~ Notice that in Eq.(10) we have neglected the “second

by two more parameteys and 8J,¢ . The first characterizes order” effect due to the variation of the planetary state vec-

a fractional change of the solar mags£AMy/My) and  tors in the smaller termp,, but we need to retain the cor-

the second characterizes change of the sbjarcoefficient ~ responding variations from the dominant termige.

(the JPL DE405 ephemerides use a value &fl®~7). The  —2g0as). Out of these, the free variations of the Keplerian

corresponding Lagrangians are heliocentric motion are the most important, also because of
their frequency spectrum. It contains the anomalistic revolu-
GMpM, tion frequency of the plandand its multiples for an eccen-
LM:MA;O Mo tric orbit like that of Mercury. Whenever these frequencies
are close to those of the analyzed perturbat{ohs terms in
) @) |arge curly brackets in Eq10)], a resonant amplification
8da6 GMoM, [ Ro , arge curly brackets 10)], a resonant amplificatio
=— — | [3(Npp-€0)°—1], appears. Notably, the preferred frame effects related to the
820 2 70 I'ao (Y]

aq and a, parameters mainly depend on the sidereal mean
motion frequency. In theory, the slight difference between
Mercury’s anomalistic and sidereal frequencies should suit-
ably amplify the corresponding perturbation and also allow
decorrelation from other effects. In practice, however, the
two frequencies are too close to each otfukre to the slow

é)erihelion motion of Mercury Thus it is not easy to decor-

éelate them from the other perturbations that mainly act at

whereMg is the solar massR, its radius,r 5¢ is the helio-
centric position of the bod®, n,o is the corresponding unit
vector ande; is the unit vector along the solar rotation axis.
This latter is slightly tilted from the normal to the ecliptic
plane as described [#7].

Obviously, our analysis also contains a solution of stat
vectors of the Earth and Mercury at some epoch, but thi
requires taking into account suitable constraints, as discuss
in Sec. Il B.

Given the Lagrangian terms which, in our approach, ex-
tend the standard description of the planetary motion, we
shall investigate their orbital effects. Let be the solar sys- ) . i S
tem barycentric position of thath body. Then the standard Simulation and analysis of the radio-science data for the
model, represented by the JPL ephemerides, yields a solutid#ePiColombo satellite are demanding, mainly because of

%e anomalistic frequency. These preliminary considerations
elp in better understanding the results reported in Sec. IV.

B. The light-propagation effects

of complicated aberration effects. The classical astronomical
methods, even those used for satellite geodesy, do not meet

d%rp the required accuracy. Note that the light distance to the sat-

qe —BzA Oat Pa; (9  ellite from the Earth telescope may be up to 11 min, and

during this time both planets and the spacecraft move by a
significant distance. A rigorous tracing of the radio beam

- 3 =r.— i
WheregAB_GMBrAB_/rAB’ fag=Ta—"gandMg is the_ MasS  fom the telescope, at the instant of transmission, to the sat-
of bodyB; p, abbreviates a large number of perturbing terms

due to hiaher-d ltinole Newton: facts. tidal oh ellite, at the instant of retranslation, and back to the Earth
ue to igher-degree muitipole New oman% ects, idal Py ntenna, at the instant of reception, is programmed. This pro-
nomena and GR post-Newtonian effectsl{c?).

: - cedure bears similarities with that used for radar tracking of
In what foIIows,.we shall consider g.small variatia , the near-Earth asteroidg.g.[48]), but it is more compli-
of the JPL-determined planetary pos't_'onﬁ{')rA+ArA_)' cated, since visibility of the satellite might become violated
Obviously, we assume that the magnitudeaf, remains  epyeen transmission and the eventual retransmission by the
within the uncertainty tube of the JPL solution and we studyga|jite. The time readings at the transmission and reception
how it may be constrained by the very precise measurementge 4gqumed in the terrestrial tirteguivalent to the coordi-
of the BepiColombo radio-science experiment. Omitting the, 5404 atomic time scalebut these are then referred to the
quadratic(and higher orderterms, the planetary displace- gojar system barycentric time scale by usual transformations.

mentsAr, satisfy The range-rate measurements with the accuracy indicated
d2Ar GM in Sec.' Il A require inclusion of the quadratic Doppler effect.
AL 2B Ar 43 (rAB'ArAB)% The third-order Doppler effect (v/c)3, on the level of the
dt? BZA rf\B B=A r/sz measurement accuracy, has been also included in our com-

putation. Though these terms are necessary for interpreting
+E [ the data, they do not probe the gravitation theory.
- On the contrary, the accumulated delay effect along the
path of the radio beam toward the spacecraft and back to
with the same notation as before, andtands for any of the Earth—the Shapiro effect at the PN level of accuracy—is
parameters introduced above. We shall not give here aensible to the value of the P parameter. At the level of

oL, ddL,
], (10

ara  dt avy
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accuracy of ranging to Viking landers=(7 m), only the first ~ description of the BepiColombo tracking method and geom-
order effect was needed and led to a tight constrainy of €try see Sec. I¥ The variables to be solved include not only
[10]. With an accuracy in range at the decimeter level, théhe PN parameters, but also the parameters defining the mer-
second order light-time effect should be accounted[48 curycentric satellite orbit and the parameters defining a solar
(note that the solar quadrupole influence is negligible in thigsystem model. The latter include the initial conditions for the
respect[50]). However, it is still the first ordefShapird heliocentric orbits of the planets and parameters, such as
term that solely has the capability to constrain thparam- ~masses and PN parameters, appearing in the planetary equa-
eter. Put in terms of an equivalent change of Mercury’s distions of motion. The orbit of the satellite depends upon its
tance from the telescope along the light of sight, we have initial conditions and upon the parameters appearing in the
mercurycentric equations of motion, such as the mass of
r{+rot+rqs Mercury and the harmonic coefficients of the gravity field of
Fi+r,—rq, +(AR)cr; (12) the planet. We are not discussing here the nongravitational
perturbations, which are important but are handled in the
wherer is the heliocentric position vector of the observing BepiColombo experiment with the special technique already
station ¢,=|r4|), r, is the heliocentric position vector of the outlined in Sec. | B.
spacecrafti(,=|r,|) andr,=r;—r, (r;,=|r;—r5|). In Eq. As a matter of principle we could use all the observations,
(11) we give explicitly only the part depending on while tha_t is range and range rate measurements taken over the
the Einsteinian terms, including the higher-order delay andntire operational time span of the assumed Mercury orbiter,
the aberration terms of the:1/c® level, are denoted by and s_olve for all the parameters: the ones of interest for this
(AR)er. Note that thea; parameter appears iR at the experiment, 'the ones Whlch serve other purposes and even
«1/c? level, but given the current knowledge of this param—the ones which serve no scientific purpose at all but need to

eter this term can be considered as known to the requireBe included in the solution because their value is not well
accuracy. enough knowna priori (e.g., the initial conditions of the

Bertotti et al. [19,51,53 have also discussed the gravita- satellite. The computational complexity for such a single-

tional Doppler shift corresponding to the effective change inSteP solution is so high that we could run only a limited
the overall optical distance to the spacecraft. This is the basaiMber of simulations. On the contrary we are interested in
of the proposed experiment with the Cassini conjunctionst€Sting different assumptions and even in exploring the sta-
which is being done nofi9]. As discussed in Sec. IV A the tistical properties of a large set of simulations, to identify
Doppler measurements at the superior conjunction of BepiSyStematic effects as well as random ones. To limit compu-

Colombo cannot give constraint on theparameter superior tational complexity and to have a better insight in the physics

to the orbital solution from one year of observations. ThusOf the problem we have developed an original method sepa-

the Cassini experiment, with a Doppler measurement ach—atmg the global solution into two separate steps. In the first

acy el o T o assumed forBepiClomo snoufl? 18 TR O o e saele B eren
improve the current knowledge of, but not as much as the g Y 9 9

experiment we are now proposing. The superior conjunctio f Mercury. In the second step the orbits of Mercury and the

experiment(Sec. 1l C) thus fundamentally relies on the de- a-rrtﬂifrseegﬁ;?\”gnoerd’afiggfjhzrsVggﬁowg I;I:Cpe}:?’&netrirsséms
lay measurements and their analysis through (&4). the multiarc method gwhich is used to déterm.ine thg satellite
Finally, we should comment on the role of the plasma in '

the solar corona for the time delay. In what follows, we aS_orbit taking into account the problems resulting from inaccu-
sume a perfect compensation of this effect by using a dualy of the dynamlcal model. Sect!on lll B presents the PN
ranging in X and Ka band29]. It has been estimatd@3] corrector, which solves for the orbits of Earth and Mercury
that down to~3 solar radii the. size of the turbulent cells in 2° & single arc, taking into account the complicated geomet-

. . ] . ric properties resulting from symmetries and constraints.

the coronal environment is typically smaller than the differ- . . . ;
. Section Il C describes the only case in which the two step
ence of the impact parameters for the X and Ka-band beams; .
. . . method does not need to be usedid indeed has not been
under these conditions the data in the two frequencies ma . . ; . ) .
sed in our simulationsthe so-called superior conjunction
be successfully used to compensate the plasma effects. Thus

we have assumed, in the simulation of our superior conjuncEXPeriment. It solves separately forby exploiting a short

tion experiment, that the data are without degradation untif'™me span during which the radio Waves pass close to the Sun
the Mercury-Sun angle, as seen from Earth, is 0.7°, and nb} their path from Earth to the satellite and back.

data at all below this limit: of course this is a simplification,
in reality the data would gradually degrade in accuracy
around this boundary.

_ GMs
AR=vy 2

A. The multiarc method

As a matter of principle, the trajectory of a spacecraft can
Ill. ORBIT DETERMINATION AND PN be_ c_o_nsidere_d_ as a single orbit, depending upon a _single set
PARAMETERS SOLUTION of |n|t|_al condmon; and upon the parametgrs appearing in the
equations of motion. However, the equations of motion de-
An experiment for the determination of the PN parametergpend upon a theoretically infinit@nd practically extremely
by tracking a Mercury orbiter uses as observables the randarge set of parameters, out of which only those with larger
and range rate between the satellite and EEB# (for a  effects can be determined. To attack this problem it is cus-
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tomary, in the orbit determination problems of satellite geod- The need to decompose the orbit of a Mercury orbiter into
esy, to separate the set of dynamical parameters into twarcs, the way to select the time intervals according to the
subsets: the ones corresponding to well understood, and eratural time structure of the set of observatigdepending
plicitly modeled, perturbations and the ones introduced onlypon the visibility conditions for the spacecraft from a
to absorb the effects which cannot be modeled accuratelground stationand the problem of selecting the arc length in
enough. This technique allows us to reduce the observatio Way appropriate to absorb the unmodeled non-gravitational
residuals, therefore to improve the determination of the paPerturbations are discussed [i83]. Here we would like to
rameters of interest, but the values of the additional paramdiscuss only which parameters are to be considered global
eters are not physically significant, at least not directly. To@nd which local. _ -
understand the need for such a method, in our case, note that 1 "€ observations of arcdepend upon the position and
in Ref. [33] we have determined that the systematic, low-Vvelocity of Mercury’s center of mass at the observation time.

frequency components in the accelerometer measurement é'\ft AM(t) %e rt]he d]:fference bt?tweﬁf‘ rt]he actual position Ofl
rors result in about 10 m uncertainty of the satellite position ercury and the reference orbit, which we assume 'to result
after one day. from an exact GR orbit propagation for all planés$]; let

Among the methods used to realize this over-AM(t) be the corresponding difference in velocity. The

parametrization of the problem, the multiarc method decom&nanges with time of these quantities are slovith respect
poses the orbit in arcs, each one with its separate initial corf® the duration of an arc, 1.e., few holrthus we can use the
ditions. There is no constraint, for the initial conditions of ValuesAM;=AM(t;),AM;=AM(t;) for all the observations
some arc, to coincide with the propagation at the new initiaPf arci. In principle the values\M; are causally connected,
time of the orbit with the initial conditions of the previous Namely there is a single arc orbit of Mercury. However, to

arc. This violation of the causal connection between arcs, ad/0W for the decoupling of the orbit determination of Mer-

if they did not belong to the same physical body, allows forcU"Y from the one of the satellite, we consider them to be

unmodeled perturbations for which the explicitly known independent. Thus th.e list of Io_cal paramete.rs coul.d include
equations of motion cannot account. Since the low-frequency2 Parameters; = (s ,s,AM; ,AM;). As we will see in the
noise of the accelerometer may cause orbital error propagafi€Xt section, this number of parameters needs to be reduced
ing up to ct2, short arcs, not longer than a few hours, aret® account for symmetries. However, some parameters con-

needed to meet the requirement of accumulated orbit erro/@€ing the orbit of Mercury can be determined in the first
comparable to the accuracy of ranging. step multiarc solution and fed as observations to the second
There are different versions of the multiarc method: weStep- To ignore, in the second-step fit, the initial conditions of
are following the formulation of55]. The basic idea is as the satellite requires that the correlations among them and
follows: the set of observations are subdivided into arcs, bethe corrections to the orbit of Mercury be sméflthis was
longing to non-overlapping time intervals. The orbit is com-NOt the case, a corrected orbit of Mercury could be used in a
puted, for ard, only starting from an initial conditiogmer- ~ Second iteration of the first sterhe global parametes in

curycentric positions, and velocitys) corresponding to a the first step fit, include t.he goals of tgeavimetry experi-
reference time; belonging to the arc time span. Then the ment whose results are in this way decoupled from the re-

observations of ar¢ do not depend upon the initial condi- sults of the re_Iativity experiment WhiCh. resuits f“’m the
tions of argj for i #]. The initial conditions & ,5), possibly second-step fit. The results of the gravimetry experiment, as

together with other parameters affecting only the observawe” as many other details we do not need to repeat here, are

tions of arci, form the set ofocal parameterd; . The union discussed 33,
of the local parameters for all the arcs forms the vec@taf
all the local parameters. All the observations also depend
upon a set ofglobal parametersj, such as the mass and A common problem in orbit determination is that ther-
gravitational harmonic coefficients of the planet; the globalmal matrix the coefficient matrix of the normal system to be
parameters are the same for each arc, that is, they are amlved to obtain the least squares solution, is badly condi-
sumed not to depend upon tiri&6]. tioned[58]. As a result, there are directiofis the space of

A suitable mathematical technique allows us to solve forparameters being determinealong which the uncertainty of
both £ andg in such a way that the principle of least squaresthe solution is large, even if the fit is godide., the observa-
(for the observation residualds satisfied. This can be tion residuals are smallObviously this phenomenon needs
achieved without inversion of the full normal matiiwhich ~ to be controlled to avoid results much poorer than expected.
could be too large for numerical stabilityand this solution It is known [59] that whenever there is an exact symme-
is exact, in particular does not neglect the fact that local andry, that is a Lie group of transformations of the parameter
global parameters become correlated. In this way we campace such that all the observations, both in range and in
check whether it is indeed possible to separate the determiange rate, are left invariant, then the normal matrix is de-
nation of all parameters in two steps, one to solve the globajenerate, withk null eigenvalues if the dimension of the
parameters and one to use separately the local parameters,gasup isk [60]: in this case the problem is said to haamk
determined, like observables for a separate fit: for this proeeficiency of order kWhen the symmetry is broken but still
cedure to be legitimate, the local-global correlations need ttiolds approximately, that is the change in the observations
be low[57]. contains a small parametey then the normal matrix has the

B. The PN corrector
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same numbek of eigenvalues of the order ef: in this case standard value 10 7). The exact list of PN parameters
the problem is said to have approximate rank deficiency of can be changed, depending upon the assumpticas pre-
order k. ferred frame parameters may or may not be inclydedt all

The normal matrix for the set of 12 parametersthe other parameters are needed. Note that a change in the

5.S,AM,; ,AMi has an approximate rank deficiency of order Earth-Mercury rang@ R; can be the result of a change in the
5. The small parameters are the small angieby which the orbit of Earth as well as of a change in the orbit of Mercury
Earth-Mercury vector is changing over the time span of ond 04 the orbit of our planet is by no means well enough
arc, the ratios/R between the satellite-Mercury and the détermined by the presently available measurements and
Earth-Mercury distances and the relative sizef the pertur- theories.

bation from the Sun with respect to the gravitation of the d On 'ghe dcontraryr,] thekprbit_s of the otherhplaneti are V\{ell
planet (e.g., ¢ can be the Roy-Walker parametfgl,62). etermined enough, taking into account the weak coupling

The approximate symmetry group contains the full three With the' orbits of Mercury and Ear_th. The masses of all the
dimensional group of rotation&centered on the Eatrap- plane_ts(lncludmg Earth are determined well enough_by the

plied simultaneously to both Mercury and the spacecraftf[raCk'n_g of spacecraft ano_l/ or by_planetar_y pertur bation theo-
This would be an exact symmetry, that is both the range anf{€S (With the case of Jupiter being of principal importance,

range rate to the spacecraft would be invariant, if we coul -0.[65]). The case of the asteroids will be discussed in $ec.
neglect the motion of Mercury over the time span of one arc.” All these parameters do not need to be part of the adJL.'St'
Additionally there are the approximate symmetries obtaine(finent' thus, if the number of PN parameters we are including

by changing the components@Mi orthogonal to the Earth- g‘t:rlse tioLuélzgggfrwiigg 0J20) isp, there are 13 p param-
Mercury vectorR;=R(t;). Such a change in the velocity of '

M h th ‘ I 4b ¢ An approximate rank deficiency of order 3 is obvious,
ercury changes the range rate only, and by an amoun COr?ésulting from the full rotation group applied to the orbits of
taining the small parametes/[R).

; L Mercury and Earth. The symmetry would be exact if there
This degeneracy can be cured by a combination of tWQyere only the Sun, Earth and Mercury, adg, was zero.

changes to-the fit. F|_rst, the parameters to be solved are IIrr\Because of the coupling with the other planets, if the orbits
ited to 8:5,5,AR; ,AR;, whereAR;=AR(t;) isachange in  of the other planets are kept fixdes read in the JPL eph-
the Earth-Mercury distancB(t;), at the reference time of emeridey the symmetry is broken but only by an amount
arci; similarly for AR;= AR(t;). Second, after this reduction containing the small parametey wheree is the relative size
there is still an approximate rank deficiency of order 1, withof the mutual perturbations by the other planets on the orbits
as a symmetry group the rotations arouRg. It can be of Earth and Mercuryfwith respect to the attraction by the
shown, with the same technique used58], Section 3, that Sun), such as the Roy-Walker parametggd,62. It is also
there are no other symmetriégpart from the particular cases broken by an amount containing the factby, because of
in which the satellite orbital plane either contains or is or-the asphericity of the Sun, while the relativistic perturbations
thogonal to the Earth-Mercury directipms discussed in the are also spherically symmetri@part from the preferred
same paper, Section 6, there are three possible methods frame effects
remove this approximate degeneracy, which would occur al- Thus it is necessary to constrain the rotations of the plan-
ready in the simpler case of orbit determination for a spaceetary initial conditions. However, the approximate rank defi-
craft orbiting a planet with a well known orbit. ciency is of order 466], and this is due to another symmetry
We conclude that it is possible to solve, simultaneouslywhich would be exact if only the Sun, Earth and Mercury
with the initial conditionss ,s for each arc, for two “syn- Wwere present. Suppose we change all lengths by a factor
thetic” observations of Mercury at the reference time  all masses by a factqr and all time intervals by a factar.
Then AR, and AR, can be used, in the second-step fit, asBY tk;e mzethod of S|fnllar_|t|e567], if these factors are related
observations essentially of the same nature as the radar ran§é A= 7"« (Kepler's third law then the equations of mo-

and range rate data points, with the non-negligible advantagi®n ©f the gravitational 3-body problem are unchanged. We
that the “radar bounce point” is the center of mass of thecan assume=1, because there are accurate definitions of

planet and is not subject to errors due to the topography dime scales based upon atomic clocks. If we have_the mass of
the planet. the Sun among the parameters, by rescaling ity 1l

The second step fit, theN corrector has the rang&(t) +Au (and keeping the mass ratios fiyede can rescale the
and range rat&(t) as observables, although each “observa—initial positions and velocitiesby \=1+Ap/3). This is
9 ’ 9 also expressed by the well known fact that it is not possible

tion” actually corresponds to the output of a fit with all the to solve simultaneously for the mass of the Sun and for the

tracking dat.a of one arc. T_he paramgters to be determined ARlue (in terrestrial units, such as Knof the astronomical
the corrections to the initial conditions of MercutyM, unit

=AM(to) andAMo=AM(to) at a singlereference time ¢ Since the coordinates of the other planets, as read from
[63]; analogous correctionSE, andAEg for the initial con-  the JPL ephemerides, cannot be rescaled, the exact similarity
ditions of the Earth; the mass of the Sun multiplied by thesymmetry becomes an approximate symmetry, with small pa-
universal gravitational constaM ,=GMg ; the PN param- rameters containing again the Roy-Walker small parameters
eters we are interested in determining; the change of thélso the relativistic perturbations do not scale as the New-
dynamical oblateness of the suid,; (with respect to the tonian attraction Nevertheless we need to remove the cor-
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responding approximate rank deficiency. This can be done ir * : ' : ' : ' ' ' :
two ways: either by removing the mass of the Sun from the wl !
list of parameters, or by constraining the scale of the systen ,’
by fixing some length. 24 !
The removal of all the approximate rank deficiencies of !

1

#

§

1]

the PN corrector can be done in several different ways. Wez221
have selected as more convenient the following: we havez
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removed all three components AfE, from the list of pa-
rameters to be adjusted, and we have constrakiegd AM
andAMy in such a way that rotations around the unit vector &

Ey, are not allowed. Thus we have fixed the lendgh
=|Ey|, making rescaling impossible. The method to con- 1} 1
strain the parameters to inhibit a rotation, by adding ane
priori observation is described in Ref[55]. Thus we are 12r ]
solving for 10+ p parameters with one constraint, equivalent . . . . . . . . )
to a free solution with 9-p parameters. I S o 2 4 6 8 10
o . ! ime (days from conjunction)
Additional constraintgin the space of parameters to be
solved with the PN correctpcan be optionally added. As we FIG. 1. The total sensitivity of the light propagation delay be-
will see in Sec. IV, the most important one is the Nordtvedttween a ground station and a Mercury orbiter to the valug @fere

f.. A Y

arent range
»
T
)

16 b

relation[13,37,3§ we have assumed the GR valge=1) as a function of timgin
day9 near the best superior conjunction with the Sun. Here the light
— — 2 propagation delay is represented in km, that is, as an increase in the
n=4B—y— a1~ 3% (12) distance to Mercury with respect to the distance along a flat space-

time. The gap in the data corresponds to the time interval during
which is justified if we assume that gravitation must be de-Which the radio waves would be passing at less than 3 solar radii;
scribed by a metric theory. The technique to apply this conthe shorter interruptions are due to occultations of the satellite be-
straint to the PN corrector least square fit is the same didlind Mercury.

cussed above, by adding oaepriori observation. It is also corrector ara priori knowledae ofv- - introduced as: priori
possible to assume that there are no preferred frame effect b 9e Ofyy, P

. LT , , gbservation, which is not based upon previous work but
that is to constraimy; = a,=0. As we will see in Sec. IV, we Co
L . upon the output of the SCE, i.e., is on the knowledge/of
have tested the sensitivity of our results with respect to thes? . . . . .
. . he second method, applicable only if the information avail-
varying assumptions. T : :
able onvy, is significantly superior to the one opy, is to
removey from the list of parameters to be solved by the PN
corrector, and to use directly the results gnas results on
As discussed in Secs. Il A and Il B, the PN parameter 7. The choice between these two methods is discussed in
appears both in the equations of motion for Merctapd ~ Sec. IV B. . -
Earth and in the equations for radio wave propagation. Since only a short span of data is used, for the SCE it is
However, these two effects change with time in a very dif-not necessary to resort to the two step fit described in
ferent way. The changes in the orbit of Mercury undergoSecs. Il A and Il B:y, is just added to the lis§ of global
oscillations with periods of the order of the orbital and syn-parameters to be solved in the multiarc fit. The only tricky
odic periods, and have also a secular compofestumulat-  point is what should be done about the corrections to the
ing linearly with time; the effects over a few days are very orbit of Mercury,AR; ,AR;, appearing in the solution for the
small. On the contrary the light propagation delay dependsew arcs included in the SCE. Logically they should not be
quite sharply upon the Sun-Mercury angle as seen fronincluded, that is they should be constrained to be zero, since
Earth, when this angle is small, with Mercury beyond thethe orbit of Mercury has been already corrected. However,
Sun(this condition is calledsuperior conjunctiop as can be we need to ensure that the errors in the measurement of
seen from Eq(11) and from Fig. 1. o range, which is affected by a comparatively large systematic
Thus it is possible to devise superior conjunction ex- error, has a zero mean. For this purpose we also add a single,
periment (SCEYsing only the spacecraft tracking data overconstant,AR correction to the set of global parametgfs

a time span of a few weeks around the epoch of a superictﬁ-he same could be done with a single correctioR, but

conjunction, and solving for a parametgy appearing in Eq.  hjs is less important because the range rate is not assumed to
(11), as if it was a logically different PN parameter from the 5,0 large long term systematics; see Sec. )V A
vy, appearing in the equations of motion Eg). That is, the

data from the entire mission are used to solvejfgrand the
orbit of Mercury obtained from this solution is used as a
reference orbit for the SCE. Of coursge= v, and this con- Having established, in the preceding two sections, a suit-
straint must be used in the final results. This can be done iable theoretical and mathematical framework, we can now
two ways. One method is to include in the runs of the PNdescribe the simulation of the BepiColombo relativity ex-

C. The superior conjunction experiment

IV. THE EXPERIMENT SIMULATIONS
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the ground station: this results in data taken only over about
26% of the time. The observing sessions are controlled by
the visibility of Mercury above the horizon at the station,
with gaps resulting mainly from occultation by Mercury. An-
other visibility condition results from the Sun-Mercury angle
as seen from Earth: in the full year simulation we have as-
sumed that no data are taken when this angle is less than 2°.
e Earth On the contrary we have assumed that for a time span of 20
- days around the most favorable superior conjunction the ob-
o servations are performed from three ground stations, all with
e Ka-band tracking capabilities, and down to a Sun-Mercury
e angle of 0.7°; these data are used only in the SCE.
@ The range data are taken within the same intervals of
SUN visibility, but only over intervals of 2 min every 15 mihis
FIG. 2. Geometry of the system, given by the ground station,'S to avoid reducmg the bandwldth of the downlinkiow-
Mercury and the BepiColombo spacecraft. The visibility conditions€Ver, for the superior conjunction experiment the range data
from the ground statiotelevation of the spacecraft larger than 20°) @ré taken continuously. The accelerometer is assumed to be
and the limiting Sun-Mercury angle are shown. on all the time(indeed, to turn off the accelerometer would
be a mistake, given the problems with the thermal tran-

periment and present its results. Essentially we need to di§ients. o
cuss the assumptions and results of the PN corrector: as it is 1he error model for the range and range rate tracking is
clear from Sec. Il B, the input for this second-step fit is adescribed in Refl29], the one for the accelerometer in Ref.
part of the output from the simulation of the gravimetry ex-[28]. The main property of these error models is that they
periment of the same mission, which is described in Refcontain not only noise, but also systematic errors. This prop-
[33]. Thus we begin in Sec. IV A by briefly recalling the €ty needs to be exploited to generate, with the simulations,
assumptions on the data volume and error models used in ti& assessment of the systematic as well as the random error
gravimetry simulation, and present the accuracies achieved! the final results, that is in the estimated values of the PN

as a result of these assumptions, in the determination of tHéafl‘_"‘k:neter? - off _— ving
correctionsAR. , AR to the orbit of Mercury. e main systematic effects in the tracking data are ap-

In Sec. IV B we discuss the determination gf which parent in Fig. 4 of Ref[33]. The random components result

. , in a rms error of 10 cm for the range and .80 2 cm/s for
turns out to be essentially the outcome of a suitable SCE. Iﬂwe range rate. The main systematic effect is given by a non-

Sec. IV C we describe the setup for the PN corrector, solving. : . ; "

for most PN parameters and using the data from the emiﬁrr;?ré]‘rtr?emkge()fin5n0inSIng/?ri(etll\a/lifgucrm’o;lkv):li(:et Irs1at:ee iErT(]jZ S

mission, that is the observations of the orbit of Mercury over,_, ." = = = g 9 y g pnha days.
(This drift is assumed to represent the degradation with time

an entire year. In the same section we list &hriori infor- of the on-board transponder, for which an absolute calibra-
mation on the PN parameters we have used, which corre= P '

sponds to an assessment of the current level of knowmdgéor'l'rzseoel,\l];?g:]ggm onents of the accelerometer measurements
(based upon the references we have fourknally Sec. P

acting over intermediate time scales $16 10* sec), shown
IS\i/dE);/))resents the results on all the other PN parametezs in Fig. 5 of Ref.[33], model the temperature change of the

accelerometer sensing units. Longer term drifts matter much
_ less, because calibration constants can be determined for
A. Assumptions each ardthey are added to the set of local variablgs The

The assumptions in our simulations of the BepiColombomain effect of the accelerometer inexact measurements is to
radio science experiment are described in R88], Section degrade the orbital solution, at a level depending upon the
2. Note that these assumptions are consistent with the “offiduration of the arc. If we use an arc length corresponding to
cial” mission design as described [80]. In short, we as- ©ne observing session from the ground statieith a dura-
sume a mission with one year of operations in orbit aroundion depending upon the season, but averaging 8 h), then the
Mercury (no extended missionin a 400x 1500 km polar systematic errors in the arc initial positions are of the order
orbit. We assume a single ground station with Ka-band trackof 1 m, but the errors in the corrections to Mercury’s center
ing capability. In the simulation, the station is located inof mass have a rms of 1810 2 cm/$ for AR;. For AR,
Perth, Australia, where the ESA has a tracking station fothere is a short term noise with the rms 4.5 cm superimposed
which an upgrade to Ka-band is planned. The orbital ando a systematic drift which of course exactly mimics the sys-
tracking geometry of BepiColombo is shown in Fig. 2. Ba-tematic range noise of 50 sif2x t/365) cm. Indeed there
sically, on board the spacecratft, the instruments used for thig no way to differentiate, by range measurements, a calibra-
relativity experiment are the Ka-band transponder and théon drift from a displacement of Mercury along the line of
accelerometer. sight.

Range rate measurements are taken continuo(gshe The conclusions from this discussion can be summarized
data point every 20)svhenever the spacecraft is visible from as follows. First, the accelerometer measurement error does

BepiColombo
spacecraft
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FIG. 3. The angular distance of the BepiColombo spacecraft
from the center of the solar digkn degreesvs time(in days since FIG. 4. SCE solution fory,: (i) the light curve 1 corresponds to
the expected injection into the mercurycentric orbit, over the nomithe formal solution(ii) the histogram shows the actual distribution
nal mission duration of one year. Three superior conjunctions aref the 300 results from our simulations, afiil) the light curve 2
marked by shaded strigeshen the elongation is less thafl). The  indicates the Gaussian approximation of the solutidosthe sake
most promising conjunction occurs on day 197.7 of the missionpf comparison, all data normalized to unityNote the factor=4
when the spacecraft will actually be occulted by the solar disk. Thebetween the actual rms of the results fgrand the formal rms.
other two superior conjunctions have minimum elongation 1.75°
and 2°, respectively, thus they can contribute complementary, but

not essential, data. We have simulated such a SCE with the assumption that

three ground stations, well distributed in longitude, would

o ) provide a continuous trackingpart from occultations of the
not affect very much the determination of the synthetic 0bgaeliite behind Mercuty Thus the dataset is not naturally

servations of the orbit of Mercury. Second, the systematic,pqivided into arcs: we have selected an arc length of

errors in ranging are the main source of systematic errors i8y900 s thus formed 20 arcs. 10 before and 10 afterthe
the relativity experiment. Third, the range rate measureyay interruption of the tracking due to an elongation less

ments, and their error model, do not matter very much for thgna 0. 7° Then we have performed a multiarc solution with
relativity experimentwhile they contain most of the infor- 504 harameters amounting only to the satellite initial con-

mation for the gravimetry experimentThis last conclusion  gitions and to accelerometer calibrations, and with global

arises from the simple fact that information on the range rat?)arameters;/z and a single, constarR (to absorb the av-
accurate to a few 10 cmis, if used to estimate range erage, over the time span of 20 days, of the range calibration
changes, is mor(_a accur_ate than “”?”99 measurgments accurgﬁﬁt)_ Note that we are assuming that both the orbit of Mer-
to a few 10 cm if the time scale is just a few"18econds .y (apart from a constant shift in distance from Eaend
(e.g., over an orbital period of the satellite, 2.3 h), but lesshe gravity field of Mercury are known, supposedly from the
accurate if the time scale is months. The intermediate case ‘bfrocessing of the rest of the data. In the simulation we have

the SCE, where the time scale is a few days, is not obvioug,sgmed that the orbit of Mercury is according to GR, and
Although this is a simplification, we can roughly say that thealso yy=1.

orbit of the spacecraft around Mercury is determined by the 114 main advantage of such a SCE is to reduce the influ-
range rate measurements, the orbit of the planet is detegce of the systematic range error, because its variation from
mined by the range measuremerttdle have nevertheless . .,nstant over20 days is less than 5 cm, and thus is less

used both the range and range rate data both in the multiaff, . the random error in th&R, (if these were determined

fit and in the PN corrector as local parametersHowever, it is not the case that there are
no systematic effects: also the accelerometer measurement
error has some influence, and we need to assess how much
The circumstances for possible superior conjunction exthe systematics degrade the result with respect to the formal,
periments, given the assumptions on the mission plan of theandom error as expressed by the covariance matrix. Thus we
BepiColombo Planetary Orbiter from R¢80], are shown in  have performed 300 simulations of the SCE, with different
Fig. 3. There is one especially good superior conjunction, irseeds for the random number generators used to simulate the
which the tracking data can be taken from radio waves passandom error component of the range, range rate, and accel-
ing as close to the Sun as allowed by the plasma noise conerometer measurements. Figure 4 shows the histogram of the
pensation procedure, supposedly down<td solar radii. values ofy,— 1 derived in these 300 tests compared with the

B. Determination of y
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Gaussian corresponding to the rmsygffrom the covariance TABLE I. Current constraints on the PN parameters. Note that
matrix of any one of them. these are rms results from the corresponding least square fits. Com-

The conclusion is that the formal uncertainty, with rmsPare with the possible results from the BepiColombo mission given
251077, gives an illusory precision and should be re-n Table Il.
placed, in a realistic assessment of the achievable accuracy,

by a far larger value, which could bex210 ® (this corre- Parameter value Primary reference
sponds to X rms of the distribution of the results shownin g 3x10°° Ref.[102
Fig. 4. Y 1.7x10°3 Ref. [18]°

We have tested the intuitive idea that the range rate mea- ,, 10°3 Ref.[17]
surements contribute very little information to the relativity  4(n gy/dt 4x10-12 Ref. [70]°
experiment even in the SCE setting, by running a simulation @ 3% 10~4 Ref. [71]¢
with the range observations strongly underweighted with re- 3% 104 Ref.[13[°

spect to the range rate ones. The result was that the uncer-
tainty of v, increased by more than one order of magnitudedf the best value ofy parameter is combined with the lunar laser
and this already at the formal level. We conclude that thanging(LLR) solution for  one may obtain a better value g,
range measurements are the critical ones, and that the maigtably 6x 10~*, Ref.[17].
sources of the systematic error 3 must be the systematic °Though a combination of a large number of VLBI observations
drift in range and the accelerometer measurement error.  may eventually yield a better solution, e.g., Ré#8], we conserva-
For comparison purposes, we need to cite the resultgvely adopt the best value from a single experime@nt relying on
which could be obtained by including= y; =y, among the  a statistical decrease of the formal uncertainty
parameters to be solved in a full PN corrector simulation’Recent reanalysis of the LLR data may have the capability of de-
with one year of data. We have indeed tried this method toogreasing the limit to 10*? as quoted in Ref(69].
although we do not discuss elsewhere the results, precisefyR and binary pulsar data result in comparable values, Fél.
because they were not as good as the ones obtained by thed Ref[73].
SCE. Depending upon the assumptions on the NordtvedHere we intentionally use the bestperimentakonstraint on this
constraint we can have errors i from a solution not using parameter. Nordtvedt in Reff74] gives a plausible, buheoretical
a SCE, ranging betweenx110 > and 1.5<10°°. These re- argumentfor much better value of % 10", which our data could
sults are strongly affected by systematic errors, that is theonfirm experimentally.
formal uncertainties are significantly less.
We can now draw the conclusions on how the results of

the superior conjunction experiment should be inserted in thglways the same systematic component for range and the

global solution for all the PN parametetand other solar random components in bOth. range a.nd.range rate ffom a
system model constantsThe solution of combining the in- random generator of Gaussian distributions. We typically
formation ony, from the SCE and the information op, perform 2000 runs for each simulation with different as-
from the one year solution has a problem of weight bamnc_sgmptions(_e.g., with and without the Nordtvedt constraint,
ing. Indeed the information from both solutions should beWith and without preferred frame parameferbhen we per-
combined by using weights derived from the actual errorsform another 2000 runs with no systematic error component,
not from the formal errors. Anyway the contribution from the to show by comparison the relevance of the systematic com-
one year solution to the combined result fprwould be ~ Ponent. The output is then presented in a plot showing, for
minor. Therefore we have adopted the simpler solution€ach parameter being solved) the histogram of the results
which is to assume the solution far, obtained from the from the simulations with random error onl) the Gauss-
SCE, with the realistic error estimation given above as théan distribution predicted by the covariance matii®) the
final result ony and to remove altogether from the set of histogram of the results from the simulations with systematic
parameters to be solved in the PN corrector. In this way th@S well as random error$4) the Gaussian distribution best
information on y=1y,, as obtained from the SCE, is cor- fitting to the previous histogram: note that the average is, in
rectly employed to strengthen the solution for the other paMost cases, significantly different from zero, thus there is a
rameters. We have tried to obtain a final solution in manyblas in the resultéon the contrary the rms of the results with

different ways, and this method indeed gives the best S0|us.yst¢matic error is not si_gnificantly .different from the value

In Table | we list the present knowledge of the PN param-
eters, as we have found in the literature. This information has
two purposes. On one hand, we use it as a benchmark to

Having reached the conclusions of Sec. IV A from aevaluate the increase in accuracy achievable with the Bepi-
(smal) number of multiarc fits, we can now simulate a large Colombo relativity experiment. On the other hand, this infor-
number of PN corrector runs. First, we assume that GR holdgation is used aa priori, e.g. an “observation’8=1 with
exactly (and the other solar system parameters, including,veight corresponding to a rms oP@L0"3 is added. This
J20 andGMg , have their nominal valye For each run of  helps in stabilizing the solution, in particular in the presence
the PN corrector, we generate valuesAdR; ,AR;, one for  of high correlations, but is a legitimate way to combine the
each arc, according to the error model described above, withrevious with the current information.

C. The one year simulations
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TABLE Il. Asummary of the results from our experiments. The numbers in parentheses indicate exponent of basis 10 by which the result
is multiplied.

a1=a,=0 All parameters
Expt. A (non-metrig Expt. B (metrig) Expt. C (non-metrig¢ Expt. D (metrio

Parameter ms Real. rms Real. rms Real. rms Real. Parameter

ﬁ 6.7 (—5) 2.2(—49) 75 (—=7) 2.0(—6) 7.6 (—5) 5.6(—4) 9.2 (—7) 7.0(—6) E

ay - - - - 73C7) 8.7(—6) 7.1(=7) 7.8(—6) ay

as - - - - 2167) 1.6(—6) 1.9 (-7) 1.1(—6) as

7 4.4 (—6) 1.5(—5) 3.0 (—6) 7.9(—6) 5.1 (—6) 45(—5) 3.3(—6) 2.0(-5) 7
d(lnG)/dt 4.0(—14) 52(—13) 39(—14) 53(—13) 40(—14) 47(-13) 39(—14) 52(—13 d(InG)/dt

8, 79 (—9) 2.8(—98) 2.4 (-10) 2.1(-9 8.9 (—9) 6.2(—8) 6.2 (—10) 4.8(—9) 8d,

m 1.9(-12) 59(-12 33(-13) 10(-12 21(-12) 15(-11) 41(-13) 1.0(-12 "

D. Results

1

We have performed a large number of tests with the PNos
corrector, but the main simulated experiments are four, re-
sulting from the combinations of two binary choices. We did
include the constraint corresponding to the Nordtvedt rela-"*
tion [Eq. (12)] in experiments B and D, while experiments A o2
and C correspond to non-metric theorieg i6 solved as a
parameter independent from the otheksdle did assume no  ~
preferred frame effects in experiments A and B, while we
solved fora; and a, in experiments C and D.

All the results are summarized in Table 1. For each of the s},
parameters we givé) the formal rms uncertainty from the
covariance matrix of the solution, arfiil) a “realistic” level
of accuracy(bold) at which this parameter can be determined **
from the experiment. This latter accounts for all systematicoz
effects in the observation modglus the random-noise com- :
poneni and was defined as a mean value of this paramete 2 =" » & 2 °? T
from the 2000 simulations with systematic effects plus
2 X rms of the formal uncertaintythis amounts to=93% !
confidence level of this formal solutionNote thaty is not 08
included in the table because the results fgrare to be
used. Thus the rms foy is 2.5X 10"/, the formal rms of the
SCE, and a realistic error estimate is given byrens of the ~ °4
histogram of Fig. 4, which is 210~ 6. We are not including oz
in this case a bias term because there is no obvious bias i

. _4 ; - 2 -10 -5 0 5
the histogram. st(xw*Q) p(x10712)

1

0.8
0.6 0.6
0.4

0.2

5e

1. The rate of change of G FIG. 5. Distribution of the results for the PN and solar param-

The least satisfactory result is the one for the rate oftters from the 2000 simulations of the one-year orbital arc of Mer-
change of the gravitational consta@t As it is clear from cury,_experiment A. The preferred frame PN para_meters are not
Table 11, in all the four experiments the systematic errors are{?’ns'dered and the Nordtvedt paramejes assumed independent.

one order of magnitude larger than the formal ones. This caji ' distribution histograms are normalized to unity. The light his-
ograms correspond to the simulations where systematic effects in
be understood as follows.

. - . . observations were removed and the noise contains only a random
As is apparent from Fig. 5, this parameter is the only one

f hich the bias i h domi t with t 1o th component; the bold histograms correspond to the simulations with
or whic € bias IS so muc omlnan_ Wi _respec 0 e complete noise modébystematic and randomThe smooth
random component of the error. The main orbital signature o

- o . , verlapping curves are formal Gaussian distribution from the cova-
a secular change of gravity with time is that Mercury's mean;ance matrix of the solutiofthe shaded area indicates formal rms

motion has a linear drift. This results in an accumulatedyf the unbiased solution The wide Gaussian curve is a formal
along track displacement, which can be estimated by @olution, with only a random noise in the observations having rms
simple formula to be=15 cm after one year fod(InG)/dt  of 25 cm, namely half of the principal systematic effect in range.
=103, Thus the quadratic component of the range calibraNote the seriously corrupted solution of tdéInG)/dt parameter
tion drift aliases almost perfectly with this signature, and thisdue to systematic effect in the realistic solution.
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TABLE lll. Formal results for the PN and solar parameters from 2
the analysis of one year Mercury’s orbital data. rms means standarc
deviation from the diagonal terms in the covariance matrix. The
numbers in the triangular area are the correlation coefficients
(rounded to 2 digitsfrom the off-diagonal terms in the covariance
matrix. The correlations larger than 90% are highlighted in bold.

Parameter rms B 7 @ 83,
il 6.7 (-5) -

7; 44 (-6) -073 -

d(nG)/dt 4.0 (-14) -023 0.16 -

53, 79 (-9) 100 -074 -025 -
P 19 (-12) 098 -079 -027 0.9

explains in a qualitatively satisfactory way the systematic
error ford(In G)/dt. 0
Unfortunately, the currently known constraint is just one

order of magnitude larger than the accuracy of our experi-
ment as planned now. Moreover, we are aware that the luna
laser ranging measurements are going on, and they are be
lieved to be capable of reaching an accuracy of £awell -1t
before the time when BepiColombo will be around Mercury.
The conclusion is that the limitation to the accuracy in o
d(In G)/dt is due essentially to the assumed drift in the range >
calibration. Thus the only way to obtain a result superior to ="
that of other methods would be to significantly improve the 20
stability of the ranging transponder.

-15F

2. Non-metric theories

The main problem with the results of experimentad 4 s
C) is the strong correlation betwe¢handJ,q , as is appar- B .
ent from the covariance matrix obtained in the least squares (B=1) (x107)
fit (see Table IlJ. The main orbital effect oB is a precession

of the argument of perihelion, which is a displacement taklngof Mercury’s one year orbit. The full error model for the observa-

place n the plane of ’Fhe orbit of Mercu_ry'Q@ affects the .tions (containing both the random and systematic componésts
precession of the longitude of the node, i.e., generates a dig:

. dssumed. The upper plot is from experiment A, where the Nordtvedt
placement in the plane of t,he solar equdfds|. The angle parametery is independent, while the lower plot is from experi-
between these two planes is ordy 3.3° and cog=0.998,

o . ment B, wherey is constrained to be equal t(§4—7(n0 preferred
thus it is easy to understand how t.he correlation between frame effects assumgdrhe large correlatio©9.7% decreases the
andJ,o can be 0.997. The correlations betweggnJ, and

: quality of the solution of both parameters in experiment A, while in
the mass of the Sufactually, the scale factor, which could gyperiment B the correlation between these two parameters is sup-

be expressed as the value of the astronomical unit indm  pressed and a much more accurate solution is obtained. The light

also critical. . . . curves indicate the formal 90% confidence level as deduced from
There is no way to decrease this correlation without 0b+he respective covariance matrices.

serving(with equivalent accuragysome other celestial body

moving around the Sun in an orbit with a quite differentlonger confidence region with the strip parallel to the,
inclination and/or semimajor axi@.g.,[76]). The effect of axis representing the knowledge @fas determined from the
such a strong correlation is illustrated in Fig. 6: the observavalue of . The conclusion is that the best way to solve for
tions of the orbit of Mercury can constrain very well some 8 (andJ, , which is interesting by itselfis to use Eq(12);
linear combination of3 andJ,,, but there is a “weak di- Of course this is an assumption, hence experime(drigl D)
rection” along which another combination of the same pa-cannot be considered as an experimental test of the hypoth-
rameters is only weakly constrained. When the relationshigsis that gravity is described by a metric theory.

of Eq. (12) is used as a constraint, the confidence region for
these two parameters collapses to a less elongated and much
smaller region. In fact the smaller confidence region of the In the experiment B, the Nordtvedt parametgwas as-
lower plot in the figure is contained in the intersection of thesumed to be linked to the other PN parameters through the

FIG. 6. Values forﬁand 8J, as solved from 2000 simulations

3. Metric theories

082001-15



MILANI et al. PHYSICAL REVIEW D 66, 082001 (2002

TABLE IV. Formal results for the PN and solar parameters from 1
the analysis of one year Mercury’s orbital data, experiment B. The,,
conventions are the same as in Table Ill. In this solutipis forced

to be equal 8. Correlations larger than 90% are highlighted in °

bold. 04

0.2
Parameter rms B 7 din G) 8J, o

dt (B-1)(x10)

B 75(=7) - 1 1
7 3.0 (—=6) 1.00 - 08 08
d(nG)/dt  3.9(-14) -0.01 -0.01 - s o
53, 24 (-10) -026 —0.26 —0.41 - ' '
w 33(-13) -056 -056 —021 0.71 bl ai

0.2 0.2

- —010 -5 [} 5 10 EG -4 -2 0 2
Nordtvedt relationp=48—y—a;—5a, (this is used as a n(x109) d(in Gyt (x 10°19)
constraint in the least squares.fiince (y,a,,a,) are kept . .
constant in this solution, the Nordtvedt relation used as con-
straint in this experiment is jusy=48. As a result the co- o
variance matrix, described by Table IV, has a correlation °® 08
exactly 1 betweerB and  (these are not independent pa- o4 04
rameters at al| but the other correlations have been greatly . 5
reduced, especially the one betwegrand J,. . Note that, . . _}
on top of the uncertainty indicated in Tables IV and Il, we = 2 -1 o o 1 2 At | 2
2 p(x

should account for the effect of the uncertainty snfrom

the SCE, since in fachy=4B8—vy and y=y,— 1. FIG. 7. The same as in Fig. 5, but for experiment B, assuming
The results from 2000 simulations with systematic rangethe relationship betweery and 8 from Eq. (12). The correlation
errors and 2000 with random errors only are shown in Fig. 7petweens and 63, is thus suppressed in this solution, and these
The comparison with Fig. 5 and the values from Table llparameters are determined with much better accuracy.
indicate a significantly better accuracy for all PN parameters
but d(In G)/dt (the quadratic systematic effect is the same be determined from the SCE. From the data on the fighdl
Even accounting for the effect of thex2L0~® uncertainty on  above the main diagonaln Table V we can see that the
¥, 7 is anyway constrained to I6. We can conclude that, correlation betweerg and 8J,o, u has been sharply de-
within the framework of metric theories of gravitation, the creased. The correlation betwegnand 8 is high, although
PN parameterg,y,7 and the solar system model param- not exactly 1, sincgs also depends upod; anda, (indeed,
etersu, 8J,o can be determined with significantly improved the correlation witha, is rather high. From Fig. 8 and the
accuracy(two orders of magnitude better than the presentdata in Table Il we can conclude that the accuracy is im-
knowledge. In some sense, this is the best solution, but itproved with respect to experiment C fgr 3, 6J,0 and u,

uses one additional assumption. while the accuracy for; anda, is not much affected. If we
compare experiment D with experiment B there is some deg-
4. Preferred frame effects radation in the accuracy g8, » andéJ,o , which appears as

The data from the BepiColombo relativity experiment cant?eftrs'ce to pay for testing the presence of preferred frame

also be used to test the possible preferred frame effects, A . L
P P Note that the accuracy in the determination of the pre-

particular by constraining the PN parameters and «a». .

Experiment C is the same as experiment A but withand 8 (o BEEERER SRR | RERTE SR e

a, added to the list of parameters to be determined. From th@ P S y pectt
assumed preferred frame direction. At present the line of

data in Table 1l we can see that the accuracywranda, is . : ;
o . .. apsides of Mercury is roughly orthogonal to the velocity of
significantly better than the previous knowledge. The price '%hpe solar system w>i/th respgectyto the gosmic microwave l>3/ack-

tsr?emdeatdaegga%aeulz r%lz;g(:}rg)eel?)(\j\??r::%z?gﬁ,iamgg a-,hlffaE{gn\) ground, and this turns out to be an unfavorable configuration
9 for the determination ofy;.

we can see that the high correlations betwgensJ,, and
u, found in experiment A, are still present, thus the accuracy
on these three parameters is not very satisfactory. V. FUTURE WORK

Therefore we have also run an experiment D in ﬂhic_h W€ There are of course some open problems, which deserve
solve fora; and ay, but also use the constraimt=48—7y  further investigations to be conducted between now and the
—ay;—5a,. As a matter of facty is kept fixed, assumed to scheduled launch window. The main problems are to make
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TABLE V. Formal results for the PN and solar parameters from the analysis of one year Mercury’s orbital data, experiments C and D.
The data on the left and the subdiagonal correlations correspond to experiment & takbn as independent parameter; the data on the
right and the superdiagonal correlations correspond to experiment C where the Nordtvedt relatioma®used. Correlations larger than
90% are highlighted in bold.

Parameter rms E aq aH n @ 532 o rms Parameter
B 7.6 (—5) - 058 —0.04 0.98 0.03 046 —054 92 (-7) B

a 73 (-7) -021 - ~0.02 0.43 006 092 -028 7.1 (7) a

s 21 (-7) —043 0.07 - -008 -0.11 -0.05 054 1.9 {7) a;

n 51 (-6) —0.75 0.44 0.28 - 0.03 031 —056 3.3 (-6) n
d(inG)/dt 4.0 (—14) —0.22 0.11 0.00 0.19 - —009 -024 39 (14) d(InG)dt
83, 8.9 (-9) 100 -015 —044 —0.74 —0.23 - -0.06 6.2 10) 83,

u 2.1 (-12) 098 -026 —-0.33 -082 -0.27 0.98 - 4.1 (-13) P

sure that our observation model, our solar system dynamicalot be a problem, a source of concern is the unknown, or
model and the relativistic theories used are adequate to th@oorly known, masses of the asteroids. The perturbations on
extreme accuracy of the measurements. Mercury are negligible, but Earth is displaced by the short
The tracking of the BepiColombo main orbiter needs toperiod perturbations of Ceres by3 m; since the mass of
be conducted from ground stations fully equipped for theCeres is known only to about 5%, this effect alone is respon-
Ka-band, with the electronic and thermo-mechanical stabilitysible for an uncertainty which is not negligible with respect
corresponding to the expected measurement accuracy. The the accuracy of the range measurements. The cumulative
water vapor content of the atmosphere needs to be measureffect of the=100 asteroids capable of perturbing Earth’'s
to account for tropospheric propagation delays. Interplanerbit (over one yearby 1 cm or more is significant for our
etary tracking to this accuracy had never been achieved untdxperimen{77], and for most of these asteroids only a very
recently: the first tests of the new generation tracking systemough estimate of the mass is available. Thus the ongoing
on board the Cassini spacecraft have demonstrated that, wbrk to improve our knowledge of the mass of Ceres and the
least for range rate, the requirements assumed in this paplkargest asteroids is important, and we need to assess the over-
can be achieved and possibly exceediéd]. An in depth all effect of these poorly modeled perturbations on the accu-
analysis of the outcome of these experimefatsd of other racy of the final results.
tests already planngds required before the time of the Bepi-  The accuracy of the BepiColombo relativity experiment is
Colombo experiment. such that it reaches the threshold at which second post-
The parameters of the solar system model not solved itNewtonian order effects become significant, e.g., some of
our fit, that is on the basis of the Mercury-tracking data, needhese effects are discussed in REFQ] and[80]. We need to
to be known well enough not to introduce aliased effects incarefully investigate the possible effects of this class, and
the relativity experiment. While the planetary masses shouléhclude in the model the ones which can affect the results.

1 : 1 : : 1
08 08 08 m\
06 06 06
04 04 {04
02 02 02
0 0 0
2 o0 2 4 & 8 10 0 10 20 26 4 2 0 2
(B-1) (x 107 n(x1078) d(in Gy/dt (x 10-13)
1 1 1 !
08 08 08 08
06 06 06 06 Z
04 04 04 0.4
i
02 02 02 02
0 0 0 0
2 o0 2 4 6 8 s 0 5. 10 b 0 2 4 6 22 - 0 1 2
ay (x1079) a, (x107) 84, (x1079) L0

FIG. 8. The same as in Fig. 7, but here the preferred frame paramstensd o, were included in the solution.

082001-17



MILANI et al. PHYSICAL REVIEW D 66, 082001 (2002

VI. CONCLUSIONS We now focus on modifications of the planetary equations

- of motion due to the possible SEP violation. Assuming bary-
We conclude by summarizing the results we have . ; X
centric coordinates; of the ith body we have

achieved.
(1) We have shown that the relativity experiment of the P2 M
BepiColombo mission to Mercury is feasible as proposed. ari o
More exactly, the results on almost all the PN parameters a2 G; [1+77(Q'+Q')]r3 fij (A1)

(and J,») can represent a significant improvemeabout N
two orders of magnitudewith respect to the current knowl-

edge, provided the mission plan corresponds to the prese
baseline[30] and the instrument performances can be as

sumed to be as expected néas described in Ref§28] and

with ri;=r;—r;. A number of additional termsgincluding
tR effectsx1/c?) are neglected on the right-hand side of
Eg. (A1). Assume the indexes span values,0,1 ,(n—1)
(for n—1 planets, with 0 meaning the Sun. Up to the ne-

29)). o )
[ (];) We have identified the range drifn the calibration of glected terms, the center of mass system is still defined by

the on board transpondeas the main limitation to the accu- n-1
racy of the results. In particular, this effect is responsible for 2 M.r=0 (A2)
the unsatisfactory results ai{In G)/dt, the only PN param- = "'
eter for which it is possible to achieve only a small improve-
ment(a factor=2) with respect to the accuracy expected toThjs allows a suitable elimination of 6 variables, such as the
be available before the time of BepiColombo. To improvepgsition and velocity of the Sun. This reduction is obtained
the results ond(In G)/dt it would be desirable to have an py introducing heliocentric coordinates: g;=r;—rq for i
extended mission, with up to two years in orbit around Mer-=1 The relative motion of planets around the Sun then
cury, but this is useful only if there is a good understandinggatisfies
of the behavior of the ranging transponder over two years
[81(]é) The perf f the Doppl tsof 970 Mo+ M;

e performance of the Doppler measurements o A _ ,
range rate, and of the accelerometer measurements, do not  dt? GLL+ (ot ()] i i
appear to be critical for the relativity experimdmthile they

are critical for the gravimetry experiment, as described in Qij  Gj

Ref. [33]). They contribute essentially only to the random _j%,i Gl1+7(Qi+Q)]M; f+ q_

error component, which is secondary with respect to the sys- e

tematic errors due to the range measurements. a0 2 GM; (A3)
77( 0 i)j#O,i q? qj ’

APPENDIX: PLANETARY TEST OF SEP

In this Appendix we discuss in more detail the planetarywhere g;=0q;—q; [note that the indexes now span
test of the strong equivalence princig@EP. Our approach 1,2,...,H—1)]. If compared with the traditional planetary
is similar, but not identical, to that in Ref32], where the equations of motion in heliocentric coordinatésg. [61]),
authors considered testing from radar ranging to a Mars- we notice that the SEP terms afféitthe “Keplerian term”
landed transponder. on the first line,(ii) the tidal perturbations due to the other

Testing any version of the equivalence principle meanglanets on the second line afid) produces an entirely new
testing a hypothesis that the ratio of the gravitatididland  perturbation(the third ling. This last term is of major im-
inertial M; masses is not a universal constéef., 1, but  portance. It is formally equivalent to an anomalodndirect
depends on the composition of a given obj@etthis appen-  planetary perturbationFor inner planets the contribution by
dix we use the letters,j, ... for numbering the bodies in Jupiter dominates the sum in the last line, so that this anoma-
the planetary systemin the context of celestial mechanics, lous SEP perturbation is merely an acceleration in the helio-
this means testing the orbital effects of the Lagrangian termgentric direction of Jupiter. The sensitivity to theparam-
described in Eqs4) and(5) in Sec. Il A. We are concerned eter depends basically on the solar compactness f&tgor
with testing the strong equivalence principle, hengde (with a very minor contribution-); of theith planej. Since
=7Q,=7(EYYMc?);. Here Q, is a gravitational com- g is so large, the planetary test of SEP is potentially very
pactness factor; of course, among the solar system bodies tigeresting. In the case of lunar laser ranging, the sensitivity
Sun has the largest value—3.52<10 6. Testing the on 7 is principally determined by the Earth value @f four
equivalence principle requires an experiment with at leasorders of magnitude smaller thady,.
three bodies: two objects falling in the gravity field of a third  Note, however, thaty is also present in the Keplerian
body. We consider a motion of a complete planetary systenterm(the first line of Eq.(A3)]. Quantitatively, the contribu-
but the principal bodies of interest are the Sun, Mercuryfion of 7 to the attraction from the Sun is not negligihg2].
Earth and Jupiter. As in Ref32], our method principally However, this effect is identical to the effect of a change to
tests whether bodies in the Sun-Mercury and Sun-Earth paithe gravitational constarfor of the mass of the Sun, or of the
fall with the same acceleration in the gravitational field of value of the astronomical upitG—G,=G[1+ 5 Q¢]. The
Jupiter. planetary equationfA3) rewritten withG, read
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d%q; Mo+ M, with i standing for Mercury and Earth. Since in Ed0) we

— =—G,[1+ 77()i]°—3qi are using the barycentric coordinates, we then perform the
dt di transformation
- 2 G,[1+ 7QIM, q” q3 .
i ri=qi—m2 M;q;, (A6a)
M J#0
7(Qo— ) 2~y (A4)
j#0i qIl
1
The presence of the terms in the first two lines in EqA4) fo=—31 2 M;q;, (A6b)

is negligible with the current observational accuracy. The
principal perturbation allowing us to test the SEP is still the
last term; moreover, sind€)y|>|Q;| for anyi=1 we may . : . . .
adopt Qg— Q,~0,. Note that this SEP-testing term now to obtain the correspond_lng pe_rturbatl_ve acceleraﬂons in
appears as an anomaloutirect planetary perturbation Ar;. These are then c9n5|dered in the right-hand side .of the
Clearly, it is again dominated by the Jupiter influence, andYStem(10), together with other PN and solar perturbations.

over one year of the BepiColombo radio science expenment We note that thanks to a combined reanalysis of the Voy-
it is nearly a constant acceleration. ager, Ulysses, Galileo and Cassini orbital tracking and a

Adopting the approach of linear perturbations), of a large number of the Earth-based astrometry the fractional

. : tainty in the total mass of Jupiter’'s system has been
reference solutioifsuch as the planetary orbits from the JpL uncer T . . '
ephemerides the SEP effect principally arrives from the '€cently decreased te-8x 10" [65]. This value is suffi-

forcing acceleration cient_ly _small to prevent the uncertainty of the Newtonian
gravitational perturbation due to Jupiter to affect the deter-
G.M, mination of . Both effects are similar, but the indirect Ju-
8(d?q; /dtz)n: 700 qIJ , (A5)  piter’s solar perturbation is enough to allow their decorrela-
j#0,

|, tion at this level of accuracy.
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