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Decay 7°— yy to next to leading order in chiral perturbation theory
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The #°— yy decay width is analyzed within the combined framework of chiral perturbation theory and the
1/N, expansion up t@(p®) and O(p*Xx 1/N,) in the decay amplitude. Thg' is explicitly included in the
analysis. It is found that the decay width is enhanced by about 4.5% due to the isospin-breaking induced
mixing of the pureU(3) states. This effect, which is of leading order in low energy expansion, is shown to
persist nearly unchanged at next to leading order. The chief prediction with its estimated uncertainty is
I o_,,=8.10£0.08 eV. This prediction at the 1% level makes the upcoming precision measurement of the
decay width even more urgent. Observations onsilend »' can also be made, especially about their mixing,
which is shown to be significantly affected by next to leading order corrections.
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[. INTRODUCTION error about 1.5%, which is several times smaller than the

7.1% uncertainty in the current world-average value 7.74

In the chiral SW2) limit (m, 4=0) the 7°— yy decay = +0.55 eV [3]. However, this quoted experimental uncer-
amplitude is precisely known to order[1]. The amplitude tainty is open to question as can be seen by the large disper-
is O(p*) in the low energy chiral counting. It is determined Sion of the experimental results which suggests that the er-
entire|y by the anoma'y induced on the divergence Of thé‘Ol‘S of the individual eXperimentS have been underestimated.

axial vector currenAi=EyMy573q by the electromagnetic Indeed, a direct measurement gides=7.25+0.23 eVv[4],

. . . : .a production experiment ie"—e~ collisions yieldsT o
interaction, and is expressed in terms of the only two avail- b P y m

able quantities—the fine structure constantind the pion 7.74+0.66 eV[5], while Primakoff effect experiments, all

d £ he d idth in this limit is th dating back to the early 1970s, give disparate values: a large
ecay constant,—the decay width in this limit IS thus number, 11.6%0.55 eV[6], and two that are consistent with

given byl_ﬂwoﬂyv:(“/Fw)z(MWOMW)S' The explicit break-  he cyrrent world average, 7.22.55 eV [7] and 7.93

ing of chiral SU, (2) X SUg(2) symmetry induced by non- . 39 ev[g]. This unsatisfactory experimental situation to-
zerou- andd-quark masses generates corrections to the chigether with the rather precise theoretical prediction derived
ral limit result, and it is the purpose of the present work tojn the present work clearly lend great significance to the
evaluate these corrections as well as to understand their ofipcoming PRIMEX measurement.

gin. In order to achieve this goal it is crucial to perform the  Within the two-flavor framework, wherein the strange
analysis in the extended framework of three flavors supplequark is integrated out, any corrections to the amplitude are
mented by the N, expansion in order to include explicity O(p®) and reside entirely irfF o [9,10] or in the O(p®)

the ' degree of freedom. In this three flavor framework theodd-intrinsic parity chiral Lagrangigril], also known as the

corrections turn out to be of two types: O(p®) Wess-ZumingWzZ) Lagrangian. At leading order, the
(i) those due to isospin breakirimixing correctionsthat  ensuing theoretical prediction(taking F_o=F_+) is
are proportional to rfi,—mgy)/mg or to Ne(m,—mg)/A, I 70_,,=7.725 eV, aresult that agrees well with the experi-

both giving contributions to the decay amplitude that, ac-mental world average within its generous error. The analysis
cording to the counting defined in the next section, arewithin SU(2), however, does not provide insight on the ori-
O(p*, i.e., of the same order as the leading term, and gin of the O(p®) W2z contribution just mentioned. Such an
(i) those proportional tan, 4/A , that are of subleading insight can be gained by instead performing the analysis in
order—O(p®)—and which stem from different sources, as the threeflavor framework, as has been shown by Moussal-
shown below. lam [12]. In particular, he pointed out that the primary cor-
The inclusion of such corrections is crucial for a predic-rections to ther® width result from the leading order isospin
tion of the w°— 7y width at the 1% level, which is the level breaking effects mentioned above(i) which stem from the
of theoretical precision required by the forthcoming dramaticm,# mg-induced mixing between the pure isospin staft
improvement expected in the experimental measurement @nd pureSU(3) statesy and " (to be denoted below by
the 7% width via the Primakoff effect. The PRIMEX experi- 3, g andr, respectively. The present work confirms that
ment at Jefferson Lal2] is aiming at a measurement with an such isospin breaking corrections persist as the dominant ef-
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fect when next to leading orddNLO) corrections are in- If p denotes the total momentum of the final two-photon
cluded. state, then in the limit of smalp? Eq. (2) admits a low
In this work then ther®— yy decay rate is evaluated to energy expansion and can be expressed as
NLO within U (3)XUg(3) chiral perturbation theory
wherein then’ meson is included consistently by means of
the 1N, expansion since in the largd, limit the 7' be- > (yylmz.p) g, pl AR 0) ————5——
comes a Goldstone boson. Such a framework was recently “a T pP—MEie
developed by Herrera-Sikily, Latorre, Pascual and Taron

[13] and by Kaiser and Leutwyldii4,15, who showed that Bas

a simultaneous chiral andNy{ expansion leads to an effec- a12 <77|FF|0>+ 530 2 (vvlma
tive theory for the pseudoscalar nonet that is not only inter- ~

nally consistent but is also very useful in practice, as the X(mz,p|GG|0)

present work shows. )
The chief result of this paper is that thd— yy width is I

[
enhanced by about 4.5% from the lowest order chiral % pZ—MZ+ie "2 % {
anomaly prediction, a result expected to hold within an un- é
certainty of= 1% after NLO contributions are included. The X (77, pldys{\® Mq}q|0)

magnitude of this enhancement agrees with that obtained in
the analysis of Moussallafi2], where the NLO corrections [
were not implemented in a consistent fashion as in the XmJ“"" &)
present work. a

As this manuscript was being completed an analysis by
Ananthanarayan and Moussalldf6] was posted where the where(yy|mz,p) are the two-photon amplitudes, the ellipsis
electromagnetic corrections are studied in detail. Relatedenotes contr|but|ons from excited mesons as well as from
work is also being completed by Kaiser and Leutwyler].  the continuum, all being of NLO or higher, and the mass

eigenstatesr; that correspond to the physicaf, 7 and 7’

Il. TWO-PHOTON DECAY AMPLITUDES are given by
The decay amplitudes af®, 7 and %’ into two photons
can be obtained from the Ward identities satisfied by the = 2 ®aa77aa (4)
three axial vector currentst\al zqu vsA3q (a=3,8,0), a=3

where\? areU(3) generatorg)\O being theU (1) generatof

normalized via \®\P)=Tr(A®\P) =25%". In the presence of where the mixing matrix that diagonalizes the mass matrix is
the strong and electromagnetic interactions, the divergengsarametrized in terms of Euler anglés, 6 and — 6y:

of the axial vector current is given by

A ) C3Cg—CpS3Sg C3Sg+ CgCpS3 —S3Sg

1 a a —

A= <>\ Q >FF+ ~(\)GG+ qu{)\ Maq @=| —CsS3—CaCoSs —SsSg+CaCsCo —CsSo |,
.., (1) ~Ss8So CsSo Co

where M, is the quark mass matrix arelQ is the electric  wherec;=cos#, ands;=sing,. Here, for small mixing, the
charge operator. HerBF = WWF‘”FP”, F,. being the projection of the physicat® onto 74 is given by the angle
eIectromagnetlc field tensor, and similarlyGG €= 03+ 6, the projection of the physicay onto g is ap-

=1€,,,,G*"G¥7, G, being the gluon field,and the el- proximately given by— 00 (6o can therefore be identified
I|p5|s denotes terms irrelevant to this work. with the well knowns— »" mixing angle as it is customarily
The two-photon amplitudes can be obtained by considerdefined, and the projection of the physicat® onto g is
ing the matrix elements given by e= — 656,.
The NLO—i.e.,O(p®)—corrections in Eq(3) reside in

aN¢ ~ \/gas ~ the terms displayed explicitly through their dependence on
(vl aMAZ|0>:CaE<YY|FF|O>+ 560ﬁ<77|GG|0> the masses and decay constants, as well as in pieces that stem
from continuum and excited states. In works that preceded
that of Moussallan]{12], such as Refs[9] and[10], such
mixing corrections as well as the NLO effects of the latter
kind were disregarded. Ignoring such effects implies that
whereC,;=1, Cg=1//3, andC,= /8/3. only NLO corrections which are absorbed into th& decay
constant remain, as it was shown [i@]; in that case and
taking F ,o=F .+, the predictedz® width is the previously
Throughout, the conventions in Bjorken and Drell are used.  mentioned 7.725 eV. As shown here, however, disregarding

+ 2 (yfarsiAt. Mgha[0), @
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mixing in particular constitutes a very poor approximation. (wg,play5{)\a,/\/lq}q|0>
In the presence of mixing the pseudoscalar decay constants
form a 3x 3 matrix defined by the matrix elements of the
axial vector currents, which connect the pseudoscalar mesons
to the vacuum:

. 24 ~
= —2i| (mz,p|3“A}|0) — 5:0\6 7 (a,p|GC|0)

(7)
a — .
(ma,P|ALI0)=—ip,Faa. 5) wherep?=M=Z. As is well known, thep? dependence of the

Indeed this decay-constant matrix contains all that is neededHS appears first aO(p°) [%8]'_Wh'Ch would affect the
to calculate the three two-photon amplitudes, except the corfwo-photon amplitudes ab(p®), i.e., beyond the accuracy
tributions stemming from th@(p*) WZ Lagrangian, and its needegj in this work. Thus, it is consistent to use &g.at
evaluation is the centerpiece of the present work. p?=M7 to represent the LHS in the entire Iqué domain.

As already mentioned in the introduction, the present At LO—O(p*)—then, Egs(3), (6), and(7) yield imme-

analysis includes the)’ as an explicit degree of freedom, diately the result for the two-photon amplitudes:
which, in order to be consistently implemented in an effec- “aN, . -
tive theory, requires the validity of the N{ expansion, <77|7T§>:a_;80 —i5 CaFaa(77IFF[0). (8
wherein, taking the chiralSU_(3)XSUg(3) limit, Mf], w

=O(1/N,). Thus, in the framework of the N expansion At this order the decay constant matrix is simply given by
M?2, should be considered as “small,” and its explicit inclu-  —O—

.7 . . . . Faa= ®aaFO 9
sion becomes consistent with having a simultaneous low en-

ergy chiral expansion. This explicit inclusion of th in the where ®x, is the mixing matrix obtained from thé)(p2)

. . . 2
low energy expansion implies thall;, must count as a aqs formulas. Of course, the result of E).coincides with
quantity ofO(p?), which in turn implies that M. should be  the result obtained by means of ttp?®) WZ term includ-
counted as a quantity of the same order. Indeed, a consistely explicitly the singlet pseudoscalar. The purpose of carry-
effective theory can be formulated with such a countinging out the above Ward identity analysis is, however, to make

scheme[13-19, and it is interesting to note thatN{ and  more transparent the origin and structure of the higher order
the magnitude o8U(3) breaking are comparable in size in ¢orrections.

the real world.
Taking the chiral limit—\,—0—in Eq.(3) and neglect- ll. LEADING ORDER RESULTS

ing the electromagnetic piece, i.e., the term, equating the

. 2 > . The leading order mass formulas are obtained from the
residues ap =M o leads to the well known relation

O(p?) chiral Lagrangian. Th&J(3) field is parametrized by
the unitary matrix:

o ~
ME=8 7 £ (7'1GCl0), (6)
U=exp<i

a=0 Fo

8 o\ ?
> (10
with Mgy being the ' mass in the chiral limit. Here the
lowest order result whereF,=92.42 MeV at LO. The®(p?) Lagrangian with
LAR| A — 2 the standard definitions of covariant derivatives and sources
<7T§,p|(9 A”|0> 5§ap I:O X [18] is given by
was used, wher&, is the pion decay constant in the chiral 1 1 1
limit. In the largeN, limit, F scales as/N;, while in the £(2)=ZF3<D#UD”UT)+ ZF%(XUT+XTU)— EMgwg
chiral limit the ratioF,/F,, is equal to unity up to correc- (11)
tions of order 1N, .
On the other hand, for nonvanishing quark masses equafnd the mass matrix in thes, g, 7o sector of interest re-

ing the residues in Eq3) yields sulting from £?) is
2m ! 2
m \/§(mu md) §(mu md)
2 _ 1 2 . J8 .
M{o=Bo ﬁ(mu—md) §(m+ 2mg) - ?(ms— m) . (12)
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Using the leading order mass formulas—e_g\/j727+ angles, and those that stem from the presence of excited
= 2B,mM, with 2fm=m,+my—and extracting isospin break- States and which are included in tt¥p°) WZ Lagrangian.
" The first type of correction requires the determination of

ing from theK " —K° mass difference via Dashen’s theorem )
to eliminate the EM contributionsa best fit to the masses f[he masses and decay constants to NLO and can be obtained

yields a singlet mashl, of approximately 850 MeV, and the in the standard fashion by calculating the two-point functions
Euler angles:6;=1 53° 9= —0.56°, and 60——,18 6° of axial vector currents, where the relevant diagrams are
. — 1. y - . y - . . . . 2 0 .
This fit yields thene= 65+ 6y;~1°, which is substantially shovv_n in Fig. 1 Up ta(p7) andQ(p /Nc) such twg—pomt
larger than the valug18] functions require only the effective Lagrangiad$? and
L@, Chiral loop corrections are(p?/N.)=O(p*), and

_ therefore beyond the precision of the present calculation, but

3 myg—my . .
€=V\7z =(0.56° (13 such loop corrections will be calculated merely as a means to
s estimate the size of possible contributions from terms of that

that arises in the limit,—, when only octet degrees of order and also as a test on the practical validity of thé.1/

freedom are included. The LO mass matrix, however, gives §XPansion. The lowest order Lagrangian has already been
poor result for the masses. In particular thenass is too low ~ 9iven in Eq.(11), while the next to leading order Lagrangian

by almost 50 MeV, a problem that is generic at LO in the low£ ) has the form given by13-15,18

energy and N, expansiong19]. 4)_ T T +
Using the relations L= +LD,UD*UNx'U+U"y)

+Lg(D, UD*U(x'U+UTx)) +Le(x"U+UTy)?

3
- M7
(yvlma) =k y¥|FF|0), Fa__|Kj24_7: (14 +L(xTU— U2+ Lg(xUTYUT+H.c)
which connect the decay amplitudes and associated widths, n ﬁD 7D e iFoAzw ( ut— TU)
the fitted parameters at LO lead tard— yy decay width of A N XY X
8.08 eV, which is 4.5% larger than the leading order result
I'z0_,,=7.725 eV obtained in the two-flavor framework +iL18\/§D”Tr0<D“UTX—D“UXT)

wherein mixing effects are moved to NLO. It should be
noted, however, that the two-photon widths of thend 7’

predicted in this leading order fit are too large, the first bein h v th | hi K included. |
22% and the second 20% larger than the corresponding e%g ere only the terms relevant to this work are included. In
e presence of th8U(3) singlet axial vector source field

perimental values. One of the chief reasons for this disagreé-o 0 ; o Ve

ment is thatSU(3) breaking in the pseudoscalar decay con-2u+ PuTo=d,mo—Foa, . At this point it is important to
stants is not included at LO. The— ' mixing angle 6, note that the singlet axial vector current has nonvanishing
turns out to be~—18.6° at LO, and will be reduced by anomalous dimensigr20], which implies that some low en-
almost a factor of two when NLO corrections are included.8"9Y constantéLECs) as well as the singlet field:o must be
The magnitude of the observed LO enhancement ofithe renormalizedthe corresponding renormalized quantities will
width is in line with the ratio of isospin breaking verspg ~ thus depend on the QCD renormalization scalgcp)
[(myg—m,)/Mm=2.3%] and versusM, [Bo(my—m )/M2 [14,15. Since the renormalization of the axial vector current
=1.1%)] uandS is therefore not surprising. It is impuortar?t to is subleading in M., such dependencg appears first at the
note that the corrections due to mixing wighand with 7’ level of £®* LECs. It has been found in particular that the

are of the same sign and of similar magnitude. This point iéillf\lCSAl' Abz, Lig andIF25,d-aAll of Wlhi.Ch ar:e Sﬁblealding i?
the primary reason why th@' mustbe explicitly included ¢, must be renormalizefd 4], implying that the values o

: i these LECs will depend on the value of the scalgcp.
f full understand f th ffects. Alth n : ) cD
or % WL Lndersianding or the mlxmgoeme;giig th:utﬂe Other quantities such &s,, and the singletr field must be

—a° mixing is smaller than thep— = lized Il and d d h h th
singlet state has an intrinsic two-photon amplitude larger byenormalze as well and deépend agcp through the renor-

a factor /8 that compensates for the smaller mixing. Overall malization factoiZ, associated with the singlet axial current.
however, the LO fit is poor, and dramatic improvement re’_lt is very convenient to make use of the asymptotic freedom

sults when the NLO corrections are included, as shown in th fQCD to_ Set'“QC.D farbltranly large and give th_e values of
following section. e LECs in that limit. Indeed, the renormalization factor of

the axial vector currenZ, evolves to a fixed point that can

il s Bmo(UTYUTy—UxTUx D+ -+, (15)

IV. NEXT TO LEADING ORDER ANALYSIS AND

X
RESULTS
At NLO the amplitudes receive corrections of two O Q Q
types—those that affect the decay constants and mixing
& ® ®

>Throughout, the meson masses used are those with EM contribu- FIG. 1. Two-point function of axial vector currents to NLO. The
tions subtracted. last three diagrams involve the counterterm insertions fbfh.
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be taken to b&Z,=1 asugcp—>. All quantities given in Faa=0OxFba
the following that have a dependence ppy,cp are then

taken in this limit. It is well known that the low energy 1 3

constants.s andLg are O(N.), while L, andLg are sub- Fapb=Fpa=Fo[ dan— 2 bert Ed’ '

leading andQ(NS) [18] and are needed in order to renormal- ab

ize the one-loop contributions fromt (?). With ' as an a.b=380 (19

explicit degree of freedonl,; is also subleading in ;.
The renormalized pieces of the subleading LECs are there- 3

fore set to zero at the chosen chiral renormalization sgale Fa=Fo— 5( ¢CT+§¢) , a#38,0
in our analysis. On the other hand, the LE€gsand A, are a

O(1/N,) and the corresponding terms in the Lagrangian are

O(p?IN,) = O(p* and thus must be included in the calcula- $a= baa €lC., whera#3,8,0,

tion. The low energy constanit, provides anO(1/N.) cor-

. ) where the followin finitions were made:
rection to thes’ decay constant, while bothA; and A, ere the following definitions were made

affect entries in the mass matrix involving thg at order 4BoLL(w)
O(p?N,). Finally, the terms involving the LEQs,g andL ,5 bt ap=— (F—({Aa,)\b}/\/lq>+/\15a05bo
are of O(p*/N.) which is beyond the order of the present 0
calculation and therefore their renormalized pieces are set to 1 (20)
vanish as well. The renormalized LECs are defined in the bap=— _( Y2009 L1204y
usualMS renormalization schen{d.8]: 12Fo | c.d=380
Li=Li()+ T (), A= Al(m)+ AN () Ly yabccﬂc)
c#3,8,0
(16)
(M)— MH — 1[log477+1+r’(1)] : 8B3Ls() . X
0

The B functionsI’; associated with the LEGSs;, andA; 5
associated with\; that result from the chiral one-loop cal- -2 \/:AZBO(530<)\qu>+ Soo(NEM))
culation are given by[13-15: I'y,=1/8, I's=3/8, I'g 3
=1/16,I';=0, I'g=3/16, I'1g=—1/4, '»s=0, A= —1/8,

and A,=3/8. The two-point functions of axial vector cur- 1 aboda T
rents can be written in momentum space as Tab™ 2ar2\ ¢, (1238 4 d®da"HVHaad
0
f d4Xeip-x(O|T(AZ(X)AB(O))|O> + E yabcc MZ)
c#3,8
=puP. 2 Fua(PP)AR(P))Faa(p)+- -, (17) B
pMpV -~ bE(p 5(p aa(p ) + 0 ( Mabcd.T 0=
a 2 caMaad
24FO c,d=3,8,0
where the term explicitly shown contains the light pseudo-
§ca|ar poleg andz(p?) is the propagator of the correspond- + Z mavee, |
ing mass eigenstate. From the location of the low energy c#3.80
poles and the residues of the two-point function the light d
pseudoscalar decay constants and masses are extractel’
yielding 1 2
1 Ha™ 1672 Méog—;
Mazlb:MEOab (‘TCT+<T|oop TN [ML01¢CT+ ¢ ) , K
* (PR LR (21)

a,b=3,8,0 (19
abcd 1
M= DT (M A Ta\ oA Te) ),

) 2 permio)

Throughout, the terms whose renormalized LECs are set to

vanish have not been displayed explicitly. It is interesting to

a#3,8,0. note that¢,, does not receive any loop contributions from
the singlet pseudoscalar mode, implying tRat is also free

The corresponding decay constants are given by of such contributions.

bert 5 4’

2_ 12
Mz=M{ga— ((G'CT"’ Uloop)a_ = LOa
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It is useful at this point to give the explicit expressions of
the masses and decay constants at NLO disregarding the chi-

PHYSICAL REVIEW D66, 076014 (2002

ral logarithms. For the decay constants the above expressions \Y
lead to n’
> +
4L
Foe=Fot ——(my+my) 22) v
0
(@) (b)
4L5B, : - ;
Fr+=Fo+ (my+mg) FIG. 2. Hadronic contributions to,: 7' denotes excited pseu-
Fo doscalar mesons anddenotes vector mesons.
F33:F +
g 1 16(2Lg—Ls)
MZ;= —By(m,—my) + ——————BZ(m2—m?)
L B 38 \/§ o\u d \/§F(2) o\ d
F88: Fo+ 3F (mu+md+4ms)
M2=—\21+£B(m—m)
A]_ 8L5Bo 30 3 2 0 d u
FOO_ FO 1 7 3F (mu+md+ms)
0 1&2L8 Ls)
o(m —mg)
4L580( )
38~ my—Mmy
\/§FO 2 \/E P
Mgo= 3 1+ > Bo(m,+my—2my)
Fa0= V2F 3
16(2Lg—Ls) f
V32L:B, + ————— = Bi(mi+mi-2mj),
Fgo= —2z— (My+mg—2my) Fo
3F,
, wherep=—A,+2A,—8Ls(M3/F3).
while, for the masses, The second class of NLO corrections can be grouped into
322y Le) a single term contained in ti@(p®) odd-intrinsic parity WZ
MfT+=ZBOrAn+ 82 5 Bgﬁwz Lagrangian12]:
° LEY=—imaty(x QAFF
8(2Lg—L
M. =Bg(m,+my) +%B§(mu+ ms)? where x =ufyu'—uyfu with u=U.
0 (24
) 8(2Lg—Ls) , (There exists a second terfh2] that, upon the explicit in-
Mico=Bo(Mg+mg) + —————Bg(my+ mg)? clusion of the singlet pseudoscalar meson, becomes sublead-
Fo ing in 1N, and is therefore neglected:he low energy con-
stantt; has vanishingB function and its value can be
’ ~ 16(2Lg—Ls) , , estimated by means of a QCD sum rule for the general three-
M33=2Bom+ =) Bo(mj+mg) point function involving the pseudoscalar density and two
0 vector currents and saturating the spectral function in the
hadronic sector with the states indicated in Fig. 2, yielding
2 2 A 16(2L8_L5) [12 2]}
Mgg= 7z Bo(m+2mg) + ———— '
3 F2
r
X B3(M2+ m3+ 4m?) (23 ti=——| Fo+ —5 (25)
my M,

32(2Lg—Ls)

M2, =M2(1—A,)+
00 0( l) 3 FS

2
X B2(mZ+m3+m?2)+ 3(1+p)

X Bo(my+mg+my)

Here theF3 contribution is determined by the masses and
decay constants of the vector mes@ihe vector meson mass
is naturally taken to beny,=m,) and is represented by Fig.
2(b), while the contribution proportional te is determined
by excited pseudoscalars, such as #1¢1300), and is rep-
resented by Fig. @). This latter contribution can be esti-
mated within a moddl12,227] and its expected size is at most
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one third of the magnitude of the vector meson contributionwhich is about a factor of four smaller than the experimental
Since this is similar to the level of uncertainty expected invalue of 28128 eV. At NLO in the chiral expansion the
the sum rule evaluation, the piece will be disregarded rate is increased to 16750 eV[18], while dispersive analy-
henceforth. As shown by the numerical analysis below, thees[27,28 give 209+ 56 eV, which is still substantially be-
effects on ther® width due to the£ {{Y” with t; as esti- |ow the experimental value. Clearly one way to make up for
mated above are of similar magnitude to the rest of the NLQhe difference is to increasey— m,. Because of the large
corrections and in the range of 0.5%. At this point the NLOyncertainties in both the experimental and theoretical side it

two-photon amplitudes can be explicitly given: is difficult to be precise, but it seems that the increment
N implied by the violations to Dashen’s theorem mentioned
(yylm)=—lia fCaFggl above is in line with the enhancement required to explain the

aT

observedy— 7"~ #° width. In principle a precise mea-
surement of ther® width could provide an independent de-

B
+7-rF—0tl®ga({>\a,Mq}Q2> termination ofR. However, as shown by the results of the
0 present analysis, the® width is affected by the corrections
X (yy|FF|0) (26)  to Dashen's theorem only at the level of 0.5%, which is

unfortunately well below the experimental error of 1.4%
and the term proportional té; can be obtained in two aimed at by PRIMEX and about the same as the 0.6% un-
equivalent ways, either by determining the contribution fromcertainty due to the 0.3% error in the experimental value of

£ ) to the matrix elements F.+ [3].
_ . There are nine low energy constants to be determined—
(y¥lays{\® M,}q|0) Fo, Bom (i=u,d,s), Mg, Ls, Lg, Ay, andA, and these

can be found by solving for the observablés;+=92.42
+0.25 MeV, Fx+=113.0-1.6 MeV, M ,0=134.976 MeV,

M, =547.30 MeV, M, =957.78 MeV, Mo
=497.78 MeV,Myo— M+ [which, as mentioned before, is
5.25 MeV at LO, while at NLO and disregardirigncluding)

the chiral logarithms in the corrections to Dashen’s theorem

in Eq. (3), or by directly calculating the contribution to
(yy|w,) due to that effective Lagrangian. Note that the con-
tribution fromE\(,S)Z has the same scaling M, as the leading
one. In Eq.(26) the factor Bo({\?® M }Q?) can be ex-
pressed using the LO mass formulas, namely

BQ({)\a,Mq}Q2> is 6.47 MeV (6.97 MeV), I', ., ,=464+45¢eV, and
(1 Fnrﬂ,/yh:_ 4.28+ Ot.)34 ka] .t Ndoteh that the t:ant_h LI:EQ c;g; ]
2 2 2 _ not at this stage be extracted phenomenologically and thus its
g BM=H5(Mic. =Mico)), s value is taken according to the estimate made above.
1 In Table | the second column displays the LO results, and
- —(7Mi+Mﬁ+—5Mio), a=8, (27) the next three columns display three different NLO fits:
93 namely,
1 /8 (i) NLO No. 1 includes terms of(p®) and O(p*/N,) in
5\[5(2Mf,+ 2M§+— Mio), a=0. the decay amplitude—i.e. chiral logarithms are omitted.
\ (i) NLO No. 2 includes chiral logarithms, which are

At NLO the extraction of the rati®=m/(my—m,) that O(p®/N,), and the renormalization scaje is set equal to

characterizes the size of isospin breaking should be imM n: o .

proved by including NLO corrections to Dashen’s theorem. (i) NLO No. 3 is identical to NLO No. 1 but sets
Over time several works have shown that the corrections are 0—i.e. excludes th€(p®) WZ contributions.

sizeable. From the early works of Donoghue, Holstein and It should be noted that the mass of th¢ in the chiral
Wyler [23] and Bijneng 24], and more recent work5], it limit and at NLO in 1N is given by y1—A ;Mg

is well established that the mass differeMd@o— Mg+ left ~ ~940 MeV, which is slightly high leaving not enough room
after subtracting the EM contribution is larger than the onefor the piece linear in the quark masses. This linear contri-
predicted by Dashen’s theorem. While Dashen’s theorenbution is suppressed by the rather large value\gfwhich
predictsMo— Mg +=5.25 MeV, after the corrections have leads to a very small value of+lp. This cancellation be-
been implemented it is estimated tha¥lgo— Mg+ tween the leading and subleading inNg/contributions
=6.97 MeV. The mass difference is slightly smaller if the seems to indicate some difficulty with theNL/expansion for
chiral logarithms are neglected following the approach ofthe masses. The first manifestation of this problem is of
this work. In such a cas®o—Mg+=6.47 MeV. These course in the problem found with the and »' masses at
corrections to Dashen’s theorem translate naturally into 40. Although this problem has a minor impact on thé
smaller value forR, as shown in the analysis that follows. width, it certainly deserves further study. It should be noted
There is additional evidence thRtis overestimated by ap- that the mass differendd .+ —M o has been given as input
plying Dashen’s theorem, and that comes from the degay in fit No. 2 since its value emerges as too large if left uncon-
—a o w0 At lowest order the decay rate, which is pro- strained. The reason why it is too large can be traced back to
portional to (ny—m,)?, is found to be a mere 66 e\26],  the chiral logarithms generated by thg. It seems, there-
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TABLE |. Results for the LECs for several different fits, the LO fit and three NLO fits as explained in the text. The LECs that depend

of the QCD renormalization scajeqgcp correspond to the limigcp— . Although all the LECs are the renormalized ones, only those in
the NLO fit No. 2 depend on the chiral renormalizatjerthat is taken to be equal td ,,

LEC LO Fit NLO No. 1 NLO No. 2 NLO No. 3
Fo (MeV) 92.5+0.6 90.73-0.47 84.54-0.85 90.69-0.38
M, (MeV) 848+40 10475 1142+ 33 1044+ 4
2B,m (Ge\R) 0.0366+0.0001 0.03656 0.00001 0.0362 0.0002 0.03648 0.00001
Bo(mg—my) (GeV?) 0.0235+0.0006 0.0237 0.0002 0.0245 0.0006 0.0244 0.0002
Boms (GeV?) 0.236+0.006 0.23490.0006 0.19%0.002 0.229% 0.0005
2Lg+Lg 0 (5.26+0.01)x10°3 (6.3+1.1)x 1073 (5.44+0.07)x 103
2Lg—Ls 0 (0.8-0.9)x10°° (—0.53+0.04)x 103 (0.11+0.01)x 10°3
Ay 0 0.19+0.01 0.29-0.04 0.209-0.006
A, 0 0.74+0.02 1.4-0.4 0.810.02

fore, that requiring the subleading renormalized LECs tostill larger than that obtained at LO with®U(3) and given
vanish is not such a good approximation when such chirain Eq. (13). The latter is chiefly a consequence of the correc-
logarithms are included. tions to Dashen’s theorem. The?— 5’ mixing anglee goes

Table 1l lists the associated pred|ct|ons for various quans.om 0.5° at LO to approximately 0.3° at NLO: finally, the
tities of interest, in particular the® width. It is evident from n— 7' mixing angle is dramatically reduced to abotfL0°

the NLO fits thatl” ,o_. ., is rather stable and always within : o . :
—-YY —
1% of the leading order result, which is within the expectedfrom lts LO value of ~18.6°. In view of these substantial

range of the NLO corrections. As shown by comparison Ofcorrections to the mixing angles, the stability of Hﬂ%width
the first and third NLO fits, the correction from tr@(pa) is nontrivial: besides the corrections due to Bép°) WZ
WZ Lagrangianz (&) (6)7 reduces ther® width by 0.5%, Lagrangian, the decay amplitude is determined by the decay
magnitude in line W|th the fact that such a correction is con- constant matrixFz,, which is affected by the mixing of
trolled by the ratiom, 4/A , . The chiral-logarithm contribu- states as well as by the NLO corrections contained in the
tions to the amplitudes as shown by fit No. 2, provide andecay constant matnRab g|ven in Eq.(19). It turns out that
increase of order 0.5% to the® width. Since these are sub- the entries inF Z—namely F_ ,—affecting thew° ampli-
leading corrections of2(p®/N.) to the decay amplitude, tude remain stable well within the natural size of the NLO
they are somewhat larger than the 0.2—-0.3 % expected froorrections.
the ratiom, 4/(NcA ,) that determines them. This problemis  In order to assess the theoretical uncertainty of the analy-
similar to the one with the pion mass difference just men-sis of the 7% width, an estimate of the magnitude of EM
tioned; in this case the;’ loops affect the mixing angles corrections beyond the ones taken into account by Dashen’s
producing a larger than expected correction to the rate. Intheorem should also be given. Such corrections are of order
deed, turning off the chiral logarithms generated by #ile = «/2#, which puts them in the 0.2-0.3% range. Note also
the #° width is essentially identical to the result in fit No. 1. that the value of , being used is that df ,+ which has an

It is important to note that the mixing angles are substanEM correction. This correction can be estimated with the
tially modified at NLO: in particular, ther®—» mixing  results from Refs.[25,29 and is given by SguF .
angle is found to be~ 65+ 63=0.8°—0.9° in the three fits, ~«4maF, where the low energy constants that determine
which is ~10-20% smaller than the LO result of 1°, but the coefficientk can be estimated in a resonance saturation

TABLE II. Results implied by the different fits displayed in Table I. Théndicates that the quantities are

inputs.
LO Fit NLO No. 1 NLO No. 2 NLO No. 3

ﬂo_,,/7 (eV) 8.08 8.10 8.16 8.14

r,.,, (ev) 565 464 464 * 464 %
r,.,, (kev) 5.1 4.28x 4.28 % 4.28 %
M ,+—M 0 (MeV) 0.32 0.24 0.16« 0.21
ms/m 25.9 25.7 21.7 25.1
R=mg/(myg—my) 45.3 36.6 30.9 37.5
03 (deg) 1.57 151 1.88 1.40
0g (deg) -0.56 -0.68 -0.94 -0.59
0, (deg) -18.6 -10.6 -8.7 -12.2
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model. There are some disagreements bety28hand[29]  as the assumption that the low energy constants that are sub-
on the size of the low energy constants, the latter quotindeading in 1N. can be disregarded is one of the important
substantially smaller values. Taking this into account it isassumptions in the extraction of the standard ratios. How-
estimated that|;<|~10*2, thus leading to the estimate ever, a comment is in order: it is observed that using LO
| 5emF | ~0.1 MeV which is within the experimental uncer- mass fo.rmulas in the NLO results—i.e., expressing quark
tainty in the value of _+, and implies a correction to the® ~ Masses in terms of meson masses squared in the NLO terms
width within the range mentioned above. An analysis of EM— léads to afit that is less stable and generates large correc-

corrections recently carried out by Ananthanarayan andions to the quark mass ratios. The raRois smaller here
Moussallam[16] seems to give a slightly larger correction than the stgndard value 42:3.5, and this is S|mpl_y because
with definite sign, namelydeyF.0=0.3 MeV, while EM the corrections to Dashen’s theorem have been included. The

corrections to mixings are found to be much smaller. TheirValues forRiin fits No. 1 and No. 3 are about one standard

R . deviation smaller than the standard value, while in No. 2 the
full analysis implies that the overall effect of EM corrections . . . : , i .

; : . chiral logarithms involving they’ loops give a substantial
not taken into account in the current analysis amount to

Feduction(when these are turned d¥is similar to the result
reduction of ther® width by 0.6%. This result implies that (

h itude of th . be si _in the other fity. An interesting observation is that setting
the magnitude of those EM corrections turns out to be SiMit, —0 leads to an inconsistent fit and a value for th

lar to the error induced by the uncertainty in the rd®@f | iqth of 8.5 eV.

guark masses, and smaller by about a factor of two than the

natural size of NLO chiral corrections driven by the strange

quark mass. The inclusion of the EM corrections frphé| V. CONCLUSIONS
leads in Fit No. 1 td",0_,,,=8.05 eV.

Although the— ' complex is not the primary focus of The decay rate forr°— yy has been calculated within a
this work, the analysis carried out illuminates crucial aspect§ombined chiral and N; expansion. At leading order in the
of this system. At LO the description is rather poor, in par-e€xpansion, the isospin-breaking induced mixing of the pure
ticular because the two-photon widths depart quite substard (3) states increases the size bfo_,, from the value
tially from the experimental world averages. Indeed,?-725€V predicted_by the I_owest order chiral anomaly by
IS —613eV versus the world average experimentalMOre than 4.5%. This effect is largely due to the fact that the

ey Lo _ contributions from mixing with therg and o add construc-
\ialue of 464745 eV, an.d Iy, =486 keV vs 4.28 tively, and are of similar magnitude. However, at LO the
+0.34 keV. The;e latter disagreements are mostly due to ”}%sultingn,n’ﬂyy widths are found to be too large, and in
large »—»" mixing angle that results from the LO mass general the fit is quite poor. There is a clear need then for the
formulas, and the fact that at LO all decay constants are s@{Lo calculation, both in order to improve the results in the
to be equal td=,. At NLO the scheme that emerges is the — 5’ sector and to test the stability of the enhancement of
one already found in other workg4], where the mixing T o . observed at LO. The NLO calculation reveals that
angle of the purdJ(3) states is in the proximity of-10°  the LO result forl 0 ., is quite robust, being modified by
rather than the-20° obtained in LO, and where the decay the NLO corrections by less than 1%. This stability is, how-
constant matrix can be parametrized by means of two anglesver, nontrivial. Indeed, as already noted, at NLO the mixing
and two decay constanf4,30. Following the conventions angles are substantially affected—the mixing anglesid’e
and notation irf14], the present analysis givéguantities are  are reduced by 10 to 30% more dramatic reduction of
denoted in boldface not to be confused with quantities dergughly 50% results for the mixing angp). The 7° width,
fined heretofore in the textFy=116 MeV, Fg=122 MeV,  however, is only slightly affected because the effects that
Oz~ —20° 6,=—2.5° to 0.5°, and the angle#, and 6 for  yitimately determine the corrections to the amplitude are in
the three NLO fits are respectively—0.9°,—19.9°),  the decay constant matrik;, shown in Eq(17). This matrix
(2.0°,-19.0°) and (-2.5°,—21.5°) . The differencefy is affected by the mixing, and also receives NLO corrections
— 63 turns out to be between 19° and 21°, to be compareghat reside irF,;,, and apparently the NLO modifications to
with the 19° obtained irf14] (in a NLO estimate in that the mixings are partially compensated by the latter correc-
reference a value of 14° is obtained, which departs substamions in the case of the entries relevant to #e
tially from the one of the current analysisThere exist nu- The primary source of theoretical uncertainty in the
merous studies of thg— 7' complex. It makes sense only to present calculation of o .., resides in the value oR,
compare results with those using the two-angle schighe  which has an uncertainty of about 15%. Using the empirical
Although some of the analyses in these references are purefgrmula resulting from the results in Table L0y,
phenomenological, these results are in general in good agree-(7.725+ 14.1R) eV, the uncertainty iR translates into an
ment with the results obtained in this work. error in thew® width of 0.6%. Other sources of uncertainty

The quark mass ratios obtained in the different fits deare the NNLO corrections, of which the chiral logs are an
serve comment. The ratimg/m is in good agreement with example, and which should be expected to be in the range of
the standard value 24t31.2 obtained in S(B) [32]; in fit 0.2-0.3%, and also EM corrections which according to a
No. 2 it is a couple of standard deviations smaller, moststraightforward order of magnitude analysis are in similar
likely because the chiral logarithms included do not repretange(more precisely, according {d.6], they should give a
sent the full NNLO contributions. In all, this is not surprising —0.6% reduction of the width Considering these uncer-
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tainties in quadrature, the theoretical uncertainty in the preencoded in the LEC#8 ; and A, and help determine them
diction of I' .0_, ,,,, turns out to be about 1%. Note that there more precisely.
is an overall uncertainty i o_, ., due to the 0.3% error in
F+. Itis noted that the result for the® rate obtained here ACKNOWLEDGMENTS
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