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Color-flavor locked strange matter
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We analyze and quantify how the color-flavor locked~CFL! phase in dense matter enhances the parameter
space for absolute stability~strange matter!. We find that the ‘‘CFL strange matter’’ phase can be the true
ground state of hadronic matter for a much wider range of the parameters of the model~the gap of the QCD
Cooper pairsD, the strange quark massms , and the bag constantB) than the state without any pairing, and
derive a full equation of state and an accurate analytic approximation to the lowest order inD andms which
may be directly used for applications. The effects of pairing on the equation of state are found to be small~as
previously expected!, but not negligible, and may be relevant for astrophysics.
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I. INTRODUCTION

A great deal of activity lasting more than two decades w
generated by the hypothetical stability of strange quark m
ter ~SQM! put forward in Witten’s seminal paper@1# and a
few important precursors@2#. This work actually questioned
the nature of the true ground state of hadronic matter
showed within simple models that the hypothesis of a sta
form of cold catalyzed plasma was tenable. Following t
work a comprehensive discussion of strange matter by F
and Jaffe@3# in the framework of the MIT bag model o
confinement@4# presented the so-called ‘‘windows of stab
ity,’’ or regions in the planems-B inside which the stability
of SQM can be realized. Other models of confinement h
also shown a fairly large range of conditions for SQM to
absolutely bound@5,6#; although it has always been clear th
the availability of a;1% binding energy difference fo
SQM to be bound is ultimately an experimental matter.

Nevertheless, and while sophisticated experiments p
the search for SQM in laboratory and astrophysical envir
ments beyond their present limits, important theoretical
velopments have taken place. The main one is probably
revival of interest in pairing interactions in dense matter
subject already addressed in the early 1980s@7# which came
back a few years ago and prompted new calculations of
pairing energy and related physics. It is now generally agr
@8–10# that~at least for asymptotic densities! the color-flavor
locked~CFL! state is likely to be the ground state, even if t
quark masses are unequal@11#. Moreover, the equal numbe
of flavors is enforced by the symmetry, and electrons
absent since the mixture is automatically neutral@12#.

Given these important modifications in the character
the ground state indicated by theoretical improvements,
consider in Sec. III the problem of SQM in the light of th
CFL state to address whether there is still room for
Bodmer-Witten-Terazawa conjecture. Independent of sta
ity considerations, the equation of state for CFL matter
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studied in the next section and differences with respec
unpaired matter quantified.

II. THERMODYNAMICS OF THE CFL PHASE

To orderD2, the thermodynamical potentialVCFL can be
found quite simply@13#. One begins withV f ree of a fictional
state of unpaired quark matter in which all quarks which
‘‘going to pair’’ have a common Fermi momentumn, with n
chosen to minimizeV f ree of this fictional unpaired state. Th
binding energy of the diquark condensate is included by s
tracting the condensation term 3D2m2/p2. Given that the
mixture does not show automatic confinement, it may
introduced at this point by means of the phenomenolog
vacuum energy density or bag constantB. The advantages
and inconveniences of this particular implementation of c
finement forces have been discussed many times and wil
be repeated here. The expression forVCFL in this model is
then @13#

VCFL5V f ree2
3

p2
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where 3m5mu1md1ms , and the common Fermi momen
tum n5(m i

22mi
2)1/2 is given by

n52m2S m21
ms

2

3 D 1/2

. ~3!
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The pressure, baryon number densitynB , and particle num-
ber densities are easily derived and read

P52VCFL , ~4!

nB5nu5nd5ns5
~n312D2m!

p2
. ~5!

Since we work at zero temperature, the energy densit
given by

«5(
i

m ini1VCFL53mnB2P. ~6!

We emphasize that, to this order, the exact nature of
interaction that generatesD does not matter.VCFL is given
by this prescription regardless of whether the pairing is d
to a pointlike four-Fermi interaction, as in Nambu-Jon
Lasinio ~NJL! models, or due to the exchange of a gluon,
in QCD at asymptotically high energies@10#. Of course, the
strength and form of the interaction determine the value
D, and also its dependence with the density. Lacking an
curate calculation forD, which may be as high a
;100 MeV, we shall keep it as a free constant paramet

In the general case for unpaireduds matter the equation
of state can be derived from the chemical potentials of R
@3#. As is well known, in the limitms→0 not only do the
particle densities become equal but also the equation of s
takes the simple form«53P14B. Pairing introduces the
D2 term in Eq. ~1!; thus the equation of state picks up a
additional term«53P14B2(6D2m2)/p2. The situation is
much more complicated whenms5” 0 because the equatio
of state must be calculated numerically. However, since
mass is not large when compared to the natural scale in
duced by the chemical potential, it is generally sufficient
keepV f ree to orderms

4 @13#:

VCFL5
23m4

4p2
1

3ms
2m2

4p2
2

1212 log~ms/2m!

32p2
ms

4

2
3

p2
D2m21B. ~7!

We have checked that the errors are small enough eve
work to the orderms

2 . The main advantage of the lowe
approximation is to keep the equation of state very simp
yet useful for most calculations, and also to make clear
effect of each parameter of the model. To this order we h

P5
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Since ms;150 MeV andm is greater than;300 MeV
this approximation is quite accurate, especially at high d
sities, as is apparent from Fig. 1.

It is also desirable to have an expression ofP as an ex-
plicit function of «. From Eqs.~9! and ~4! we obtain

«53P14B2
6D2m2

p2
1

3ms
2m2

2p2
~12!

wherem2 is given by

m252a1S a21
4

9
p2~«2B! D 1/2

~13!

and

a52
ms

2

6
1

2D2

3
. ~14!

Equation~12! resembles the equation of state~EOS! for
strange quark matter with massless quarks with the addi
of the last two terms. The term proportional toD2 tends to
stiffen the EOS compared to the SQM case since it induc
higher pressure for a given energy density. The term withms

2

has the opposite effect, although it is not as large. The C
state may be preferred to SQM in spite of the finitems value
because of the importance of theD term. The effect of color-
flavor locking in the equation of state is not negligible a
though it is not extreme either. Given thatD;100 MeV and
that a typicalm is >300 MeV the effect of CFL in the EOS
may be important, specially at low densities. We show in F
1 the EOSs in the different approximations. From the expr

FIG. 1. The EOS for CFL SQM and for SQM without colo
flavor locking. We have chosenB575 MeV fm23 and ms

5150 MeV for all the curves, which are shown for two differe
values of the gapD as indicated in the figure. The solid line corre
sponds to SQM~no CFL!; the dashed lines are the CFL calculat
to all orders inms ; and the dotted lines are the approximate EOS
the orderms

2 , which gives quite accurate results. Note the chan
of stiffness according to the value ofD, as discussed in the text.
7-2
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sions above, it is readily noticed that, providedD is higher
than ms/2, the EOS is stiffer than the SQM, that is, it pr
duces more pressure for a given energy density. Since
actual value ofD is not well known, we expect either
stiffer or a softer EOS~for a givenB). It should be kept in
mind that there are other caveats, for example, the lik
dependence ofD on the density, which may cause a cros
over from stiffer to softer EOS depending on the paramet

III. STABILITY OF THE CFL PHASE

For a given EOS the energy per baryon of the deconfi
phase~at P50 andT50) must be lower than 939 MeV~the
neutron mass! if matter is to be absolutely stable. The oth
condition that must be considered comes from the emp
cally known stability of normal nuclear matter against d
confinement at zero pressure@3#. In other words, the energ
per baryon of deconfined matter~a pure gas of quarksu and
d) at zero pressure and temperature must be higher than
neutron mass value. In the framework of a MIT-based EO
has been shown that the latter condition imposes that
MIT bag constant must be greater than 57 MeV fm23 @3#.

From Eq.~6! we can write the absolute stability conditio
as

«

nB
U

P50

53m<mn5939 MeV. ~15!

This simple result is a direct consequence of the existenc
a common Fermi momentum for the three flavors and
valid at T50 without any approximation. Since this mu
hold at the zero pressure point, then from Eq.~4! we have

B52V f ree~ms ,m0!1
3

p2
D2m0

2 ~16!

with m05313 MeV.
The last equation defines a curve in thems-B plane on

which the energy per baryon is exactly«/nB5mn for a given
D. To orderms

2 we can obtain a very simple parabolic e
pression for Eq.~16!:

B52
ms

2mn
2

12p2
1

D2mn
2

3p2
1

mn
4

108p2
. ~17!

Since this analytic expression is calculated to orderms
2 , it

deviates from Eq.~16! when ms;m; in practice, the ap-
proximation holds for masses up to about 150 MeV, expec
to be quite realistic.

We display in Fig. 2 the stability window for the CF
phase~i.e., the region in thems versusB plane whereE/nB is
lower than 939 MeV at zero pressure!. Equation~16! gives
the right side boundary of the window while the left sid
boundary is given by the minimum valueB557 MeV. As it
stands, the window is greatly enlarged for increasing val
of D. This is to be compared, for example, with Fig. 1
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Ref. @3# in which no pairing was included. TheD term actu-
ally produces this effect of enlargement of the parame
space.

IV. DISCUSSION

The CFL phase at zero temperature has been modele
an electrically neutral and colorless fluid, in which quar
are paired in such a way that all the flavors have the sa
Fermi momentum and hence the same number density
long asms is not too large@12#. The CFL phase is strongly
favored over a pure mixture of quarksu and d and pure
neutron matter for a wide range of parameters of the the
~namely,B, ms , andD). Although some energy must be pa
in order to maintain the same Fermi momentum for all th
flavors, more energy is gained by opening the strange qu
channel and from the energy gap of the pairing.

The CFL phase treated here as a gas of Cooper pairs
lowing Ref. @13# shows a~qualitatively and quantitatively!
different behavior from that developed for quark-diqua
matter in@14#, where diquarks are treated as bosons much
the same way as in Refs.@15–17#. In the latter case, the
effect of Bose condensation is much more important than
energy gap of the pairing itself, while in the present case
gap energy is essential to widen the stability window. T
gap effect does not dominate the energetics, being of
order (D/m)2 ~a few percent!, but it may be large enough to
allow a CFL strange matter for the same parameters
would otherwise produce unbound strange matter with
pairing. Similar conclusions have been recently presented
Madsen@18# in a study focused on CFL strangelets~not ad-
dressed here!. We believe that the explicit analytic expre
sions derived in Sec. II may be useful in studying stran

FIG. 2. The windows of stability for CFL strange matter. Th
symmetric CFL state is absolutely bound if the strange quark m
ms and the vacuum energy densityB lie inside the bounded region
Each window has been calculated for a given value of the gapD as
indicated by the label, to be compared with the SQM results of@3#.
The solid lines are calculated to all orders inms , while the dashed
lines are the approximate regions to orderms

2 as given by Eq.~17!.
As expected, the approximation is worse for increasing values
ms . The vertical solid line is the limit imposed by requiring inst
bility of two-flavor quark matter. The large increase of the sta
region is the main feature of interest.
7-3
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stars and related problems, while Fig. 2 quantifies the
pected enlargement of the stability windows in a conveni
manner for comparison with ‘‘ordinary’’ SQM@3#.

Even if the EOS is very simple and the confinement h
been introduced by brute force, it is remarkable that
strange matter hypothesis may be boosted by pairing in
actions, and clearly more detailed studies are desirable.
dynamics of the transition itself is also a matter of intere
While it is likely that a two-flavor color superconductin
phase~2SC! may be bypassed in favor of a CFL state@19#,
the original flavor content of the hadronic phase is gener
not the one needed by the CFL flavor symmetry. Therefor
is still reasonable to assume that the transition dynamic
dominated by the rate of strangeness production neede
achieve the CFL flavor symmetry. The energy liberated in
an

e
n
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.

c
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transition from the hadronic to the CFL state could be mu
higher than that liberated in the process of unpaired SQ
formation and could lead to very energetic explosive p
nomena@20–22#. It is also worth remarking that stable d
quark states were suggested some time ago although with
different ~naiver! model @23#.
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