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Infrared behavior of the running coupling constant and bound states in QCD
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The perturbative expression of the running strong coupling constg@?) has an unphysical singularity
for szAéCD. Various modification have been proposed for the infrared region. The effect of some of such
proposals on the quark-antiquark spectrum is tested on a Bethe-Salmatend ordgrformalism which was
successfully applied in previous papers to an overall evaluation of the spectrum in the light-light, light-heavy
and heavy-heavy sectofshe only serious discrepancy with data being for the light pseudoscalar meson
massek In this paper only thec, bEandqa(q: u or d) cases are considered and fine structure is neglected.
Itis found that in thebb andcc cases the results are little sensitive to the specific choice. In the light-light case
the Dokshitzeret al. prescription is again essentially equivalent to the truncation prescription used in the
previous calculation and it is consistent with the sar@riori fixing of the light quark masses on the typical
current valuesn,=my=10 MeV (only the pion mass resulting completely out of scale at about 500)MeV
With the Shirkov-Solovtsov prescription, on the contrary, a reasonable agreement with the data is obtained only
at the price of using a phenomenological momentum dependent effective mass for the quark. The use of such
an effective mass amounts to a correction of the free quark propagator. It is remarkable that this also has the
effect of bringing the pion mass into the correct range.

DOI: 10.1103/PhysRevD.66.074008 PACS nunifer12.38.Aw, 11.10.St, 12.38.Lg, 12.39.Ki
I. INTRODUCTION (Q . 1 A2 -
. . . . @ a 2 A2—02]"
In perturbation theory the running coupling constant in |n(Q IA? ) A°=Q

CD is usually written up to one loop as . . o
QCD Is usually written up P This remains regular fo?= A2 and has a finite\ indepen-

4o dent limit, a(0)= 41/ B,, for Q2—0. Finally, inspired also

a Q2= (1) by phenomenological concerns, Dokshite¢ral. [3] write
Boln(Q?/A?) n( 79) ,
ad Q%) =——5—ad(Q?), 4
or up to two loops as
Whereag(Qz) is the perturbative running coupling constant
Q)= Am as given by Eq(1) and P=d/d[In(Q¥A?)] is a derivative
s Boln(Q?/A?) acting onag(Qz). The various curves are reported in Fig. 1.
The above modified expressions have been applied to
23, In(In(Q?/A?)) @ study various effects in which infrared behavior turns out to
Bo QA% | :
Q being the relevant energy scaly=11—2n;, B,=51
—2n;, andn; the number of flavors with masses smaller N,
than Q. N
Such expressions have been largely tested in I@rgeo- o5l ,?'\\’\‘I;._.,. ]
cesses and are normally used to relate data obtained at di NN

ferentQ using the appropriate number of “active” flavons
and different values of\ in the ranges between the various
quark thresholds. i

Both expressions, however, become singular and com- |, i
pletely inadequate a®? approachesA?. Therefore they
must be somewhat modified in the infrared region.

Various proposals have been made in this direction start-
ing perhaps with the work of Refl]. The most naive as-
sumption consists in cutting the cur¢® at a certain maxi-
mum value a(0)=a; to be treated as a mere
phenomenological parametéruncation prescription Alter- FIG. 1. Running coupling constant(Q) on logarithmic scale.
natively, on the basis of general analyticity argumentsTruncation prescriptiorifull line), Shirkov-Solovtsov prescription
Shirkov and Solovtsoy2] replace Eq(1) with (dashed ling Dokshitzeret al. prescription(dot-dashed ling

Q (Gev)
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be important. Electron-positron annihilation into hadrons, Il. FORMALISM
7-lepton decay, lepton-hadron deep inelastic scattering, jet In Ref. [4] we obtained a good reproduction of the entire

shapes, pion form factors etc. are of this type. meson spectrum in terms of only four adjustable parameters,

In the quark-antiquark bound state problem the variablei) solving numerically the eigenvalue equation for the
Q? can be identified with the squared momentum transfer”, 9 y 9 q

Q?=(k—k’)? and formally the use of a running coupling squared mass operator
constant amounts to include higher order terms in the pertur- M2= M§+ U (5)
bative part of the potential or the Bethe-Salpeter kernel. In
this case all values dd? are involved and an infrared regu-
larization becomes essential. Furtherm(@¥) ranges typi-
cally between (1 GeV)and (0.1 GeVj for different quark M=M otV ®)
masses and internal excitations and value®o$maller than S
A2 can be important. The specific infrared behavior is there-
fore expected to affect the spectrum and other properties ofhere Mo=w;+w,=mi+k*+\m5+k? is the kinetic
mesons. term andU and V are complicated momentum dependent
The purpose of this paper is to test such effects in a parmpotentials. Up to the first order in the running coupling con-
ticular formalism we have developed and used in previoustantayQ?) and in terms of the string tensian the “qua-
papers. dratic potential’U is given by

or the mass operator

(Wit wo) (Wi +wp) [4agQ¥)| 1 ( (Q-q)2> i 1
kUk’z\/ -— +g°— + ——=kXk'-(o1+ 00) + — :
(k[Ulk") Wy W WW) l3 2 Q? Q100201 9 Q? 2Q? (011 07) ZQZ[qZO(al Q)
1 171 (Q-01)(Q-07) 1
~Owlaz Q)]+ oy oyt 2(50'1'0'2_ —1Q2 : )+_4Q2(01'Q)(02'Q)}
+f dsr iQ~rJinst( ) (7)
e r| L) 1 1
(2m)? 0.910,020
with
2 2
i ar Q1dd20 ] ] ol O
JM(r,,010,020) = ————| A50VA10— G+ A20\ G20~ A5+ (arcsm—Jrarcsm— - —| =—=slrxq-
(r,,d10,020) G20t G20 U20VY10~ 71 d10Vd20— A7 4] 910 %o QEO_(ﬁ[ q-oy

Q10

+ida(r-ay) ]+ === [rxXq-o,—=iq(r-ay)] (8
(e m 03 2l @

and af=92y¥, o¥=(i/4)e" ], ¥", gjo=(w;+w])/2, the right-hand side of Eq(7). Properly one should divide
=12, Q=k—k’, q=(k+k")/2, gfi=(5"~r"r g% and (k|UJK") by wy+w,+w;+ws; in practice the simpler re-

r=rir. placement \/(W1+ Wy) (W1 +W5) Wy WoW W5
The above expression was obtained by reduction of a_q/o fw,wowiw} is essentially equivalent.
Bethe-Salpeter like equation which was obtained in R&f. The interest of the more conventional E@) is that it

from first principles QCD under the only assumption that they,axes more immediate a comparison with ordinary potential
logarithm of the Wilson loop correlatal/ could be written s 55rq4ches and the consideration of the non-relativistic limit.
the sum of its perturbative expression and an area term |, particular V coincides with the Cornell potential

i INW=i(InW)pert oS 9)  (K|VIK"Y=(k|(—3as/r+ar)|K’) in the static limit and with

the potential obtained if6] when the first relativistic correc-

(advantage was taken in the derivation of an appropriatéions are included. In this paper, however, we shall refer only
Feynman-Schwinger representation of the quark propagatdo Eq. (5), as more directly related to the original Bethe-
in an external fiely Salpeter(BS) equation.

An expression foKk|V|k’) can be obtained by a direct =~ The method used ip4] consists in solving first the eigen-
comparison of Eq(6) with Eq. (5). Neglecting terms iv?  value equation foM in the static limit ofV by the Rayleigh-
(which is consistent with the other approximatipnthis  Ritz method (using a harmonic oscillator bagisthen in
amounts simply to changing the kinematical factor in front ofevaluating the quantityM?) (or (M)) for the resulting zero
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TABLE I. bb. n;=4, A=0.2 GeV. (a) my=4.763 GeV,o=0.2 GeV, ay(0)=0.35, Ref.[4]. (b) m,
=4.898 GeV,o0=0.18 Ge\f, Shirkov-Solovtsowr(Q?). (c) m,=4.7605 GeV,o0=0.18 Ge\¥, Dokshitzer

et al. ag(Q?).
State Experiment (a (b) (c)
(GeV) (GeV) (GeV) (GeV)

1's, 90.374 9.374 9.375
1%s, Y(1S) 9.460370.00021 9.460 9.460 9.460
2's, 9.975 9.988 9.983
233, Y(2S) 10.02330- 0.00031 10.010 10.023 10.017
3ls, 10.322 10.342 10.328
3%s, Y (3S) 10.3553-0.0005 10.348 10.368 10.352
4's, 10.598 10.618 10.391
433, Y (4S) 10.5800+0.0035 10.620 10.639 10.612
51s, 10.837 10.854 10.816
533, Y (10860) 10.865:0.008 10.857 10.872 10.834
6'Sy 11.060 11.070 11.026
6°S, Y (11020) 11.012:0.008 11.079 11.089 11.044
1P, 9.908 9.918 9.914
1°P, Xo(1P) 9.9132+0.0006
1°P, Xoa(1P) 9.8919+0.0007¢ 9.900 9.908 9.920 9.917
1°Py Yoo(1P) 9.8598+0.0013
2P, 10.260 10.279 10.269
2°P, Yoo(2P) 10.2685+ 0.0004
2°P, You(2P) 10.2552+ 0.0005) 10.260 10.260 10.280 10.271
2°P, Xbo(2P) 10.2321-0.0006,

order eigenfunction§7]. +Kkg, £k) in the c.m. framethe upper and lower signs refer

Actually in [4] we neglected the complicated spin orbit to the quark and the antiquark respectivelin principle
and tensorial terms occurring in EZ) and took into ac- howeverH,(p) should be given by the solution of a very
count only the hyperfine term i, - 0. We used the ex- complicated Dyson-SchwingéDS) equation involving the
pression(1) for the running coupling constant with=4  same kernel (Q,p,p’). If, consistently with what we have
and A =0.2 GeV frozen atr,=0.35; we have also takem  done for(k|U|k’), we neglected the spin dependent terms
=0.2 Ge\?, m=my=10 MeV,! m.=1.394 GeV, m, even in the DS equation we could more sensibly write
=4.763 GeV. The quantitied and m,=my were fixeda  Hy(p)=i/[p?—m?+T(p)]. In this case, sincQ,p,p’) is
priori from high energy dataxs, o, m. andm, were ad- given_in[4,5] in terms of c.m. variables and is notzforrgally
justed on the ground?andbgstates, the/ ¢ — 7. splitting covariant,I’(p) must depe_nd separately qnﬁ and p==k=.
and the Regge trajectory slope. Then the pole oH,(p) defined by

In this paper, to test the sensitivity of the results to the )
infrared behavior ofeyQ?), we have performed the same Po—

calculation for thebb, cc andqq (g=u or d) systems using .
Egs. (3) and (4), with an appropriate redefinition of the ad- could be written
justable parameters, as reported in the following section.

Notice that in the second order formalism developed in
[5] an uncolored full quark propagatét,(p) occurs in the
BS equation. In the reduction of the BS equation to EqswheremZ¢(|k|) would be alk| dependent expression that is
(5)—(8) two approximations are involved. The first is the soexpected to approach the current for |k|—0 and to in-
called instantaneous approximation for the kernelcrease toward a kind of constituent 2as |k| increases.
[(Q,p,p’); the second consists in replacimtp(p) by the
free propagator/(p?—m?) where one has to sgt=(Mg/2

k?—m?+T(p3,k?)=0 (10)

p3=mZe(|K|) +k? (1)

2Take into account that from the virial theorem for a linear poten-
tial in the extreme relativistic approximation we hafi&|)= o(r)
INotice that the results are very little sensitive to the precise valand a larggdk| corresponds to a peripheral interaction or, which is
ues ofm, andmy if these are small. the same, to a smalQ)|.
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TABLE Il. cc. nf=4, A=0.2 GeV. (a) m.=1.394 GeV,0=0.2 Ge\?, a0)=0.35, Ref.[4]. (b) m,
=1.545 GeV,o=0.18 GeVf, Shirkov-SolovtsovaQ?). (c) m.=1.383 GeV,o=0.18 Ge\, Dokshitzer

et al. ag(Q?).
States Experiment (a (b) (c)
(MeV) (MeV) (MeV) (MeV)
11s, 7:(19) 2979.8-2.1 2982 2977 2982
133, JIp(1S) 3096.88-0.04 3097 3097 3097
1ASS 117 115 119 116
21s, 7:(29) 3594+ 5 3575 3606 3573
233, #(29) 3686.00-0.09 3642 3670 3636
2ASS 92 67 64 63
3ls, 3974 4005 3950
33, ¥(4040) 4040-10 4025 4054 3998
Als, 4298 4323 4252
433, ¥(4415) 44156 4341 4364 4291
1P, 3529 3556 3528
1°P, Yeo(1P) 3556.17-0.13
1°P; Xe1(1P) 3510.53-0.12} 3525 3530 3561 3531
1°P, Xeo(1P) 3415.:1.0
2'p, 3925 3954 3904
23p 3927 3958 3906
1D, 3813 3853 3811
1°D,
1°D, (3836 3836+ 13 3813 3854 3811
1°D, (3770 3769.9-2.5
21D, 4149 4183 4121
2°D,
2°D, 4149 4184 4121
2°D, 4160 4159+ 20

Then, eventually, we should obtain again the operitéras  ferent running coupling constant prescriptions. In colu@n
given by Eq.(5), but with m,;=m, replaced bymZ,(|k|). we report the results obtained in R¢é] for the truncated
An actual evaluation of (p) by solving the DS equation @(Q?), in column (b) those obtained by means of E@)
even in the simplified form mentioned above is out of theProposed by Shirkov-Solovisov and in colurfm those ob-
scope of the present paper, and in the case of prescrigipn tained by means of the(Q®) of Eq. (4) proposed by Dok-

we have completely ignored the above complication using &hitzeret al.
fixed value for the quark masses. In the case of prescription " columns(b) and (c) we used the same values=4,
(3) however, and for the light-light system alone, we have’* =0-2 GeV andm,=m,=10 MeV as in[4], but we have

: - : slightly redefined the adjustable parameters, taking
also tried to use a phenomenological expreSS|omf§f(|k|) ~0.18 GeV? in both cases andn.=1.545 GeV andm,

parametrized as a polynomialik| in the interval of interest. ~ _ -
Notice that the idea of a scale dependent effective massii'ggg g:¥ a:1cc)trn fzeiggg“gg\(ﬂor[gggg:%ﬁé?n])’ [cg]lf

which is essentially equivalent to our dependencekohas mﬁ ©]. b
been considered by various authors from various point of Notice that, in spite of the reduced number of adjustable
view. In the framework of the Dyson-Schwinger equation Se&,rameters, the spectra of bottonium and charmonium are
in particular[8] and references therein. In a renormalization essentially modified by the new choice fey(Q?), with
group perspective sdéd] (as well as[1]) and sedg10] for erhans th i f the highesistates that ’ |
numerical simulations. P ps the exceptions of the higheststates that are lower

in the Dokshitzeret al. case. This indicates little sensitivity

of such spectra to the infrared behavioraf{Q?).

IIl. RESULTS The situation is completely different for the light-light
o o spectrum of Table Ill. While in view of the experimental and
In Tables I, II, and Il we give théob, cc, andqqg (q=u  theoretical uncertainties columiia) and (c) can be consid-

or d) quarkonium masses respectively obtained for the difered not really distinguishable, the values reported in column
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TABLE Ill. qq (q=u ord), m, =0.01 GeV, ng=4, A=0.2 GeV. (a) a{0)=0.35 Ref.[4], o
=0.2 Ge\. (b) Shirkov-SolovtsovayQ?), 0=0.18 Ge\,. (c) Dokshitzeret al. a(Q?), 0=0.18 Ge\f.

States Experiment (a) (b) (c)

(MeV) (MeV) (MeV) (MeV)
0 134.9764-0.0006
1ls, 7 479 - 575
T 139.56995-0.0003

133, p(770) 768.5-0.6 846 423 904

1ASS 630 367 — 329

2's, (1300) 130@- 100 1326 952 1338

2%s, p(1450) 1465 25 1461 1128 1459

2ASS 165 135 176 121

3ls, (1800) 179510 1815 1485 1793

3%s, p(2150) 214917 1916 1600 1889

3ASS 354 101 115 96

1P, b,(1235 1231*+10

1°P, a,(1320 1318.1+0.7

1P, a,(1260 1230+40 1303 1333 1045 1365

3P, ay(1450 1450+ 40

1'D, m,(1670) 1670+20

3

1"Ds p3(1690 1691.1+5

1°D, 1701 1444 1715

13D, p(1700 1700+=20

1'F,

1%F, a,(2040 2037+26

1%F, X(2000 1990 1743 1985

1°F,

1'G,

1°Gs ps(2350 2330+35

13G, 2238 1994 2214

13(33 p3(2250

1'Hs

1%H, ag(2450 2450+ 130

1%Hs 2460 2215 2416

1%H,

(b) are definitely systematically too login particular(M?) For this reason we have repeated the calculation for
<0 for the = meson. choice(3) with various constituent values for the light quark

Notice however that in the above reported calculations wenasses.Two sets of results are reported in colunidsand
have used fom, andmy the current mass value of 10 MeV. (e) of Table IV. Notice that fom,=my=0.30 GeV the situ-
This amounts to assuming the difference between the curremtion is again very similar to those of coluni@, Table IlI.
and the constituent masses to be essentially related to tidotice also however that as, 4 increases, the bound state
kinematical relativistic correctioricf. [4]) or, which is the = masses uniformly increase and that for low valuesgf the
same, that the free quark propagator is a good approximatidowest bound state masses can be made to agree fairly well
for the complete one in the BS equation. The inability of thewith the data; for high values the same occurs for higher
formalism to reproduce a reasonable value for thenass
and all experience gained by the chiral symmetry problenT———

([8], see alsd10] for lattice simulations suggest that this  30n the use of effective masses for the quarks, outside the quark
should not be the case for the light-light systems. models, see three Refdl,8,10; see also Refd9,11].
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TABLE IV. qq (q=u or d), n;=4. Shirkov-Solovtsowr(Q?). c=0.18 Ge\. A=0.2 GeV.(d) m,4
=0.22 GeV.(e) m,4=0.30 GeV.(f) mj ;=0.11k— 0.025k?+0.265k*.

States (MeV) Experiment (d) (e) (f)
. ° 134.9764-0.0006
1's, . 26 473 124
a* 139.56995 0.0003
133, p(770) 768.5-0.6 725 868 737
1ASS 630 699 394 613
2's, w(1300) 13006-100 1190 1326 1401
233, p(1450) 1465 25 1344 1468 1508
2ASS 165 154 142 107
3ls, (1800) 179510 1688 1806 1993
3%s, p(2150) 214917 1788 1900 2063
3ASS 354 100 94 70
1P, b, (1235 1231+10
1°P, a,(1320 1318.1-0.7
1°P; a,(1260 1230+40 1303 1243 1364 1319
1°P, ag(1450 1450+ 40
1D, (1670 1670+20
1°D, ps(1690 1691.1+5
1°D, 1603 1715 1741
1°D, p(1700 1700+20
1'F4
13F, a,(2040 2037+ 26
1%F, X(2000 1881 1979 2043
1°F,
1'G,
13Gs p5(2350 2330+35
13G, 2118 2209 2319
1°G, pa(2250
1'Hs
1%H, ag(2450 2450+ 130
1%H, 2329 2415 2569
1%H,
states. IV. CONCLUSIONS AND DISCUSSION

According to the discussion given at the end of the pre-
ceding section this seems to suggest the use of a phenorglé
enologicalk dependent effective mass.

In column(f) the results are reported for

In conclusion the heavy quarkonium spectrum does not

em to be very sensitive to the specific infrared behavior of

the running coupling constant as could be expeetgutiori

since not too small values @? are implied in this case.

» 5 4 For the light quarkonium the Dokshitzet al. prescrip-
M= 0.11k—0.02%“+0.265¢", (120 tion (4) does not essentially change the results in comparison

with the truncation assumption adopted[#l. Even this is

k denoting the modulus of the quark momentum in the centenot surprising since the average value @f{Q?) for Q?

of mass frame. In Eq(12) the coefficients are chosen in <1 Ge\? is roughly equal in the two cases in spite of the

order to obtainmgz=0.22, 0.28, 0.35 GeV fok?=0.26,  very different appearance of the corresponding curves in

0.41, 0.58 GeV approximately corresponding to the?) Fig. 1.

values for the 8§, 1D and 1G states respectively. As can be  On the contrary the situation changes drastically for pre-

seen the agreement with the data is much improved in thiscription (3).

way and finally even a reasonable value for themass is Actually such a prescription would be definitely ruled out,

obtained. if we insisted on using a fixed current mass for the light
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quarks. This is clearly due to the marked increase. $0Q?) m, anda), with prescription(3) and(12) on the contrary we

for Q2—0. Notice however that in this case a much moreare left only with the parameter in the potential, but we
reasonable agreement with the data can be obtained if orfeave introduced three additional adjustable parameters by
uses a phenomenological running effective mass of the typEg. (12).
(12) and then even ther mass and the-7 separation turn

out fair. Obviously a fine tuning of the coefficients in Eq.

(12) could further improve the agreement with the data, but

we feel that this would be meaningless in the present context. We gratefully acknowledge a discussion with Professor
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