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QED radiative corrections in processes of exclusive pion electroproduction
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A formalism for radiative correction~RC! calculation in exclusive pion electroproduction on the proton is
presented. AFORTRAN codeEXCLURAD is developed for the RC procedure. The numerical analysis is done in
the kinematics of current Jefferson Lab experiments.

DOI: 10.1103/PhysRevD.66.074004 PACS number~s!: 13.60.Le, 13.40.2f, 13.88.1e
de
de
th
a

th
d
on
s
iv
te

so
m
ti

in

or
a-
ro

ed

de
lu

o
n

an
ith

r
th
tu
la

n to
ble
ch
en-

ai
ram-

of
e.
ure
nd
ot
al-

p-
ex-

vel-
arlo

lied
ton

-

ula-
the

ers
Lab

pre-
of

ton-
gest

of
for
are
ms
I. INTRODUCTION

Understanding the electromagnetic transition amplitu
from the nucleon ground state to excited states provi
valuable insight into the electromagnetic structure of
nucleon. Exclusive pion electroproduction is one of the m
jor sources to provide the most direct information about
spatial and spin structure of the excited states. With the
velopment of a high intensity and high duty-factor electr
beam with a high degree of polarization, this field reache
new level of quality. For the past several years, exclus
pion electroproduction has been the main subject of ex
sive studies at various accelerator laboratories, such as M
Bates, ELSA, MAMI, and Jefferson Lab.

New measurements with the CLAS detector at Jeffer
Lab/Hall B @1# are expected to greatly improve the syste
atic and statistical precision and cover a wide kinema
range in four-momentum transferQ2 and invariant massW,
as well as the full angular range of the resonance decay
the nucleon-pion final state:

e~k1!1p~p!→e8~k2!1p1~ph!1n~pu!,
~1!

e~k1!1p~p!→e8~k2!1p~ph!1p0~pu!,

whereph (pu) denotes the momentum of the detected~un-
detected! hadron. The adequate calculation of radiative c
rections ~RC! becomes important in interpreting the me
sured observables such as unpolarized coincidence c
sections and polarization asymmetries.

While solving the RC problem, one is commonly referr
to the classical approach developed by Mo and Tsai@2# and
used for inclusive and elastic electron scattering for deca
However, this approach cannot be directly applied to exc
sive pion electroproduction for the following reasons.

First, we now deal withexclusive electroproduction,
where the hadron is detected in addition to the final electr
It reduces the room for the phase space allowed for the fi
radiated photon. The formulas of Mo and Tsai as well as
other inclusive formulas cannot be applied do this case w
out additional strong assumptions.

Second, there are only contributions of two structu
functions in the inclusive case. The exact formalism for
exclusive process requires consideration of four struc
functions for the unpolarized case with additional angu
0556-2821/2002/66~7!/074004~13!/$20.00 66 0740
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dependence associated with them. Note that the transitio
the case of two structure functions would not be possi
even within realistic approximations. The Mo-Tsai approa
predicts neither RC to polarization asymmetries, nor dep
dencies on the outgoing hadron angles.

The third reason is a known shortcoming of the Mo-Ts
approach, namely, the dependence on an unphysical pa
eter splitting soft and hard regions of the phase space
radiated photon in order to cancel the infrared divergenc

In our approach, which is based on a covariant proced
of infrared divergence cancellation proposed by Bardin a
Shumeiko in Ref.@3#, such an unphysical parameter is n
required. Previously, this approach was applied for the c
culation of RC for inclusive@4–6#, semi-inclusive@7,8# and
exclusive diffractive@9# reactions. Recent reviews of the a
proach, higher order effects and calculation for specific
periments can be found in papers@10–12#. Based on these
results, aFORTRAN codePOLRAD @13# for RC calculation in
polarized inclusive and semi-inclusive processes was de
oped. Besides, some specific tasks such as the Monte C
~MC! generatorRADGEN @14#, the MC approach to diffrac-
tive vector meson electroproduction@15#, RC to spin-density
matrix elements in exclusive vector meson production@16#,
and the quasielastic tail for a polarized He-3 target@17# were
solved. Recently the Bardin-Shumeiko approach was app
to the measurements of elastic polarized electron-pro
scattering at Jefferson Lab@18,19#. A comprehensive analy
sis of results obtained in Refs.@2# and@3# was made in Refs.
@14,20#.

Note that there are also other approaches for the calc
tion of RC in electroproduction processes. For example,
results of Ref.@21# are actively used for DESYep collider
HERA experiments, while the approach developed in pap
@22# is applied to specific measurements at Jefferson
@23#.

The Feynman diagrams needed to calculate RC are
sented in Fig. 1. They include QED processes of radiation
an unobserved real photon, vacuum polarization, and lep
photon vertex corrections. These processes give the lar
contribution due to a large logarithmic term ln(Q2/me

2). They
can be calculated exactly from QED, and uncertainties
such a calculation are only due to the fits and data used
the hadronic structure functions. These uncertainties
demonstrated in the present article. Additional mechanis
~box-type diagrams, emission by hadrons! are smaller by
©2002 The American Physical Society04-1
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about an order of magnitude and they contain consider
theoretical uncertainties. Most recent studies of two-pho
exchange effects for elasticep scattering were reported i
Refs. @24,25#. Previous RC calculations@26# for inclusive
polarized deep-inelastic scattering included the abo
mentioned additional mechanisms. Generalization to the c
of meson electroproduction will be subject to a separ
study.

The paper is organized as follows. We introduce kinem
ics and definitions~Sec. II!, derive a cross section of th
radiative process~Sec. III!, solve the problem of infrared
divergence~Sec. IV!, obtain RC in the leading log arithmi
approximation~Sec. V!, verify the relation between exclu
sive and inclusive RC~Sec. VI!, perform numerical analysis
~Sec. VII!, and summarize the results in Sec. VIII.

II. KINEMATICS AND BORN PROCESS

At the Born level @Fig. 1~a!#, the cross section of the
processes~1! is described by four kinematic variables. Fo
lowing tradition, we choose them as the squared virtual p
ton momentumQ2, invariant mass of initial proton and th
virtual photonW, and detected pion~or proton! anglesuh
and fh in the center-of-mass of the final hadrons. The o
tained formulas are equally valid for both electron and mu
scattering.

We use the following Lorentz invariants defined from le
tonic 4-momenta:

S52k1p, X52k2p, Q252~k12k2!2,

u15S2Q2, u25X1Q2, l1,25u1,2
2 24m2W2,

Sp,x5S6X, lS5S224m2M2 ~2!

W25Sx2Q21M2, lq5Sx
214M2Q2,

l5Q2u1u22Q4W22m2lq ,

wherem ~M! is the lepton~proton! mass.
We use the c.m. system of virtual photon (q5k12k2) and

initial nucleon. The axisOZ is chosen alongqW ~see Fig. 2!.
The energies and angles~Fig. 2! in the selected frame can b
expressed in terms of invariants~2! as follows:

FIG. 1. Feynman diagrams contributing to the Born and
next-order electroproduction cross sections.~a! Born process,~b!
and ~c! bremsstrahlung,~d! vertex correction, and~e! vacuum po-
larization. The momentumph(pu) is assigned to the detected~un-
detected! hadron.
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E1,25
u1,2

2W
, Eq5

Sx22Q2

2W
, Ep5

Sx12M2

2W
,

p1,25
Al1,2

2W
, pp5pq5

Alq

2W
,

~3!

cosu1,25
u1,2~Sx22Q2!62Q2W2

Al1,2Alq

,

sinu1,25
2WAl

Al1,2Alq

.

Here subscripts 1,2,q,p denote the initial lepton, final lepton
virtual photon and initial proton, respectively.

All the introduced kinematic variables have the same d
nition for both Born and radiative kinematics. But the situ
tion is different for the final hadrons. The reason is that
energy of the observed hadron is not fixed by measurem
of the chosen kinematic variables:Q2, W2, uh fh . As a
result, it is different for these cases. In the Born case
hadron energy can be defined via conservation laws, but
the radiative process it depends on the unknown energ
the radiated photon. In order to distinguish between the v
ables, we use the superscript ‘‘0’’ for the quantities calcula
for Born kinematics:

Eh
05

W21mh
22mu

2

2W
, ph

05
AlW

0

2W
,

~4!

lW
0 5~W22mh

22mu
2!224mh

2W2.

All invariants defined via the measured 4-momentum of h
ron ph are also different for Born and radiative cases:

e

FIG. 2. Definition of momenta and angles in the center-of-m
frame.
4-2
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V1,2
0 52k1,2ph52@E1,2Eh

02p1,2ph
0~cosuh cosu1,2

1sinuh sinu1,2cosfh!#, ~5!

St
052pph5W21mh

22mu
21V2

02V1
0 .

The last expression follows from 4-momentum conservati
The Born cross section of exclusive pion electroprod

tion in terms of the introduced variables reads:

ds05
M0

2

2S~2p!5

dkW2

2E2

dpW u

2Eu

dpW h

2Eh
d~L2pu!

5
~4pa!2

2~4p!4S2

Lmn
0 Wmn

Q4

AlW
0

W2
dQ2dW2dVh ,

~6!

whereL is the total 4-momentum of the undetected particl
L5p1k12k22ph . For the Born process@Fig. 1~a!#, L is
equal to the momentum of the undetected hadron,pu , while
for the radiative process@Figs. 1~b! and 1~c!#, it is a sum of
the undetected hadron and bremsstrahlung photon mom
L5pu1k.

The phase space is calculated as

dkW2

2E2
5

p

2S
dQ2dW2 ~7!

and

dpW u

2Eu

dpW h

2Eh
d~L2pu!5

ph
0

4W
dVh5

AlW
0

8W2
dVh . ~8!

To calculate the matrix element squared, one needs to
tract the leptonic and hadronic tensors,

M0
25

e4

Q4 Lmn
0 Wmn5

2e4

Q4 (
i 51

5

u i
0H i

0 . ~9!

We consider the longitudinally polarized lepton beam. In t
case the leptonic tensor reads

Lmn
0 5

1

2
Tr~ k̂21m!gm~ k̂11m!~11 ig5ĵ !gn . ~10!

Here the lepton polarization vector is kept in a general fo
If the lepton is longitudinally polarized and its helicity
positive, then the vectorj can be expressed as@6#

j5
1

Als
S S

m
k122mpD . ~11!

In the Born approximation, the second term can be dropp
However, it gives a nonzero contribution to RC.

For the hadronic tensor, we use a general covariant fo
07400
.
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Wmn52g̃mnH11 p̃mp̃nH21 p̃h
mp̃h

nH31~ p̃mp̃h
n1 p̃h

mp̃n!H4

1~ p̃h
mp̃n2 p̃mp̃h

n!H5 , ~12!

where the tilde for an arbitrary 4-vectoram denotes the sub
stitution ãm5am2aq/q2qm ~to ensure electromagneti
gauge invariance!. The first four structure functions have ten
sor coefficients symmetric over Lorentz indices, but the l
one is antisymmetric, it contributes to the polarizatio
dependent part of the cross section. The quantitiesu i

0 have
the following form:

u1
05Q2,

u2
05

1

2
~SX2M2Q2!,

u3
05

1

2
~V1

0V2
02mh

2Q2!, ~13!

u4
05

1

2
~SV2

01XV1
02St

0Q2!,

u5
0522e~k1 ,k2 ,p,ph!,

where the operator in the last line is defined as

e~p1 ,p2 ,p3 ,p4!5p1
ap2

bp3
gp4

seabgs . ~14!

In the chosen c.m. frame it is equal to

e~k1 ,k2 ,p,ph!5WPqphp1 sinu1 sinuh sinfh

5
AlW

0 l

4W
sinuh sinfh . ~15!

As a result, we obtain for the Born cross section (s0
5ds/dW2dQ2dVh)

s05
a2AlW

0

32p2S2W2Q4 (
i 51

5

u i
0H i

0 . ~16!

The expression for the Born cross section in the form~16!
is convenient for our further calculation. It is equivalent
the well known formula in terms of photoabsorption cro
sections ~or response functions!, where each term corre
sponds to certain polarization states of the virtual pho
@27#,

1

N0
s05sT1esL1e cos 2fhsTT1Ae~11e!/2 cosfhsLT

1heAe~12e!/2 sinfhsLT8 , ~17!

where

N05a
W22M2

2S2Q2~12e!
, ~18!
4-3
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he is the longitudinal polarization degree of the incomi
leptons, ande @27# describes the virtual photon polarizatio

The following expressions relate the structure functio
~12! and Born photoabsorption cross sections~17!:

H1~W2,Q2,t !5C~sT2sTT!,

H2~W2,Q2,t !5
2C

lq
@2Q2~sT2sTT1sL!,

2TQsLT1T2sTT#,

H3~W2,Q2,t !5
2Clq

l l
sTT , ~19!

H4~W2,Q2,t !5
C

Al l

~2TsTT2QsLT!,

H5~W2,Q2,t !5
C

Al l

QsLT8 ,

where

C5
16p2~W22M2!W2

aAlW
0

,

T5
Sxtq22Q2St

Al l

, ~20!

l l5Q2St
22StSxtq2M2tq

22mh
2lq ,

andQ5AQ2. Note that both structure functionsHi , as well
as cross sectionss ’s, are functions of three independent i
variant variables, which usually are chosen asQ2, W2 andt.
Therefore their transformation coefficients depend only
these variables but not onfh . For the radiative case th
variables will be defined in the next section@see Eq.~30!#.
For the Born case, they are taken asW2, Q2 and t5t05V2

0

2V1
02Q21mh

2 .

III. EXACT FORMULAS FOR RADIATIVE CORRECTION

The cross section of the radiative process is given by

ds r5
Mr

2

2S~2p!8

dkW2

2E2

dkW

2v

dpW u

2Eu

dpW h

2Eh
d~L2k2pu!

5
~4pa!3dQ2dW2dVh

2~4p!7S2W2 E dVkdv
vAlW

f W
2 Q̃4

Lmn
R Wmn ,

~21!

whereVk(h) stands for the solid angle of the bremsstrahlu
photon~detected hadron!.
07400
s

n

g

Let us first consider the phase space for the radiative p
cess. Integrating over the 3-momentum of unobserved h
ron and using the Diracd function to eliminate integration
over the hadron energy, we have

E dkW

2v

dpW u

2Eu

dpW h

2Eh
d~L2k2pu!

5
1

64E dVhdVkE
0

vmvdv

f W
2 AlW, ~22!

where

f W5W2Eh1ph@cosuh cosuk1sinuh sinuk cos~fh2fk!#.

~23!

Here we introduce a quantityv that describes the missin
mass~or inelasticity! due to the emission of a bremsstrahlu
photon,v5L22mu

2 . Note thatv50 for the Born process
@Fig. 1~a!#, as well as in the soft-photon limit (k50). As can
be seen from Eq.~22!, both the photon and hadron energi
are now functions ofv. It is related to another quantity,f W ,
as follows:

v5W21mh
22mu

222WEh52v f W . ~24!

The largest value of inelasticity allowed by kinematics (vm)
corresponds to the threshold of electroproduction. It is the
fore defined from the relationEh5mh , yielding

vm5~W2mh!22mu
2 . ~25!

Note that vm is always smaller for the heavier hadro
namely, the nucleon, detected in the final state. It does
depend on photon angles, therefore the integration region
rectangle.

The maximum inelasticityvm is an important quantity for
the RC calculation. All kinematic cuts made by experime
talists in data analysis influence RC. It is often possible
reduce all these cuts to one effective cut on the inelasti
~or missing mass!, vcut , in which casevcut should replace
vm as the upper limit of integration in Eq.~22!, and thus RC
can be calculated within the cuts using the obtained form
las. If no cuts are applied, the maximum value ofv equals
vm , as given by energy-momentum conservation~25!.

Now we can fix the kinematics of the radiative proce
We have to express all scalar products and kinematic v
ables in terms of seven variables: Four variables that de
the differential cross section and three integration variab
First, note that all definitions of leptonic variables given
Eq. ~2! hold in this case. Hadron and real photon energies
defined by Eq.~24!. Hadron momentum and scalar produc
are given as
4-4
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ph5
AlW

2W
, lW5~W22mh

22mu
22v !224mh

2W2,

V1,252k1,2ph52@E1,2Eh2p1,2ph~cosuh cosu1,2

1sinuh sinu1,2cosfh!#, ~26!

St52pph5W21mh
22mu

21V22V12v

5Sx1t1M22mu
22v,

t5V22V12Q21mh
2 .

As in Eq. ~5!, the last expression is obtained from conser
tion laws. All hadron kinematic variables depend on inel
ticity v but not on photon anglesVk . Scalar products con
taining the photon 4-momentum read

2pk5Rw~12t!52v~Ep2pp cosuk!,

2k1,2k5k1,252v@E1,22p1,2~cosuk cosu1,2

1sinuk sinu1,2cosfk!#, ~27!

2phk5m52v@Eh2ph~cosuk cosuh

1sinuk sinuh cos~fk2fh!#.

Here we use also invariant variablesRw52k(p1q) and t
52kq/Rw ; Rw5 f Wv/W.

The leptonic tensor of the radiative process has a m
complicated form. It can be written as

Lmn
R 5

1

2
Tr~ k̂21m!Gma~ k̂11m!~11 ig5ĵ !Ĝan ,

Gma5F S k1a

kk1
2

k1a

kk1
Dgm2

gmk̂ga

2kk1
2

gak̂gm

2kk2
G , ~28!

Ĝan5F S k1a

kk1
2

k1a

kk1
Dgm2

gak̂gn

2kk1
2

gnk̂ga

2kk2
G .

After contraction of the radiative leptonic tensor, we obta

MR
252

2e6

Q̃4
Lmn

R Wmn52
2e6

Q̃4Rw
(
i 51

5

u iHi . ~29!

Rw was extracted explicitly in order to cancelv coming from
Jacobian~22!. Arguments ofHi can be expressed as

Q̃252~q2k!25Q21Rwt, ~30!

W̃25~p1q2k!25W22Rw ,
~31!

t̃ 5~q2k2ph!25t2Rw~t2m!.

It is well known that the cross section of the radiative p
cess is infrared divergent, which requires careful consid
ation in order to cancel in the difference. The procedure w
07400
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re
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be discussed in the next section. Here we can extract
infrared convergent terms inu i in separate pieces:

u i5
4

Rw
FIRu i

B1u i
F . ~32!

The quantitiesu i
B are defined by expressions foru i

0 with a
reservation that the hadronic quantitiesV1 ,V2 ,St and vector
ph itself have to be calculated for the radiative kinemat
~26!. This term originates from the first terms ofGma and
Ḡan in definition of Eq.~28!. The explicit form of finite parts
of these functionsu i

F are given in the Appendix.
Finally, the cross section of the radiative process (sR

5dsR /dQ2dW2dVh) is given as

sR52
a3

29p4S2W4E dVkdv
AlW

f (
i

u iH i

Q̃4
, ~33!

where f 5 f W /W.
As a cross-check, we consider the soft-photon lim

vmin,R/2M,vmax! all energies and masses. In this ca
only the first term in Eq.~32! survives,

sR5
2a

p S log
Q2

m2
21D log

wmax

wmin
s0 . ~34!

Integration over photonic angles is performed analytically

E dVkFIR522~ l m21!, l m5 log
Q2

m2
. ~35!

IV. INFRARED DIVERGENCE

As was already mentioned, this cross section contains
infrared divergence. Therefore, in order to compute RC,
have to use some regularization method first. We use
method of Bardin and Shumeiko for a covariant treatmen
an infrared divergence problem. Basically, we follow t
original papers devoted to this topic, namely, Ref.@3# for em
elastic scattering and Ref.@9# where exclusive electroproduc
tion was considered. One can find a good and detailed rev
in Ref. @10#.

Following the rules of dimensional regularization, we a
ply an identity transformation to the radiative cross sect
assuming that we deal withn-dimensional space:

sR5sR2s IR1s IR5sF1s IR . ~36!
4-5
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The purpose of the procedure is to separate the cross se
into two pieces. The first termdsF is complicated but infra-
red free. Infrared divergence is contained in the separate
ds IR , which has a quite simple structure and can be ana
cally calculated withinn-dimensional space. In principle
there is some arbitrariness in choosing the form of the s
tracted term. Actually only the asymptotical form forRw ~or
w) →0 is fixed. Another limitation comes from the theore
about a possibility to switch the order of integration and
limit n→4. It means that we have to provide uniform co
vergence ofdsF in the limit. Practically, it is ensured if the
subtracted term has a structureF/w, and the difference is
@F(w)2F(0)#/w.

We define the subtracted part of the radiative cross sec
as follows: Only the first term from the right-hand side~rhs!
of Eq. ~32! is kept. It gives the required 1/Rw behavior of the
radiative cross section. Everywhere else, except for thd
function, we assumev50. This allows us to factorize the
Born cross section when calculating the correction:

s IR52s0

a

p2E dvE dkW

v
FIRd„~L2k!22mu

2
…. ~37!

In the cross sectionsF we can now remove the regula
ization. The result is

sF52
a3

29p4S2W2E dVk

dv
f

3(
i

FAlW

Q̃4
u iHi2

4FIRAlW
0

Q4
u i

0H i
0G . ~38!

For calculation purposes, we split the integration reg
into two parts separated by the infinitesimal value of inel
ticity v̄:

s IR5
a

p
dR

IRs05
a

p
~dS1dH!s0 ~39!

with

dS5
21

p E
0

v̄
dvE dn21k

~2pm!n24k0

FIRd„~L2k!22mu
2
…,

~40!

dH5
21

p E
v̄

vm
dvE d3k

k0
FIRd„~L2k!22mu

2
….

The termdS
IR corresponds to the soft photon contributio

while the termdH
IR is caused only by hard photons and the

fore it does not contain the infrared singularity. Again, in t
second contribution the regularization can be removed.

We keep integration over the 3-momentum of the radia
photon in a covariant form. It makes it possible to calcul
the integral in any frame. We choose the frame whereLW
50 ~so-calledR frame!. Integration over inelasticity is ex
ternal, thereforev is fixed for the integral.
07400
ion

rm
i-

b-

e

n

n
-

,
-

d
e

Calculation of the hard-photon contribution is straightfo
ward,

dH5~ l m21!log
vm

v̄
. ~41!

For dS , we follow Ref.@3# generalizing these calculations t
the exclusive electroproduction case.

Using the sphericaln-dimensional frame, we have
@3,28,29#

dv5
1

pE0

vm
dv

2pn/221

~2pm0!n24GS n

2
21D E dk0k0

n23

3E sinn23uduS k1

2k1k
2

k2

2k2kD 2

d~v22k0mu!.

~42!

F„a, cos~u!…5S k1

2k1k
2

k2

2k2kD 2

5
1

4k0
2 F m2

E1R
2 ~12b1 cosu!2

1
m2

E2R
2 ~12b2 cosu!2

2E
0

1 daQ2

Ea
2~12ba cosu!2G . ~43!

Here Feynman parameters are introduced in order to join
denominators. Thus we define the new vector

ka5ak11~12a!k2 ~44!

and quantitiesb1,2,a as a ratio of energy to momentum in th
R frame. In terms of invariants, we have

b15A11
4m2mu

2

S08
2

, b25A11
4m2mu

2

X08
2

,

~45!

ba5A11
4mu

2@m21a~12a!Q2#

@aS081~12a!X08#2
.

It should be noted that the same polar angles are used in
~43! for all three terms. That is why we can rotate the co
dinate system for all the terms and choose theOZ axis along
kW1,2,a , respectively. After straightforward integration ov
the polar angle, we obtain Eq.~43!.

The next two steps involve integration overk0 using thed
function and overv:

E
0

v̄
dvE dk0k0

n25d~v22k0mu!5
1

n24
S v̄

2mu
D n24

.

~46!

Since the pole (n24)21 is extracted, we can use expansio
in series ofn24,
4-6
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1

n24
S v̄

4pm0mu
D n24

@p~12xi2!#n/222

GS n

2
21D

→PIR1 log
v̄

2m0mu
1 logA12j2 ~47!

with j5cosu and standardPIR defined as

PIR5
1

n24
1

1

2
gE1 ln

1

2Ap
, ~48!

gE being the Euler constant. After then we reduce the exp
sion for dS to the form

dS5E dadjFPIR1 log
v̄

2m0mu

1 logA12j2GF~a,j!, ~49!

which includes only standard integration that can be d
using, for instance, tables from Appendix D of Ref.@10#.
Integration is straightforward, but it contains an integral u
ally associated with a so-calledSf function in the Bardin and
Shumeiko approach. Here we skip the discussion about p
erties of the function and give the result in the ultrarelativ
tic approximation which we use for the entire calculation

Sf5
Q2

2 E
0

1 da

ba@m21a~12a!Q2#
log

12ba

11ba

5
1

2
l m
2 2 l mlog

S08X08

m2mu
2

2
1

2
log2

S08

X08

1Li2S 12
Q2mu

2

S08X08
D 2

p2

3
. ~50!

Finally, we have fordS

dS52S PIR1 log
v̄

mM
D ~ l m21!1 log

S8X8

m2M2
1Sf . ~51!

The infrared-divergent termsPIR , as well as the param
etersm and v̄ are completely canceled in the sumdS1dH
with dV which is a contribution of the vertex function@Fig.
1~d!#:

dV522S PIR1 log
m

m D ~ l m21!2
1

2
l m
2 1

3

2
l m221

p2

6
.

~52!

For this sum, we have

a

p
~dS1dH1dV!5d in f1dVR , ~53!
07400
s-

e

-

p-
-

where

dVR5
a

p S 3

2
l m222

1

2
ln2

X08

S08
1Li2F12

Q2M2

S08X08
G2

p2

6 D ,

~54!

d in f5
a

p
~ l m21!ln

vm
2

S08X08
.

Higher-order corrections can be partially taken into acco
using a special procedure of exponentiation of multiple s
photon radiation. There is an uncertainty about which par
dVR has to be exponentiated. Within the approach@30#, we
have to change 11d in f to expdinf .

Collecting all the terms, we obtain for the case of mes
electroproduction:

sobs5s0ed in f~11dVR1dvac!1sF . ~55!

Here the correctionsd in f and dvac come from the radiation
of soft photons and the effects of vacuum polarization,
correctiondVR is an infrared-free sum of factorized parts
real and virtual photon radiation, andsF is an infrared-free
contribution from the bremsstrahlung process.

V. LEADING LOGARITHM APPROXIMATION

In this section we extract the leading logarithm contrib
tion from formulas obtained in the previous section. Aft
then we show that the result coincides with what we obt
from a generalized leading logarithm approximation.

The method of extraction of leading logarithm~or peak-
ing! contributions was first suggested in Ref.@2# ~see also
papers@30,31#!. Formally, we have to calculate residues
the terms 1/z1 and 1/z2. The corresponding poles appear int
for t5ts52Q2/S and t5tx5Q2/X. As a result, we have
~apart from the factorizable correction! two contributions of
hard radiation,

sLL5
a

2p
~ l m21!F S 312 log

vm
2

S8X8
D s01sS1sXG .

~56!

Technically, the contributions can be obtained as

E dVku i528p l m

W2

S2Q2

11z1
2

z1~12z1!
u i

B ,

~57!

E dVku i528p l m

W2

X1Q2

11z2
2

12z2
u i

B .

For the two peaks the contributions are, respectively,
4-7
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ss5E
0

vm dv

S8
S 11z1

2

12z1
Csss2

2s0

12z1
D ,

~58!

sx5E
0

vm z2dv

X8
S 11z2

2

12z2
Cxsx2

2s0

12z2
D ,

wherez1512v/S8, z25X8/(X81v) and

Cs,x5
AlW

AlWs,x
0

Ws,x
2

W2
,

Ws
25z1S2X2z1Q22M2, ~59!

Ws
25S2

X

z2
2

Q2

z2
2M2,

and lWs,x
0 are calculated in accordance with Eq.~4! using

W25Ws,x
2 .

These leading logarithm formulas were extracted fr
our exact expressions given in the previous section. The
sult can also be obtained using standard leading logari
techniques@32# from our expression~21!. The leading term
comes from angular integration of denominators likekk1 and
kk2. They can be extracted at the level of leptonic tenso

Lmn
R 5LmnF11z1

2

12z1

1

kk1
1

11z2
2

z2~12z2!

1

kk2
G . ~60!

Only these scalar products in the denominators are subje
angular integration. For our exclusive process, integra
yields

E dpW u

2eu

dkW

2v
d~L2k2pu!

1

kk1,2
5Fp l m

S8
,
p l m

X8
G . ~61!

Now, using Eqs.~21!, ~60!, and~61!, we obtain the following
leading-logarithm cross section for the radiative process:

d6s

dG652
a l m

2p F 1

S8

11z1
2

12z1

d6s0~z1k1 ,k2!

dG̃6

1
1

X8

11z2
2

12z2

d6s0~k1 ,k2 /z2!

dG̃6 G , ~62!

dG65
d3kW2

2e2

d3pW h

2eh
.

While deriving the above results, Eqs.~57!, ~58!, we take
into account relations betweenz1,2, v and S8 (X8), which
follow from the constraint@L22(12z1)k1#22mu

250 or
@L22(121/z2)k2#22mu

250. They are

v5~12z1!S8, v5
12z2

z2
X8. ~63!
07400
e-
m

to
n

VI. EXCLUSIVE AND INCLUSIVE RADIATIVE
CORRECTION

An important consistency test is to show that inclusi
RC can be obtained by integration over hadronic angles
should be noted that this is not trivial because the hadro
angles of radiative and Born cross sections are defined e
in different frames. For a definition of the Born angles, w
use the center-of-mass frame, while for angles of the ra
tive process we have to use another frame defined by vec
p and q2k. As a result, it leads to quite complicated kin
matic relations between these angles.

We start with Eq.~56!. After integration over hadronic
angles, we have to obtain the leading logarithm cross sec
(sLL

inc5ds/dW2dQ2) for the inclusive case. The inclusiv
formula can be found in Refs.@31,13#, for example. For
double differential cross sections inQ2 andW2, it reads

sLL
inc5

a

2p
~ l m21!F S 312 log

vm
2

u1u2
Ds0

inc1sS
inc1sX

incG ,

~64!

with

sS
inc5

a

2p
l mE

z1
m

1

dz1z1

11z1
2

12z1
s0S

inc2
2s0

inc

12z1
, ~65!

sX
inc5

a

2p
l mE

z2
m

1 dz2

z2

11z2
2

12z2
s0X

inc2
2s0

inc

12z2
, ~66!

wherez1
m5X/u2 andz2

m5u1 /S.
Let us consider integration overVh of radiative cross sec

tions ~i.e., the first term on the left-hand side in Eq.~65!#.
The simplest way to relate angles in different frames is
express them in terms of kinematic invariants. We use
following relation:

dVh5
W2

AlW
0

dV1
0dV2

0

A2D~V1
0 ,V2

0!
, ~67!

whereD(V1
0 ,V2

0)5@e(k1 ,k2 ,p,ph)#2 is the Gramm determi-
nant@see Eq.~14! and Ref.@33##. For the cross sectionssS

inc

andsX
inc the corresponding expressions are

dVh5
Ws

2

AlWs
0

z1dV1dV2

A2D~z1V1 ,V2!
~68!

and

dVh5
Wx

2

AlWx
0

dV1dV2

z2A2D~V1 ,V2 /z2!
. ~69!
4-8
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The expression for radiative kinematics is

16D~V1 ,V2!5@u1V21u2V12~W21mh
22mu

22v !Q2#2

24~SX2M2Q2!~V1V22mh
2Q2!. ~70!

The Born case is reached in the limitv→0. Two comments
are in order before explicit integration. The integration a
in variablesV1 and V2 is defined by equationD(V1 ,V2)
50 that produces an ellipse. For radiative cross sectionssS

inc

andsX
inc this area isz1 ~or z2) dependent.

A simple integration procedure follows:

E dVhE
0

vm
dv→E

0

vm
dvE dVh→E

0

vm
dv

W2

AlW
E dV1dV2

A2D

→E dz1dV1
sdV2

W2

AlW

S8

z1A2D

→E dz1dVh
s

W2

AlW

S8

z1A2D

AlWsA2Ds

Ws
2 .

~71!

The final formulas for the transformation

E dVhE
0

vm
dv5E

z1
m

1

dz1E dVh
s S8

Cs
~72!

are obtained if we use the equality that can be checked
rectly,

Ds

D
5z1

2 ,
Dx

D
5

1

z2
2

. ~73!

Using Eq.~72!, one can see that the exclusive radiative cr
section transforms to the inclusive one after integration.

Let us show how to obtain a factorized part of the inc
sive correction from the exclusive result. The subtracted p
of Eqs.~58! can be rewritten as

E
0

vm dv

S8~12z1!
5E

z
1m
1

dz1

12z1
2E

S8(v5vm)

S8(v50) dS8

S8

5E
z
1m
1

dz1

12z1
2 logS S08W

u1~W2mh!
D .

~74!

After similar calculation forsX , we can see that inclusiv
RC is reproduced exactly.
07400
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VII. NUMERICAL ANALYSIS

Based on the derived analytical formulas, aFORTRANcode
EXCLURAD was developed. This code computes RC to
fourfold cross section (d4s/dWdQ2d cosudfh) and to po-
larization beam asymmetry for processes~1!. Both exact and
leading logarithm formulas obtained in the previous sectio
are included. Any value of the inelasticity cut can be optio
ally chosen. Once the computational algorithm for RC
established, there are two possible ways of incorporating
into analysis of experimental data on electroproduction:~a!
An iteration procedure similar to the one implemented in
RC codePOLRAD for inclusive reactions@13# or ~b! using
realistic models for the structure functions~19! of coinci-
dence electroproduction.

Although the former choice seems attractive due to
model independence, it requires, however, full and prec
experimental mapping of the structure functions~19! in the
entire range of the kinematic variables needed to comp
the radiative process~33!. Such a procedure is much mor
challenging and less efficient than for inclusive process
Given that such mapping is not available at this time,
only choice left is~b!. In this way, RC are applied to th
model calculations, and then model parameters are fi
from available experimental data. Thus, RC appear as a
essary intermediate step in extracting model parameters f
measurements.

We use the following models for calculation of structu
functions~19!:

MAID @34#. In this model, baryon resonances are describ
using Breit-Wigner forms, while background contribution
are described using standard Born terms, mix
pseudovector-pseudoscalarpNN coupling and t-channel
vector meson exchange. The final amplitudes are constra
by unitarity and gauge invariance. We use two versions
MAID : the earlier one, denotedMAID’98 and the most recent
quoted here asMAID2000.

AO ~amplitude and observables! @35#. The amplitudes are
parametrized as follows:S-channel resonances are para
etrized with relativistic Breit-Wigner forms with momentum
dependent widths. This part of the amplitude is complex.
addition, thes-channel andu-channel pion Born terms ar
included. These are real numbers. Additional real ba
ground amplitudes are used with an energy dependence
has correct threshold behavior.

Another model that can be included into the codeEXCLU-

RAD in a simple and straightforward way is the dynamic
model of Sato and Lee@36#. In this model, the off-shell non-
resonant contributions tog* p→D1(1232) were calculated
directly by applying reaction theory within the Hamiltonia
formulation underlying ‘‘bare’’ photocoupling form factors
It should be noted that the Sato-Lee model does not incl
the contributions from higher resonances. Since the com
tational algorithm for RC does not depend on a particu
choice of hadronic structure functions, the addition of a
other model does not constitute a problem.

With the models at hand, we can now evaluate num
cally the magnitude of RC as a function of various kinem
ics variables. Let us define the RC factor as follows:
4-9
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d5
sobs

s0
. ~75!

For all the following plots, the electron beam energy
Ebeam51.645 GeV and no cuts on inelasticity were use
except for Fig. 9. We choose representative kinematics
current experiments with the CLAS detector at Jefferson L
Hall B. The RC factors to the pion electroproduction cro
sections are presented in Figs. 3 and 4 as a function ofW. In
this region, the characteristic features of the cross sectio

FIG. 3. W dependence of RC to the cross section of neutral p
production. The models used areMAID2000 ~solid curve!, MAID’98

@34# ~dashed curve! and AO @35# ~dotted curve!.

FIG. 4. W-dependence of RC to cross section of charged p
production. Kinematics and notation are as in Fig. 3.
07400
,
r
b
s

vs

W are strongD(1232) and S11(1535) resonance peaks. On
can see that RC is negative at the resonance peaks and
tive in the dip regions between the peaks. Thus it tends
weaken the strength of the peaks and fill the dip regio
above the given resonances. Also shown in Fig. 3 is
model dependence effect which appears to be noticeab
higherW away from the resonance peaks. At higher values
W, the magnitude of RC is larger in the charged pion p
duction case. This is mainly due to the wider range of inel
ticity v ~24! associated with detection of a lighter hadro
~i.e., the pion!.

Before discussing the angular dependence of RC, le
first comment on the definitions of hadronic angles in ord
to avoid possible ambiguities. The cms anglesu and f are

n

n

FIG. 5. RC to the cross section as a function of cosu.

FIG. 6. Dependence of RC to the cross section on the azimu
anglef.
4-10
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QED RADIATIVE CORRECTIONS IN PROCESSES OF . . . PHYSICAL REVIEW D 66, 074004 ~2002!
between the direction of momentum lost by electronsqW

5kW12kW2) and momentum of the final pionpW h , provided that
the pion is detected. For the neutral pion production case
convention is to also use the direction of pion moment
reconstructed from kinematics. In order to follow the co
vention for the neutral pion production, we defineu and f

with respect to the direction of2pW h oppositeto the final
proton momentum, while keeping in mind that it is differe

FIG. 7. W dependence of the beam polarization asymmetry
neutral pion production. The solid~dashed! curve denote the asym
metry with ~without! RC. MAID2000 was used to compute the stru
ture functions.

FIG. 8. The beam polarization asymmetry in charged pion p
duction as a function ofW with ~solid curve! and without~dashed
curve! RC. The notation is as in Fig. 7.
07400
he

-

from the final pion momentum for the radiative process
Figs. 1~b! and 1~c!.

The angular dependence of RC is shown in Figs. 5 an
where it is plotted as a function of cosu andf, respectively.
The kinematics corresponds to theD(1232) peak, where RC
leads to suppression of the cross section. It can be seen
Fig. 5 that approaching the forward direction at the giv
value off, the magnitude of RC as a function of cosu for
the charged-pion channel smoothly increases from about
to 12%, while for the neutral pions it decreases from 10%
5%. A common feature for both the channels is that RC
larger in magnitude for the parallel kinematics, when t
detected hadron moves along the transferred momentum.
RC factor varies as a function of azimuthal anglef as well
~Fig. 6!. Dependence of RC on the anglef has important
implications for the super-Rosenbluth separation of elec
production structure functions, and theu dependence would
affect the partial-wave analysis, resulting in corrections
electroexcitation parameters of baryon resonances.

The beam polarization asymmetry is plotted in Figs. 7 a
8 for the neutral and charged channels, respectively. One
see that for the asymmetry, RC changes from enhanceme
suppression when passing across theD and S11 resonance
regions. The RC factor is most substantial in the dip regio
between resonances. Figure 9 demonstrates the depend
on inelasticity cutvcut ~24!. It can be seen that for the
smaller values of the cut, resulting in the selection of sof
bremsstrahlung photons, RC to both polarization-depend
and polarization-independent parts of the cross section
almost the same, resulting in a small correction to polari
tion asymmetry. Asvcut increases, the correction to th

n

-

FIG. 9. Dependence of RC to cross section and polariza
beam asymmetry on the inelasticity cutv for neutral pion produc-
tion. The quantitydunp is RC to the unpolarized part of the cros
section,dpol is RC to the polarized part of the cross section, a
dA5dunp /dpol , i.e., it is RC to the beam polarization asymmetr
MAID2000 was used for structure functions.
4-11



si

n
on
on
is
ts
te

om
th
cu

u-

t-
iza
uc
ar
g

to
re

f
e

uc
cu
th
g

s

tro
u

rp
er
er

a
pli

ith
o

or
o

AFANASEV et al. PHYSICAL REVIEW D 66, 074004 ~2002!
asymmetry also increases due to the hard-photon emis
coming into play.

Any experimental spectrum for electroproduction co
tains a radiative tail that, due to the finite energy resoluti
cannot be experimentally separated from Born contributi
In practice, detected events are included into data analys
to a certain~cut! limit and are interpreted as radiative even
The contribution of radiative events should be calcula
theoretically using the same inelasticity cut (vcut). The re-
sulting contribution of the radiative events is subtracted fr
the integrated experimental spectrum in order to obtain
value of Born cross section that, naturally, should be
independent.

The FORTRAN codeEXCLURAD can be downloaded from
http://www.jlab.org/RC or obtained directly from the a
thors.

VIII. DISCUSSION AND CONCLUSION

In this paper we obtain explicit formulas for the lowes
order QED radiative correction to cross section and polar
tion beam asymmetry in the exclusive pion electroprod
tion. Analytic formulas are tested in several ways. Ap
from traditional cross-checks like soft-photon and leadin
logarithm limits, it is found that integration with respect
the hadronic angles reproduces the inclusive radiative cor
tion.

A FORTRAN codeEXCLURAD is developed on the basis o
the analytic formulas. Numerical analysis carried out for J
ferson Lab kinematic conditions shows the following.

Radiative correction to the cross section of electroprod
tion is very sensitive to the cut on inelasticity. The harder
eliminates contributions from the higher-energy part of
bremsstrahlung spectrum, thus leading to the smaller ma
tude of RC to the polarization asymmetry.

RC to cross sections can be as high as several ten
percent.

RC may vary depending on the chosen model for elec
production structure functions. The proposed RC proced
may be viewed as a necessary intermediate step in inte
tation of experimental results in terms of model paramet
An iteration procedure may be required for the regions wh
model dependence is substantial.

RC have a nontrivial angular dependence in cosu andf.
This is particularly significant, as these are often used
input to extract structure functions and partial wave am
tudes.
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APPENDIX

In this appendix we give formulas foru i
F @Eq. ~32!#. In the

unpolarized case,

u i
F5u i21Rwu i3 ,

u1254FIRt,

u13524F22Fd ,t2,

2u22524M2FIRt2FdSp
2t1F11SpSx12F22Sp

12FIRSx ,

2u2354M2F12M2Fdt22FdSxt2F11Sp ,

2u32524mh
2FIRt2FdtV1

2 1F11V2V112F22mV1

12mFIRV2 , ~A1!

2u3354mh
2F12mh

2Fdt22FdmtV22F11mV1 ,

2u42522FdSptV11F11SpV21F11SxV112F22mSp

12F22V112mFIRSx24FIRSmt12FIRV2 ,

2u4354FSm2FdmSxt12FdSmt2

2FdtV22F11mSp2F11V1 .

HereV65V16V2,

Fd5
1

k1k2
, ~A2!

F115
1

k1
1

1

k2
, ~A3!

F265S m2

k2
2

6
m2

k1
2 D , ~A4!

FIR5F212Q2Fd , ~A5!

wherek1,2 are defined in Eq.~27!.
4-12



QED RADIATIVE CORRECTIONS IN PROCESSES OF . . . PHYSICAL REVIEW D 66, 074004 ~2002!
u5254H 2F11E212F22E11Fd@E12t2Q2~E11E2!#1
2

S
~E1S2E12t1E122E2S!J ,

~A6!

u5352S F11~E22E1!2Fd~E11E2!t1
4

S
F11E2~t21! D ,

E125e~k1 ,k2 ,p1 ,ph!5
1

4
@2~V1X2Q2Sm1SV2!214~SX2M2Q2!~Q2mh

22V1V2!#1/2,

E15e~k,k1 ,p1 ,ph!5
1

4
$2@RwV1~t21!2RwmS1Smk1#214@k1M21Rw~t21!S#(2k1mh

21V1Rwm!%1/2, ~A7!

E25e~k,k2 ,p1 ,ph!5
1

4
$2@RwV2~t21!2RwmX1Smk2#214@k2M21Rw~t21!X#~2k2mh

21V2Rwm!%1/2.
.
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