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FRW wormhole instantons in the non-Abelian Born-Infeld theory

P. Vargas Moniz*
Departamento de Fisica, Universidade da Beira Interior, Rua Marqueˆs d’Avila e Bolama, 6200 Covilha˜, Portugal

~Received 5 June 2002; published 23 September 2002!

A family of wormhole instanton solutions is obtained in the non-Abelian Born-Infeld theory in the presence
of a positive cosmological constant. These wormholes have a closed Friedmann-Robertson-Walker geometry
and a nontrivial SO~4!-symmetric gauge sector. It is found that when the matter sector in the action is
dominated by Born-Infeld terms inducing a string gas behavior, then no wormhole solutions are admissible.
However, when the gauge fields asymptotically lead to a radiation scenario, wormhole solutions become
possible. The presence of Born-Infeld perturbations in this stage determines specific modifications for the
wormhole dynamics. Some of these physical implications are consequently discussed. In particular, we com-
ment on how they can modify the quantization in energy levels of the wormhole solution. We also mention how
this may affect the quantization of topological charges and conservation of fermion number.
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I. INTRODUCTION

Actions of the Born-Infeld type have been the subject
wide interest in the context of M and string theory@1#. This
comes from the result that the effective action for the op
string ending on D-branes can be written in a Born-Infe
form. Moreover, the consistency of thes model for the
world sheet of the string is shown to require that the brane
described by a Born-Infeld action type, just as the gene
curved background requiring consistency of string the
leads to the Einstein-Hilbert action@2#.

The inclusion of a non-Abelian gauge sector is n
unique. In fact, different definitions of non-Abelian Born
Infeld Lagrangians are possible, regarding the way of trac
the group indices. A relevant suggestion was proposed
Tseytlin @3#, afterward called the symmetrized trace. Oth
proposals exist@3,4#. A useful trace operation was propose
by Gal’tsov and Kerner@4,5#, where the trace is done ove
the group indices but under a square root sign. This us
version amounts to defining the gauge field Lagrangian in
form

LBI
tr ;b2Tr

3F12A11
1

2b2
FmnFmn2

1

16b4
~FmnF̃mn!2G ,

~1!

whereb denotes the maximal field strength andF̃mn the dual
of Fmn. Hereafter, we choose the square root ordinary tr
Lagrangian for its analytical simplicity.

Classical solutions in the Born-Infeld theory are importa
in the understanding of brane dynamics regarding the gr
tational interaction. In this respect, dyons, monopoles,
other solitonlike solutions have recently attracted much
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tention@6#. In the existing literature there are several pap
discussing cosmological models with U~1! Born-Infeld mat-
ter @7#. Such models are necessarily anisotropic~or inhomo-
geneous! since there is no homogeneous and isotropic c
figuration of the classical U~1! field. Non-Abelian Born-
Infeld cosmologies were recently investigated by Dyadich
et al. for Friedmann-Robertson-Walker~FRW! models @8#.
For an SU~2! gauge field and using a spherically symmet
ansatz~extended from Ref.@9#!, the authors obtained a com
plete description of the space of solutions. The effect
equations of motion interpolate betweenp52r/3 in the re-
gime of strong field ~i.e., large energy densitiesr@rc
[b/4p, r.a22 near the singularity! andp5r/3 in the re-
gime of weak field~i.e., small energy densitiesr!rc , r
.a24 near large times!.

Among other cosmological scenarios where the Bo
Infeld theory could determine interesting physical effects
wormhole instanton solutions@10–13#. Wormholes constitute
nonsingular solutions of the Euclidean Einstein equations
motion. They correspond to manifolds with TrK50 on the
boundary~whereK is the trace of the extrinsic curvature!.
Wormhole solutions do not exist for any type of geome
and/or matter. In fact, it seems that, for such solutions
exist, the eigenvalues of the effective Ricci tensor or
traceless energy-momentum tensor

Rmn5Tmn2 1
2 gmnT[T̄mn

must be negative somewhere~see Refs.@14,15#! in the Eu-
clidean regime. These wormhole solutions connect two
ymptotically flat regions of Euclidean space between t
Lorentzian solutions@10–13,16–20#. In some conditions,
wormhole type solutions describe transitions fromS3 uni-
verses with small radiusr min to universes with larger radiu
r max. This corresponds to tunneling through a potential b
rier in a finite conformal time with an arbitrary number o
bounces in the process. Wormhole solutions have rece
quite some attention since the Coleman mechanism for
vanishing of the cosmological constant was described@21#.
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The study of these solutions in the framework of t
Born-Infeld theory would advance our knowledge of th
dynamics and gravitational consequences, in particular, if
consider the evolution of the very early universe within
more realistic perspective, through the combined influenc
brane/string, gauge, and gravity effects. So far, wormh
instanton solutions have only been investigated in the fra
work of standard Einstein-Yang-Mills~EYM! theory with
different choices for the gauge sector in Refs.@17–20# ~see
also Refs.@22,23#!. Another particular reason to investiga
wormholes in a non-Abelian Born-Infeld theory is as fo
lows. Massless Yang-Mills dynamics are determined b
scale invariant Lagrangian which implies that Yang-Mills e
citations would be diluted during the universe expansion.
Born-Infeld corrections to the Yang-Mills action would brea
it. The evidence for this effect was investigated in a class
setting in Ref.@8#. From a quantum cosmological perspe
tive, similar modifications and their consequences were
cussed in@25#. In addition, two papers@24# have recently
appeared where instead of an ordinary scalar field, the
thors considered a quantum model of gravitation interac
with a minimally coupled nonlinear scalar field, inspired by
Born-Infeld type Lagrangian.

Motivated and supported by the arguments in the previ
paragraphs, we report in this paper on a family of wormh
instanton solutions in the context of non-Abelian Born-Infe
theory. These solutions have a closed FRW geometry and
gauge sector is characterized by an SO~4!-symmetric gauge
field @18,22#. Our results indicate that when string effec
~implied by the Born-Infeld part of the action! dominate, no
wormhole solutions are possible. But when the gauge fie
evolve in such a way that radiation becomes important, t
we obtain wormhole solutions. These will have featu
similar to those found in standard EYM theory@17–20# ~see
also Refs.@22,23#!, but will be influenced by specific modi
fications determined by Born-Infeld correction terms. W
then discuss some of the physical implications of these
turbations, namely, those concerning the quantization of
ergy levels of the wormhole instanton.

II. EQUATIONS OF MOTION

Let us employ the following action where we adopt t
formulation and conventions introduced in Ref.@8#, follow-
ing as well the framework of Refs.@18,22# for the Lie alge-
bra structure of the gauge fields:

S52
1

4p F E ~R22L!

4G
A~2g!d4x2b2~R21!G ~2!

where

R5F11
1

2b2
Fmn

a Famn2
1

16b4
~ F̃mn

a Famn!2G 1/2

. ~3!

We assume a closedk511 FRW geometry where the spac
time M4 is of the formM45R3S3, L is a positive cosmo-
logical constant,S3 is the three-dimensional sphere, a
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SO~4! is the group of spatial homogeneity and isotropy. T
most general form of a SO~4! invariant Euclidian metric for
the manifoldM4 is

g5N2dt21a2~t! (
b51,2,3

vb
^ vb, ~4!

wheretPR is the Euclidean FRW time andvb are left in-
variant one-forms satisfying

dvb52 1
2 «bcdv

c`vd. ~5!

It is further needed to find the class of gauge fields wh
are consistent with the above spatial homogeneity and i
ropy. For theories with local internal symmetries the con
tions of SO~4! invariance are too restrictive. For the physic
observables to be SO~4! invariant, the fields with gauge de
grees of freedom may transform underSO(4) transforma-
tions if those changes can be compensated by a gauge t
formation. This is so since the physical observables
gauge invariant quantities. A most useful class satisfying
above conditions are the so called SO~4!-symmetric fields,
i.e., fields invariant up to a gauge transformation. These h
been thoroughly employed before~see Refs.@18,22#!. Hence,
we take for the gauge field the ansatz of the SO~4! symmetric
field, i.e.,

Am~ t !5 (
1<k, i<N23

Lki~ t !Tk13,i 13
(3) dt

1 1
4 @11 f 0~ t !#«acbTab

(3)vc, ~6!

where f 0(t) and Lki(t) are an arbitrary function and ant
symmetric matrix, respectively, andTab

(3) are the generators o
the Lie group SO~3!.

The reduced action or Lagrangian will be

L5
1

4p
F 1

4G
~26!

ȧa2

N
2

1

4G

3

2
aN1

1

4G
2LNa3

1b2Na3~R21!G ~7!

with

R5F11
3 ḟ 0

2

2b2a2N2
1

3V1

b2a4
2

9 ḟ 0
2V1

2b4a6N2G 1/2

. ~8!

Following the conventions and definitions introduced in R
@8#, we can further write

L5
1

4pGe
F2

3

2

ȧa2

N
2

3

8
aN1Na3

L

2

1gNa3~R21!G , ~9!

with g[Gb, after having redefinedt→b21/2t and a
→b21/2a. In addition, we now have
2-2
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R5F11
3 ḟ 0

2

2a2N2
1

3V1

a4
1

9 ḟ 0
2V1

2a6N2G 1/2

~10!

5@~11K2!~11V2!#1/2, ~11!

where

K2[
3 ḟ 0

2

2a2N2
, ~12!

V25
3V1

a4
, ~13!

with

V15Vgauge f ield5
1
8 ~12 f 0

2!2. ~14!

The Friedmann equation is thus given by

3
2 ȧ22 3

8 1 1
2 La21ga2~P21!50, ~15!

with the definition

P5
A11V2

A12K2
. ~16!

The Friedmann equation can be presented in a more sui
form as

ȧ2

a2
2

1

4a2
1

L

3
52bG

2

3
~P21![2

8pG

3
«, ~17!

where we further define

«5«c~P21!, «c5
b

4p
. ~18!

The Einstein equation is given by

ä1
ȧ2

2a
2

1

8a
1

La

2
1

ga

3
P1

ga

3
P212ga50. ~19!

If we use the relation

P5
«

«c
11, ~20!

together with the Friedmann equation, then Eq.~19! can be
further presented as

ä

a
52

L

3
1

4pG

3
«2

g

3 S «

«c
11D

2
2g

3 S «

«c1« D1g

52
L

3
1

4pG

3
~«13P!, ~21!
06401
ble

with P being the pressure

P5 1
3 «c~32P22P21!, ~22!

satisfying the interesting relation

P5
«

3 S «c2«

«c1« D . ~23!

As far as the gauge field is concerned, its correspond
equation takes the form

f̈ 05 ḟ 0

ȧ

a F22
~11K2!

~11V2!
11G1

1

a2

dV1

d f0

~11K2!

~11V2!
. ~24!

We also derive the equation

«̇522
ȧ

a
«

2«c1«

«c1«
, ~25!

followed by

Ṗ52
ȧ

a
~P212P!⇒P56A11

C

a4
. ~26!

These enable us to retrieve the expression

a4~2«c1«!«5C, ~27!

whereC andC are constants of integration. Furthermore, w
can write

«212««c5
C

a4
⇒«52«c6A«c

21
C

a4
, ~28!

with «c
2C5C. Finally, after some calculations, the followin

decoupled equation for the scale factor is obtained:

ä1
a

3
~22g1L!2

4g2a3/3

3S ȧ22
1

4D1a2~22g1L!

50.

~29!

This expression will play an important role regarding t
identification of wormhole solutions under the influence o
string gas induced by the Born-Infeld matter sector in
action.
2-3
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Before proceeding to the next section, let us point out t
expressions~7!–~29! correspond to a physical systemdiffer-
ent from that recently investigated in Ref.@8#. There are of
course some similarities, but these are a consequence o
following. We intentionally employed the framework an
definitions introduced in@8# in order that the Euclidean dy
namics of FRW instantons in the non-Abelian Born-Infe
theory adequately complements and joins the Lorentz
analysis. Consequently, there should be some similar
with the Lorentzian expressions presented in Ref.@8#. There
the authors have thoroughly described the phase spac
solutions by means of a dynamical system analysis, as
as providing approximate solutions~power series expansio
or numerical! for the scale factor and exact solutions for t
gauge field. In our paper, we will follow a similar present
tion but without providing a dynamical system analysis. L
us just stress that we employ an Euclidean framework wi
SO~3! gauge sector satisfying the SO~4!-symmetric algebra
formulation defined in Refs.@18,22#. This framework implies
important differences, namely, concerning signs in, e.g., E
~15!, ~17!, ~19!, ~21!, ~24!, and ~29!. As can easily be
checked, it will be those differences that determine anot
dynamical behavior, allowing for the existence of wormho
solutions bounded between values ofamin andamax.

III. ANALYSIS OF THE FRIEDMANN EQUATION

In this section we consider the Friedmann equation
which we can identify two limiting cases: Yang-Mills radia
tion or a gas of strings derived from the Born-Infeld terms
the action~9!

ȧ22
1

4
1

L

3
a252

8pG

3 H C←string effects

C

a2
←YM radiation.

~30!

The latter limit is consistent with Refs.@18,22# for the stan-
dard Einstein-Yang-Mills~radiation! scenario. For this YM
radiation limit, Eq.~30! can be expressed as

a822
a2

4
1

L

3
a452

8pG

3
C, ~31!

using the Euclidean conformal timedh5a21(t)dt. This
equation represents the motion of a unit mass particle w
energy2(8pG/3)C. We then conclude that wormholes a
possible in this limit. However, for string/brane dominatio
~corresponding to a gas of strings!, this procedure shows tha
we obtain solutions which always meet the singularity. Giv
this physical context, the subsequent and appropriate d
tion should therefore be to investigate if and how the pr
ence of string gas terms~considered then as perturbation!
can modify the wormhole dynamics that could eventua
form.

To be consistent and strengthen our analysis, we need
to establish if such wormholes~influenced by correction
terms corresponding to the perturbative presence of a s
gas! can indeed be formed. In order to address this issue
will analyze in detail the dynamics retrieved from the Frie
06401
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mann equation. Taking Eq.~17! and using Eq.~18! for the
energy density«, we write it as

ȧ22
1

4
1

L

3
a252

8pG

3 F «c1A«c
21

C

a4Ga2. ~32!

In conformal time we can have Eq.~32! as

a822
1

4
a21

L

3
a45S 8pG

3
«ca

22
8pG

3
A«c

2a41CDa2,

~33!

i.e.,

a821U~a!50, ~34!

with

U~a!52
1

4
a21S L

3
2

8pG

3
«cDa4

1
8pG

3
A«c

2a81Ca4, ~35!

noticing that A«c
2a41C5«cA11(C/«c

2a4)a4. A plot of
U(a) is presented in Fig. 1 for different values ofL, with
the dashed line corresponding to the case without the sq
root term.

Unfortunately, in either Euclidean FRW or conform
time it is impossible to find analyticalexactsolutions for this
Friedmann equation. We recall that wormholes are known
exist in the case when solely gauge fields~radiation! are
present without any modifications in the action and cor
sponding equations. In this case~see Refs.@17–20,22,23#!
wormhole solutions are found in the form of elliptc integra
@26,27#. Notice that

FIG. 1. A plot of U is presented for different values of th
cosmological constant. If the cosmological constant is negligib
the Born-Infeld square root term seems to reduce the dynam
influence of the extrema.
2-4
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A«c
21

C

a4
5«cA11

C

«c
2a4

.«cS 11
1

2

C

«c
2a4D ,

whena is large, and thatP5 1
3 r in that limit.

Let us proceed with our twofold purpose outlined abo
to determine whether wormholes can indeed form when
gauge fields induce a radiation behavior still influenced b
string like perturbation and to describe how these modifi
tions brought in from the Born-Infeld matter sector can i
ply a different wormhole dynamics. We will consider tw
complementary approaches. On the one hand, we shall
form a numerical analysis whose results are described in
next section. On the other hand, the string gas stage co
sponds to a strong field regime with large energy density
influence would be mostly relevant near the singularity aa
.0. Therefore, we propose to employ an approximate s
plified model whose Friedmann equation will provide an a
equate alternative to integrating Eq.~32! or Eqs.~33!–~37!
@see also Eqs.~30!, ~31!# by representing the string gas pe
turbative influence. To be more precise, our idea is to h
on the right hand side a set of terms that will physica
represent the contributions of radiation as well as of a str
gas. The presence of coefficients will allow us to use th
contributions either as dominant or as a perturbation as
tended. The corresponding Friedmann equation in FRW
clidean time will thus be given by

ȧ2 2
1

4
1

L

3
a252

E

a2
2F ~36!

and written in conformal time as

a822
1

4
a21

L

3
a452E2Fa2. ~37!

In these expressionsE,F are, respectively, constants asso
ated with a string gas and radiation~Yang-Mills! perfect fluid
contributions. We further write this equation in a simp
manner as

a822a2G1Ha41E[a821W~a!50, ~38!

with 1
4 2F[G and H[L/3, noticing the similarities with

Eqs.~31!, ~33!–~35!. For different choices ofE,G,H we can
obtain scenarios where the string gas clearly dominate
where radiation is more important, possibly perturbed
Born-Infeld modifications. In particular, we can satisfactor
reproduce the behavior ofU(a) near the singularity and als
where theLambdaterm is dominant~see Figs. 1 and 4 a
well!. The advantage is to have new terms that will appro
mately play the effective role of the square root in Eqs.~33!–
~35!. The square root is the reason why Eq.~32! or Eq. ~34!
cannot be exactly integrated. However, Eq.~37! admits exact
analytical solutions as we will describe in the next sectio

IV. ANALYSIS OF WORMHOLE SOLUTIONS

As previously mentioned, wormhole solutions, represe
ing the behavior of the scale factor as a function oft or h,
06401
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interpolating between someamin and amax, are not possible
to find in a suitable analytical form. In fact, Eqs.~17!, ~30!,
~32!, and~33! have no knownexactexpressions as solutions

Wormhole solutions in terms of analytical expressio
can, however, be obtained within the approximate scen
introduced with Eq.~38! and described in the previous se
tion. With conformal time, we get the following equation
integrate:

E dh5
1

2E dy

AG2yH2E/y
,

with a25y, getting solutions in the form of elliptic integrals
In the Euclidean timet we have instead

E dt56
1

2E dy

AyG2y2H2E
,

and solutions are given by

t2t056
1

2

1

AH S arcsin

2
H

1
4 2F

a221

A124
H

1
4 2F

E
1
4 2F

D . ~39!

Equation ~39! clearly suggests that wormhole solution
~bearing the influence of the string of gas imposed by
Born-Infeld modifications! indeed can exist in our mode
within the Lagrangian~9!. The influence of Born-Infeld
string perturbations is represented in the coefficientF. In
contrast to the situation of solely radiation, the presence
string gas corrections seems to lead to either a wider o
shorter difference betweenamax and amin . This may imply
that the frequency of oscillations~or transitions! between the
turning points can increase or not, depending on the ene
of the wormhole. A discussion regarding the dynamic
modifications determined by the Born-Infeld string corre
tions is presented in Sec. V.

As far as showing that such wormholes do exist, Eq.~39!
constitutes a satisfactory insight, as argued in Sec. III. Ho
ever, we can extend and strengthen it by a perhaps m
adequate means for evidence of these wormholes. In fact
discussion in this section can be further improved as follo
The fact that wormholes~influenced by Born-Infeld string
corrections! do exist is retrieved from theoriginal action~9!.
Let us consider instead Eq.~29!. Employing a new time vari-
able given by~following the notation and procedure in Re
@8#!

dt53@~22g1L!a213~b221!#dt, ~40!

with b5ȧ, Eq. ~29! can be shown to be equivalent to

b85@2L~24g1L!a2

23~b221!~22g1L!#a, ~41!
2-5
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a853@~22g1L!a213~b221!#b. ~42!

The integral trajectory curves are subsequently given by

3S b21
L

3
21D 2

24ga2S b21
L

3
21D5C. ~43!

A numerical analysis shows that there are singular solutio
but also periodic regimes, with limits corresponding toamax

min
Þ0, depending on the value ofC as shown in Fig. 2. Thus
such wormholes are indeed possible within the physical c
text of the original action~9!. The Lorentzian geometrie
were described in Ref.@8#. This family of Euclidean solu-
tions described herein interpolate and tunnel between the
gular oscillating Lorentzian solution and others approach
a de Sitter–like behavior for very largea. An approximate
generic solution for these wormholes can be given by

a.A 1

2H
A124

H
1
4 2F

E
1
4 2F

cos@2AH~t2t0!#11,

~44!

with E,F such that

124
H

1
4 2F

E
1
4 2F

2H
,1. ~45!

FIG. 2. Periodic regimes exist corresponding to wormhole so
tions and are represented for different values ofC. The bold sepa-
ratrix separates singular from nonsingular solutions~inside it! and
these are the wormhole solutions.
s,

n-

in-
g

V. INFLUENCE OF BORN-INFELD CORRECTIONS

The influence of the terms associated with the string
stage in the wormhole physical properties will be discus
in this section. The turning points of the potential

W~a!52a2G1Ha41E ~46!

are located at

amax
min

5

A~ 1
4 2F !6A~ 1

4 2F !224~L/3!E

A2L/3
. ~47!

We are still assuming~see Secs. III and IV! that it is
mostly for amin ~i.e., the turning point near the singularity!
that the influence of a Born-Infeld perturbative effect is im
portant, and further we takeE as a positive constant. W
recall that the coefficientF represents the string gas pertub
tive effect. The upward right hand side of the potential
dominated by theLa4 term. Therefore, near the region o
small values ofa this model will reflect the influence of the
string gas dominant terms derived from a Born-Infeld ty
action. The plot ofamin(FÞ0)2amin(F50)[y(F) is presented
in Fig. 3 for fixed values ofE,L. The difference

-

FIG. 3. The difference in the turning point close to the singul
ity between solely radiation and string corrections.
y~F ![

A~ 1
4 2F !2A~ 1

4 2F !224~L/3!E2A~ 1
4 !2A~ 1

4 !224~L/3!E

A~2L/3!
~48!
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is mostly negative but it is also possible to be positive. T
means thatamin(FÞ0) can be nearer to~or sometimes further
from! the singularity ina50 thanamin(F50) corresponding
to the standard EYM radiation case~cf. Refs. @17–20,22#!.
We thus can have a widening~or shortening! effect concern-
ing the turning points of the potential. From Fig. 4, forF
50.1 the potential is shorter between the turning points,amin
is farther away from the singularity ata50, the area covered
between thea axis and the potential line is smaller, and t
minimum is higher. ForF520.1, the potential is wider be
tween the turning points,amin is closer to the singularity, the
minimum is lower, and the corresponding area is larg
These physical changes will definitely modify the wormho
dynamics. In particular, there are possible energy levels
will have a different separation from the case when the str
gas influence is totally absent. Similarly to other bound
systems, it is known that wormholes have a discrete sp
trum of energy levels~see Refs.@18,20,22#!. This has been
proved within EYM scenarios. But when wormholes for
still subject to such string perturbative effects, their ene
levels and corresponding discretized turning points will ha
important modifications. In fact, the energy level separati
e.g., in a potentialV(x)5kx2, is proportional to the fre-
quencyv;Ak/m. As k increases, the potential curve is le
wide, thus increasing the separation in the energy levels.
therefore~in view of the previous sections! reasonable to
expect that in our wormhole case there are scenarios w
the energy level separation will be wider than with no stri
gas. We will additionally have different discretized turnin
points for each energy level. In other situations, the ene
levels will be almost compactified to a continuous range a
the wormhole almost negligible asamin.amax.

Of course, a more formal comparison with the stand
Einstein-Yang-Mills case in Refs.@18,22# is only possible if
exact solutions are found for Eq.~33! and the period of os-
cillation, which will depend onA12(r min /rmax)

2, is ana-
lyzed. The analysis of the the Euclidean Yang-Mills equat
~24! is also required, but those solutions are expected to b
the form of Jacobi elliptic integrals~see Refs.@8,26,27#!.

FIG. 4. A plot ofW as a function of the scale factor, for differen
values ofF and for fixed values ofE andH. This exemplifies the
influence of Born-Infeld string correction terms when wormho
form. The continuous line corresponds toF50.
06401
s

r.

at
g
d
c-

y
e
,

is

re

y
d

d

n
in

VI. DISCUSSION AND CONCLUSIONS

Summarizing, the issue of wormhole instanton solutio
within non-Abelian Born-Infeld theory was investigated
this paper. Wormhole solutions connect two asymptotica
flat regions of Euclidean space and correspond to a tunne
between two Lorentzian solutions through a potential bar
in a finite conformal time.

The Born-Infeld theory@1# has recently been widely use
to analyze the physical behavior of strings and branes fro
gravitational perspective. In particular, the low energy effe
tive theory of D-branes can have a non-Abelian formulatio
suggesting specific modifications to the standard Einst
Yang-Mills action. Classical@7,8# and quantum solutions
@24,25# of the Born-Infeld theory applied to cosmology ma
thus be useful in understanding brane dynamics and t
implications toward different physical systems like, e.
wormhole solutions.

Wormhole instanton solutions were found in this pap
within the non-Abelian Born-Infeld theory, either from in
vestigating physically reasonable approximate models
with a numerical analysis. These wormhole solutions hav
closed FRW geometry and the matter content correspond
a cosmological constant and an SO~4!-symmetric gauge sec
tor @18,22#. Moreover, the solutions describe transitions fro
S3 universes with small radiusamin to universes with larger
radiusamax, in the presence of radiation but influenced
Born-Infeld string-type modifications to the effective actio
When the string gas (P52 1

3 r) dominates the dynamics
wormhole solutions are effectively absent. It therefore see
that only when radiation behavior becomes dominantP
5 1

3 r) ~although in the presence of Born-Infeld type pertu
bations! can wormholes be found. It is tempting to specula
whether an intertwined behavior of gravity and gauge fie
~leading to either radiation or string gas limits! in the context
of a Born-Infeld description might be responsible for cre
ing the physical conditions~see Refs.@14,15#! where worm-
holes can form or not.

Our results suggest that the presence of Born-Infeld c
rections modifies the possible quantization of energy lev
corresponding to the wormhole solution. The effect of Bo
Infeld string-type modifications in the energy level spectru
can also be discussed from the following point of view@20#.
It is know that the quantization of these energy levels can
thought of as quantization conditions for the topologic
chargeQ;*R3S3Tr(F`F) ~see also Ref.@18#!, which in
general is not an integer. In the standard EYM case,
topological chargeQ is a function of the discretized turnin
points ~see Ref.@20#! for both the scale factor and gaug
fields. These are determined through the quantization of
energy levels. The corresponding discrete levels ofQ are
related to distinct vacuum states for the gauge fields. I
also known that Tr(F`F) acts as a source for the fermio
current conservation equation. Hence, it can be said tha
there is a change in the energy level spectrum of the wo
hole, this will modify the admissible turning points~labeled
by an integer!. Consequently, the topological charge w
bear some modifications as well. Moreover, any such cha
2-7
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in the topological number will imply an associated change
the fermion number.

Finally, we are aware that further research on these iss
is in fact surely needed. Nevertheless, our results poin
interesting wormhole aspects that are a consequence o
Born-Infeld matter action. It is hoped that that they will co
stitute the motivation for subsequent studies. The featu
characterizing the family of wormhole solutions herein d
M
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scribed can be expected to be present also in a broader s
of non-Abelian Born-Infeld wormhole dynamics.
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