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Does solar physics provide constraints to weakly interacting massive particles?
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We investigate whether present data on helioseismology and solar neutrino fluxes may constrain weakly
interacting massive particle~WIMP!-matter interactions in the range of WIMP parameters under current ex-
ploration in WIMP searches. We find that, for a WIMP mass of 30 GeV, once the effect of the presence of
WIMPs in the Sun’s interior is maximized, the squared isothermal sound speed is modified, with respect to the
standard solar model, by at most 0.4% at the Sun’s center. The maximal effect on the8B solar neutrino flux is
a reduction of 4.5%. Larger masses lead to smaller effects. These results imply that present sensitivities in the
measurements of solar properties, though greatly improved in recent years, do not provide information or
constraints on WIMP properties of relevance for dark matter. Furthermore, we show that, when current bounds
from direct WIMP searches are taken into account, the effect induced by WIMPs with dominant coherent
interactions is drastically reduced as compared to the values quoted above. The case of neutralinos in the
minimal supersymmetric standard model is also discussed.
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I. INTRODUCTION

A host of independent astronomical observations poin
the existence in our Universe of a total amount of matte
the range 0.2&Vm&0.4 @1# ~or equivalently, 0.05&Vmh2

&0.3, where h is the Hubble constant in units o
100 km s21 Mpc21), well beyond the amount of visible
matter Vv is;0.003. Since the primordial nucleosynthes
tells us that baryons cannot contribute for more than ab
5% @2#, most of the dark matter must be nonbaryonic. T
evolution theory of the primordial density fluctuations in
the present cosmological structures indicates that most o
dark matter must be comprised of cold particles, i.e., of p
ticles that decoupled from the primordial plasma when n
relativistic. A particle with the suitable properties for being
significant cold dark matter relic is generically defined a
WIMP ~weakly interacting massive particle!.

A variety of physical realizations for a WIMP are offere
by various extensions of the standard model@3#, the neu-
tralino being one of the most appealing candidates. In
present paper, many considerations are developed in term
generic WIMPs. We consider the neutralino, whenever
wish to narrow down to a specific candidate.

WIMPs are very actively searched for by means of va
ous experimental strategies. Direct searches rely on the m
surements of the signal that a nucleus of an appropriate
tector would generate, when hit by a WIMP@4#. Indirect

*Electronic address: bottino@to.infn.it
†Electronic address: fiorentini@fe.infn.it
‡Electronic address: fornengo@to.infn.it;

URL: http://www.to.infn.it/;fornengo
§Electronic address: ricci@fe.infn.it
i Electronic address: scopel@to.infn.it
¶Electronic address: villante@fe.infn.it
0556-2821/2002/66~5!/053005~13!/$20.00 66 0530
o
n

ut
e

he
r-
-

a

e
of

e

-
a-
e-

searches are based on measurements of the signals d
WIMP pair annihilations in the galactic halo or inside cele
tial bodies@3#.

The event rates of WIMP direct search experiments
proportional to the product of the local WIMP densityrx in
the Galaxy times the WIMP-nucleus cross section. In w
follows rx will be expressed asrx5j•r l , wherer l is the
local total dark matter density andj (j<1) is a scaling
parameter which accounts for the actual fraction of lo
dark matter to be ascribed to the candidatex.

WIMP-matter interactions are conveniently classified
terms of coherent cross sections and~nuclear! spin-
dependent ones. In the first case, the WIMP-nucleus c
section is given in terms of the WIMP-proton and WIMP
neutron cross sections. To simplify the formalism, in the f
lowing we further assume that, in the coherent case, WIM
interact with equal strength with protons and neutrons~for
instance, this may safely be assumed for neutralinos, whi
is not the case for neutrinos!, and then we express a gener
WIMP-nucleus coherent cross section in terms of a sin
WIMP-nucleon cross sectionsc . For the spin-dependen
case, the derivation of a WIMP-nucleon cross section fr
the WIMP-nuclear one depends on the nature of the WI
and on specific nuclear properties@5#.

In the case of WIMPs with coherent interactions wi
matter, the range of WIMP parameters under current exp
ration in WIMP direct searches is conveniently expressed
terms of the quantityjsc :

10243 cm2<jsc<6310241 cm2, ~1!

for WIMP massesmx in the range

30 GeV<mx<270 GeV. ~2!

In the derivation of the ranges in Eqs.~1!, ~2!, one has
taken into account a variety of WIMP distribution function
©2002 The American Physical Society05-1
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A. BOTTINO et al. PHYSICAL REVIEW D 66, 053005 ~2002!
in the galactic halo and uncertainties in the determination
the relevant astrophysical quantities@6,7#.

For the reasons mentioned above, in the case of s
dependent interactions no model-independent sensit
range may be derived. However, to give an indication,
recall that, in the case of a relic particle which interacts w
matter mainly by spin-dependent interactions mediated
Z-boson exchange, current WIMP direct experiments
sensitive to values ofjssd of about 10236210237 cm2 @5#,
wheressd is the spin-dependent WIMP-proton cross secti

One of the WIMP direct search experiments, the DAM
NaI~Tl! experiment@8#, has observed an annual modulati
effect ~at a 4s C.L.! with all the features expected for
WIMP signal @9#. When interpreted as due to a WIMP wit
coherent interactions, the DAMA effect provides a 3s region
in the planemx-jsc embedded in the range of Eqs.~1!, ~2!.
In Ref. @10# it was proved that this annual modulation effe
is compatible with an interpretation in terms of relic neutra
nos ~see also Ref.@11#!.

If WIMPs populate our Galaxy, they can be captured
the Sun and accumulate in its core. For suitable values of
WIMP parameters, this could have relevant effects on
Sun. In fact, WIMPs could provide an effective mechani
for energy transport in the Sun, producing an isothermal c
and reducing substantially the Sun central temperatureTc .
Following this idea, some time ago a special class of WIM
namedcosmions, with masses of a few GeV and scatterin
cross sections on nucleons of the order of 10236-10234 cm2,
was studied in detail as a way of solving simultaneously
solar neutrino puzzle and the dark matter problem~see e.g.,
Refs. @12–17#!. The cosmion hypothesis was progressive
abandoned when it became clear that the solar neut
puzzle cannot be accounted for by simply reducingTc .

In the last twenty years, our observational knowledge
the solar interior has progressed enormously. By mean
helioseismic data it has become possible to derive the so
speed with an accuracy of about one part per thousand
most of the radial profile and of about one percent in
innermost part@18#. By the same method, it has been po
sible to deduce important properties of the convective en
lope. The photospheric helium fractionYph and the depth of
the convective envelopeRb have been determined with a
accuracy of about one percent and one per thousand res
tively, following the pioneering papers of Refs.@19,20#.
Moreover, the measurement of the neutrino flux from8B
decay obtained by combining@21–24# SNO charged curren
@25# and super-Kamiokande@26# data and confirmed by th
recent SNO neutral current results@27#, has provided a de
termination of the temperatureTc near the center of the Su
at the level of about one percent@28#.

All the predictions of the standard solar model~SSM!
have been confirmed by these accurate tests, so one is
rally led to the question of whether our accurate knowled
of the Sun interior can be used to constrain the WIMP
rameter space. This particularly interesting question was
cently raised in Refs.@29# and@30#, where it was concluded
that solar physics can be used to significantly constrain
WIMP parameter space.
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In this paper, we provide an alternative analysis of t
problem, obtaining results substantially different from tho
derived in Refs.@29,30#.

The plan of the paper is as follows. In Sec. II we discu
WIMP energy transport in the Sun, introducing the releva
physical parameters to be discussed in the subsequent
tions. In Secs. III and IV WIMP energy transport is applie
to the central solar structure, in order to determine the
gions of the WIMP parameter space where the WIMP ene
transport is most efficient. This leads to an optimal choice
WIMP parameters which is then used in Sec. V to calcul
the solar sound speed profile and discuss the possible im
of helioseismology on WIMP properties. The sensitivity
the available data on8B solar neutrinos to the presence
WIMPs in the Sun is then discussed in Sec. VI. The n
tralino, as a specific realization of WIMP, is discussed in S
VII. Section VIII is devoted to our conclusions.

II. WIMP ENERGY TRANSPORT

In this section, we briefly review some issues relevant
the problem of WIMP energy transport in the Sun addres
in Refs.@12–17#.

WIMPs are captured by the Sun during the course of
lifetime and are confined by the effect of gravity in a cent
region with a radial number density distribution approx
mately given by@31,32# ~we hereby use natural units:\5c
5kB51)

nx~r !5~nx!cexpS 2
r 2

r x
2D , ~3!

where the quantity (nx)c5(1/p3/2)(Nx /r x
3) is the central

WIMP number density,Nx is the total number of WIMPs in
the Sun and

r x5S 3Tc

2pGrcmx
D 1/2

, ~4!

Tc andrc being the Sun central temperature and density,
mx the WIMP mass. For Tc51.573107 K and rc
5154 g cm23, one findsr x.0.01(100 GeV/mx)1/2R( . We
note that Eq.~3! is obtained under the assumption of consta
density and temperature in the region of the Sun popula
by WIMPs. This approximation is accurate enough for o
purposes.

WIMPs provide a mechanism for energy transport in t
solar core whose efficiency depends on the Knudsen par
eter

K5
l x~0!

r x
, ~5!

wherel x(0) is the WIMP mean free path near the solar ce
ter and generally

1

l x~r !
5(

i
s iXi~r !

r~r !

mi
. ~6!
5-2
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Here the sum extends to all the nuclear species present i
Sun,Xi is the mass fraction of thei th element,r(r ) is the
density profile of the Sun ands i is the WIMP scattering
cross section with the nucleus of speciesi.

For K!1 the WIMP mean free path is much smaller th
the dimension of the region where the WIMPs are confin
and the energy transfer mechanism isconductive. The prob-
lem of thermal conduction by a dilute gas of massive p
ticles is discussed in Ref.@12#. For our purposes, it is usefu
to express the WIMP luminosity in the conductive regime
using the radiative transport equation:

Lx,cond~r !52
16parad

3

T~r !3r 2

kx~r !r~r !

dT

dr
, ~7!

where the WIMP opacitykx is defined as

1

kx~r !
5

3nx~r !

4aradT~r !3
AT~r !

mx
r~r !l x~r !lx . ~8!

In Eqs.~7!, ~8! the quantityarad denotes the radiation densit
constant andlx is a dimensionless coefficient which depen
on the ratio between the WIMP mass and the masses of b
ground nuclei.1

For K@1 the WIMP mean free path is much larger th
the region in which WIMPs are trapped and the energy tra
fer mechanism isnonlocal. An analytic approximation to
treat this case has been developed by Spergel and Press@13#
who described WIMPs as an isothermal gas at an approp
temperatureTx . In this case, the luminosityLx,NL carried by
WIMPs can be expressed as

Lx,NL~r !5E
0

r

dr84pr 82r~r 8!eSP~r 8;Tx!, ~9!

where eSP represents the energy transferred to WIMPs
second and per gram of nuclear matter and is given by

eSP~r ;Tx!58A2

p
nx~r !(

i
s i

Xi~r !

mi

mxmi

~mx1mi !
2

3S mxT~r !1miTx

mxmi
D 1/2

@T~r !2Tx#. ~10!

The WIMP temperatureTx is fixed by requiring that the
energy absorbed by WIMPs in the inner region@where
T(r ).Tx# is equal to that released in the outer region@where
T(r ),Tx#: i.e.,

Lx,NL~R(!5E
0

R(

dr84pr 82r~r 8!eSP~r 8;Tx!50. ~11!

1The coefficientlx can be derived from the values of the therm
conduction coefficientk(mx /mi) tabulated in Ref.@12#. It holds:
lx5(1/l x)@( i(1/l x,i k)#21 wherel x,i is the WIMP mean free path
relative to the nucleusi.
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Gould and Raffelt@14#, by means of a Monte Carlo inte
gration of the Boltzmann collision equation, showed that
Spergel and Press approximation, Eq.~10!, overestimates the
energy transfer typically by a factor of a few. Moreover,
studying simplified stellar models, they showed that it is p
sible to approximate energy transfer in the nonlocal regi
by a conductive treatment if one applies a global ‘‘luminos
suppression factor.’’ We follow their approach by using as
general expression for the WIMP luminosity:

Lx~r !5 f ~K !Lx,cond~r !, ~12!

where

f ~K !5
1

~K/K0!211
, ~13!

andK050.4 is the value of the Knudsen parameter for whi
the WIMP energy transport is most efficient. We remark th
other approaches are possible. In Refs.@15# and @29,30#, for
example, a suitable interpolation of Eqs.~7! and ~9! is used
as a general expression for WIMP luminosity. We ha
checked numerically that our results are essentially indep
dent of the chosen approach.

As mentioned before, WIMPs can interact with nuclei e
ther via coherent interactions or via spin-dependent ones
the first case the WIMP cross section on thei th nucleus of
massmi is related to the corresponding WIMP-nucleon cro
section,sc , by

s i5scS mi

mn
D 4S mx1mn

mx1mi
D 2

, ~14!

wheremn is the nucleon mass. With this assumption, Eq.~6!
may be rewritten as

1

l x~r !
5

1

l n~r ! (
i

Xi~r !S mi

mn
D 3S mx1mn

mx1mi
D 2

, ~15!

with

l n~r !5
mn

scr~r !
.S 1.6310237 cm2

sc
D S 150 g cm23

r~r ! D •R( .

~16!

In the Sun the abundancesXi for nuclei heavier than hydro
gen and helium are much smaller than those of H and
However, in the sum over elements of Eq.~15!, for heavy
nuclei ~mainly for iron! the reduction due toXi is largely
compensated by the coherence effect displayed by Eq.~14!.

On the other hand, as far as spin-dependent interact
are concerned, the contribution of hydrogen is overwhe
ingly dominant over the contributions of other nuclear sp
cies with nonvanishing spins. Therefore, from now on
identify ssd with the spin-dependent WIMP-proton cros
section.

In the following all WIMP matter interactions will be ex
pressed in terms ofsc and/orssd . The notationsp will be
used to denote a generic WIMP-proton cross section;sp has

l

5-3
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A. BOTTINO et al. PHYSICAL REVIEW D 66, 053005 ~2002!
to be identified withsc ~or ssd), whenever coherent~or spin
dependent! interactions are considered.

III. WIMPS AND THE CENTRAL SOLAR STRUCTURE

The efficiency of WIMP energy transport depends on s
eral parameters. Specifically, it depends on the total num
Nx of WIMPs in the Sun, on the WIMP massmx and on the
WIMP-nucleon cross sectionsp . In order to determine the
region of the WIMP parameter space where the WIMP
ergy transport is most efficient it is useful to define the qu
tity

d5 lim
r→0

Lx~r !

L~r !
, ~17!

whereL is the radiative luminosity of the Sun. It is easy
show that

d5F 1

~K/K0!211
Gkg~0!

kx~0!
, ~18!

wherekg,x(0) are the opacities at the solar center for rad
tion and WIMPs.

In Figs. 1 and 2 we show the lines in the plane (sp ,Nx)
which correspond to fixed values ofd. We have chosenmx

550 GeV as a representative value for the WIMP mass. F
ure 1 refers to coherent WIMP scattering, while Fig. 2
obtained for spin-dependent WIMP interactions. The lin
have been calculated by using the physical and chemica
rameters of the Sun as they are obtained by a standard
lutionary code@33#.

The qualitative behavior of the iso-d lines is easily under-
stood. The efficiency of the WIMP energy transport is p
portional to 1/sp ~i.e., toK) in the conductive regime and t
sp ~i.e., to K21) in the nonlocal regime. The transition be
tween the two regimes occurs atK5 l x /r x.0.4, i.e., at a
cross sections t which corresponds, for coherent scatterin
to the values t.10237 cm2 and, for spin-dependent interac
tions, tos t.10234 cm2. The difference in the values of th
transition cross sectionss t is due to the fact that, for the
spin-independent case, interactions on elements heavier
hydrogen are important, due to the coherence effect in
scattering which is manifest in Eq.~14!, while for spin-
dependent interactions no coherence is present and ther
only scattering on hydrogen~which is largely more abundan
than other elements with nonvanishing spin! matters.

To be more quantitative, we can also show the anal
expression of the iso-d lines as a function ofsp :

Nx~d,sp!5N~d!@~sp /s t!1~sp /s t!
21#, ~19!

whereN(d) is given by the condition

kg~0!5dkx~0;l x50.4r x!, ~20!

which gives
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N~d!

p3/2r x
3

5d
4aradTc

3

3
Amx

Tc

l g

0.4r xlx
, ~21!

and l g.531023 cm is the photon mean free path at th
center of the Sun.

We remark that, since WIMP radial distribution is rapid
decreasing@see Eq.~3!#, the parameterd essentially provides
an upper limit for the ratioLx /L in the Sun. As a conse
quence, the condition thatd is not too small should be use
as anecessary (but not sufficient)condition for WIMPs to
have relevant effects on the Sun. This means the followi

~i! We can safely conclude that regions of the parame
space for whichd&1022 are not interesting. This point can
be easily understood. WIMPs modify the relation betwe
the luminosity and the gradient of temperature in the S
This essentially corresponds to a redefinition of the Sun
diative opacitykg . The effect is maximal at the center of th
Sun where one haskg→kg /(11d). The radiative opacity is
affected by uncertainties at the level of a few percent@34#.
This means that we cannot disentangle WIMP effects ifd is
smaller than 1022.

~ii ! We cannot conclude, at this stage, that regions
which d is large (say e.g.d.1) correspond to sizeable

FIG. 1. The solid curves denote the total numberNx of WIMPs
accumulated in the Sun’s core due to gravitational capture a
function of the WIMP-nucleon cross section, for a WIMP mass
50 GeV and for the case of purely coherent WIMP-nucleus inter
tions. The thick solid line refers to WIMPs which do not annihila
once captured. The thin solid lines refer to annihilating WIMPs,
increasing values of the zero-temperature thermally avera
WIMP-antiWIMP annihilation cross section:̂ sav&0510230,
10227, 10224, 10221 cm3 s 21. The dot-dashed lines show the co
tours of constant values of the parameterd, defined in Eq.~17!,
which quantifies the efficiency of energy transport of WIMPs w
respect to photons at the center of the Sun. The vertical dashed
denotes the upper limit on the WIMP-nucleon elastic cross sec
for coherent interactions. The large dot identifies the WIMP para
eters for which the WIMP effect on the Sun’s energetic is maxim
5-4
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DOES SOLAR PHYSICS PROVIDE CONSTRAINTS TO . . . PHYSICAL REVIEW D66, 053005 ~2002!
modifications of the solar structure. The parameterd is, in
fact, a local parameter. A larged only implies that WIMPs
give a large contribution to the energy transport at the ce
of the Sun. In order to understand whether WIMPs ha
relevant effects on global properties of the Sun, we also h
to compare the radiusr x of the WIMPs extension region
with the relevant length scales in the Sun~e.g., the dimension
of the neutrino production region, the temperature hei
scale!.

IV. THE NUMBER OF WIMPS IN THE SUN

Up to this point we have treatedmx , sp andNx as inde-
pendent quantities. However, this is not the case, as n
long ago in Ref.@16#. Nx depends on the capture rate of t
halo WIMPs by the Sun during its lifetime; in turn, th
capture rate is proportional to the product of the WIMP de
sity in the halorx timessp , i.e., to the productjsp . More-
over, captured WIMPs may annihilate with captured an
WIMPs. ThereforeNx also depends on the quantity^sav&0,
where sa is the WIMP-antiWIMP pair annihilation cros
section andv is the relative velocity of the annihilating pai
while brackets indicate the average over the WIMP veloc
distribution in the Sun core. Explicitly, one has@31#

Nx5Gct tanh~ t( /t!, ~22!

where t(.4.5 Gyr is the age of the Sun,Gc is the WIMP
capture rate andt51/AGcCa is a time scale parameter whic
determines whether and when equilibrium between cap
and annihilation occurs. The quantityCa is given by

Ca5
^sav&0

V0
S mx

20 GeVD
3/2

, ~23!

FIG. 2. The same as in Fig. 1, for spin-dependent WIM
nucleus interactions. The vertical dotted line denotes the upper
on the WIMP-nucleon cross section forZ-boson mediated spin
dependent interactions.
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with V0.2.331028 cm3 for the Sun. In the limit in which
^sav&0→0, one hast→` and Eq.~22! becomes

Nx5Gct([Nx
max. ~24!

Nx
max represents the upper limit for the WIMP number in t

Sun at the present time.
The expression of the capture rateGc is rather involved.

For a Maxwellian WIMP velocity distribution in the galacti
halo it may be cast in the form@35#

Gc5(
i

S 8

3p D 1/2Fs i

rx

mx
v̄ GFMi

mi
GF3vesc

2

2v̄2
^f& i Gj~`!Si ,

~25!

where the cross sectionss i are related tosp as discussed in
the previous section,Mi is the total mass of thei th nucleus
in the Sun,vesc.618 km sec21 is the escape velocity at th
Sun’s surface andv̄5270 km sec21 is the WIMP velocity
dispersion. The quantitieŝf& i denote the reduced gravita
tional potentialf(r )5vesc

2 (r )/vesc
2 averaged over the mas

distribution of thei th nucleus, as defined in Eq.~A2! in the
Appendix. The quantityj(`).0.75 is a suppression facto
due to the motion of the Sun through the halo and the fac
Si includes the effects of WIMP-nucleus mass mismatch a
finite target dimensions~note that thes i are point-like cross
sections!. The expression ofSi is given in the Appendix for
completeness. The chemical composition of the Sun and
values of the quantitieŝf& i , which have been used in ou
calculations, are given in Table I. We note that for relative
heavy WIMPs like the ones which are considered in t

-
it

TABLE I. Sun composition, average mass fractions of t
chemical elements in the Sun as obtained from Ref.@44# and values
of the average reduced gravitational potential^f& i .

Element Xi ^f& i

H 0.71 3.16
He 0.27 3.40
C 0.3031022 3.23
N 0.9331023 3.23
O 0.8431022 3.23
Ne 0.1731022 3.23
Na 0.3531024 3.23
Mg 0.6531023 3.23
Al 0.5631024 3.23
Si 0.7031023 3.23
P 0.6231025 3.23
S 0.3731023 3.23
Cl 0.7831025 3.23
Ar 0.9431024 3.23
Ca 0.6531024 3.23
Ti 0.3631025 3.23
Cr 0.1731024 3.23
Mn 0.9631025 3.23
Fe 0.1231022 3.23
Ni 0.7431024 3.23
5-5
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A. BOTTINO et al. PHYSICAL REVIEW D 66, 053005 ~2002!
analysis (mx*30 GeV) the capture in the Sun for spin
independent interaction is not dominated by scattering
hydrogen, even though this is the most abundant element
instead by interactions on heavier elements. For instance
a 50 GeV WIMP, capture is dominated by He, O and Fe. T
smaller abundance of heavier elements is largely comp
sated by the coherence effect in the cross section show
Eq. ~14!. On the contrary, in the case of spin-dependent
teractions the only relevant capture process is on hydro
since in this case no coherence effect is present and ther
capture is dominated by interactions with the most abund
element which possesses spin, i.e., hydrogen.

Equation~25! holds when the cross sectionsp is small
enough so that multiple scatterings can be neglected. H
ever, whensp is so large that every WIMP crossing the S
is captured,Gc saturates to a maximal value, and Eq.~25! is
replaced by

Gc,sat5S 8

3p D 1/2F rx

mx
v̄GFMi

mi
GF z1

3vesc
2

2v̄2 Gj~`!pR(
2 ,

~26!

wherez.1.77. In Eq.~26!, the first term in the last squar
brackets refers to WIMPs whose orbit crosses the Sun e
without gravitational deflection, while the second term is
gravitational focusing factor and corresponds to tho
WIMPs whose orbits pass through the Sun because of gr
tational deflection. One can easily see that for the Sun
focusing factor is dominant over the purely ‘‘geometrica
one, since the velocity dispersion of WIMPs in the Galaxy
a factor of 2 smaller than the escape velocity at the Su
surface.

The behavior of the capture rate, and consequently of
total numberNx of WIMPs captured by the Sun, as a fun
tion of the WIMP parameters is now easily understood.
fixed mx , Nx increases linearly withsp up to the saturation
level. Formx550 GeV, this behavior can be seen in Fig.
~coherent interactions! and Fig. 2 ~spin-dependent interac
tions!, where the thick solid line representsNx as a function
of sp for the case of no-annihilation (sa50) and the thin
solid lines showNx for some representative nonvanishin
values of^sav&0. In calculatingNx as a function ofsp , we
have setrx5r l , i.e., j51. For r l we have used, here an
throughout the paper, the default valuer l50.3 GeV cm23.
The current uncertainty on r l (0.2 GeV cm23&r l
&0.7 GeV cm23, for an isothermal galactic halo@7#! may
actually increase or reduceNx by at most a factor of 2. The
no-annihilation line represents, for a given WIMP mass,
maximal number of WIMPs that can be captured by the S
during its lifetime. If annihilation is present,Nx is obviously
smaller, depending on the strength of the annihilation cr
section. Results very similar to those shown in Figs. 1 an
are obtained for different WIMP masses. Notice that the tr
sition from the linear regime to the saturation level occurs
quite different values for the relevant WIMP-nuclen cro
section in the two limiting cases of pure coherent and p
spin-dependent interactions. This is again due to the fact
for WIMPs heavier than tens of GeV, scattering on hea
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nuclei in the Sun is enhanced for coherent interactions,
this shifts the transition from the linear to the saturation
gime toward WIMP-nucleon cross sections smaller than
the spin-dependent case.

The previous discussion may be easily extended to
case in which the WIMP under consideration does not p
vide the total amount of local dark matter~i.e.,j,1). In this
case, the relevant quantities are conveniently plotted in
planejsp–Nx . For the case of coherent interactions the
sults are displayed in Fig. 3, whose four panels refer to
ferent representative values:j51, 0.1, 0.01, 0.001. In each
panel the dashed curve denotes a representative iso-d line
with d51 and the solid line displaysNx as a function ofjsp
for the limiting casesa50. For the sake of comparison, th
top-left panel repeats the case already shown in Fig. 1j
51). The features of the panels withj,1 are easily under-
stood in terms of those represented in the top-left panel~i!
the iso-d curve simply shifts horizontally to the left by a
amount equal toj, sinced depends on the scattering cro
sectionsp but it does not depend onj; ~ii ! the slanted part of
the solid line is unchanged sinceGc in the linear regime, as
given by Eq.~25!, is a function of the productjsp ; ~iii ! the
flat part of the solid line~saturation regime! is lowered by an
amountj sinceGc,sat in Eq. ~26! depends onj but is inde-
pendent ofsp . We explicitly consider the possibility of sub
dominant WIMPs since this is a feature which can natura
occur for specific dark matter candidates, like, for instan
the neutralino, as it will be discussed in Sec. VII.

We are now able to understand which regions of WIM
parameter space potentially lead to observable modifica
of the solar structure, by comparing the iso-d lines with the
curves which describe the number of WIMPs in the Sun. T
first result is that the WIMP maximum effect occurs wh
annihilation is negligible and for scattering cross sections
the interval 10238 cm2&sc&10236 cm2 for coherent inter-
actions and 10235 cm2&ssd&10233 cm2 for spin-dependent
interactions. These cross sections correspond to a situatio
which the number of WIMPs in the Sun has essentia
reached its saturation value and the WIMP energy trans
is maximally efficient~i.e.,K;K0). This is manifest in Figs.
1 and 2 formx550 GeV and occurs also for all the WIMP
mass rangemx*30 GeV under study in the present pap
The value ofd which corresponds to this maximal effect
d;10, both for coherent and spin-dependent interactio
We will use this information in the next sections where w
will calculate themaximal deviation of the Sun propertie
when WIMPs are incorporated in its interior.

We stress that, for the WIMP mass range considered in
present paper, the process of WIMP capture cannot prod
modifications of the Sun which refer to values ofd larger
than about 10, for any value of the scattering cross sect
Independent limits on the WIMP-nucleon interactions, li
the ones that are obtained from direct search experime
can further bound the values ofd that can be reached. This i
the case for coherent interactions, for which direct sea
experiments have already been able to set stringent bou
For mx550 GeV, the upper limit onjsc is shown in Fig. 1
by a vertical dashed line. From this figure, we can theref
see that once the direct detection constraint is taken
5-6
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FIG. 3. The same as in Fig. 1
plotted as a function ofjsp , for
different values of the rescaling
parameterj. The solid lines de-
note the total number of WIMPs
accumulated in the Sun for a no
nannihilating WIMP. The dashed
lines show the contours of iso-d
for d51. The vertical dashed
lines indicate the upper limit on
jsp for coherent interactions.
f

c.

th

l.
r

th
ed
-
n
be
e
t

bl
a

ri-
ei

io
v

ter-

the
ic
e

ing

one

lso

the

s at

the
the

se
the
tain-
nce
e
atic
account, the largest values ofd which can be obtained are o
the order of 1026–1027, which are far too small to lead to
observable effects, as already discussed at the end of Se
Once rescaling is considered, the behaviors of the iso-d and
Nx

max lines plotted in Fig. 3 show thatd ’s of the order of
1023–1022 can be reached. These values are close to
necessary~but not sufficient! condition for WIMPs to have
observable effects on the Sun~i.e. d*1022), introduced in
Sec. III, and therefore they need to be analyzed in detai

In the case of spin-dependent interactions, direct sea
experiments are also setting bounds onjssd , but these limits
are not model independent since they rely on the way
interaction of WIMPs with the spin of the nucleus is realiz
@5#. For the representative case of aZ-boson mediated inter
action and formx550 GeV, the present upper limit is show
in Fig. 2 by a dotted vertical line. Since this line cannot
assumed to be a model independent bound, in the cas
spin-dependent interactions we are left with the possibility
reach values ofd;10.

Up to this point we have quantified the amount of possi
deviations induced by a generic WIMP in terms of the p
rameterd. We now turn to discuss the possibility to expe
mentally observe such modifications by means of helios
mology and of the boron solar neutrino flux.

V. WIMPS AND HELIOSEISMOLOGY

Helioseismology has provided very accurate informat
on the solar structure and it has been able to establish se
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constraints and tests of the solar standard model~SSM! cal-
culations. For instance, helioseismology accurately de
mines the depth of the convective envelopeRb and the
photospheric helium abundanceYph . Moreover, by inversion
of helioseismic data, one can determine the~squared isother-
mal! sound speed in the solar interior,u5P/r, with high
accuracy (P andr denote the pressure and density inside
Sun!. In Fig. 4, we show the uncertainty in the helioseism
determination ofu as a function of the radial coordinat
R/R( . The light band corresponds to the so-called ‘‘3s ’’
errors which have been estimated conservatively by add
linearly all known individual uncertainties@18#. If uncertain-
ties are added in quadrature, the global error is about
third. This yields the so called ‘‘1s ’’ errors which are shown
by the dark band in Fig. 4. This latter procedure was a
used by Bahcallet al. @36# with similar results. For interme-
diate values of the radial coordinate, the uncertainty in
squared sound speed is at the level of 1023, while in the
innermost part of the Sun, as well as on the surface, it i
the percent level. We remark that, as found in Refs.@18# and
@36#, uncertainties corresponding to statistical errors of
frequency measurements are generally much smaller than
‘‘systematical uncertainties’’ of the inversion method. The
latter include the choice of the reference model and of
free parameters in the inversion procedure. These uncer
ties are particularly important close to the solar center, si
there are very fewp-modes that sample this region well. Th
errors quoted above include both statistical and system
uncertainties. On the other hand, Refs.@37# and@38# present
5-7
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A. BOTTINO et al. PHYSICAL REVIEW D 66, 053005 ~2002!
sound speed profiles with errors which look significan
smaller than our estimate. This occurs since ’’the quoted
certainties include only the contribution arising from the fr
quency observations,’’ as clearly stated in@38#.

Figure 4 also shows the difference betweenu as predicted
by the SSM of Ref.@39# and the helioseismological determ
nation usun, normalized tousun. We notice that the SSM
accurately reproducesu for all the radial profile.

In order to understand whether helioseismology can
us something about WIMPs, we have constructed solar m
els for values of the WIMP parameters which maximize t
role of WIMPs in the energetics of the Sun, irrespective
possible bounds derivable from direct search experime
As discussed in the previous section, this corresponds td
;10. Formx550 GeV, this is shown, for instance, by th
large dot on the ‘‘no-annihilation line’’ in Fig. 1. We hav
taken into account the time evolution of the number
WIMPs in the Sun and we have described WIMP ener
transport at each stage of Sun evolution according to
~12!. The sound speed profiles obtained for the representa
WIMP massesmx530, 50 and 100 GeV are compared wi
the sound speed profile of the SSM in Fig. 5. Larger WIM
masses lead to even smaller effects. For any WIMP m
smaller values ofd clearly correspond to smaller effects.

The first observation is that, even in the most favora
situation, WIMPs produce a modification of the sound spe
profile which is much smaller than the accuracy of pres
helioseismic determinations. The smallness of the effec
explained by two main reasons. First, WIMPs with mass
larger than tens of GeV are confined in a small region of
Sun of radiusR&0.02R( . In this region the relevant physi

FIG. 4. Uncertainty bands in the reconstruction of the squa
isothermal sound speedu in the Sun interior. The light region cor
responds to the conventional ‘‘3s ’’ error band, while the dark band
identifies the conventional ‘‘1s ’’ range. The solid line corresponds
to the fractional difference betweenu determined from observa
tional data andu calculated from the BP2000 solar model@39#.
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cal quantities ~temperature, luminosity, etc.! have small
variations. As a consequence, even if WIMPs affect sizea
the gradient of these quantities~e.g. the temperature grad
ent!, this translates into small modifications of their ‘‘globa
radial profile. Second, a compensation occurs between
different effects. This can be easily understood in terms
the fact that, from the perfect gas law, which describes t
good approximation most of the solar core, one hasu
5P/r.T/m, where m is the mean molecular weight
WIMPs produce a quasi-isothermal core, thus decreasing
central temperatureTc of the Sun. At the same time, how
ever, with a lowerTc one has smaller nuclear reaction rate
This translates into a slower helium production at the cen
of the Sun and, thus, into a decrease of the mean molec
weight. When consideringu.T/m, the effects of the varia-
tions ofT andm compensate, leaving the sound speed pro
almost unaffected.

The results shown in Fig. 5 refer to a situation whi
maximizes the effect of the presence of WIMPs in the S
d;10. As discussed in the previous section, for sp
dependent interactions, this value ofd can be reached, while
for coherent interactiond ’s of the order of at most
1023–1022 can be obtained. Our results show that in neith
case ~spin-depenent nor coherent! can the presence o
WIMPs in the Sun affectu to a level which is currently
accessible by helioseismology.

We notice also that the necessary~but not sufficient! con-
dition stated in Sec. III, i.e., thatd must be larger than abou

d
FIG. 5. Relative difference of the squared isothermal sou

speed in the Sun interioru calculated for a standard solar model a
for solar models with accreting WIMPs, as a function of the rad
coordinateR/R( . The light region corresponds to the convention
‘‘3 s ’’ error band, while the dark band identifies the convention
‘‘1 s’’ range. The dotted, dot-dashed and dashed lines refer to s
models with accreting WIMPs of massesmx530, 50, 100 GeV and
coherent scattering cross sections which, for each mass, maxi
the effect of the presence of WIMPs in the Sun.
5-8
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DOES SOLAR PHYSICS PROVIDE CONSTRAINTS TO . . . PHYSICAL REVIEW D66, 053005 ~2002!
1022 in order to possibly have an observable effect, may
reinforced: in fact our detailed calculation shows that,
WIMP masses above 30 GeV, not evend;10 is sufficient to
produce a currently observable effect.

In summary, the results of this section show that no s
nificant information about WIMPs with massesmx

*30 GeV can be obtained at present from helioseismic d
for any value of the WIMP-nucleon cross section.

Conclusions conflicting with ours were derived in Re
@29#. This may be traced back to the fact that in Ref.@29# the
accuracy of the squared sound speed is taken to be of a
0.1% also in the innermost part of the Sun core relevant
WIMP confinement, sayR&0.02R( . We argued above tha
at these small radii, the accuracy of the helioseismic de
mination is significantly worse.

VI. WIMPS AND THE BORON NEUTRINO FLUX

From the previous discussion, one could expect that
Sun central temperatureTc is more sensitive than the centr
sound speed to the presence of WIMPs in the Sun. Thi
actually the case, as can be seen in Table II, which sh
that WIMPs produce variations ofTc at the percent level
while the central sound speeduc is affected at most at the
level of 1023.

Unfortunately, the central temperature of the Sun is
directly observable. The most direct information on it com
from the measurements of the solar neutrino fluxes. In p
ticular, the comparison between the SNO charged cur
and super-Kamiokande data@21–26# has allowed to deter
mine, in a model independent way, the8B neutrino flux pro-
duced in the Sun with an accuracy of about 20%.2 This re-
sult, under the assumption that the8B neutrino flux scales
with the Sun central temperature asFB}Tc

20, can be used to
determineTc at the 1% level@28#.

However, the presence of WIMPs in the core of the S

2The SNO experiment has recently reported the observation
neutral currentn interactions on deuterium@27# confirming the8B
neutrino flux predicted by SSM with an accuracy of about 12
This result is obtained under the assumption that the solar neu
energy spectrum is undistorted. For this reason, in our analysis
refer to the result obtained by comparing SNO charged current
super-Kamiokande data, which instead do not rely on this assu
tion, see Refs.@21,40#.

TABLE II. Fractional variations of the central temperature
the SunTc , of the squared isothermal sound speed in the S
interior and of the8B neutrino flux, calculated in solar mode
where WIMPs are accreted in the Solar core. For each model
WIMP-nucleon scalar cross section has been set at the value w
maximizes the effect of the presence of WIMPs in the Sun.

mx ~GeV! dTc /Tc duc /uc dFB /FB

30 22.131022 2431023 24.531022

50 21.231022 2231023 21.331022

100 25.231023 2631024 22.131023
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produces a very peculiar modification of the temperat
profile for which the scaling lawFB}Tc

20 is not valid.
WIMPs can sizeably affect the temperature profile only
the innermost part of the Sun, and in particular in a reg
which is smaller than the boron neutrino production reg
(r B.0.05R(). Figure 6 shows the radial profile of the Su
temperature in the SSM and in models of the Sun wh
WIMPs with masses of 30, 50 and 100 GeV are prese
Again, we have chosen the WIMP parameters which ma
mize the effect of their presence in the Sun. Figure 6 clea
shows that even though the central temperature of the
can be lowered by the presence of WIMPs at the perc
level ~as it is reported also in Table II!, nevertheless the
temperature atr B.0.05R( , where the boron neutrino pro
duction is maximal, is left practically unchanged.

In order to perform a quantitative analysis, one has the
fore to look directly at the boron neutrino flux and not simp
at the central temperatureTc . If this is done, it turns out tha
the solar models of Fig. 6, which correspond to WIM
masses equal to 30, 50 and 100 GeV, predict variations of
boron neutrino flux equal todFB /FB.23.6%,21.0% and
20.1%, respectively. These variations are well below
accuracy of the present determination of the boron neut
flux. We remind the reader that, for each WIMP mass,
have optimized the other WIMP parameters in order to ma
mize the effect. Larger masses and WIMP annihilation wo
lead to even smaller deviations.

In conclusion, our results allow us to conclude that
information about WIMPs with massessmx*30 GeV can be
obtained from our present knowledge of the boron neutr
flux.

A previous independent analysis@30# concluded that
WIMPs lighter than 60 GeV are in conflict with the prese
accuracy in the determination of the boron neutrino flu
based on the fact that the presence of WIMPs in the cor
the Sun can modify the central temperatureTc at the 1%
level. We should stress that this lower limit on the WIM

of
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FIG. 6. Temperature profile of the standard solar model and
models of the Sun where WIMPs with masses of 30, 50 and
GeV are present. The coherent WIMP-nucleus scattering cross
tions are chosen, for each mass, in order to maximize the effec
the presence of WIMPs in the Sun.
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mass does not apply, since, as we have discussed ab
WIMPs, though capable of changingTc at the percent level
nevertheless are too concentrated in the interior of the Su
produce sizeable modifications of the boron neutrino fl
which is the quantity experimentally measured.

VII. ONE REALIZATION OF WIMP: THE NEUTRALINO

It is instructive to discuss how some of the previous pro
erties are realized in the case of one of the favorite WI
candidates: the neutralino. In Figs. 7–9 we show some of
relevant properties.

The supersymmetric scheme we are adopting here i
effective minimal supersymmetric extension of the stand
model ~MSSM!. Its parameters are defined directly at t
electroweak scale and represent the minimum set neces
to shape the essentials of the theoretical structure of
model and of its particle content. We refer to Ref.@41# for
details on the theoretical aspects and on the updated ex
mental bounds.

The neutralino-nucleon cross sections, both coherent
spin-dependent, are calculated in terms of the couplings
supersymmetric particle masses as discussed, for instanc
Refs. @5,10#. The parameterj is evaluated by using a stan
dard rescaling procedure@42# which relates the fraction o
local neutralino dark matter in the Galaxy to its fraction
abundance in the Universe, i.e., to its relic abundanceVxh2:

j5minF1,
Vxh2

~Vmh2!min
G , ~27!

where (Vmh2)min is the minimum value ofVmh2 compatible

FIG. 7. Rescaling parameterj5min(1,Vxh2/0.05) as a function
of the zero-temperature thermally averaged neutralino s
annihilation cross section̂sav&0 in the effective minimal super-
symmetric standard model~MSSM!.
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with halo properties. Here we set (Vmh2)min50.05. The
present-day neutralino relic abundance has been calcu
according to Ref.@43#.

To establish some relevant order of magnitude for
annihilation cross sectionsa it is useful to recall the approxi-
mate expressionVxh2;3310227 cm3 s21/^sav& int , where
^sav& int denotes the thermal average of the prod
(sa•v) integrated from the freeze-out temperatureTf to the
present-day one. For instance the upper boundVxh2&0.3
translates into a lower bound̂sav& int*10226 cm3 sec21.

In Fig. 7 we display the correlation betweenj and
^sav&0, calculated by varying the MSSM parameters a
applying to the model the relevant experimental constrai
Figure 7 shows that for a neutralino in the MSSM, the re
caling factor is always smaller than 1 for values of^sav&0
larger than about 10227–10226 cm3 s21. Notice that̂ sav&0
denotes the thermal average of the product (sa•v) in the
Sun’s core, and does not coincide with the relevant ther
average which enters in the calculation of the relic ab
dance.

We turn now to the graphic representations in the pla
jsp-Nx . Figure 8 ~Fig. 9! shows the scatter plot of th
MSSM configurations for which the total capture rate

f- FIG. 8. Total numberNx of neutralinos accumulated in the Su
as a function ofjsc in the effective MSSM. Only configurations
where the total capture rate is dominated by coherent interact
are displayed. Neutralino masses are in the range 50 GeV,mx

,500 GeV. Dots denote configurations where the neutralino is
dominant dark matter component: 0.05,Vxh2,0.3 ~i.e., j51).
Crosses refer to configurations where the neutralino is a subd
nant dark matter component:Vxh2,0.05 ~i.e., j,1). The slanted
solid line showsNx for mx550 GeV and for the limiting case o
nonannihilating WIMPs. The dot-dashed lines denote iso-d con-
tours. For each pair, the upper line refers to the iso-d curve for
mx550 GeV andj51, while the lower line refers to the same iso
d andj, for mx5500 GeV. The vertical dashed lines indicate t
upper limit onjsp for coherent interactions.
5-10
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DOES SOLAR PHYSICS PROVIDE CONSTRAINTS TO . . . PHYSICAL REVIEW D66, 053005 ~2002!
dominated by coherent~spin-dependent! interactions and for
the neutralino mass range: 50 GeV,mx,500 GeV, the
lower bound arising from experimental constraints on
MSSM. The points are labeled according to the values of
neutralino relic abundance: dots denote configurations wh
the neutralino is the dominant dark matter component: 0
,Vxh2,0.3, i.e., j51; crosses refer to configuration
where the neutralino is a sub-dominant dark matter com
nent: Vxh2,0.05, i.e.,j,1. The slanted solid line show
Nx for mx550 GeV and for the limiting case of nonannih
lating WIMPs. This line represents, for each of the two lim
iting cases of coherent and spin dependent domination,
actual upper limit forNx for neutralinos in the effective
MSSM, due to the lower bound on the neutralino ma
quoted above. The dot-dashed lines denote iso-d contours for
two representative values ofd. For each pair, the upper lin
refers tomx550 GeV andj51, while the lower line refers
to mx5500 GeV andj51.

By comparing the scatter plot with the iso-d lines, we can
notice that the configurations with no rescaling (j51) are
compatible with values ofd smaller than about 1029, both
for coherent and spin-dependent interactions. We remind
these are configurations with large neutralino relic ab
dance. In the case of configurations withj,1, we have to
consider the shift of the iso-d lines shown in Fig. 3 and the
range of values forj in the MSSM shown in Fig. 7. In this
case, we obtain that the maximal effect induced by a s
dominant relic neutralino is for values ofd of the order of
1026 for the coherent case and 1024 for the spin-dependen
one.

We can therefore conclude that the maximal effects
duced in the Sun by relic neutralinos are much smaller t
those valid for a generic WIMP and discussed in Sec.

FIG. 9. The same as in Fig. 8, for MSSM configurations wh
the total capture rate is dominated by spin-dependent interactio
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This implies that the specific case of the neutralino has e
fewer chances to be bounded by the study of solar proper

VIII. CONCLUSIONS

Our understanding of solar physics has significantly
vanced in recent times, because of remarkable improvem
in helioseismology and of new data on solar neutrinos. In
present paper we have addressed the question of whe
these new developments put solar physics in a position
provide constraints on the possible presence of WIMPs in
core of the Sun, for values of WIMP parameters under c
rent exploration in WIMP searches. We summarize here
main results:

We have provided a quantitative criterium to determi
whether a putative WIMP candidate could produce obse
able modifications of the solar structure. Namely, we ha
introduced the parameterd, defined as the ratio between th
WIMP luminosity and the radiative luminosity at the cent
of the Sun@see Eq.~17!#, which can be analytically calcu
lated as a function of the WIMP-nucleon scattering cro
sectionsp and the number of WIMPs in the SunNx . By
considering the uncertainty in the radiative opacity, one fin
thatd*1022 is a necessary~but not sufficient! condition for
WIMPs to have observable effects on the Sun.

We have calculated the number of WIMPs in the Sun
a generic WIMP candidate as a function of the WIM
nucleon scattering cross sectionsp and of the WIMP-
antiWIMP pair annihilation cross sectionsa , both for coher-
ent and spin-dependent WIMP interactions. We have sho
that a valued;10 can be reached, if WIMP-antiWIMP an
nihilation is negligible andsp;10237 cm2 ~coherent scatter-
ing! or sp;10234 cm2 ~spin dependent interactions!. For co-
herent WIMP scattering, such large values for the cr
sections are excluded by direct search experiments, un
WIMPs give a subdominant contribution to dark matter
our galaxy. In this case, if one takes into account dir
search bounds (jsp&10241 cm2, where j is the rescaling
parameter which accounts for the actual fraction of lo
dark matter to be ascribed to the given WIMP!, one obtains
d&1026 in the assumption of no rescaling (j51) and d
&1023 in the general case (j<1).

We have considered the neutralino as a specific WI
candidate. We have calculated the number of neutralino
the Sun for MSSM configurations compatible with prese
experimental and cosmological constraints. For each c
figuration, we determined the rescaling parameterj by the
standard rescaling procedure described in Eq.~27!. In the
case of no rescaling (j51), we obtainedd&1029. For sub-
dominant neutralinos (j<1), we obtainedd&1026 for con-
figurations in which the capture rate is dominated by coh
ent scattering andd&1024 for configurations in which the
dominant contribution is due to spin dependent interactio

The previous points already show that solar physics is
competitive with direct experiments in a large part of t
WIMP parameter space under current exploration in WIM
searches. In order to complete our analysis and to unders
whether some information could be obtained from t
present helioseismic and solar neutrino data, we have c
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structed solar models, for WIMP masses above 30 G
choosing the value of the WIMP parameters which maxim
the effect of WIMPs on the Sun (d;10). As a result of the
presence of WIMPs in the Sun, we obtained variations of
sound speed profile and of the8B neutrino flux which are
within the current experimental uncertainties. The smalln
of the effects is essentially due to the the smallness of
WIMP extension region which, for WIMPs with masse
larger than tens of GeV, isr x<0.02R( .

In conclusion, no constraints can be derived at pres
from solar physics for WIMPs with masses above 30 G
Our conclusions are at variance with results derived in R
@29,30#. The origins of these disagreements have been el
dated in the present paper.

APPENDIX

We give here for completeness the expression of the
tor Si , introduced in Eq.~25!, as derived from Ref.@35#. It is
given by

Si5
^Fi& i

^f& i j~`!
, ~A1!
94

O

,

A

.

.

D

t

l.
,
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05300
V,
e

e

s
e

nt
.
s.
i-

c-

where the brackets indicate an average over the mass de
profile r i(r ) of the i th nucleus in the Sun:

^ f & i[
1

Mi
E

0

R(

4pr 2drr i~r ! f ~r !. ~A2!

All the quantities are defined in Sec. III with the exception
Fi , which is given by

Fi5
v̄2

vesc
2

1

3bh H @x~2ĥ,ĥ !2x~Â2 ,Â1!#
exp~2aĥ2!

~11a!1/2

2@x~2ȟ,ȟ !2x~Ǎ2 ,Ǎ1!#
exp~2bȟ2!

~11b!1/2

3exp@2~a2b!A2#J . ~A3!

The definition of the quantitiesa, b, h, A, Â1,2 , Ǎ1,2 , ĥ,
and ȟ may be found in Ref.@35#.
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