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Convention-independent study ofCP-violating asymmetries in B\pp
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CP-violating asymmetries in the decayB0(t)→p1p2 are a potentially rich source of information about
both strong and weak phases. In a previous treatment by the present authors use was made of an assumption
about the relative magnitude of tree and penguin amplitudes contributing to this process. This assumption
involved an ambiguity in relating the tree amplitude to the amplitude forB→p ln. It is shown here that one
can avoid this assumption, which adopted a particular parametrization of tree and penguin amplitudes, and that
the results are convention independent.
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I. INTRODUCTION

The study ofCP-violating asymmetries in the decay
B0(t)→p1p2 has reached an interesting stage. Two c
laborations working at asymmetricB factories, the Babar
Collaboration at the SLACe1e2 storage ring PEP-II~Stan-
ford! @1# and the Belle Collaboration at KEK-B~Tsukuba,
Japan! @2# have both reported measurements of tim
dependent asymmetries in this process and its charge co
gate which are potentially rich sources of information
both strong and weak phases. The weak phases are tho
elements in the Cabibbo-Kobayashi-Maskawa~CKM! matrix
describing the weak charge-changing couplings of quarks
present these phases provide a satisfactory description o
observedCP-violating phenomena in bothK andB decays.

In a previous article@3# ~for a more complete discussion
see also@4#!, we analyzed theseCP-violating asymmetries
using assumptions which included knowledge of the ratio
tree and penguin amplitudes@5,6#. This knowledge was ob
tained from other processes using the factorization hyp
esis. However, the nature of the tree amplitude and the v
of the above ratio depended on our parametrization of
tree and penguin amplitudes, leading to some indetermin
in the result. Certain aspects of ambiguities following fro
the penguin amplitude parametrization were discussed ea
in @7–9#, and recently in@10#.

In the present paper we find that one can obtain us
information fromCP-violating asymmetries inB0→p1p2

independentlyof the penguin amplitude parametrization, a
without prior knowledge of the tree/penguin ratio. Some s
rifice in statistical power unavoidably occurs, so that de
mination of the weak phasea5f2 to better than 10° is
difficult without additional assumptions. Thus,Da.10°
seems to be an estimate of the theoretical systematic err
the present method. This would still represent an impro
ment with respect to the present situation, in which we e
mateda to be determined only within a 50° range@3#.

The data which we use in the present determination c
sist of the charge-averaged branching ratioB̄pp , the time-
dependent asymmetriesSpp andCpp which are coefficients
0556-2821/2002/66~5!/053003~7!/$20.00 66 0530
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of sinDmt and cosDmt, and the charge-averaged branchi
ratio B(B6→Kp6). Similar inputs were also advocated in
previous analysis by Charles@11#, which differs in details of
correction factors and which presents results in terms of
r and h variables of the CKM matrix@12# rather than in
terms of the phasea.

The paper is organized as follows. We introduce two d
ferent amplitude conventions in Sec. II. We show that, wh
the tree amplitudes in the two parametrizations are differe
the corresponding penguin amplitudes are essentially
same, up to a simple CKM factor. We write down a dicti
nary relating the magnitudes and strong phases of co
sponding tree amplitudes. In Sec. III we specify our assum
tions and explain the method for determining the we
phasesg or a, as well as the relevant strong phase, by
cluding information about the penguin amplitude inB1

→K0p1. The only required assumptions are penguin dom
nance of this amplitude and factorization of penguin amp
tudes. We also summarize the present relevant experime
data. In Sec. IV we then plot the two measuredCP-violating
asymmetries as functions of strong and weak phases. We
plot relations between strong phases in the two parametr
tions. While no use is made in this study of a prior know
edge of the ratio of tree and penguin amplitudes, this ra
could be used as a cross check and could resolve a pos
discrete ambiguity in determining the weak phase. Sectio
qualitatively compares uncertainties in evaluating this ra
in the two conventions using other experimental inputs. E
perimental prospects and conclusions are contained in
VI.

II. NOTATION AND CONVENTIONS

The expressions for the decay amplitudes ofB0

→p1p2 and B̄0→p1p2 depend on the convention em
ployed. We now describe two different parametrizations u
in the literature, denotedc and t conventions, wherec and t
represent appropriate CKM factors governing penguin a
plitudes.
©2002 The American Physical Society03-1
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A. c convention

In the convention of Refs.@3,4#, one writes the decay
amplitudes in terms of a color-favored tree amplitudeTc and
a penguin amplitudePc as

A~B0→p1p2!52~ uTcueidc
T
eig1uPcueidc

P
!,

A~B̄0→p1p2!52~ uTcueidc
T
e2 ig1uPcueidc

P
!,

~1!

where we use the definitions in@13# of weak phasesa
5f2 , b5f1, andg5f3. The strong phases of the tree a
penguin amplitudes aredc

T anddc
P , while dc[dc

P2dc
T . Here

the subscriptc refers to the convention in which the wea
phase of the strangeness-preserving (DS50) penguin ampli-
tude in b̄→d̄qq̄ is defined to be that ofVcb* Vcd . The top

quark in theb̄→d̄ loop diagram has been integrated out a
the unitarity relationVtb* Vtd52Vcb* Vcd2Vub* Vud has been
employed. The term2Vub* Vud has been included in the tre
amplitude, which has the same weak phase.

B. t convention

A different convention has been commonly employed
the past@14# and also quite recently@15#. In this parametri-
zation, one uses the unitarity relation in the formVcb* Vcd5

2Vtb* Vtd2Vub* Vud and assumes the penguin amplitude to
dominated by thet quark termVtb* Vtd . The tree amplitude
again, absorbs a penguin contribution proportional
Vub* Vud , but it is different from that in the previous case. F
this convention we shall use a subscriptt on all quantities.
The expressions for the decay amplitudes are then

A~B0→p1p2!52~ uTtueid t
T
eig1uPtueid t

P
e2 ib!,

A~B̄0→p1p2!52~ uTtueid t
T
e2 ig1uPtueid t

P
eib!,

~2!

where one denotesd t[d t
P2d t

T .

C. Equivalence of the two conventions

It is obvious that thec and t conventions are equivalen
However, since in general they imply different tree and p
guin amplitudes, an assumption about the tree amplitud
one parametrization is not equivalent to the same assump
in the other. On the other hand, as we will show now,
penguin amplitudes in the two cases are equal, up to a tr
CKM factor. Let us write the amplitude forB0→p1p2 in a
most general form in terms of the three CKM factors a
three corresponding hadronic weak amplitudesAi( i 5u,c,t)
involving strong phases:

A~B0→p1p2!5Vub* VudAu1Vcb* VcdAc1Vtb* VtdAt .
~3!

Using unitarity, this can be written in thec andt conventions
as
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A~B0→p1p2!5Vub* Vud~Au2At!1Vcb* Vcd~Ac2At! ~4!

5Vub* Vud~Au2Ac!1Vtb* Vtd~At2Ac!. ~5!

Comparing the second terms in Eqs.~1! and ~2! with the
corresponding terms in Eqs.~4! and ~5!, one finds a simple
relation between the two penguin amplitudes:

uPtu
uPcu

5
uVtb* Vtdu

uVcb* Vcdu
5

sing

sina
, d t

P5dc
P ; ~6!

namely, the penguin amplitudes in the two parametrizati
involve a common hadronic matrix elementAt2Ac but dif-
ferent CKM factors.

On the other hand, the relation between tree amplitude
the two conventions is more complicated. It can be obtain
by subtracting the first terms in Eqs.~1! and ~2! from each
other and comparing with Eq.~4! or ~5!, in which the corre-
sponding difference is proportional to the penguin amp
tudes,At2Ac ,

uTtue2 id t2uTcue2 idc5
uVub* Vudu

uVtb* Vtdu
uPtu

5
sinb

sing
uPtu

5
sinb

sina
uPcu. ~7!

As a consequence of these relations, one has a ‘‘dictiona
relating the two parametrizations, with

uPtusina5uPcusing, uTtusind t5uTcusindc , ~8!

Xt cosd t sing2Xc cosdc sina5sinb, ~9!

where we have definedXc[uTc /Pcu,Xt[uTt /Ptu. One con-
sequence of these relations is

cotd t5cotdc1
sinb

Xc sina sindc
, ~10!

which we shall use when relatingd t to dc .

III. MEASURABLES IN TERMS OF WEAK
AND STRONG PHASES

In the present section we derive expressions for the
CP asymmetries inB0(t)→p1p2, Spp andCpp , in terms
of a strong and a weak phase. For completeness, expres
are given in the two equivalent parametrizations, which i
ply identical constraints ona. These constraints do not re
quire knowledge of the tree/penguin ratio. Information abo
this ratio, which could resolve a certain discrete ambiguity
these constraints, can be more useful in one convention
in the other. This question is discussed in Sec. V.

The time-dependent rate of an initially producedB0 de-
caying top1p2 at time t is given by@16#
3-2
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G„B0~ t !→p1p2
…}e2Gdt@11Cpp cosD~mdt !

2Spp sin~Dmdt !]. ~11!

The coefficients of sinDmdt and cosDmdt, measured in time-
dependentCP asymmetries ofp1p2 states produced in
asymmetrice1e2 collisions at theY(4S) are

Spp[
2 Im~lpp!

11ulppu2
, Cpp[

12ulppu2

11ulppu2
, ~12!

where

lpp[e22ib
A~B̄0→p1p2!

A~B0→p1p2!
. ~13!

The extraction of phases from data onSpp and Cpp now
proceeds in the following manner. As in Ref.@3#, we define
the charge-averaged branching ratio

B̄pp[@B~B0→p1p2!1B~B̄0→p1p2!#/2. ~14!

We use the convention

B~B0→p1p2!5uA~B0→p1p2!u2upW pput0 , ~15!

whereupW ppu is the pion center-of-mass momentum andt0 is
the B0 lifetime.

However, in contrast to the approach of Ref.@3#, we no
longer normalize this branching ratio with respect to the c
responding tree value, which is convention dependent.
stead, we normalize all amplitudes by the penguin amplit
Pc or Pt , which we have shown to be convention indepe
dent, up to a CKM factor.

Using broken flavor SU~3! @17# and factorization, the
magnitude of the penguin amplitude is obtained from
uDSu51 penguin amplitudeP8 which dominates the deca
B1→K0p1 @18#. That is, our approach relies on neglecti
both rescattering effects inB1→K0p1 and nonfactorizable
contributions in penguin amplitudes. Several ways of test
the first assumption were discussed in@19#. We note that this
assumption is also made in two detailed theoretical sche
for calculating weak hadronic matrix elements@20,21#. In the
first scheme@20# factorization of penguin amplitudes is a
sumed to hold to a good approximation and strong phases
small. In the second framework@21# nonfactorizable terms in
penguin amplitudes are strongly suppressed, but str
phases are sizable. Thus, while it may seem natural to c
bine the assumption of factorization of penguin amplitud
with small strong phases, we will not rely on the latter a
sumption.

Within the above assumptions, one obtains for the p
guin amplitudeuPi u ( i 5c,t) an expression in terms of mea
surable quantities,

uPi u5
f p

f K
UVib* Vid

Vib* Vis
UuP8u, uP8u5uA~B1→K0p1!u.

~16!
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Here we use a convention similar to Eq.~15!,

B~B1→K0p1![uA~B1→K0p1!u2upW Kput1 , ~17!

whereupW Kpu is thep or K center-of-mass momentum andt1

is theB1 lifetime.
Applying Eqs.~15!, ~16! and ~17!, one finds for the nor-

malized rates@22#

bi[
uA~B0→p1p2!u21uA~B̄0→p1p2!u2

2uPi u2

5
B̄pp

B~B1→K0p1!
UVib* Vis

Vib* Vid
U2

f K
2

f p
2

upW Kpu

upW ppu

t1

t0
.

~18!

The three measurablesSpp , Cpp and B̄pp /B(B1→K0p1)
can then be expressed in terms of the three parametersXi , d i
and a weak phase. We now display these expressions fo
two mentioned conventions.

A. c convention

In this case one has

uPcu5
f p

f K
UVcb* Vcd

Vcb* Vcs
UuP8u

5
f p

f K

l

12l2/2
uA~B1→K0p1!u, ~19!

wherel50.22 is the parameter describing the hierarchy
CKM elements @12#. Then, noting the weak and stron
phases ofTc and Pc , and substitutinga5p2b2g when
convenient, we have

lpp5e2iaS Xc1eidceig

Xc1eidce2 igD , ~20!

bc5Xc
212Xc cosdc cosg11, ~21!

bcSpp5Xc
2 sin 2a12Xc cosdc sin~b2a!2sin 2b,

~22!

bcCpp52Xc sindc sing. ~23!

One can use Eq.~21! to eliminateXc using the experimenta
values ofbc . Sincebc is a number significantly greater tha
1 @see Eq.~33! below#, only one solution of the quadrati
equation is relevant, and one finds

Xc52cosdc cosg1A~cosdc cosg!21bc21. ~24!

This value can then be substituted into Eqs.~22! and~23! for
Spp and Cpp and the resulting values plotted against o
another, e.g., as curves for specific values ofa parametrized
by dc . We shall exhibit such curves in the next section.
3-3
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B. t convention

Here one has

uPtu5
f p

f K
UVtb* Vtd

Vtb* Vts
UuP8u5Using

sinaUuPcu⇒ bt5bcS sina

sing D 2

,

~25!

lpp5
Xte

ia2eid t

Xte
2 ia2eid t

, ~26!

bt5Xt
222Xt cosd t cosa11, ~27!

btSpp5Xt
2 sin 2a22Xt cosd t sina, ~28!

btCpp52Xt sind t sina. ~29!

In solving Eq.~27! for Xt one again takes the positive squa
root:

Xt5cosd t cosa1A~cosd t cosa!21bt21. ~30!

Here it is convenient to use the relationbt5bc(sina/sing)2

sincebc is most directly related to an experimental input.
Again, one may substitute the value ofXt into the equa-

tions for Spp and Cpp and plot them against one anothe
Moreover, in this convention one may also eliminate bothXt
andd t , thereby obtaining an equation fora alone in terms of
measurable quantities:

btSpp5
1

2
sin 4a1~bt21!sin 2a

6cos 2aAsin2 2a14~bt21!sin2 a2~btCpp!2.

~31!

This equation is derived in an analogous manner to one
tained recently for the phaseg in terms of measurables i
Bs(t)→K1K2 andBs→K0K̄0 @24#. One may, of course, ob
tain an analogous equation fora by eliminatingXc and dc
from Eqs.~22!–~24! and assuming thatb is known, which is
quite a good approximation. This result is equivalent to s
stituting Eq.~25! into Eq. ~31! and noting that sing5sin(a
1b).

C. Experimental inputs

The most recent measurements ofSpp and Cpp @1,2#,
together with our average of them, are shown in Table I.~We

TABLE I. Values of Spp and Cpp from Refs. @1,2# and their
averages.

Collaboration Spp Cpp

BaBar 20.0160.3760.07 20.0260.2960.07
Belle 21.2120.2720.13

10.3810.16 20.9420.25
10.3160.09

Average 20.6460.26 20.4960.21
05300
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have corrected the BaBar entry forSpp misquoted by us in
Ref. @3#.!

The present world averages ofB̄pp andB(B1→K0p1),
combining measurements from the CLEO, Belle and BaB
Collaborations, are@25#

B̄pp5~5.260.6!31026,

B~B1→K0p1!5~17.961.7!31026. ~32!

Adding errors in quadrature, usingf p5130.7 MeV, f K
5159.8 MeV andt1 /t051.06860.016 @23#, we find for
the normalized rate in Eq.~18!

bc59.0461.36. ~33!

IV. CP-VIOLATING ASYMMETRIES

For a given value ofbc , Eqs. ~22!–~24! @or Eqs.~28!–
~30!# can be used to plotSpp andCpp as functions ofa and
dc ~or d t). The values ofSpp and Cpp for the central and
61s values of the ratiobc in ~33!, and for values ofa
mostly lying within the physical range@26# a5(97221

130)°, are
plotted in Fig. 1.~For other values ofa see, e.g., Ref.@3#.!
We useb526° based on the most recent average sinb
50.7860.08 of Belle@2# and BaBar@27# values; the64°
error onb has little effect@3#. The large plotted point corre
sponds to the average in Table I. As expected, the curves
identical in the two conventions. The existence of two so
tions for Spp , for given values ofbc ,a and Cpp , can be
easily understood. This follows from the6 sign in Eq.~31!.

For strong phasesdc or d t of 0 or p, the predictions for
Spp and Cpp depend only onbc and a. These points are
marked with diamonds and squares, respectively. A str
phase ofp would signify a relative sign of tree and pengu
amplitudes opposite to that obtained from factorization. Su
a phase is strongly disfavored relative to a zero phase.
non-zero strong phases, the curves are identical in the
conventions, but points on them correspond to different v
ues ofdc andd t . Examples are shown fordc5p/2 ~crosses!
andd t5p/2 ~fancy1 signs!. These parametric plots can als
be used to find the values of the strong phases~modulo dis-
crete ambiguities! onceSpp andCpp have been determine
experimentally. Alternatively, one may eliminateXc from
Eqs. ~21! and ~23! or Xt from Eqs.~27! and ~29! and solve
the resulting equations for the strong phases numerically

If Cpp is indeed small, as suggested by the BaBar d
@1#, a can be uncertain by as much as about 30°, depend
on whether the strong phase is near 0 orp. This is seen in
Fig. 1, where forbc57.7 the curves fora590° and a
5120° intersect near the horizontal axis. In that case, a
tional theoretical input@20,21# on strong phases can he
resolve the ambiguity. Theoretically, it is much more like
that the strong phase is near 0 than nearp. If the central
value of Cpp remains as large as suggested by the pres
experimental average, the discrete ambiguity becomes le
a problem. Nonetheless, as one can see from neighbo
curves, even a very tiny error ellipse in the (Spp ,Cpp) plane
will not be able to resolve values ofa differing by 10°. This
3-4
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is a necessary price for giving up prior information on t
tree/penguin ratio.

The values ofdc andd t do not differ very much from one
another. When they are close top/2, their difference is close
to maximal, but rarely exceeds 10°, as shown in Fig. 2.
used Eq.~10! in making these plots.

We have assumed factorization in obtaining the peng
amplitude. Any deviation from factorization would result in
corrected value forbc , for which we have taken a 15% erro
arising from experimental errors in branching ratios. T
would be equivalent to correcting the SU~3! breaking factor
f K / f p in Eq. ~18! by 7.5%. That is, even assuming perfe
measurements ofB̄pp and B(B1→K0p1), an irreducible
uncertainty would be associated with the assumption of
torization for penguin amplitudes. If this uncertainty we
7.5%, we would obtain for perfect branching ratio measu
ments the range of possibilities shown in Fig. 1.

FIG. 1. Plots ofuCppu versusSpp for various values ofbc . Top
panel: bc57.7. Middle panel:bc59.0. Bottom panel:bc510.4.
Curves correspond, from left to right, to values ofa in 10° steps
ranging from 120° to 60°. The valueb526° has been chosen
Large plotted point corresponds to present average of BaBar
Belle data~see text!. Small plotted points:dc5d t50 ~diamonds!,
dc5d t5p ~squares!, dc5p/2 ~crosses!, d t5p/2 ~fancy1signs!.
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Let us assume that this 7.5% is a reasonable estimat
the intrinsic possible deviation from factorization. By com
paring the three panels of Fig. 1, one sees that ifCpp is near
its maximum, thenSpp is not very sensitive to the value o
bc ~and hence to the factorization assumption!, while if Cpp

is near zero, a given value ofSpp corresponds to values ofa
differing by only a few degrees depending on the value ofbc
~aside from the much more serious discrete ambiguity m
tioned earlier!. In either case, the factorization assumption
not the source of the limiting error ona.

V. DEFINING AND USING A TREE ÕPENGUIN RATIO

Although we have shown that one does not need to kn
the tree/penguin ratio in order to extract useful informati
from B̄pp , Spp , and Cpp , the error ona and the strong
phasedc or d t can be further reduced if one has some info
mation onXc or Xt . In the present section we first give a
example of how improved information would help, and th
discuss the more difficult questions of which parameter (Xc
or Xt) is capable of being specified more precisely and h
one would go about doing so.

Let us take as an example an ambiguity associated w
curves fora590° and 110° which intersect for the centr
value ofbc59.0 aroundSpp520.4 anduCppu50.4. These
correspond to different values ofXc or Xt , as illustrated in
Table II. We also show two different values ofa (90° and
119°) giving rise to the same values ofSpp for Cpp50.

From these examples, one sees that specification ofXc or
Xt with an error of 60.3 would permit resolution of the
ambiguity. In Ref.@3# we employed an estimateXc.3.6 with
about a 25% error. Reduction of this error to about610% is
needed in order to have a significant impact on resolving

nd

FIG. 2. Relations betweendc andd t for various values ofa and
bc .
3-5
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MICHAEL GRONAU AND JONATHAN L. ROSNER PHYSICAL REVIEW D66, 053003 ~2002!
ambiguity exhibited in Table II. Is such accuracy achievab
Our estimate ofbc involves a 15% error which consists o

slightly less than 10% due to that inB(B1→K0p1), and
slightly more than 10% due to that inB̄pp , added in quadra-
ture. Clearly these errors will shrink with improved statistic
However, the determination ofuTcu from B→p ln using fac-
torization is problematic sinceTc;Au2At @Eq. ~4!# contains
the short-distance penguin contribution involving the t
quark loop. It might seem more reliable to estimateTt;Au
2Ac @Eq. ~5!# using factorization since its penguin contrib
tion does not contain a large logarithm ofmt . This is in fact
the method advocated in Ref.@15#, in which a determination
of Tt with an accuracy of less than 6% was deemed feas
with about 500B→p ln events. A corresponding accurac
for uPtu would require improved accuracy forB(B1

→K0p1) ~which gives uPcu, not uPtu) and then using the
relation ~6!, uPtu5uPcusing/sina.

A potential problem with determiningTt using factoriza-
tion is that while its contamination from the short-distan
penguin amplitude is less than that inTc , there is no corre-
sponding guarantee forlong-distancepenguin contributions
such as might be introduced by rescattering from tree am
tudes, for example viaB0→D (* )1D (* )2→p1p2. Other
processes, such asB0→K1K2, are expected to procee
mainlyvia rescattering or else, if rescattering is unimporta
to be highly suppressed@19#. Present bounds on this la
process are quite stringent@28#: B(B0→K1K2)<0.5
31026. It may be that one must rely on theoretical tre
ments of factorization~e.g.,@20#! in order to specifyuTtu ~or
perhapsuTcu) more precisely.

VI. EXPERIMENTAL PROSPECTS AND CONCLUSIONS

We have shown that one can obtain useful information
weak and strong phases by studying the observable

TABLE II. Comparison ofXc and Xt values for pairs ofa
values giving the sameSpp and Cpp . Here we have takenbc

59.04.

a Spp uCppu Xc dc Xt d t

90° 20.41 0.40 2.6 51° 3.2 44°
110° 20.41 0.40 3.3 129° 4.1 122°

90° 20.57 0.0 2.4 0° 3.2 0°
119° 20.57 0.0 3.8 180° 4.9 180°
n-
e

al

n-
e
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B0(t)→p1p2 without having to define in advance the rat
of tree and penguin amplitudes, and in a manner which
independent of the convention adopted for the penguin
plitudes. These observables consist of the flavor-avera
branching ratioB̄pp normalized byB(B1→K0p1) and the
quantitiesSpp and Cpp measured in time-dependent asym
metries. We consider only information based on the mag
tude ofCpp ; its sign determines the sign of the strong pha
shift.

The degree of information obtainable without auxilia
tree/penguin information can be estimated from the curve
Fig. 1 and depends on whetheruCppu is near its maximum
value~the envelope of the curves! or zero. If uCppu.0, im-
portant discrete ambiguities ina exist, amounting to up to
about 30°, which must be resolved using additional inform
tion on the tree/penguin ratio or on the strong phase. IfuCppu
is near its maximum, the error ona appears to depend
roughly on the square root of the error inuCppu, as one can
see by measuring how far from the envelope of the cur
the intersection point of two curves for differenta values
lies. Thus, two curves fora differing by (10,20,30)° inter-
sect at points about (0.04,0.08,0.18) below the envel
along theuCppu axis. To take one example, if one wants
distinguish between two curves fora differing by 20° ~as in
the example of Table II!, one should be prepared to measu
uCppu with an error of no more than60.08, which is about
2.6 times less than the present error of60.21. One thus
would need (2.6)2 times the data sample (.100 fb21) on
which Table I was based, or about 700 fb21 from the total of
BaBar and Belle. This appears to be within the goals of
experiments. Errors onSpp in such a sample should be su
ficiently small that they will not play a major role in th
errors ina.
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