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Magnetic catalysis and anisotropic confinement in QCD
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The expressions for dynamical masses of quarks in the chiral limit in QCD in a strong magnetic field are
obtained. A low energy effective action for the corresponding Nambu-Goldstone bosons is derived and the
values of their decay constants as well as the velocities are calculated. The existence of a threshold value of the
number of colorsNc

thr , dividing the theories with essentially different dynamics, is established. For the number
of colorsNc!Nc

thr , an anisotropic dynamics of confinement with the confinement scale much less thanLQCD

and a rich spectrum of light glueballs is realized. ForNc of orderNc
thr or larger, a conventional confinement

dynamics takes place. It is found that the threshold valueNc
thr grows rapidly with the magnetic field@Nc

thr

*100 for ueBu*(1 GeV)2#. In contrast with QCD with a nonzero baryon density, there are no principal
obstacles for examining these results and predictions in lattice computer simulations.
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I. INTRODUCTION

Since the dynamics of QCD is extremely rich and co
plicated, it is important to study this theory under extern
conditions which provide a controllable dynamics. On t
one hand, this allows one to understand better the vac
structure and Green’s functions of QCD, and, on the ot
hand, there can exist interesting applications of such mo
in themselves. The well known examples are hot QCD~for a
review see Ref.@1#! and QCD with a large baryon densit
~for a review see Ref.@2#!.

Studies of QCD in external electromagnetic fields h
started long ago@3,4#. A particularly interesting case is a
external magnetic field. Using the Nambu–Jona-Lasi
~NJL! model as a low energy effective theory for QCD,
was shown that a magnetic field enhances the spontan
chiral symmetry breakdown. The understanding of this p
nomenon had remained obscure until the universal role
magnetic field as a catalyst of chiral symmetry breaking w
established in Refs.@5,6#. The general result states that
constant magnetic field leads to the generation of a ferm
dynamical mass~i.e., a gap in the one-particle energy spe
trum! even at the weakest attractive interaction between
mions. For this reason, this phenomenon was called the m
netic catalysis. The essence of the effect is the dimensi
reductionD→D22 in the dynamics of fermion pairing in
magnetic field. In the particular case of weak coupling, t
dynamics is dominated by the lowest Landau level~LLL !
which is essentially (D22)-dimensional@5,6#. The applica-
tions of this effect have been considered both in conden
matter physics@7,8# and cosmology~for reviews see Ref.
@9#!.

The phenomenon of the magnetic catalysis was studie
gauge theories, in particular, in QED@10–15# and in QCD

*On leave of absence from Bogolyubov Institute for Theoreti
Physics, 252143, Kiev, Ukraine.
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@16–18#. In recent work@18#, it has been suggested that th
dynamics underlying the magnetic catalysis in QCD
weakly coupled at sufficiently large magnetic fields. In th
paper, we study this dynamical problem rigorously, from fi
principles. In fact, we show that, at sufficiently strong ma
netic fields,ueBu@LQCD

2 , there exists a consistent truncatio
of the Schwinger-Dyson~gap! equation which leads to a re
liable asymptotic expression for the quark massmq . Its ex-
plicit form reads

mq
2.2C1ueqBu~cqas!

2/3

3expF2
4Ncp

as~Nc
221!ln~C2 /cqas!

G , ~1!

whereeq is the electric charge of theq-th quark andNc is the
number of colors. The numerical factorsC1 andC2 equal 1
in the leading approximation that we use. Their value, ho
ever, can change beyond this approximation and we can
say that they are of order 1. The constantcq is defined as
follows:

cq5
1

6p
~2Nu1Nd!U e

eq
U, ~2!

where Nu and Nd are the numbers of up and down qua
flavors, respectively. The total number of quark flavors
Nf5Nu1Nd . The strong couplingas in the last equation is
related to the scaleAueBu, i.e.,

1

as
.b ln

ueBu

LQCD
2

, where b5
11Nc22Nf

12p
. ~3!

We should note that in the leading approximation the ene
scaleAueBu in Eq. ~3! is fixed only up to a factor of order 1

As we discuss below, because of the running ofas , the
value of the dynamical mass~1! grows very slowly with
l
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increasing the value of the background magnetic field. Mo
over, there may exist an intermediate region of fields wh
the massdecreaseswith increasing the magnetic field. An
other, rather unexpected, consequence is that a strong e
nal magnetic fieldsuppressesthe chiral vacuum fluctuation
leading to the generation of the usual dynamical mass
quarksmdyn

(0) .300 MeV in QCD without a magnetic field
In fact, in a wide range of strong magnetic fieldsL2&B
&(10 TeV)2 ~where L is the characteristic gap in QCD
without the magnetic field; it can be estimated to be a f
times larger thanLQCD), the dynamical mass~1! remains
smallerthanmdyn

(0) . As it will be shown in Sec. IV, this point
is intimately connected with another one: in a strong m
netic field, the confinement scale,lQCD , is much less than
the confinement scaleLQCD in QCD without a magnetic
field.

The central dynamical issue underlying this dynamics
the effect of screening of the gluon interactions in a magn
field in the region of momenta relevant for the chiral sy
metry breaking dynamics,mq

2!uk2u!ueBu. In this region,
gluons acquire a massMg of orderANfasueqBu. This allows
to separate the dynamics of the magnetic catalysis from
of confinement. More rigorously,Mg is the mass of a quark
antiquark composite state coupled to the gluon field. T
appearance of such mass resembles the pseudo-Higgs
in the (111)-dimensional massive QED ~massive
Schwinger model! @19# ~see below!.

Since the background magnetic field breaks explicitly
global chiral symmetry that interchanges the up and do
quark flavors, the chiral symmetry in this proble
is SU(Nu)L3SU(Nu)R3SU(Nd)L3SU(Nd)R3U (2)(1)A .
The U (2)(1)A is connected with the current which is a
anomaly-free linear combination of theU (d)(1)A and
U (u)(1)A currents.@TheU (2)(1)A symmetry is of course ab
sent if eitherNd or Nu is equal to zero.# The generation of
quark masses breaks this symmetry spontaneously dow
SU(Nu)V3SU(Nd)V and, as a result,Nu

21Nd
221 gapless

Nambu-Goldstone~NG! bosons occur. In Sec. III, we deriv
the effective action for the NG bosons and calculate th
decay constants and velocities.

The present analysis is heavily based on the analysi
the magnetic catalysis in QED done by Gusynin, Mirans
and Shovkovy@11#. A crucial difference is of course th
property of asymptotic freedom and confinement in QCD.
connection with that, our second major result is the deri
tion of the low energy effective action for gluons in QCD
a strong magnetic field@see Eq.~18! below#. The character-
istic feature of this action is its anisotropic dynamics.
particular, the strength of static~Coulomb-like! forces along
the direction parallel to the magnetic field is much larg
than that in the transverse directions. Also, the confinem
scale in this theory is much less than that in QCD withou
magnetic field. These features imply a rich and unusual sp
trum of light glueballs in this theory.

A special and interesting case is QCD with a large num
of colors, in particular, withNc→` ~the ’t Hooft limit!. In
this limit, the mass of gluons goes to zero and the expres
for the quark mass becomes essentially different@see Eq.
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~25! in Sec. V#. In fact, it will be shown that, for any value o
an external magnetic field, there exists a threshold va
Nc

thr , rapidly growing with ueBu @e.g., Nc
thr*100 for ueBu

*(1 GeV)2#. For Nc of the orderNc
thr or larger, the gluon

mass becomes small and irrelevant for the dynamics of
generation of a quark mass. As a result, expression~25! for
mq takes place for such largeNc . The confinement scale in
this case is close toLQCD . Still, as is shown in Sec. V, the
dynamics of chiral symmetry breaking is under control
this limit if the magnetic field is sufficiently strong.

It is important that, unlike the case of QCD with a no
zero baryon density, there are no principal obstacles
checking all these results and predictions in lattice compu
simulations of QCD in a magnetic field.

II. MAGNETIC CATALYSIS IN QCD

We begin by considering the Schwinger-Dyson~gap!
equation for the quark propagator. It has the following for

G21~x,y!5S21~x,y!14pasg
m

3E G~x,z!Gn~z,y,z8!Dnm~z8,x!d4zd4z8,

~4!

where S(x,y) and G(x,y) are the bare and full fermion
propagators in an external magnetic field,Dnm(x,y) is the
full gluon propagator andGn(x,y,z) is the full amputated
vertex function. Since the couplingas related to the scale
ueBu is small, one might think that the rainbow~ladder! ap-
proximation is reliable in this problem. However, this is n
the case. Because of the (111)-dimensional form of the
fermion propagator in the LLL approximation, there are r
evant higher order contributions@10,11#. Fortunately one can
solve this problem. First of all, an important feature of t
quark-antiquark pairing dynamics in QCD in a strong ma
netic field is that this dynamics is essentially Abelian. Th
feature is provided by the form of the polarization opera
of gluons in this theory. The point is that the dynamics of t
quark-antiquark pairing is mainly induced in the region
momentak much less thanAueBu. This implies that the mag-
netic field yields a dynamical ultraviolet cutoff in this prob
lem. On the other hand, while the contribution of~electri-
cally neutral! gluons and ghosts in the polarization opera
is proportional tok2, the fermion contribution is proportiona
to ueqBu @11#. As a result, the fermion contribution dominate
in the relevant region withk2!ueBu.

This observation implies that there are three, dynamica
very different, scale regions in this problem. The first one
the region with the energy scale above the magnetic s
AueBu. In that region, the dynamics is essentially the same
in QCD without a magnetic field. In particular, the runnin
coupling decreases logarithmically with increasing the
ergy scale there. The second region is that with the ene
scale below the magnetic scale but much larger than the
namical massmq . In this region, the dynamics is Abelian
like and, therefore, the dynamics of the magnetic catalysi
similar to that in QED in a magnetic field. At last, the thir
6-2
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region is the region with the energy scale less than the g
In this region, quarks decouple and a confinement dynam
for gluons is realized.

Let us first consider the intermediate region relevant
the magnetic catalysis. As was indicated above, the imp
tant ingredient of this dynamics is a large contribution
fermions to the polarization operator. It is large because o
~essentially! (111)-dimensional form of the fermion propa
gator in a strong magnetic field. Its explicit form can
obtained by modifying appropriately the expression for
polarization operator in QED in a magnetic field@11#:

P AB,mn.
as

6p
dAB~ki

mki
n2ki

2gi
mn! (

q51

Nf ueqBu

mq
2

for uki
2u!mq

2 , ~5!

P AB,mn.2
as

p
dAB~ki

mki
n2ki

2gi
mn! (

q51

Nf ueqBu

ki
2

for mq
2!uki

2u!ueBu, ~6!

wheregi
mn[diag(1,0,0,21) is the projector onto the longi

tudinal subspace, andki
m[gi

mnkn ~the magnetic field is in the
x3 direction!. Similarly, we introduce the orthogonal proje
tor g'

mn[gmn2gi
mn5diag(0,21,21,0) andk'

m[g'
mnkn that

we shall use below. Notice that quarks in a strong magn
field do not couple to the transverse subspace spanne
g'

mn andk'
m . This is because in a strong magnetic field on

the quarks from the LLL matter and they couple only to t
longitudinal components of the gluon field. The latter pro
erty follows from the fact that spins of the LLL quarks a
polarized along the magnetic field@10#.

The expressions~5! and ~6! coincide with those for the
polarization operator in the massive Schwinger model if
parameterasueqBu/2 here is replaced by the dimension
couplinga1 of QED111. As in the Schwinger model, Eq.~6!
implies that there is a massive resonance in theki

mki
n

2ki
2gi

mn component of the gluon propagator. Its mass is

Mg
25 (

q51

Nf as

p
ueqBu5~2Nu1Nd!

as

3p
ueBu. ~7!

This is reminiscent of the pseudo-Higgs effect in the
11)-dimensional massive QED. It is not the genuine Hig
effect because there is no complete screening of the c
charge in the infrared region withuki

2u!mq
2 . This can be seen

clearly from Eq.~5!. Nevertheless, the pseudo-Higgs effect
manifested in creating a massive resonance and this r
nance provides the dominant forces leading to chiral sym
try breaking.

Now, after the Abelian-like structure of the dynamics
this problem is established, we can use the results of
analysis in QED in a magnetic field@11# by introducing ap-
propriate modifications. The main points of the analysis
~i! the so called improved rainbow approximation is reliab
in this problem provided a special nonlocal gauge is use
the analysis, and~ii ! for a small couplingas (a in QED!, the
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relevant region of momenta in this problem ismq
2!uk2u

!ueBu. We recall that in the improved rainbow approxim
tion the vertexGn(x,y,z) is taken to be bare and the gluo
propagator is taken in the one-loop approximation. Mo
over, as we argued above, in this intermediate region of m
menta, only the contribution of quarks to the gluon polariz
tion tensor ~6! matters. ~It is appropriate to call this
approximation the ‘‘strong-field-loop improved rainbow a
proximation.’’ It is an analog of the hard-dense-loop im
proved rainbow approximation in QCD with a nonze
baryon density@20#.! As to the modifications, they are purel
kinematic: the overall coupling constant in the gap equat
a and the dimensionless combinationMg

2/ueBu in QED have
to be replaced byas(Nc

221)/2Nc and Mg
2/ueqBu, respec-

tively. This leads us to the expression~1! for the dynamical
gap.

After expressing the magnetic field in terms of the ru
ning coupling, the result for the dynamical mass takes
following convenient form:

mq
2.2C1Ueq

e ULQCD
2 ~cqas!

2/3

3expF 1

bas
2

4Ncp

as~Nc
221!ln~C2 /cqas!

G . ~8!

As is easy to check, the dynamical mass of theu-quark is
considerably larger than that of thed-quark. It is also notice-
able that the values of theu-quark dynamical mass becom
comparable to the vacuum valuemdyn

(0) .300 MeV only
when the coupling constant gets as small as 0.05.

Now, by trading the coupling constant for the magne
field scaleueBu, we get the dependence of the dynamic
mass on the value of the external field. The numerical res
are presented in Fig. 1@we usedC15C251 in Eq. ~8!#.

As one can see in Fig. 1, the value of the quark gap i
wide window of strong magnetic fields,LQCD

2 !ueBu
&(10 TeV)2, remains smaller than the dynamical mass
quarksmdyn

(0) .300 MeV in QCD without a magnetic field
In other words, the chiral condensate is partiallysuppressed

FIG. 1. The dynamical masses of quarks as functions
ln(ueBu/LQCD

2 ) for Nc53 and two different values ofNf5Nu1Nd :
~i! masses ofu-quark~solid line! andd-quark~dash-dotted line! for
Nu51 andNd52; ~ii ! masses ofu-quark~dashed line! andd-quark
~dotted line! for Nu52 andNd52. The result may not be reliable in
the weak magnetic field region~shaded! where some of the approxi
mations break. The values of masses are given in units ofLQCD

5250 MeV.
6-3
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for those values of a magnetic field. The explanation of th
rather unexpected, result is actually simple. The magn
field leads to the massMg ~7! for gluons. In a strong enoug
magnetic field, this mass becomes larger than the chara
istic gapL in QCD without a magnetic field (L, playing the
role of a gluon mass, can be estimated as a few times la
thanLQCD). This, along with the property of the asymptot
freedom~i.e., the fact thatas decreases with increasing th
magnetic field!, leads to the suppression of the chiral co
densate@21#.

This point also explains why our result for the gap is
different from that in the NJL model in a magnetic field@3#.
Recall that, in the NJL model, the gap logarithmically~i.e.,
much faster than in the present case! grows with a magnetic
field. This is related to the assumption that both the dim
sional coupling constantG5g/L2 ~with L playing a role
similar to that of the gluon mass in QCD!, as well as the
scaleL do not depend on the value of the magnetic fie
Therefore, in that model, in a strong enough magnetic fie
the value of the chiral condensate is overestimated.

The picture which emerges from this discussion is
following. For values of a magnetic fieldueBu&L2 the dy-
namics in QCD should be qualitatively similar to that in t
NJL model. For strong values of the field, however, it
essentially different, as was described above. This in t
suggests that there should exist an intermediate regio
fields where the dynamical masses of quarks decrease
increasing the background magnetic field.

III. EFFECTIVE ACTION OF NG BOSONS

The presence of the background magnetic field breaks
plicitly the global chiral symmetry that interchanges t
up and down quark flavors. This is related to the fact t
the electric charges of the two sets of quarks are differ
However, the magnetic field does not break the global ch
symmetry of the action completely. In particular,
the model with theNu up quark flavors and theNd down
quark flavors, the action is invariant under the chi
symmetry SU(Nu)L3SU(Nu)R3SU(Nd)L3SU(Nd)R
3U (2)(1)A . The U (2)(1)A is connected with the curren
which is an anomaly-free linear combination of theU (d)(1)A
andU (u)(1)A currents.@TheU (2)(1)A symmetry is of course
absent if eitherNd or Nu is equal to zero.#

The global chiral symmetry of the action is broke
spontaneously down to the diagonal subgro
SU(Nu)V3SU(Nd)V when dynamical masses of quarks a
generated. In agreement with the Goldstone theorem,
leads to the appearance of anNu

21Nd
221 number of the

Nambu-Goldstone~NG! gapless excitations in the low
energy spectrum of QCD in a strong magnetic field. Not
that there is also a pseudo-NG boson connected with
conventional~anomalous! U(1)A symmetry which can be
rather light in a sufficiently strong magnetic field.

Now, in the chiral limit, the general structure of the lo
energy action for the NG bosons could be easily establis
from the symmetry arguments alone. First of all, such
action should be invariant with respect to the space-t
symmetrySO(1,1)3SO(2) which is left unbroken by the
04500
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background magnetic field@here the SO~1,1! and the SO~2!
are connected with Lorentz boosts in thex0-x3 hyperplane
and rotations in thex1-x2 plane, respectively#. Besides that,
the low-energy action should respect the original chiral sy
metry

SU~Nu!L3SU~Nu!R3SU~Nd!L3SU~Nd!R3U (2)~1!A .

These requirements lead to the following general form of
action:

LNG.
f u

2

4
tr~gi

mn]mSu]nSu
†1vu

2g'
mn]mSu]nSu

†!

1
f d

2

4
tr~gi

mn]mSd]nSd
†1vd

2g'
mn]mSd]nSd

†!

1
f̃ 2

4
~gi

mn]mS̃]nS̃†1 ṽ2g'
mn]mS̃]nS̃†!. ~9!

The unitary matrix fields Su[exp(i(
A51
Nu

2
21

lApu
A/fu), Sd

[exp(i(
A51
Nd

2
21

lApd
A/fd), and S̃[exp(iA2p̃/ f̃ ) describe the

NG bosons in the up, down, andU (2)(1)A sectors of the
original theory. The decay constantsf u , f d , f̃ and transverse
velocitiesvu ,vd ,ṽ can be calculated by using the standa
field theory formalism~for a review, see for example th
book @22#!. Let us first consider theNu

21Nd
222 NG bosons

in the up and down sectors, assigned to the adjoint repre
tation of theSU(Nu)V3SU(Nd)V symmetry. The basic rela
tion is

dABPq
m f q52 i E d4k

~2p!4
trFgmg5

lA

2
xq

B~k,P!G , ~10!

where Pq
m5(P0,vq

2PW',P3) and xq
A(k,P) is the Bethe-

Salpeter~BS! wave function of the NG bosons (P is the
momentum of their center of mass!. In the weakly coupled
dynamics at hand, one could use an analogue of the Pa
Stokar approximation@22,23#. In this approximation, the BS
wave function is determined from the Ward identities f
axial currents. In fact, the calculation of the decay consta
and velocities of NG bosons resembles closely the calc
tion in the case of a color superconducting dense quark m
ter @24#. In the LLL approximation, the final result in Euclid
ean space is

f q
254NcE d2k'd2ki

~2p!4

3expS 2
k'

2

ueqBu D mq
2

~ki
21mq

2!2
, vq50. ~11!

The evaluation of this integral is straightforward. As a resu
we get
6-4
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f u
25

Nc

6p2
ueBu, ~12!

f d
25

Nc

12p2
ueBu. ~13!

The remarkable fact is that the decay constants are non
even in the limit when the dynamical masses of quarks
proach zero. The reason for that is the (111)-dimensional
character of this dynamics: as one can see from expres
~11!, in the limit mq→0, the infrared singularity in the inte
gral cancels the massmq in the numerator. A similar situation
takes place in color superconductivity@24,25#: in that case
the (111)-dimensional character of the dynamics is p
vided by the Fermi surface.

Notice that the transverse velocities of the NG bosons
equal to zero. This is also a consequence of
(111)-dimensional structure of the quark propagator in
LLL approximation. The point is that quarks can move in t
transverse directions only by hopping to higher Landau l
els. Taking into account higher Landau levels would lead
nonzero velocities suppressed by powers ofumqu2/ueBu. In
fact, the explicit form of the velocities was derived in th
weakly coupled NJL model in an external magnetic field@see
Eq. ~65! in the second paper of Ref.@10##. It is

vu,d
2 ;

umu,du2

ueBu
ln

ueBu

umu,du2
!1. ~14!

A similar expression should take place also for the transve
velocities of the NG bosons in QCD.

Now, let us turn to the NG boson connected with t
spontaneous breakdown of theU (2)(1)A . It is a SU(Nu)V
3SU(Nd)V singlet. Neglecting the anomaly, we would act
ally get two NG singlets, connected with the up and do
sectors, respectively. Their decay constants and veloc
would be given by expression~10! in which lA has to be
replaced byl0. The latter is proportional to the unit matri
and normalized as thelA matrices: tr@(l0)2#52. It is clear
that their decay constants and velocities would be the s
as for the NG bosons from the adjoint representation. Tak
now into account the anomaly, we find that the anomaly-f
U (2)(1)A current is connected with the traceless mat
l̃0/2[(ANd /Nflu

02ANu /Nfld
0)/2. Therefore the genuine

NG singletu1& is expressed through those two singlets,u1,d&
and u1,u&, as u1&5ANd /Nf u1,u&2ANu /Nf u1,d&. This im-
plies that its decay constant is

f̃ 25
~Ndf u1Nuf d!2

Nf
2

5
~A2Nd1Nu!2Nc

12p2Nf
2

ueBu. ~15!

Its transverse velocity is of course zero in the LLL appro
mation.
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IV. ANISOTROPIC CONFINEMENT OF GLUONS

Let us now turn to the infrared region withuku&md ,
where all quarks decouple~notice that we take here th
smaller mass ofd quarks!. In that region, a pure gluodynam
ics is realized. However, its dynamics is quite unusual. T
point is that although gluons are electrically neutral, th
dynamics is strongly influenced by an external magne
field, as one can see from expression~5! for their polariza-
tion operator. In a more formal language, while quarks
couple and do not contribute into the equations of the ren
malization group in that infrared region, their dynami
strongly influence the boundary~matching! conditions for
those equations atk;md .

A conventional way to describe this dynamics is t
method of the low energy effective action. By taking in
account the polarization effects due to the background m
netic field, we arrive at the following quadratic part of th
low-energy effective action of gluons:

L g,e f f
(2) 52

1

2 (
A51

Nc
2
21

Am
A~2k!@gmnk22kmkn

1k~gi
mnki

22ki
mki

n!#An
A~k!, ~16!

where

k5
as

6p (
q51

Nf ueqBu

mq
2

5
1

12C1p (
q51

Nf S as

cq
2D 1/3

3expS 4Ncp

as~Nc
221!ln~C2 /cqas!

D @1. ~17!

By making use of the quadratic part of the action as well
the requirement of the gauge invariance, we could ea
restore the whole low-energy effective action~including self-
interactions! as follows:

Lgl.
1

2 (
A51

Nc
2
21

~EW'
A
•EW'

A1eE3
AE3

A

2BW'
A
•BW'

A2B3
AB3

A!, ~18!

where the~chromo-! dielectric constante[11k was intro-
duced. Also, we introduced the notation for the chrom
electric and chromo-magnetic fields as follows:

Ei
A5]0Ai

A2] iA0
A1g fABCA0

BAi
C , ~19!

Bi
A5

1

2
« i jk~] jAk

A2]kAj
A1g fABCAj

BAk
C!.

~20!

This low energy effective action is relevant for momen
uku&md . Notice the following important feature of the ac
6-5
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tion: the couplingg, playing here the role of the ‘‘bare’
coupling constant related to the scalemd , coincides with the
value of the vacuum QCD coupling related to the sc
AueBu ~andnot to the scalemd). This is becauseg is deter-
mined from the matching condition atuku;md , the lower
border of the intermediate regionmd&uku&AueBu, where,
because of the pseudo-Higgs effect, the running of the c
pling is essentially frozen. Therefore the ‘‘bare’’ couplingg
indeed coincides with the value of the vacuum QCD co
pling related to the scaleAueBu: g5gs . Since this value is
much less than that of the vacuum QCD coupling related
the scalemd , this implies that the confinement scalelQCD of
the action~18! should be much less thanLQCD in QCD
without a magnetic field.

Actually, this consideration somewhat simplifies the re
situation. Since the LLL quarks couple to the longitudin
components of the polarization operator, only the effect
coupling connected with longitudinal gluons is frozen. F
transverse gluons, there should be a logarithmic running
their effective coupling. It is clear, however, that this runni
should be quite different from that in the vacuum QCD. T
point is that the timelike gluons are now massive and th
contribution in the running in the intermediate region is s
verely reduced. On the other hand, because of their nega
norm, just the timelike gluons are the major players in p
ducing the antiscreening running in QCD~at least in covari-
ant gauges!. Since now they effectively decouple, the ru
ning of the effective coupling for the transverse gluo
should slow down. It is even not inconceivable that the
tiscreening running can be transformed into a screening
In any case, one should expect that the value of the tra
verse coupling related to the matching scalemd will be also
essentially reduced in comparison with that in the vacu
QCD. Since the consideration in this section is rather qu
tative, we adopt the simplest scenario with the value of
transverse coupling at the matching scalemd also coinciding
with gs .

In order to determine the new confinement scalelQCD ,
one should consider the contribution of gluon loops in
perturbative loop expansion connected with theanisotropic
action ~18!, a hard problem being outside the scope of t
paper. Here we will get an estimate oflQCD , without study-
ing the loop expansion in detail. Let us start by calculat
the interaction potential between two static quarks in t
theory. It reads

V~x,y,z!.
gs

2

4pAz21e~x21y2!
. ~21!

Because of the dielectric constant, this Coulomb-like int
action is anisotropic in space: it is suppressed by a facto
Ae in the transverse directions compared to the interactio
the direction of the magnetic field. The potential~21! corre-
sponds to the classical, tree, approximation which is g
only in the region of distances much smaller than the c
finement radiusr QCD;lQCD

21 . Deviations from this interac-
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tion are described by loop corrections. Let us estimate
value of a fine structure constant connected with the per
bative loop expansion.

First of all, because of the form of the potential~21!, the
effective coupling constants connected with the parallel a
transverse directions are different: while the former is eq
to ge f f

i 5gs , the latter isge f f
' 5gs /e1/4. On the other hand

the loop expansion parameter~fine structure constant! is
ge f f

2 /4pvg , wherevg is the velocity of gluon quanta. Now
as one can notice from Eq.~16!, while the velocity of gluons
in the parallel direction is equal to the velocity of lightc
51, there are gluon quanta with the velocityvg

'51/Ae in
the transverse directions. This seems to suggest that the
structure coupling may remain the same, or nearly the sa
despite the anisotropy: the factorAe in (ge f f

' )2 will be can-
celed by the same factor invg

' . Therefore the fine structure
constant can be estimated asas5gs

2/4p @although, as fol-
lows from Eq. ~16!, there are quanta with the velocityvg

'

51, their contribution in the perturbative expansion is su
pressed by the factor 1/Ae#.

This consideration is of course far from being quanti
tive. Introducing the magnetic field breaks the Lorentz gro
SO(3,1) down toSO(1,1)3SO(2), and itshould be some-
how manifested in the perturbative expansion. Still, we
lieve, this consideration suggests that the structure of
perturbative expansion in this theory can be qualitativ
similar to that in the vacuum QCD, modulo the importa
variation: while in the vacuum QCD,as is related to the
scaleueBu, it is now related to much smaller scalemd .

By making use of this observation, we will approxima
the running in the low-energy region by a vacuum-like ru
ning:

1

as8~m!
5

1

as
1b0ln

m2

md
2

, where b05
11Nc

12p
, ~22!

where the following condition was imposed:as8(md)5as .
From this running law, we estimate the new confinem
scale,

lQCD.mdS LQCD

AueBu
D b/b0

. ~23!

We emphasize again that expression~23! is just an estimate
of the new confinement scale. In particular, both the ex
nent, taken here to be equal tob/b0, and the overall factor in
this expression, taken here to be equal to 1, should be
sidered as being fixed only up to a factor of order 1.

The hierarchylQCD!LQCD is intimately connected with
a somewhat puzzling point that the pairing dynamics
couples from the confinement dynamics despite the fact
it produces quark masses of orderLQCD or less@for a mag-
netic field all the way up to the order of (10 TeV)2#. The
point is that these masses are heavy in units of the n
confinement scalelQCD and the pairing dynamics is indee
weakly coupled.
6-6
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V. QCD WITH A LARGE NUMBER OF COLORS

In this section, we will discuss the dynamics in QCD in
magnetic field when the number of colors is large, in parti
lar, we will consider the~’t Hooft! limit Nc→`. Just a look
at expression~7! for the gluon mass is enough to recogni
that the dynamics in this limit is very different from tha
considered in the previous sections. Indeed, as is w
known, the strong coupling constantas is proportional to
1/Nc in this limit. More precisely, it rescales as

as5
ãs

Nc
, ~24!

where the new coupling constantãs remains finite asNc
→`. Then, expression~7! implies that the gluon mass goe
to zero in this limit. This in turn implies that the appropria
approximation in this limit is not the improved rainbow a
proximation but the rainbow approximation itself, whenboth
the vertex and the gluon propagator in the SD equation~4!
are taken to be bare.

In order to get the expression for the quark in this ca
we can use the results of the analysis of the SD equatio
the rainbow approximation in QED in a magnetic field@10#,
with the same simple modifications as in Sec. II. The resu

mq
25CueqBuexpF2pS pNc

~Nc
221!as

D 1/2G , ~25!

where the constantC is of order 1. AsNc→`, one gets

mq,`
2 5CueqBuexpF2pS p

ãs
D 1/2G . ~26!

It is natural to ask how largeNc should be before the expres
sion ~25! becomes reliable. From our discussion above, i
clear that the rainbow approximation may be reliable o
when the gluon mass is small; i.e., it is of the order of t
quark massmq or less. Equating expressions~7! and~25!, we
derive an estimate for the threshold value ofNc :

Nc
thr;

2Nu1Nd

lnueBu/LQCD
2

expF p

2A3
S 11 ln

ueBu
LQCD

D 1/2G . ~27!

Expression~25! for the quark mass is reliable for the valu
of Nc of the order ofNc

thr or larger. DecreasingNc below
Nc

thr , one comes to expression~1!.
It is quite remarkable that one can get a rather close e

mate forNc
thr by equating expressions~1! and ~7!:

Nc
thr;

2Nu1Nd

lnueBu/LQCD
2

expF S 11 ln
ueBu

LQCD
D 1/2G ~28!

@notice that the ratio of the exponents~27! and~28! is equal
to 0.91#. The similarity of estimates~27! and ~28! implies
that, crossing the thresholdNc

thr , expression~25! for mq

smoothly transfers into expression~1!.
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These estimates show that the value ofNc
thr rapidly grows

with the magnetic field. For example, takingLQCD
5250 MeV andNu51, Nd52, we find from Eq.~27! that
Nc

thr;102, 103, and 104 for ueBu;(1 GeV)2, (10 GeV)2,
and (100 GeV)2, respectively.

As was shown in Sec. IV, in the regime with the numb
of colorsNc!Nc

thr , the confinement scalelQCD in QCD in a
strong magnetic field is essentially smaller thanLQCD . What
is the value oflQCD in the regime withNc being of the order
of Nc

thr or larger? It is not difficult to see thatlQCD

.LQCD in this case. Indeed, now the gluon mass and, the
fore, the contribution of quarks in the polarization opera
are small~the latter is suppressed by the factor 1/Nc with
respect to the contribution of gluons!. As a result, the
b-function in this theory is close to that in QCD without
magnetic field, i.e.,lQCD.LQCD .

Expression~25! implies that, for a sufficiently strong
magnetic field, the dynamical massmq is much larger than
the confinement scaleLQCD . Indeed, expressing the mag
netic field in terms of the running coupling, one gets

mq
2.C u

eq

e
uLQCD

2 expF 1

bas
2pS pNc

~Nc
221!as

D 1/2G , ~29!

and for small values ofbas;Ncas[ãs ~i.e., for large values
of ueBu) the massmq is indeed much larger thanLQCD . This
point is important for proving the reliability of the rainbow
approximation in this problem. Indeed, the relevant region
momenta in this problem ismq

2!uk2u!ueBu @10# where, be-
causemq

2@LQCD
2 for a strong enough field, the running cou

pling is small. Therefore the rainbow approximation is i
deed reliable for sufficiently strong magnetic fields in th
case.

VI. CONCLUSION

QCD in a strong magnetic field yields an example of
rich, sophisticated and~that is very important! controllable
dynamics. Because of the property of asymptotic freedo
the pairing dynamics, responsible for chiral symmetry bre
ing in a strong magnetic field, is weakly interacting. The k
point why this weakly interacting dynamics manages to p
duce spontaneous chiral symmetry breaking is the fact th
is essentially (111)-dimensional: in the plane orthogonal
the external field the motion of charged quarks is restricted
a region of a typical size of the order of the magnetic leng
l 51/AueqBu. Moreover, such a dynamics almost complete
decouples from the dynamics of confinement which devel
at very low energy scales in the presence of a strong m
netic field.

While the pairing dynamics decouples from the dynam
of confinement, the latter is strongly modified by the pol
ization effects due to quarks that have an effect
(111)-dimensional dynamics in the lowest Landau level.
a result, the confinement scale in QCD in a strong magn
field lQCD is much less than the confinement scaleLQCD in
the vacuum QCD. This implies a rich spectrum of light glu
balls in this theory.
6-7
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This picture changes drastically for QCD with a lar
number of colors (Nc*100 for ueBu*1 GeV2). In that case
a conventional confinement dynamics, with the confinem
scalelQCD;LQCD , is realized.

The dynamics of chiral symmetry breaking in QCD in
magnetic field has both similarities and important differen
with respect to the dynamics of color superconductivity
QCD with a large baryon density@2#. Both dynamics are
essentially (111)-dimensional. However, while the forme
is anisotropic@the rotationalSO(3) symmetry is explicitly
broken by a magnetic field#, the rotational symmetry is pre
served in the latter. This fact is in particular connected w
the fact that, while in dense QCD quarks interact both w
chromo-electric and chromo-magnetic gluons@20#, in the
present theory they interact only with the longitudinal co
ponents of chromo-electric gluons. This in turn leads to v
different expressions for the dynamical masses of quark
these two theories.

Another important difference is that while the pseud
Higgs effect takes place in QCD in a magnetic field, t
genuine Higgs~Meissner-Higgs! effect is realized in color
superconducting dense quark matter. Because of the H
effect, the color interactions connected with broken gene
tors are completely screened in infrared in the case of c
superconductivity. In particular, in the color-flavor locke
phase of dense QCD with three quark flavors, the color s
,

. A

v.

B

. J

y,

sy

D

04500
nt

s

h
h

-
y
in

-

gs
a-
or

-

metry is completely broken and, therefore, the infrared
namics is under control in that case@26#. As for dense QCD
with two quark flavors, the color symmetry is only partial
broken down toSU(2)c , and there exists an analog of th
pseudo-Higgs effect for the electric modes of gluons c
nected with the unbrokenSU(2)c . As a result, the confine
ment scale of the gluodynamics of the remainingSU(2)c
group is much less thanLQCD @27#, like in the present case
The essential difference, however, is that, unlike QCD in
magnetic field, the infrared dynamics of a color superco
ductor is isotropic.

Last but not least, unlike the case of QCD with a nonze
baryon density, there are no principal obstacles for exam
ing all these results and predictions in lattice computer sim
lations of QCD in a magnetic field.
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