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Magnetic catalysis and anisotropic confinement in QCD
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The expressions for dynamical masses of quarks in the chiral limit in QCD in a strong magnetic field are
obtained. A low energy effective action for the corresponding Nambu-Goldstone bosons is derived and the
values of their decay constants as well as the velocities are calculated. The existence of a threshold value of the
number of coIorsNtchr , dividing the theories with essentially different dynamics, is established. For the number
of colorsN < N‘Chr, an anisotropic dynamics of confinement with the confinement scale much less gaan
and a rich spectrum of light glueballs is realized. Ryrof orderN‘Chr or larger, a conventional confinement
dynamics takes place. It is found that the threshold vallfé grows rapidly with the magnetic fielpN.™
=100 for |eB|=(1 GeV)]. In contrast with QCD with a nonzero baryon density, there are no principal
obstacles for examining these results and predictions in lattice computer simulations.
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[. INTRODUCTION [16-18. In recent work{18], it has been suggested that the
dynamics underlying the magnetic catalysis in QCD is
Since the dynamics of QCD is extremely rich and com-weakly coupled at sufficiently large magnetic fields. In this
plicated, it is important to study this theory under externalpaper, we study this dynamical problem rigorously, from first
conditions which provide a controllable dynamics. On thePrinciples. In fact, we show that, at sufficiently strong mag-
one hand, this allows one to understand better the vacuummetic fieldS,IeB|>A2QCD, there exists a consistent truncation
structure and Green's functions of QCD, and, on the othepf the Schwinger-Dysofgap equation which leads to a re-
hand, there can exist interesting applications of such modeliable asymptotic expression for the quark mags. Its ex-
in themselves. The well known examples are hot Q&Da  plicit form reads
review see Ref[1]) and QCD with a large baryon density

(for a review see Ref2]). m;=2C,|eB|(cqas)??
Studies of QCD in external electromagnetic fields had
started long agd3,4]. A particularly interesting case is an » B 4N 0
external magnetic field. Using the Nambu-Jona-Lasinio © (N2=1)In(Cy/cqas) |
as(N¢ 21Cqas

(NJL) model as a low energy effective theory for QCD, it

was shown that a magnetic field enhances the spontaneomereeq is the electric charge of theeth quark and\, is the
chiral symmetry breakdown. The understanding of this phenumber of colors. The numerical facto®s andC, equal 1
nomenon had remained obscure until the universal role of g the leading approximation that we use. Their value, how-
magnetic field as a catalyst of chiral symmetry breaking wasver, can change beyond this approximation and we can only

established in Refd5,6]. The general result states that a say that they are of order 1. The constagtis defined as
constant magnetic field leads to the generation of a fermioig|lows:

dynamical massi.e., a gap in the one-particle energy spec-

trum) even at the weakest attractive interaction between fer-

mions. For this reason, this phenomenon was called the mag- €q=g (2NuFNa)
netic catalysis. The essence of the effect is the dimensional

reductio.nD.—>D—2 in the Qynamics of fermion pairing in 2 whereN, and Ny are the numbers of up and down quark
magnetic field. In the particular case of weak coupling, thisgayors, respectively. The total number of quark flavors is
dynamics is dominated by the lowest Landau lell) N —N +Nj. The strong coupling in the last equation is
which is essentially D — 2)-dimensiona([5,6]. The applica- réalated to the scalg[eB], i.e

tions of this effect have been considered both in condense

matter physicq7,8] and cosmology(for reviews see Ref. 1 leB| 11N, 2N,

[9D). _ _ o —=bln———, where b=—7Z5— (3
The phenomenon of the magnetic catalysis was studied in As AQCD 127

gauge theories, in particular, in QER0-15 and in QCD

e
€q

, 2

We should note that in the leading approximation the energy
scale\[eB] in Eq. (3) is fixed only up to a factor of order 1.
*On leave of absence from Bogolyubov Institute for Theoretical As we discuss below, because of the runningxgf the
Physics, 252143, Kiev, Ukraine. value of the dynamical masd) grows very slowly with
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increasing the value of the background magnetic field. More¢25) in Sec. V. In fact, it will be shown that, for any value of
over, there may exist an intermediate region of fields where@n external magnetic field, there exists a threshold value
the massdecreaseswith increasing the magnetic field. An- N, rapidly growing with|eB| [e.g., N/"=100 for |eB|
other, rather unexpected, consequence is that a strong exter{1 GeV)?]. For N, of the orderNtchr or larger, the gluon

nal magnetic fieldsuppresseghe chiral vacuum fluctuations mass becomes small and irrelevant for the dynamics of the
leading to the generation of the usual dynamical mass ofieneration of a quark mass. As a result, expres&&h for
quarksmg%)n: 300 MeV in QCD without a magnetic field. My takes place for such large;. The confinement scale in

In fact, in a wide range of strong magnetic field€<B this case is close tﬂQCD- Still, as is shown in Sec. V, the
<(10 TeV) (where A is the characteristic gap in QCD dynamics of chiral symmetry breaking is under control in
without the magnetic field: it can be estimated to be a fewfhis limit if the magnetic field is sufficiently strong.

times larger tham\ ocp), the dynamical masgl) remains It isbimportrént that, uhnlike the case of QCP vgith al nor}—
smallerthanm(),. As it will be shown in Sec. IV, this point 2 0 2fYon ensity, there are no principal obstacles for

is intimately connected with another one: in a strong mag_c:hecklng all these results and predictions in lattice computer

g ; . simulations of QCD in a magnetic field.
netic field, the confinement scalkgcp, is much less than Q g

the confinement scalé ocp in QCD without a magnetic
field. Il. MAGNETIC CATALYSIS IN QCD

The central dynamical issue underlying this dynamics is We begin by considering the Schwinger-Dységap
the effect of screening of the gluon interactions in a magnetiequation for the quark propagator. It has the following form:
field in the region of momenta relevant for the chiral sym-
metry breaking dynamicsmn;<|k?<|eBJ. In this region, G xy)=S"H(x,y) +4magy”
gluons acquire a masd,, of order |N¢ag|eB|. This allows
to separate the dynamics of the magnetic catalysis from that X f G(x,z)FV(z,y,z’)Dm(z’,x)d4zd42’,
of confinement. More rigorously is the mass of a quark-
antiquark composite state coupled to the gluon field. The (4)
appearance of such mass resembles the pseudo-Higgs effect
in the (1+1)-dimensional massive QED (massive Wwhere S(x,y) and G(x,y) are the bare and full fermion
Schwinger model[19] (see below. propagators in an external magnetic field,,(x,y) is the
Since the background magnetic field breaks explicitly thefull gluon propagator and™*(x,y,z) is the full amputated
global chiral symmetry that interchanges the up and dowrvertex function. Since the couplings related to the scale
quark flavors, the chiral symmetry in this problem |eB| is small, one might think that the rainbolladde) ap-
is SU(N) L X SU(N,)rXSU(Ng) X SUNg)rXU()(1)4.  proximation is reliable in this problem. However, this is not
The U(7)(1), is connected with the current which is an the case. Because of the {1)-dimensional form of the
anomaly-free linear combination of th&(¥(1), and fermion propagator in the LLL approximation, there are rel-
UM(1), currents[TheU(7)(1), symmetry is of course ab- evant higher order contributioi$0,11]. Fortunately one can
sent if eitherN4 or N, is equal to zerd.The generation of solve this problem. First of all, an important feature of the
quark masses breaks this symmetry spontaneously down @ark-antiquark pairing dynamics in QCD in a strong mag-
SU(N,)yXSU(Ngy)y and, as a resuItNﬁ+ Ng—l gapless netic field is that this dynamics is essentially Abelian. This
Nambu-GoldstonéNG) bosons occur. In Sec. I, we derive feature is provided by the form of the polarization operator
the effective action for the NG bosons and calculate thei©f gluons in this theory. The point is that the dynamics of the
decay constants and velocities. quark-antiquark pairing is mainly induced in the region of
The present analysis is heavily based on the analysis ghomentak much less thar/|eB|. This implies that the mag-
the magnetic catalysis in QED done by Gusynin, Miranskynetic field yields a dynamical ultraviolet cutoff in this prob-
and Shovkovy[11]. A crucial difference is of course the lem. On the other hand, while the contribution (@ectri-
property of asymptotic freedom and confinement in QCD. Incally neutral gluons and ghosts in the polarization operator
connection with that, our second major result is the derivais proportional tok?, the fermion contribution is proportional
tion of the low energy effective action for gluons in QCD in to|e4B| [11]. As a result, the fermion contribution dominates
a strong magnetic fielfsee Eq(18) below]. The character- in the relevant region wittk?<|eB|.
istic feature of this action is its anisotropic dynamics. In  This observation implies that there are three, dynamically
particular, the strength of statiCoulomb-likg forces along very different, scale regions in this problem. The first one is
the direction parallel to the magnetic field is much largerthe region with the energy scale above the magnetic scale
than that in the transverse directions. Also, the confinemeng|eB|. In that region, the dynamics is essentially the same as
scale in this theory is much less than that in QCD without an QCD without a magnetic field. In particular, the running
magnetic field. These features imply a rich and unusual specoupling decreases logarithmically with increasing the en-
trum of light glueballs in this theory. ergy scale there. The second region is that with the energy
A special and interesting case is QCD with a large numbescale below the magnetic scale but much larger than the dy-
of colors, in particular, withN,—< (the 't Hooft limit). In namical massn,. In this region, the dynamics is Abelian-
this limit, the mass of gluons goes to zero and the expressiolike and, therefore, the dynamics of the magnetic catalysis is
for the quark mass becomes essentially differfesge Eq. similar to that in QED in a magnetic field. At last, the third
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region is the region with the energy scale less than the gap.
In this region, quarks decouple and a confinement dynamics

//
for gluons is realized. == _
Let us first consider the intermediate region relevant for - -
the magnetic catalysis. As was indicated above, the impor- T
tant ingredient of this dynamics is a large contribution of
fermions to the polarization operator. It is large because of an
(essentially (1+1)-dimensional form of the fermion propa-
gator in a strong magnetic field. Its explicit form can be 20 30
obtained by modifying appropriately the expression for the ] )
polarization operator in QED in a magnetic figtt]: FIG. 1. The dynamical masses of quarks as functions of
In(|eH/AéCD) for N;=3 and two different values dfi;=N,+Ny:
a N¢ le Bl (i) masses oti-quark(solid line) andd-quark(dash-dotted lingfor
PAB v~ S sAB( Kfk — kﬁgﬁ“’) il N,=1 andN4=2; (i) masses ofi-quark(dashed linpandd-quark
6 q=1 mg (dotted ling for N,=2 andN4=2. The result may not be reliable in
2 5 the weak magnetic field regigqshaded where some of the approxi-
for |k\||<mq1 5 mations break. The values of masses are given in units ofp
=250 MeV.
ABuv—_ _ XS SAB LY 2t < |eqBl
PR = — (KK~ kjoff )q:1 2 relevant region of momenta in this problem fis;<|k?|
| <|eB|. We recall that in the improved rainbow approxima-
for mi<|kf|<|eB|, (6)  tion the vertexI'*(x,y,z) is taken to be bare and the gluon

propagator is taken in the one-loop approximation. More-
whereg[*“=diag(1,0,0;-1) is the projector onto the longi- over, as we argued above, in this intermediate region of mo-
tudinal subspace, ard'=g('"k, (the magnetic field is in the menta, only the contribution of quarks to the gluon polariza-
x2 direction. Similarly, we introduce the orthogonal projec- tion tensor (6) matters. (It is appropriate to call this
tor ngEgMV_grrV:diag(o,_1,_1,0) andk#=g*"k, that appr_oximation th.e “strong-field-loop improved rainbow ap-
we shall use below. Notice that quarks in a strong magneti@roximation.” It is an analog of the hard-dense-loop im-
field do not couple to the transverse subspace spanned fyoved rainbow approximation in QCD with a nonzero
g’ andk® . This is because in a strong magnetic field onlyParyon density20].) As to the modifications, they are purely
the quarks from the LLL matter and they couple only to thekinematic: the ovgrall coupllng.con.stant in t_he gap equation
longitudinal components of the gluon field. The latter prop-@ and the dimensionless combinatittt/|eB] in QED have
erty follows from the fact that spins of the LLL quarks are to be replaced byag(NZ—1)/2N, and M%/|e,B|, respec-
polarized along the magnetic field0]. tively. This leads us to the expressi@h for the dynamical

The expressiong5) and (6) coincide with those for the gap.

polarization operator in the massive Schwinger model if the After expressing the magnetic field in terms of the run-
parameteras|e,B|/2 here is replaced by the dimensional ning coupling, the result for the dynamical mass takes the
couplinga; of QED; , ;. As in the Schwinger model, E¢g)  following convenient form:
implies that there is a massive resonance in K|

2 v . €
_k”gff component of the gluon propagator. Its mass is m(z]zzcl quéco(ans)Z/?’
N o o
M2= —|e,B|=(2N,+Ng)=—|eB|. 7 1 4N
5= 2, leBl=(2Ny+NazleBl. () qox] o Nem e
bas  ay(NZ-1)In(Cy/cqas)

This is reminiscent of the pseudo-Higgs effect in the (1 ) )
+1)-dimensional massive QED. It is not the genuine HiggsAS is easy to check, the dynamical mass of thquark is
effect because there is no complete screening of the colgionsiderably larger than that of tdequark. It is also notice-
charge in the infrared region witkf|<mj . This can be seen able that the values of thequark dy?oa)lmmal mass become
clearly from Eq.(5). Nevertheless, the pseudo-Higgs effect iscomparable to the vacuum valuggy,=300 MeV only
manifested in creating a massive resonance and this resyhen the coupling constant gets as small as 0.05.

nance provides the dominant forces leading to chiral symme- Now, by trading the coupling constant for the magnetic
try breaking. field scale|eB|, we get the dependence of the dynamical

Now, after the Abelian-like structure of the dynamics in Mass on the value of the external field. The numerical results
this problem is established, we can use the results of thare presented in Fig. [ive usedC,;=C,=1 in Eq.(8)].
analysis in QED in a magnetic fie[d 1] by introducing ap- As one can see in Fig. 1, the value of the quark gap in a
propriate modifications. The main points of the analysis arevide window of strong magnetic fieldsAdcp<|eB|
(i) the so called improved rainbow approximation is reliable< (10 TeVy, remains smaller than the dynamical mass of
in this problem provided a special nonlocal gauge is used imuarksmf,(;)nz 300 MeV in QCD without a magnetic field.
the analysis, andi) for a small couplingzs (« in QED), the  In other words, the chiral condensate is partialyppressed
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for those values of a magnetic field. The explanation of thispackground magnetic fielcthere the SQ.,1) and the S@)
rather unexpected, result is actually simple. The magnetiare connected with Lorentz boosts in tkgx; hyperplane
field leads to the madd 4 (7) for gluons. In a strong enough and rotations in the;-x, plane, respectively Besides that,
magnetic field, this mass becomes larger than the charactehe low-energy action should respect the original chiral sym-
istic gapA in QCD without a magnetic fieldA, playing the  metry

role of a gluon mass, can be estimated as a few times larger

thanA ocp). This, along with the property of the asymptotic  SU(N,), X SU(N,)rX SU(Ng)| X SUNg)gX U)(1)4.
freedom(i.e., the fact thairg decreases with increasing the

magnetic field, leads to the suppression of the chiral con-These requirements lead to the following general form of the

This point also explains why our result for the gap is so
different from that in the NJL model in a magnetic fi¢Rl. f2
Recall that, in the NJL model, the gap logarithmicaliye., Lng= z“tr(gﬁ”ﬂuﬁuﬁyzhvﬁgi‘”aﬂzu&yiﬂ)

much faster than in the present cageows with a magnetic

field. This is related to the assumption that both the dimen- £2

sional coupling constanB=g/A? (with A playing a role +—dtr(gn‘”a Ed&VEngvﬁg’j”a zdgvzg)
similar to that of the gluon mass in QGDas well as the 4 . .

scale A do not depend on the value of the magnetic field. 72

Therefore, in that model, in a strong enough magnetic field, +—(gfa S0.5T+029479,359,3). 9
the value of the chiral condensate is overestimated. 4 =l Te Lo

The picture which emerges from this discussion is the
following. For values of a magnetic fiel@B|<A? the dy- Th it trix fields S, = ENﬁfl)\AﬂA/f
namics in QCD should be qualitatively similar to that in the © un:\;_?/ matrbe Tie EEU exp( AL U W
NJL model. For strong values of the field, however, it is =exp(=,®, N 74/fy), and S =exp(y27/T) describe the
essentially different, as was described above. This in turlNG bosons in the up, down, ard()(1), sectors of the

suggests that there should exist an intermediate region Qﬂcriginal theory. The decay constarfts, f4,f and transverse

fields where the dynamical masses of quarks decrease withI ii = can b lculated b ing the standard
increasing the background magnetic field. velocitiesv,,vg,v can be calcuiated by using the standa

field theory formalism(for a review, see for example the
book[22]). Let us first consider th&l2+N5—2 NG bosons
IIl. EFFECTIVE ACTION OF NG BOSONS in the up and down sectors, assigned to the adjoint represen-

The presence of the background magnetic field breaks ex@tion of theSU(N,)y < SU(Ng)y symmetry. The basic rela-
plicitly the global chiral symmetry that interchanges the!lOn IS
up and down quark flavors. This is related to the fact that
the electric charges of the two sets of quarks are different. ABp .

However, the magnetic field does not break the global chiral &Py fe=— 'f (2 )4tr
symmetry of the action completely. In particular, in T
the model with theN, up quark flavors and th&ly down .

quark flavors, the action is invariant under the chiralwhere P4=(P%viP, ,P%) and x4(k,P) is the Bethe-
symmetry  SU(N,) X SU(N,)rXSU(Ng) XSU(Nyr Salpeter(BS) wave function of the NG bosonsP(is the
xU)(1),. The UC)(1), is connected with the current momentum of their center of mass$n the weakly coupled
which is an anomaly-free linear combination of #H&)(1), dynamics at hand, one could use an analogue of the Pagels-

andU (1), currents[TheU(™)(1), symmetry is of course Stokar approximatiofi22,23. In this approximation, the BS
absent if eitheNy or N, is equal to zerd. wave function is determined from the Ward identities for

The global chiral symmetry of the action is broken axial currents. In fact, the calculation of the decay constants
spontaneously down to the diagonal subgroupdnd velocities of NG bosons resembles closely the calcula-
SU(N,)yX SU(Ng4)y when dynamical masses of quarks aretion in the case of a color superconducting dense quark mat-
generated. In agreement with the Goldstone theorem, thi@f[24]. In the LLL approximation, the final result in Euclid-
leads to the appearance of &f+N35—1 number of the €an spaceis
Nambu-Goldstone(NG) gapless excitations in the low-

A

d4 5)\ B
Y75 xqkP), (10

energy spectrum of QCD in a strong magnetic field. Notice ) dzkidzk”
that there is also a pseudo-NG boson connected with the fq:4ch W
conventional(anomalous U(1), symmetry which can be T
rather light in a sufficiently strong magnetic field. K2 m?2
Now, in the chiral limit, the general structure of the low exp( L —— vq=0. (12
energy action for the NG bosons could be easily established leqB] (kf+m)?

from the symmetry arguments alone. First of all, such an
action should be invariant with respect to the space-tim&he evaluation of this integral is straightforward. As a result,
symmetry SO(1,1)X SO(2) which is left unbroken by the we get
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IV. ANISOTROPIC CONFINEMENT OF GLUONS

2_ Ne

f“_6W2|eB|’ (12 Let us now turn to the infrared region wittk|<my,
where all quarks decouplénotice that we take here the
smaller mass ofl quarks. In that region, a pure gluodynam-

> N ics is realized. However, its dynamics is quite unusual. The

fa= 7T2|€'B|- (13 point is that although gluons are electrically neutral, their

dynamics is strongly influenced by an external magnetic
field, as one can see from expressi®h for their polariza-
The remarkable fact is that the decay constants are nonzetimn operator. In a more formal language, while quarks de-
even in the limit when the dynamical masses of quarks apeouple and do not contribute into the equations of the renor-
proach zero. The reason for that is thet(1)-dimensional malization group in that infrared region, their dynamics
character of this dynamics: as one can see from expressi@trongly influence the boundarymatching conditions for
(12), in the limit my— 0, the infrared singularity in the inte- those equations &~mjy.
gral cancels the mass, in the numerator. A similar situation A conventional way to describe this dynamics is the
takes place in color superconductivit@4,25: in that case method of the low energy effective action. By taking into
the (1+1)-dimensional character of the dynamics is pro-account the polarization effects due to the background mag-
vided by the Fermi surface. netic field, we arrive at the following quadratic part of the
Notice that the transverse velocities of the NG bosons arow-energy effective action of gluons:
equal to zero. This is also a consequence of the

(1+1)-dimensional structure of the quark propagator in the 1 NS -1

LLL approximation. The point is that quarks can move in the Eéf&ﬁ 3 > Aﬁ( —Kk)[g#"k?—kHK”
transverse directions only by hopping to higher Landau lev- A=1

els. Taking into account higher Landau levels would lead to I K(g(‘“kﬁ—kﬁk‘f)]Aﬁ(k), (16)

nonzero velocities suppressed by powerqrof|%/|eB|. In
fact, the explicit form of the velocities was derived in the \yhere
weakly coupled NJL model in an external magnetic fislele

Eq. (65) in the second paper of R4fL0]]. It is . N¢ legB|
P q
67 q=1 mi
Imydl® |eB
vﬁ,dN |EB| |nm<l (14) 1 Ny as 13
. B 12C17T g=1 C_g
A similar expression should take place also for the transverse AN
velocities of the NG bosons in QCD. X 5 c >>1 (17
Now, let us turn to the NG boson connected with the ag(Ng—1)In(Cy/cqas)

spontaneous breakdown of th )(1),. It is a SU(N,)y , . _

X SU(Ny)y singlet. Neglecting the anomaly, we would actu- By makmg use of the quadratic part pf the action as well as
ally get two NG singlets, connected with the up and downtn€ réquirement of the gauge invariance, we could easily
sectors, respectively. Their decay constants and velocitid€Store the whole low-energy effective actioneluding self-
would be given by expressiofi0) in which \» has to be Interactions as follows:

replaced byA®. The latter is proportional to the unit matrix .
and normalized as the* matrices: tr(\°%)2]=2. It is clear 1S p ea ACA

that their decay constants and velocities would be the same Lgi= 2 Az:l (EL-El+eB3Es

as for the NG bosons from the adjoint representation. Taking

now into account the anomaly, we find that the anomaly-free - éﬁ. é’j_ B5B%), (18)
U)(1), current is connected with the traceless matrix

XO/ZE(\/Nd/Nf)\S_ JNU/NfAS)/Z- Therefore the genuine Where the(chromo) dielectric constant=1+ «x was intro-
NG singlet|1) is expressed through those two singléisd) duced_. Also, we introduced_ th_e notation for the chromo-
and |1,u), as |1)=yNg/N;|1,u)— VN /Nf|1,d). This im- electric and chromo-magnetic fields as follows:

lies that its decay constant is
P y Ef=goA%— g, A5+ g fABCASAL (19

~. (Ngfy+Nyf9)?  (V2Ng+Ny)2N, 1
f2= UN? L= 12772Nufz leB|. (15 BiAZESijk(ﬁjAﬁ_‘7kAJA+9fABCAFAE)-

(20

Its transverse velocity is of course zero in the LLL approxi- This low energy effective action is relevant for momenta
mation. |k|=my. Notice the following important feature of the ac-
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tion: the couplingg, playing here the role of the “bare” tion are described by loop corrections. Let us estimate the
coupling constant related to the scatg, coincides with the value of a fine structure constant connected with the pertur-
value of the vacuum QCD coupling related to the scalebative loop expansion.

J]eB| (andnot to the scalam). This is becauseg is deter- First of all, because of the form of the potentiall), the
mined from the matching condition #k|~m,, the lower effective coupling constants connected with the parallel and
border of the intermediate regiomy=<|k|=< \/@, where, transverse directions are different: while the former is equal
because of the pseudo-Higgs effect, the running of the cou0 gli=0s, the latter isgsi;=gs/€"% On the other hand,
pling is essentially frozen. Therefore the “bare” coupligg the loop expansion parametéfine structure constantis
indeed coincides with the value of the vacuum QCD cou-ggff/47-rvg, whereuv is the velocity of gluon quanta. Now,
pling related to the scalg|eB|: g=g,. Since this value is as one can notice from E{L6), while the velocity of gluons
much less than that of the vacuum QCD coupling related tdn the parallel direction is equal to the velocity of light

the scalamy, this implies that the confinement scalgcp of =1, there are gluon quanta with the velocugzll\/z in
the action(18) should be much less thafgcp in QCD  the transverse directions. This seems to suggest that the fine
without a magnetic field. structure coupling may remain the same, or nearly the same,

Actually, this consideration somewhat simplifies the realdespite the anisotropy: the factq in (g5)? will be can-
situation. Since the LLL quarks couple to the longitudinal celed by the same factor iy, . Therefore the fine structure
components of the polarization operator, only the effective;onstant can be estimated as=g2/4+ [although, as fol-
coupling connected with longitudinal gluons is frozen. For|gws from Eq.(16), there are quanta with the velocity:

.(16), b

trar.]sverselgluons, _there ,ShOUId be a Iogarithmic_running oL 1, their contribution in the perturbative expansion is sup-
their effective coupling. It is clear, however, that this running pressed by the factor {£].

should be quite different from that in the vacuum QCD. The This consideration is of course far from being quantita-

point is that the timelike gluons are now massive and the"iive. Introducing the magnetic field breaks the Lorentz group

contribution in the running in the intermediate region is se- .

) - SO(3,1) down toSO(1,1)XSO(2), and itshould be some-
verely _reduced._On _the other hand, becau_se of their Negatiyg, , manifested in the perturbative expansion. Still, we be-
norm, just the timelike gluons are the major players in pro

. . ; L . M lieve, this consideration suggests that the structure of the
ducing the antiscreening running in QCBX least in covari- 99

nt % Since now th Hactivelv d le. the run perturbative expansion in this theory can be qualitatively
ant gauge ce no ey etlectively decouple, the run- g piar to that in the vacuum QCD, modulo the important
ning of the effective coupling for the transverse gluons

. X ) variation: while in the vacuum QCDgs is related to the
should slow down. It is even not inconceivable that the an'scale|eB|, it is now related to much smaller scate,.

tiscreening running can be transformed into a screening one. By making use of this observation, we will approximate

In any case, oné should expect that the Va'“.e of the tran%e running in the low-energy region by a vacuum-like run-
verse coupling related to the matching saalgwill be also ning:

essentially reduced in comparison with that in the vacuum
QCD. Since the consideration in this section is rather quali-

tative, we adopt the simplest scenario with the value of the 1 1 b u? h b _ 1IN 27
transverse coupling at the matching saalgalso coinciding al(w) Tag O nm_ﬁ’ where  bo=—5 (22
with gs.

In order to determine the new confinement scegp ., . iy , ,
one should consider the contribution of gluon loops in theVhere the following condition was imposeds(mg) = as.
perturbative loop expansion connected with #résotropic From this running law, we estimate the new confinement
action (18), a hard problem being outside the scope of thisScale;
paper. Here we will get an estimate Jofcp, without study-
ing the loop expansion in detail. Let us start by calculating (AQCD) blbo
the interaction potential between two static quarks in this Aqcp=My| —
theory. It reads e8]

(23

We emphasize again that expressi@8) is just an estimate

g2 of the new confinement scale. In particular, both the expo-
V(X,Y,2)= > S — (21 nent, taken here to be equallitb,, and the overall factor in
Am\Z°+ e(X“+Y7) this expression, taken here to be equal to 1, should be con-

sidered as being fixed only up to a factor of order 1.

The hierarchyh ocp<Agcp is intimately connected with
Because of the dielectric constant, this Coulomb-like intera somewhat puzzling point that the pairing dynamics de-
action is anisotropic in space: it is suppressed by a factor afouples from the confinement dynamics despite the fact that
Je in the transverse directions compared to the interaction irit produces quark masses of ordegcp or less[for a mag-
the direction of the magnetic field. The potential) corre-  netic field all the way up to the order of (10 Tedl) The
sponds to the classical, tree, approximation which is googoint is that these masses are heavy in units of the new
only in the region of distances much smaller than the coneonfinement scal&ocp and the pairing dynamics is indeed
finement radiusQCD~)\5éD. Deviations from this interac- weakly coupled.
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V. QCD WITH A LARGE NUMBER OF COLORS These estimates show that the valud\gt rapidly grows

In this section, we will discuss the dynamics in QCD in aW'th the magnetic field. For e>_<ample, takind oco
magnetic field when the number of colors is large, in particu-— 220 MeV andN,=1, Ng=2, we find frogn Eq.(27) that
lar, we will consider the’t Hooft) limit N.—. Just a look ~ Ne ~10%, 1¢°, and 10 for |eB|~(1 GeVy, (10 GeVy,
at expressiori7) for the gluon mass is enough to recognize@nd (100 GeVj, respectively. _ _
that the dynamics in this limit is very different from that _AS Was shown in Sec. IV, in the regime with the number
considered in the previous sections. Indeed, as is weff COIOrsN.<N¢", the confinement scaleycp in QCD ina
known, the strong coupling constant is proportional to  Strong magnetic field is essentially smaller thegcp . What

1/N, in this limit. More precisely, it rescales as is the value of ocp in the regime wittN; being of the order
of NtC " or larger? It is not difficult to see thakqcp
as = Aqcp in this case. Indeed, now the gluon mass and, there-
as= (24  fore, the contribution of quarks in the polarization operator
C

are small(the latter is suppressed by the factoNJl/with
respect to the contribution of gluonsAs a result, the
B-function in this theory is close to that in QCD without a
magnetic field, i.e.Aqgcp=Aqcp-

Expression(25) implies that, for a sufficiently strong
magnetic field, the dynamical masg, is much larger than
the confinement scald ocp. Indeed, expressing the mag-
netic field in terms of the running coupling, one gets

where the new coupling constant, remains finite asN,
—o0, Then, expressiofi7) implies that the gluon mass goes
to zero in this limit. This in turn implies that the appropriate
approximation in this limit is not the improved rainbow ap-
proximation but the rainbow approximation itself, wheeoth
the vertex and the gluon propagator in the SD equan
are taken to be bare.
In order to get the expression for the quark in this case, 12
. S e 1 7N
we can use the results of the analysis of the SD equation in 2~ | _q|AéCDeX = _ W(—C) , (29
the rainbow approximation in QED in a magnetic fi¢kD], a e bag (N2—1)a;
with the same simple modifications as in Sec. Il. The result is
o and for small values df s~ N as= as (i.e., for large values
7N, ) of [eB|) the massn, is indeed much larger thalgcp. This
N2 point is important for proving the reliability of the rainbow
(Ng—1) g 8 S ) .
approximation in this problem. Indeed, the relevant region of
momenta in this problem im§<|k2|<|eB| [10] where, be-
causem;>AJcp, for a strong enough field, the running cou-
pling is small. Therefore the rainbow approximation is in-
(26) deed reliable for sufficiently strong magnetic fields in this
case.

, (25

m§:C|qu|ex;{ —r

where the constar€ is of order 1. AsN.—, one gets

1/2
T
Ag

It is natural to ask how largll; should be before the expres-
sion (25) becomes reliable. From our discussion above, it is

clear that the rainbow approximation may be reliable only QCD in a strong magnetic field yields an example of a
when the gluon mass is small; i.e., it is of the order of therich, sophisticated anéthat is very importantcontrollable
quark massn, or less. Equating expressiof® and(25), we  dynamics. Because of the property of asymptotic freedom,
derive an estimate for the threshold valueNyf: the pairing dynamics, responsible for chiral symmetry break-
2 ing in a strong magnetic field, is weakly interacting. The key
Nt~ 2Ny+Ng ex;{ ™ (11Ir~ leB] ) point why this weakly interacting dynamics manages to pro-
¢ In|eB|/A<22CD 2\3 Aqco '

(27) duce spontaneous chiral symmetry breaking is the fact that it
is essentially (¥ 1)-dimensional: in the plane orthogonal to

Expression(25) for the quark mass is reliable for the values the external field the motion of charged quarks is restricted to
of N. of the order ofN‘chr or larger. Decreasing), below &region of a typical size of the order qf the magnetic length,
Ntchr, one comes to expressidt). |=1/\|eqB|. Moreover, suc_h a dynam|cs almost.completely

It is quite remarkable that one can get a rather close estgecouples from the dynam|§:s of confinement which develops

mate forNtChr by equating expressior(d) and (7): at very low energy scales in the presence of a strong mag-

netic field.
ONL4+ N e |12 While the pairing dynamics decouples from the dynamics
N‘Chrfv ”—zdex;{(ll In—)
InjeB|/Aqcp Aqco

Mg o= C|qu|ex;{ —ar

VI. CONCLUSION

(28) of confinement, the latter is strongly modified by the polar-
ization effects due to quarks that have an effective
(1+1)-dimensional dynamics in the lowest Landau level. As

[notice that the ratio of the exponen(®7) and(28) is equal  a result, the confinement scale in QCD in a strong magnetic

to 0.91]. The similarity of estimate$27) and (28) implies field Agcp is much less than the confinement scalgcp in

that, crossing the threshoINLhr, expression(25) for my,  the vacuum QCD. This implies a rich spectrum of light glue-
smoothly transfers into expressi¢h. balls in this theory.
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This picture changes drastically for QCD with a large metry is completely broken and, therefore, the infrared dy-
number of colorsI§,=100 for|eB|=1 Ge\?). In that case namics is under control in that cag6]. As for dense QCD
a conventional confinement dynamics, with the confinementvith two quark flavors, the color symmetry is only partially
scalegcp~Aqgcep. IS realized. broken down toSU(2)., and there exists an analog of the

The dynamics of chiral symmetry breaking in QCD in a pseudo-Higgs effect for the electric modes of gluons con-
magnetic field has both similarities and important differencesiected with the unbroke8U(2).. As a result, the confine-
with respect to the dynamics of color superconductivity inment scale of the gluodynamics of the remain®(2),
QCD with a large baryon density2]. Both dynamics are group is much less thafocp [27], like in the present case.
essentially (# 1)-dimensional. However, while the former The essential difference, however, is that, unlike QCD in a
is anisotropic[the rotationalSO(3) symmetry is explicity = magnetic field, the infrared dynamics of a color supercon-
broken by a magnetic fie]dthe rotational symmetry is pre- ductor is isotropic.
served in the latter. This fact is in particular connected with  Last but not least, unlike the case of QCD with a nonzero
the fact that, while in dense QCD quarks interact both withbaryon density, there are no principal obstacles for examin-
chromo-electric and chromo-magnetic gluor®0], in the ing all these results and predictions in lattice computer simu-
present theory they interact only with the longitudinal com-lations of QCD in a magnetic field.
ponents of chromo-electric gluons. This in turn leads to very
different expres$ions for the dynamical masses of quarks in ACKNOWLEDGMENTS
these two theories.
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