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Aspects of tachyonic inflation with an exponential potential
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We consider issues related to tachyonic inflation with an exponential potential. We find an exact solution of
the evolution equations in the slow roll limit in FRW cosmology. We also carry out a similar analysis in the
case of brane assisted tachyonic inflation. We investigate the phase space behavior of the system and show that
the dustlike solution is a late time attractor. The difficulties associated with reheating in the tachyonic model
are also indicated.
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I. INTRODUCTION

M or string theory inspired models are under active co
sideration in cosmology at present. It has recently been s
gested that a rolling tachyon condensate, in a class of st
theories, may have interesting cosmological consequen
Sen@1,2# has shown that decay of D-branes produces a p
sureless gas with a finite energy density that resembles
sical dust. Rolling tachyon matter associated with unsta
D-branes has an interesting equation of state which smoo
interpolates between21 and 0. As the tachyon field roll
down the hill, the universe undergoes accelerated expan
and at a particular epoch the scale factor passes throug
point of inflection marking the end of inflation. At late time
the energy density of tachyon matter scales asa23. Tachy-
onic matter, therefore, might provide an explanation for
flation at early epochs and could contribute to some n
form of cosmological dark matter at late times@3–16#. The
evolution of Friedmann-Robertson-Walker~FRW! cosmo-
logical models and linear perturbations of tachyon ma
rolling towards a minimum of its potential is discussed
Frolov, Kofman and Starobinsky@17#. An effective potential
for the tachyon field is computed in Ref.@18#; the expression
is exact ina8 but at the tree level ings . Sen@19# has shown
that the choice of an exponential potential for the tachyo
field leads to the absence of plane-wave solutions around
tachyon vacuum and exponential decay of the pressure a
times. A homogeneous tachyon field evolves towards
ground state without oscillating about it. Therefore, the c
ventional reheating mechanism in the tachyonic model d
not work. Quantum mechanical particle production duri
inflation provides an alternative mechanism by means
which the universe could reheat. However, the energy d
sity of radiation so created is much smaller than the ene
density of the field. In the case of a nontachyonic field, t
led to the requirement of a steep inflaton potential so that
field energy density could decay faster than the radia
energy density and radiation domination could commen
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Brane assisted inflation was then invoked to support inflat
with steep potentials. A detailed account of reheating
gravitational particle production in brane world scenario
discussed in Refs.@20,21#.

In this paper we discuss issues of inflation with tachy
rolling down an exponential potential. We find exact soluti
of slow roll equations in the usual 4-dimensional FRW co
mology as well as on the brane. We carry out the phase sp
analysis for the system under consideration and find out
fixed point and discuss its stability. We also indicate t
problems of reheating in the tachyonic model. Effects of
chyons in the context of brane world cosmology are d
cussed in Ref.@22#. Dynamics of gauge fields with rolling
tachyon on unstable D-branes is studied in Refs.@23–25#.

As recently demonstrated by Sen@1,2# a rolling tachyon
condensate in a spatially flat FRW cosmological model
described by an effective fluid with energy momentum ten
Tn

m5diag(2r,p,p,p), where the energy densityr and pres-
surep are given by

r5
V~f!

A12ḟ2
, ~1!

p52V~f!A12ḟ2. ~2!

The Friedmann equation takes the form

H25
1

3M p
2 r[

1

3M p
2

V~f!

A12ḟ2
. ~3!

The equation of motion of the tachyon field minimal
coupled to gravity is

f̈

12ḟ2
13Hḟ1

V,f

V~f!
50. ~4!

The conservation equation equivalent to Eq.~4! has the usual
form

ṙf

rf
13H~11v!50,

ter-
,
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where v[pf /rf5ḟ221 is the equation of state for th
tachyon field. Thus a universe dominated by a tachyon fi
would go under accelerated expansion as long asḟ2, 2

3

which is very different from the condition of inflation for
non-tachyonic field, ḟ2,V(f). It is obvious that the
tachyon field should start rolling with a small value ofḟ in
order to have a long period of inflation.

A. Dynamics of tachyonic inflation in FRW cosmology

The exponential potential

V~f!5V0e2af

has played an important role within the inflationary cosm
ogy. Sen@19# has recently argued in support of this potent
for the tachyonic system. The field equations~3! and~4! for
tachyonic matter with the exponential potential can be sol
exactly in the slow roll limit. In this limit

ȧ~ t !

a~ t !
.A 1

3M p
2 V~f!, ~5!

and Eq.~4! becomes

3Hḟ.2
V,f

V~f!
5a. ~6!

Substitution of Eq.~5! in Eq. ~6! leads to

ḟ5
a

3b
eaf/2, ~7!

whereb5AV0/3M p
2. Equation~7! immediately integrates to

yield

f~ t !52
2

a
lnFC2

a2

6b
t G , ~8!

whereC5e2af i /2 andf(t5t i50)[f i . Putting this expres-
sion for f(t) in Eq. ~5! we get

a~ t !

ai
5ebt„C2(a2/12b)t…. ~9!

This equation tells us that the scale factor passes throug
inflection point at

t5tend5
6b

a2 S C2
a

A6b
D .

Thus tend marks the end of inflation. From Eq.~8! we find

ḟend5A2

3
,fend52

1

a
lnS a2

6b2D ,Vend5
a2M p

2

2
. ~10!

The expression for the number of inflationarye-foldings can
easily be established
04353
ld

-
l

d

an

N5 ln
a~ t !

ai
5E

t i50

t

H~ t8!dt85btS C2
a2

12b
t D . ~11!

Using Eqs.~10! and ~11! we find

Vend5
Vi

2N11
. ~12!

It is interesting to note that the expression~12! is very simi-
lar to what one gets in case of a normal scalar field w
exponential potential propagating on the brane. As the c
dition ḟ2,2/3 is very different from the condition of infla
tion for a normal scalar field, the slow roll parameterse and
h assume an unusual form in the case of tachyonic field,
instance

e5
M p

2

2 S V,f

V D 21

V
~13!

which resembles the slow roll parameter in brane world c
mology @27#. As noted by Fairbairn and Tytgat@4# for small
ḟ near the top of the potential we can use the canonic
normalized fieldfc5AV0f which brings the parameters t
their usual form@28#. We will also use this crude approxima
tion to estimate the magnitude of perturbations. The deta
description of perturbations is given by Hwang and N
@29#. The Cosmic Background Explorer~COBE! normalized
value for the amplitude of scalar density perturbations

dH
2 .

1

75p2

Vi
2

a2M p
2 .4310210 ~14!

can be used to estimateVend as well asa. HereVi refers to
the value of the potential at the commencement of inflati
Using Eqs.~12! and ~14! with N560 we obtain

Vend.4310211M p
4 . ~15!

At the end of inflation, apart from the field energy density
small amount of radiation is also present due to partic
being produced quantum mechanically during inflation@30#

r r50.013gpHend
4 ~10<gp<100! ~16!

which shows that the field energy density far exceeds
density in the radiation

r r

r~f!
.0.013gp

Vend

9M p
2 .43gp310214. ~17!

B. Tachyonic inflation on the brane

The prospects of inflation in brane world scenario@26#
improve due to the presence of an additional quadratic d
sity term in the Friedmann equation@20,27#. As a result, the
class of steep potentials can successfully describe infla
on the brane. In the~411!-dimensional brane world scenari
inspired by the Randall-Sundrum model@26#, the Friedmann
equation is modified to@17#
0-2
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H25
1

3M p
2 rfS 11

rf

2lb
D1

L4

3
1

E
a4

, ~18!

where E is an integration constant which transmits bu
graviton influence onto the brane andlb is the brane tension
For simplicity we setL4 equal to zero and also drop the la
term as inflation would render it so, leading to the express

H25
1

3M p
2 rS 11

r

2lb
D , ~19!

whererf is given by Eq.~1! if one is dealing with a universe
dominated by a single tachyon field minimally coupled
gravity. The brane effects, in the context of inflation, a
most pronounced in the high energy limitV@lb ; the Fried-
mann equation in this limit becomes

H5
r

~6lbM p
2!1/2. ~20!

Analogous to the preceding section, Eqs.~6! and~20! can be
solved exactly to obtain

f~ t !52
1

a
lnFC2

a2

3bb
t G , ~21!

whereC5e2af i andbb5(V0
2/6lbM p

2)1/2. The scale factor is
given by

a~ t !

ai
5ebbt„C2(a2/6bb)t…. ~22!

At the point of inflectiont5tend5(3bb /a2)(C2a/A3bb)
we have

Vend5
V0a

A3bb

5aM pA2lb, ḟend5A1

3
, ~23!

which is consistent with the expression of the slow roll p
rameter on the brane

e5M p
2S V,f

V D 22lb

V2 .

The number ofe-foldings is related toVend andVi as

Vend5S Vi
2

2N11D 1/2

. ~24!

Similar to the previous section the COBE normalized va
for the amplitude of scalar density perturbations can be u
to estimate bothVend and lb . The ratio of the radiation
density~created during inflation! to the field energy density
turns out again to be a small number

r r

r~f!
.23gp310216

independent ofa.
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n
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II. PHASE PORTRAIT

In this section we carry out phase space analysis@31# for
the tachyonic field with exponential potentialV5V0e2af

evolving in a spatially flat FRW universe. The tachyon fie
evolution equation and the Friedmann constraint equa
can be cast in the form

x85~12x2!~123zx!, ~25!

y852xy, ~26!

z25
y

3

1

A~12x2!
, ~27!

where we have introduced the dimensionless variables

x5ḟ, y5
V~f!

a2M p
2 , z5

H

a

and prime denotes derivative with respect to the dimensio
variable h5at. To find out the critical points we set th
right-hand side~RHS! of Eqs.~25! and ~26! to zero and we
obtain two fixed points (61,0) of which (21,0) is not
physical. Phase trajectories live on the constraint surface
fined by Eq.~27!. Numerical solution of the equations sho
that trajectories starting anywhere on the constraint surf
end up at the fixed point~1,0! as shown in Fig. 1.

In order to study the stability of the critical point we pe
turb about the critical point

x512u, y5v,

FIG. 1. Plot of the phase trajectories on the constraint surfa
Trajectories starting anywhere in the phase space end up a
stable critical point~1,0!.
0-3
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whereu and v are infinitesimally close to the critical poin
(1,0). Putting them in the coupled equations and keep
only linear terms we get

u8.22u,

v8.2v,

whose solutions are

u5u0e22h,

v5v0e2h,

which clearly demonstrates the stability of the critical poi

Asymptotically, ḟ(`)51 andV(`)50 implying thata(t)
}t2/3 and that pressure tends to zero keeping the energy
sity finite and non-zero@6#. We, therefore, conclude that th
dustlike solution in the tachyonic model is a late time attr
tor.

Reheating problem in the tachyonic model

The tachyonic field could play the dual role of inflaton
the early epochs and of some new form of dark matter at
times. However, as indicated by Kofman and Linde@32#,
reheating is problematic in these models. As emphasized
Sen @1,2# a homogeneous tachyon field evolves towards
ground state without oscillating about it. Hence the conv
tional reheating mechanism in the tachyonic model does
work. Quantum mechanical particle production during infl
tion provides an alternative mechanism by means of wh
the universe could reheat. But, the energy density of ra
tion so created is much smaller than the energy density in
field. In the case of the non-tachyonic field, this led to t
requirement of a steep inflaton potential so that the fi
energy density could decay faster than the radiation ene
density and radiation domination could commence. Unfor
nately, from the general arguments in the case of the tac
onic matter, it seems that the field energy density after in
tion always scales slower than radiation. Hence radia
domination will never commence in this model irrespect
of the steepness of the tachyonic potential.

In fact,rf}a23ḟ2
for the tachyonic field, asv5ḟ221 in

this case. Thus immediately after inflation has ended (ḟ2
da
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52/3), the field energy densityrf scales asa22. Gibbons

has shown thatḟ is a monotonically increasing function o
time with maximum value equal to one. Therefore, at bestrf

can scale asa23. This argument is valid irrespective of th
form of tachyonic potential provided it belongs to the cla
of potentials such thatV(f)→0 asf→`. Hence, radiation
energy density created at the end of inflation would reds
faster than the energy density in the tachyonic field. We h
evolved the tachyonic field equations for exponential pot
tial numerically; Fig. 2 displays the field energy density ve
sus the scale factor and shows that tachyonic matter com
dominate very early after inflation has ended lending supp
to the analysis of Kofman and Linde@32#.

To sum up, we have studied tachyonic inflation with e
ponential potential and found the exact solution of evolut
equations in the slow roll limit in FRW cosmology as well a
on the brane. We have shown that the dustlike solution
late time attractor of the tachyonic system. We have a
pointed out that reheating is problematic in the tachyo
model.
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FIG. 2. The post inflation evolution of tachyonic field energ
density~solid line! is shown as a function of the expansion facto
Immediately after inflation the field density scales asa22. The de-
cay lawrf}a23 is shown by the dashed line. It is seen clearly th
the energy density in the tachyonic field fast approachesa23.
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