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Quintessence, superquintessence, and observable quantities in Brans-Dicke
and nonminimally coupled theories

Diego F. Torres
Physics Department, Princeton University, New Jersey 08544

~Received 29 April 2002; published 20 August 2002!

The different definitions for the equation of state of a nonminimally coupled scalar field that have been
introduced in the literature are analyzed. Particular emphasis is made upon those features that could yield an
observable way of distinguishing nonminimally coupled theories from general relativity, with the same or with
alternate potentials. It is found that some earlier claims that superquintessence, a stage of superaccelerated
expansion of the universe, is possible within realistic nonminimally coupled theories are the result of an
arguable definition of the equation of state. In particular, it is shown that these previous results do not import
any observable consequence, i.e., that the theories are observationally identical to general relativity models and
that superquintessence is not more than a mathematical outcome. Finally, in the case of nonminimally coupled
theories with couplingF511jf2 and tracking potentials, it is shown that no superquintessence is possible.
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I. INTRODUCTION

During recent years, observations of distant type Ia su
novae@1# and cosmic microwave background~CMB! mea-
surements@2# have shown that the universe is, most like
undergoing a process of accelerated expansion. The w
spread vision of the cosmological model is, since then
spatially flat low matter density universe. This implies th
the total energy density today is dominated by a contribut
having negative pressure~a cosmological constant, or quin
tessence@3#! which has just began to undertake the lead
role in the right-hand side of the Einstein field equations

The cosmological constantsolution to this state of affairs
appears not to be completely satisfactory~see, for instance
@4#!. Precise initial conditions should be given in order
solve the coincidence problem~why the vacuum energy is
dominating the energy density right now!. Moreover, a fine-
tuning problem appears since a vacuum energy densit
order ;10247 GeV4 requires a new mass scale about
orders of magnitude smaller than the electroweak scale,
ing no a priori reason to exist. In addition, the equation
statep/r for vacuum energy is exactly equal to21, which at
first sight appears as yet another value which is, in a dyna
cal setting, precisely set. Quintessence@3#, and its derived
models, being the main alternatives, are based on the e
tence of one or many scalar fields, which dynamically evo
together with all other components of the universe. T
above-mentioned problems are alleviated within this fram
work. A subclass of models, those having inverse power
potentials, present tracking solutions where a given amo
of scalar field energy density can be reached starting fro
large range of initial conditions~see, for e.g., Refs.@5#!.

The simplest models of quintessence are based on m
mally coupled scalar fields. For a general potentialV, the
equation of state for those quintessence models is given

p

r
5

ḟ222V

ḟ212V
, ~1!

and it can be easily proven that this expression is bounde
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be within the range21<p/r<1, unless of course one i
willing to accept negative defined potentials. In the lat
cases, the energy density becomes itself a negative qua
For usual models of quintessence, then, it is clear that
superacceleration can appear. The latter is a result of an
tremely negative (,21) equation of state. This possible s
peraccelerated expansion has been recently dub
superquintessence by several authors, e.g.,@6#, although its
consequences have been analyzed since some time b
@7#. The main reason supporting this interest is that curr
observational constraints are indeed compatible with, if
favoring, such values for the equation of state~see, for in-
stance, Ref.@7#!.

Extended quintessence models are those in which the
derlying theory of gravity contains a nonminimally couple
scalar field. It is this same scalar field which, apart fro
participating in the gravity sector of the theory, is enhanc
by a potential to fulfill the role of normal quintessence. Fro
a theoretical point of view, these ideas are appealing: it is
theory of gravity itself what provides the dynamically evol
ing, and currently dominating, field. Recent works on th
area include those presented in Refs.@6,8–13#. We will have
the opportunity to comment with much more detail on so
of these works below. In addition, just to quote a few oth
in a so vastly covered topic, see the works of Ref.@14#. We
would also like to remark that one of the first detailed ana
sis of a nonminimally coupled theory with a scalar field p
tential was made by Santos and Gregory@15#, years before
the concept of quintessence was introduced.

It has been claimed by many that a nonminimally coup
theory, such as for instance Brans-Dicke gravity, can har
superquintessence solutions~e.g.,@6,8#!. However, there are
different, and in most cases conflicting, definitions for t
equation of state in these theories. Then, care should be
ercised when analyzing the claims of the existence of su
quintessence solutions: in some cases, they do not re
either any physical import, because the equation of state
ally is not more than a complex relationship between
field and its derivative without any supporting conservati
law, or any observational consequence, because the am
©2002 The American Physical Society22-1
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of superquintessence is so small that it is far beyond
foreseen experiment. It is the aim of this paper to help
clarifying these points, and to analyze, from an observatio
point of view, how nonminimally coupled theories differe
tiate from usual general relativity in what concerns the qu
tessence and superquintessence models.

The rest of this work is presented as follows. In Sec. II
comment on the energy conditions and the status of the
perquintessence regarding them. Then, we introduce
gravity theories we are interested in. Section IV analyzes
case of Brans-Dicke gravity whereas Sec. V studies m
general nonminimally coupled theories. A discussion a
summary of the results is given in Sec. VI. A brief Append
discusses an alternative formulation of the theories of gr
ity, useful for numerical computations.

II. THE ENERGY CONDITIONS

For a Friedmann-Robertson-Walker space-time and a
agonal stress-energy tensorTmn5(r,2p,2p,2p) with r
being the energy density andp the pressure of the fluid, th
energy conditions~EC! read

null: NEC⇔~r1p>0!,

weak: WEC⇔~r>0!and~r1p>0!,
~2!

strong: SEC⇔~r13p>0!and~r1p>0!,

dominant: DEC⇔~r>0!and~r6p>0!.

They are, then, linear relationships between the energy
sity and the pressure of the matter or fields generating
space-time curvature. Violations of the EC have sometim
been presented as only being produced by unphysical st
energy tensors. If the null EC~NEC! is violated, and then
weak EC ~WEC! is violated as well, negative energ
densities—and so negative masses—are thus physically
mitted. However, although the EC are widely used to pro
theorems concerning singularities and black hole thermo
namics, such as the area increase theorem, the topolo
censorship theorem, and the singularity theorem of ste
collapse@16#, they lack a rigorous proof from fundament
principles. Moreover, several situations in which they a
violated are known, perhaps the most quoted being the
simir effect; see, for instance, Refs.@16,17# for additional
discussion. Observed violations are produced by small qu
tum systems, resulting in the order of\. It is currently far
from clear whether there could be macroscopic quantitie
such an exotic, e.g. WEC-violating, matter/fields may ex
in the universe. A program for imposing observation
bounds~basically using gravitational micro and macrolen
ing! on the existence of matter violating some of the E
conditions has been already initiated, and experiments
beginning to actively search for the predicted signatures@18#.
Wormhole solutions to the Einstein field equations, ext
sively studied in the last decade~see Refs.@16,19# for par-
ticular examples!, violate the energy conditions, particular
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NEC. Wormholes are probably the most interesting phys
entity that could exist out of a macroscopic violation of t
EC.

It is interesting to analyze what does superquintesse
imply concerning the validity of the EC. As stated in th
Introduction, superquintessence is described by a cos
equation of state

p

r
,21, ~3!

and so different situations arise depending on the sign of
energy densityr. If r.0, superquintessence impliesp1r
,0, and thus the violation of all the pointwise EC quot
above. Note that WEC is violated because of the violation
its second inequality. If, on the contrary, alreadyr,0, then
NEC may be sustained, but WEC is violated. Sup
quintessence then implies strong violations of the commo
cherished EC. But, should this be taken as sufficiently
physical as to discard a priori the possibility of a sup
accelerating phase of the universe?

Apart from the finally relevant response, coming fro
experiments~today super-quintessence equations of state
not discarded, and maybe even favored by experimental d
see for e.g.@7#!, the answer will of course rely on how muc
do we trust the EC, which, as we have already said, are
more than conjectures. Particularly for nonminima
coupled theories, violations of the EC are much more co
mon than in general relativity, see for instance the works
Ref. @17# and references therein. In addition, recently, t
consequences of the energy conditions were confronted
possible values of the Hubble parameter and the gravitatio
redshifts of the oldest stars in the galactic halo@20#. It was
deduced that for the currently favored values ofH0, the
strong energy condition should have been violated somet
between the formation of the oldest stars and the pre
epoch. SEC violation may or may not imply the violation
the more basic EC, i.e. NEC and WEC, something that
been impossible yet to determine. In any case, superquin
sence could be a nice theoretical framework for explain
observational data opposing the EC. To the study of su
quintessence in nonminimally coupled theories, we dev
the rest of this paper.

III. GRAVITY THEORY

In this section we shall present the general nonminima
coupled Lagrangian density given by

S5E d4xA2gF1

2
f ~f,R!2

v~f!

2
¹mf¹mf

2V~f!1L f luidG . ~4!

Here, R is the Ricci scalar and units are chosen such t
8pG51. The functionsv(f) andV(f) specify the kinetic
and potential scalar field energies, respectively. The Lagra
ian L f luid includes all the components butf. The functionf
will be assumed to be of the form
2-2
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QUINTESSENCE, SUPERQUINTESSENCE, AND . . . PHYSICAL REVIEW D66, 043522 ~2002!
f ~f,R!5F~f! R. ~5!

Einstein equations from the general action~4! are

H25
1

3F S r f luid1
v

2
ḟ21V23HḞ D , ~6!

Ḣ52
1

2F
@~r f luid1pf luid!1vḟ21F̈2HḞ#,

~7!

f̈13Hḟ52
1

2v
~v ,fḟ22F ,fR12V,f!, ~8!

where overdots denote normal time derivatives. The Kle
Gordon equation is actually very complicated in the gene
case. Using that

R56~Ḣ12H2!

5
1

F
@r f luid23pf luid2vḟ214V23~ F̈13HḞ !#, ~9!

after some algebra, it ends up being

f̈S 11
3F ,f

2

2vF D 523Hḟ2
1

2v
v ,fḟ22

1

v
V,f

2
F ,f

2Fv
~2r f luid13pf luid!

2
F ,f

2F
ḟ21

F ,f

vF
2V

2
3F ,f

2vF
F ,f fḟ22

F ,f
2

2vF
9Hḟ. ~10!

Two different kinds of theories are usually studied. One
the archetypical Brans-Dicke gravity@21#, which appears by
choosingv5vBD /f andF5f, wherevBD is referred to as
the coupling parameter. The other, generically named as
minimally coupled theories~although of course Brans-Dick
gravity also has a nonminimally coupled scalar field!, are
those for whichv51, andF and the potentialV are generic
functions of the field. Interesting differences appear when
the latter cases is of the formF5const1g(f), they will be
discussed below. At least formally, starting from one of the
Lagrangian densities, one can always rephrase it into
alternative form by a redefinition of the scalar field. Som
times, however, this cannot be achieved with closed ana
cal formulas.

A. Experimental constraints

The predictions of general relativity~GR! in the weak
field limit are confirmed within less than 1%@22#. Any
scalar-tensor gravity theory, then, should produce predict
that deviate from those of GR by less than this amount in
current cosmological era. In general, these deviations f
GR can be specified by the post-Newtonian parameters@23#
04352
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~dF/df!2

vF1~dF/df!2
, ~11!

b215
1

4

F~dF/df!

2vF13~dF/df!2

dg

df
.

~12!

Solar system tests currently constrain@22#

ug21u,231023, ub21u,631024, ~13!

and they translate into a limit on 1/F(dF/df)2 at the current
time, supposingv51, specifically 1/F(dF/df)2,231023

@11#. If on the contrary, we assume the form of the Bran
Dicke theory, they implyvBD.500. This value has bee
derived from timing experiments using the Viking spa
probe @24#. In other situations, claims have been made
increase this lower limit up to several thousands, see R
@22# for a review.

Starting from the action, one can define the cosmolog
gravitational constant as 1/F. This factor, however, does no
have the same meaning than the Newton gravitational c
stant of GR. The Newtonian force measured in Cavend
type experiments between two massesm1 andm2 separated a
distancer is Geffm1m2 /r 2, whereGeff is given by@23#

Geff5
1

F S 2vF14F ,f
2

2vF13F ,f
2 D . ~14!

The previous expression reduces to the well-known equa
Geff(t)5@1/f(t)#(2v14)/(2v13) for the Brans-Dicke
theory. Current constraints imply

UĠeff

Geff
U,6310212 yr21. ~15!

In general, though, one cannot make the statement that
constraint does directly translate into one forḞ/F, for one
could in principle find a theory for which even whenF varies
significantly, Geff does not. Example of this is the case
Barker’s theory@25#, whereGeff is strictly constant.

Nucleosynthesis constraints can also be set forv; how-
ever, their impact is smaller than those set up in curr
experiments~see, for e.g., Refs.@26# and articles quoted
therein!.

B. The general relativity limit

There are important differences between Brans-Dic
gravity and more general nonminimally coupled theori
particularly in what refers to quintessence. In the case
Brans-Dicke, when the coupling parameter is large, the fi
decouples from gravity, and the theory reduces itself to g
eral relativity @27#. When there is a potential, the limit o
vBD→` would make the theory GR1L for everyV. This is
certainly not the case in nonminimally coupled theor
whenF involves a term independent of the field~a constant!.
The limiting case of a nonvariableF function is, in that situ-
2-3
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DIEGO F. TORRES PHYSICAL REVIEW D66, 043522 ~2002!
ation, not GR plus a cosmological constant, but GR plus
same potential. In this case, then, the field recovers the s
of normal quintessence, as it is minimally coupled and
hanced by a generic potential. It is only in this sense t
comparing different theories with the same potential is ju
fied. The same procedure does not provide meaningful
sults when working with Brans-Dicke~or induced gravity!
models. To see how this difference appears it would
enough to focus on the different Klein-Gordon equations
both theories. In the case of the Brans-Dicke model,

f̈13
ȧ

a
ḟ5

~r23p!

2vBD13
1

2

2vBD13 F2V2f
dV

dfG , ~16!

and all terms in the right-hand side~including those having
the potential! are proportional to 1/vBD . Then, a sufficiently
large value ofvBD will make this equation sourceless, i.e.
solution beingf5const, and reduce anyV in the Lagragian
to a constant as well. This does not happen in the cas
nonminimally coupled theories whereF contains an indepen
dent factor. For instance, in the case in whichF511jf2,
the Klein-Gordon equation is

f̈13Hḟ5jRf1
dV

df
, ~17!

which clearly shows that the limitj→0 converts the theory
into normal quintessence.

IV. BRANS-DICKE THEORY

A. Field equations

Consider the Brans-Dicke action given by

S5
1

2E d4xA2gFfR2
v~f!

f
fafa22V~f!G

1L f luid . ~18!

We shall consider that the matter content of the univers
composed of one or several~noninteracting! perfect fluids
with stress energy tensor given by

Tmn5~r1p!vmvn1pgmn , ~19!

where vmvm521. This previous equation, then, with ad
equate values ofr andp will be valid for the contributions of
both dust and radiation. Finally, we shall assume that
universe is isotropic, homogeneous, and spatially flat,
then represented by ak50 Friedmann-Robertson-Walke
model whose metric reads

ds252dt21a2~ t !@dr21r 2 du21r 2 sin2u df2#. ~20!

In this setting, the field equations are given by

ȧ2

a2 1
ȧ

a

ḟ

f
2

v

6

ḟ2

f2 2
V

3f
5

r

3f
, ~21!
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a
1

ȧ2

a2 1
f̈

f
12

ȧ

a

ḟ

f
1

v

2

ḟ2

f2 2
V

f
52

p

f
, ~22!

f̈13
ȧ

a
ḟ5

~r23p!

2v13
1

2

2v13 F2V2f
dV

dfG . ~23!

To simplify the notation in this section we shall namevBD
simply v. The continuity equation follows from the Bianch
identity, yielding the usual relation

ṙ13
ȧ

a
~r1p!50, ~24!

which applied to both matter (pm50) and radiation (pr
51/3r) gives the standard dependencies

rm5rm,0a
23, r r5r r ,0a

24. ~25!

We have chosen the scale factor normalization such thata at
the present time isa051. The current values of the densitie
are given, in turn, by

rm,053H0
2Vm,0 , r r ,053H0

2V r ,0 . ~26!

Here, H051003h km/s/Mpc is the current value of th
Hubble parameter andV r54.1731025/h2 is the radiation
contribution to the critical density~taking into account both
photons and neutrinos, see@28#!. Typically, we shall work in
a model withVm50.4, but this can be fixed to any othe
value we wish, by using the contribution of the Brans-Dic
field to respect the flatness of the universe.

The contribution of the field to the field equations can
directly read from the field equations, if we replace the us
general relativity gravitational constant with the inverse
f. The effective energy and pressurefor the field end up
being

rf53Fv

6

ḟ2

f
1

V

3
2

ȧ

a
ḟG , ~27!

and

pf5Fv

2

ḟ2

f
2V1f̈12

ȧ

a
ḟG . ~28!

B. Numerical implementation

After being unable to find any obvious coordinates
field transformation, in the sense explored by Mimoso a
Wands@29#, Barrow and Mimoso and Barrow and Parso
@30#, and Torres and Vucetich@31#, that can deal with the
complexities introduced by the appearance of the s
interaction and solve the system analytically, we have p
pared a computed code to integrate the system~21!–~24!
numerically. Indeed, not all four equations in the system
independent, because of the Bianchi identities, and we h
chosen to integrate Eqs.~21! and ~23! having as input the
form of the matter densities given in Eq.~25!. We have fol-
lowed the original idea of Brans-Dicke@21,32#, and trans-
2-4
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QUINTESSENCE, SUPERQUINTESSENCE, AND . . . PHYSICAL REVIEW D66, 043522 ~2002!
formed Eq.~21! into an equation forH by completing the
binomial in the left-hand side. Our variable of integratio
wasx5 ln(t), and the output were ln(a), f, andf8, where a
prime denotes a derivative with respect tox. Having these
values for each moment of the universe evolution, it is i
mediate to obtainḟ, H, and any other quantity depending o
them, like the effective pressure and density of the Bra
Dicke field given in Eqs.~27!,~28!. The relevant initial con-
dition of the integration~in f) is chosen such that we fulfil
today the observational constraint (Geff51) given by Eq.
~14!. The derivative of the field can be set within a very lar
range at the beginning since, while producing unobserva
changes at the early stages of the universe, this initial co
tion is washed out by the evolution~a large range of differen
initial conditions will give the same results!. The potential is
generically written as

V5V5V0 f ~f!, ~29!

and the value of the constantV0 is iteratively chosen such
that it fulfills the requirement of a large~say,Vf;0.6) field
contribution to the critical density at the present time, for a
given functionf (f). We have tested our code in the limitin
cases of the problem and found agreement with previ
results. As we have discussed, whenv→`, the Brans-Dicke
theory becomes general relativity,f being a constant, and
every potential effectively behaves as a cosmological c
stant ~i.e., pf /rf521) during all the universe evolution
Additionally, when we are in pure Brans-Dicke theory, wit
out any potential, we reproduce the results of Mazum
et al. for the ratio between the Hubble length at equality a
the present one,aeqHeq /H0 @33#.

C. A worked example: VÄV0fÀ2

In Fig. 1 we show the different contributions to the critic
density during the universe evolution for a Brans-Dic
theory with v5500 and inverse square potential. The co
tribution of the field is given, at any time of the univers
history, by

Vf5
rf

3H2f
, ~30!

and the otherV values are defined in the same way as w
We see that the Brans-Dicke field can act as quintessenc
agreement with what other authors have previously fou
~see, for example, Refs.@9,13# and references therein!. The
value ofV0 is extremely small, and mimics a cosmologic
constant in general relativity. The Brans-Dicke field and
derivative do evolve in time. However, the current value o
ḟ59.8310214 yr21, fulfilling the above-mentioned con
straint. The equivalence time~i.e., whenrmatter5r radiation)
in this model happens at 19801 yr, or ln(a)528.59.

In Fig. 2 we show, for the same model, the evolution
the ratio between the effective pressure and densities for
Brans-Dicke field. This ratio evolves strongly during the r
cent matter era, the reason being thatrf actually crosses
04352
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zero~from negative to positive values!. This is in agreement
with Fig. 1, which shows the current field domination.

Indeed, we can obtain similar results to those presen
here changing the form of the potential to a variety of fun
tional dependencies on the Brans-Dicke field~see Table I!.
Most interestingly, we see that at the present age of the
verse, the effective equation of state for some potentials~we
remark here that this is an abuse of language, as will
explained below! is smaller than21. As we stated, the phe
nomenon of havingpf /rf,21 has been referred to as ‘‘su
perquintessence’’ by other authors, whereas the corresp
ing dark energy has been dubbed ‘‘phantom energy’’@6#.
Apparently, the simplest potentials one can imagine can
superquintessence potentials within Brans-Dicke theory.
true, however, that the amount of superquintessence we
found ~how large the deviation is from21 towards smaller
values! is very small. It is indeed much smaller than wh
other authors claimed before~see in particular Ref.@8#!.
However, we note that apparently there is a sign mistake
their Klein-Gordon equation~7!; the last term in their right-
hand side~rhs! should be positive, which can be tested
differentiation or comparison with, for example, Eq.~2.3! of
Ref. @12# or Eq. ~2.6! of @34#. This can actually produce a
much bigger difference from an equation of state equa
21 ~as we numerically tested!, and is probably the origin of
the discrepancy.

FIG. 1. Evolution of the contributions to the critical density fo
an inverse square potential in a Brans-Dicke theory withv5500.
H0575 km/s/Mpc andVm,050.4.
2-5
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DIEGO F. TORRES PHYSICAL REVIEW D66, 043522 ~2002!
As we have briefly implied above,pf /rf,21 do not
have an especially clear physical meaning. Bothpf andrf
are made up of terms coming from the Lagrangian den
for the field. But they also contain terms coming from t
interaction between the field and gravity~through its non-
minimal coupling!. The crucial aspect, then, is that the ra
pf /rf does not represent an equation of state, like thos
the other components, since an equation of the formṙf

13ȧ/a(rf1pf)50 is not satisfied. We can actually se
from first principles whyṙf13ȧ/a(rf1pf)Þ0. The field
equations of Brans-Dicke theory in a general metric are

Gmn5
1

f
~Tmn

matter1Tmn
f !, ~31!

whereGmn is the Einstein tensor,Tmn
matter is the stress-energ

tensor for the matter sector of the theory and

Tmn
f 5

w

f S f ,mf ,n2
1

2
gmnf ,af ,aD1~f ,m;n2gmnDf!,

~32!

with D being the D’Alambertian operator. Now, if we mu
tiply the previous equation~31! by f and take covarian
derivatives, it can be seen that@21#

FIG. 2. Evolution of the ratio between the effective pressure
densities for the Brans-Dicke field (pf /rf), and of the effective
equation of state for the field (wf), entering in the observable quan
tity H. The latter quantity is defined in Sec. II D. Model paramet
are as in Fig. 1.
04352
ty

of

T;n
mn f5~fGmn! ;n ~33!

so that, whereas the usual continuity equation for matte
valid, the continuity equation for the above-defined ‘‘stres
energy tensor’’ for the field gets complicated.

D. Observable quantities and the equation of state

Then, if not pf /rf , which is the relevant~physically
meaningful! quantity to be considered as the equation
state for the field in Brans-Dicke theory?We suggest that the
important quantity to look at should come from what w
actually measure.In the case of the homogeneous proble
we are analyzing, this is the Hubble parameter,H. If we
rewrite the first of the Friedmann-Robertson-Walker eq
tions as

H25
1

3
~r f luid1 r̃f!

5
1

3
~rm,0a

231r r ,0a
241 r̃f 0a23(11wf)!, ~34!

thenwf is what is going to establish the departure from t
predictions of general relativity plus a cosmological const
or a generic quintessence potential of a minimally coup
field. To be specific, ifwf521, the theory would be indis-
tinguishable from general relativity plus a cosmological co
stant~from an observational point of view!. If wf.21, then
the theory would be indistinguishable from a normal~mini-
mally coupled! scalar field with a given potential. And fi
nally, only if wf,21, the theory would be observationall
different from its general relativistic counterparts:wf,21
is a value that cannot be attained by any minimally coup
potential, as we discussed in the Introduction. In that ca
superquintessence adopts its rightful meaning: a su
accelerated expansion of the universe, contrary to the cas

TABLE I. Values of the effective and phenomenological equ
tions of state for the Brans-Dicke field for different potentia
Model parameters arev5500, V r54.1731025/h2, Vm50.4, and
H0575 km/s/Mpc.

f (f) (pf /rf) today (wf) today

f21/2 20.9967 20.9973
f1/2 20.9986 20.9993
f23/2 20.9947 20.9953
f3/2 21.0006 21.0013
f21 20.9957 20.9963
f2 21.0016 21.0023
f22 20.9937 20.9943
f4 21.0056 21.0063
f24 20.9897 20.9903
f6 21.0096 21.0103
f26 20.9857 20.9863
ef 20.9997 21.0003
e2f 20.9957 20.9963
cos(f)11 20.9966 20.9972

d

s
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which it just represents a particular relationship betwe
quantities importing no physically clear concept. In the p
vious equation, and to be consistent with the generali
field equations of the theory, we have defined

r̃5 r̃0a23(11wf)52rm,0a
232r r ,0a

24

1
1

f
~rm,0a

231r r ,0a
241rf!, ~35!

where subindicesm, r , and 0 stand for matter, radiation, an
current values, respectively. By definition,

wf5212
1

3
lnS r̃f

r̃f 0
D 1

ln~a!
. ~36!

In Fig. 2 we have already shown the evolution of this qua
tity in time ~redshift!. We also see that, although some no
minimally coupled Brans-Dicke field can effectively produ
superquintessence when supported by particular poten
the effective ‘‘equation of state’’ being less than21, its
value is too close to21 so it effectively mimics a cosmo
logical constant at the current epoch. In Table I we show t
the same, almost imperceptible, deviation from an effec
cosmological constant appears for other potentials. Thi
then showing a sign of caution when analyzing the impac
nonminimally coupled theories using the equation of sta
differences are actually too small and fall below the thre
old of any current or foreseen experiment.

E. The meaning ofwf

Is wf representing an equation of state in the usual sen

In other words, is the equationṙ̃f523H(11wf) r̃f satis-
fied? To answer this question we shall rewrite the field eq
tions for a general nonminimally coupled theory as@10#

Gmn5T̃mn , ~37!

where we havedefineda new stress-energy momentum te
sor, on purpose, to make the previous equation valid:

T̃mn5Tmn
f luid1T̃mn@f#. ~38!

As a consequence of the contracted Bianchi identitiesT̃mn is
conserved. And since there is no explicit coupling betwe
matter and fields, their corresponding energy-momen
tensors are also separately conserved:

¹mTmn
f luid5¹mT̃mn@f#50. ~39!

In this framework, reporting no more than a rewriting of t
field equations, i.e., introducing no new physics at all,
explicit expression forT̃mn@f# is given by

T̃mn@f#5vF¹mf¹nf2
1

2
gmn¹lf¹lfG2Vgmn1¹m¹nF

2gmnDF1~12F !Gmn . ~40!
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In order to obtain Eq.~37! we have just added and subtract
Gmn on the left-hand side of the generalized Einstein eq
tions, i.e.,

GmnF5Tmn
f luid1Tmn

f ield ,

with the usually defined

Tmn
f ield5vF¹mf¹nf2

1

2
gmn¹lf¹lfG

2Vgmn1¹m¹nF2gmnDF. ~41!

This immediately fixes the expression ofT̃mn@f# above. The
new effective energy density and pressure that this defi
stress-energy density produces are

r̃f5v
ḟ2

2
1V~f!23HḞ13H2~12F !, ~42!

p̃f5v
ḟ2

2
2V~f!12HḞ1F̈

2~3H212Ḣ !~12F !. ~43!

In the case of Brans-Dicke theory, we recall,v
5vBD /f and F5f. Note then thatr̃f5rf13H2(12F),
where rf was given in Eq.~27!. The defined equation o
state,wf , thus, is exactly that given byp̃f / r̃f , since it was
defined using the same Friedmann equationH251/3(r f luid

1 r̃f). Indeed,

r̃f52r f luid1
1

F
~r f luid1rf!

52r f luid13H2

52~3H2F2rf!13H2

5rf13H2~12F !. ~44!

At the same time, we can see that

p̃f5pf2~3H212Ḣ !~12F !. ~45!

We conclude that the definition for wf represents a real
equation of state, since it is supported by a conservation l
and that it is this one that should be taken into account
compare with the predictions of GR, since it is directly r
lated to the observable H. We can also see, from Table I, tha
the difference betweenwf and the ratiopf /rf is very small.
The reasons that lead to this are explicitly discussed
NMC theories in Sec. III; a similar argument applies here
well.

F. CMB-related observables

The evolution of the comoving distance from the surfa
of last scattering~defined asz51000, equivalently lna5
26.90) can be computed, for different theories, as
2-7
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E dt5E
0.001

a da

a2H~a!
. ~46!

Only in the case of extremely low coupling factors~e.g.,v
of Brans-Dicke theory!, discarded by current constraints, w
see a noticeable difference with the result of general rela
ity plus a cosmological constant. To give a quantitative id
we can quote the ratio

tBD2tGR

tGR
,

calculated today (a51), which, forv525 results equal to
20.014, whereas forv5500 is 25.731024, and quickly
tends to zero for bigger values ofv.

The angular scales at which acoustic oscillations occur
directly proportional to the size of the CMB sound horizon
decoupling, which in comoving coordinates is rough
tdec/A3, and are inversely proportional to the comoving d
tance covered by CMB photons from last scattering u
observation, that ist02tdec @35#. The multipoles scale as th
inverse of the corresponding angular scale, and so

l peak}
t02tdec

tdec
. ~47!

As in the nonminimally coupled models studied in Ref.@36#,
t changes because of a different dependence of the Hu
lengthH21 in the past. However, we have already noted t
this change is almost imperceptible when compared with
usual general relativity plus a cosmological constant, un
of course~violating current constraints! the coupling param-
eterv is low enough.

The integrated Sachs-Wolfe effect makes the CMB co
ficients on large scales, smalll ’s, change with the variation
of the gravitational potential along the CMB photon traje
tories @37#. This is undoubtedly changed because of a va
tion in the gravitational constant since the time of deco
pling. However, we expect this change to be also very sm
since theG variation we have found, for values ofv5500
and bigger, are typically less than 2% since the time of
coupling.

The scale entering the Hubble horizon at the mat
radiation equivalence is also important, since it will defi
the matter power turnover@38#. The shift in the power spec
trum turnover is given by@36#

dkturn

kturn
52S dH21

H21 D
eq

, ~48!

and again, this reports a very small difference for all c
rently possiblev values. Only forv525 this difference is
about 12%~where the case of a power law potential with
exponent equal to22 is taken as an example!. For v5500
and bigger, the differences are less than 1%~to give a precise
example it reports a 0.7% difference in the same power
case as commented before andv5500). Contrary to what
Perrottaet al. have done in the past@9#, we are not compar-
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ing two different theories~Brans-Dicke and general relativ
ity! with the same potential, but rather, and motivated by
findings of this section, the Brans-Dicke theory with a
given potential and the general relativity theory plusL. It is
in this case that the possibilities of actually distinguishi
both situations diminish.

V. NONMINIMALLY COUPLED THEORIES

The details of the cosmological evolution using the ge
eral action~4! above, withv51 and

F~f!511jf2, ~49!

were explored in Refs.@9,10,36#, among many others, an
we refer the reader to these works and references therein
additional relevant discussions. Our numerical code is
agreement with the results therein reported, and it is a di
extension of the numerical implementation reported in S
III B.

In this section, following the previous discussion, w
would like to focus on the possible definitions ofequations
of stateand their impact onto observable quantities. Just
an example, we show in Fig. 3 the case of a tracking pot

FIG. 3. Matter, radiation, and quintessence energy densi
both nonminimally~NMC! and minimally coupled~MC!. The in-
complete curve corresponds to the nonminimally coupled quin
sence, and the cutoff is produced by a change in the sign of
effective density; see the text for details.
2-8
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FIG. 4. Left: Current values of the defined ‘‘equations of state,’’ see text, as a function of the power law exponent of the t
potential. Right: Difference between the equation of state directly related with the Hubble parameterwf and the nonminimally coupled an
minimally coupledpf /rf .
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tial of the form V5V0f22, H0570 km/s/Mpc, in a flat
universe withVm,050.4. The equivalent Brans-Dicke pa
rameter@obtained by redefining fields in Eq.~4! in order for
it to look like a Brans-Dicke theory# is vJBD5vF/F ,f

2 , and
its value is given by definingj. The value ofj used in the
model of Fig. 3 and successive ones is 5.831023, what im-
plies an equivalent Brans-Dicke parametervBD53071, well
in agreement with current constraints.

Starting from the general field equations, we can imme
ately define, as done for the Brans-Dicke theory, an effec
energy density and pressure for the scalar field. The form
for instance, appears writing the 00-component of the fi
equation asH251/3F(r f luid1rf). The explicit expression
then is

rf5
v

2
ḟ21V23HḞ ~50!

for the energy density, and

pf5
v

2
ḟ22V12HḞ1F̈ ~51!

for the pressure. These two expressions do not, as we
shown before, pertain to a conserved energy-momentum
sor. They do, however, define an effective equation of st
this being justpf /rf . This relationship is subject to th
04352
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same caveats mentioned above for the case of Brans-D
it is neither positively nor negatively defined, since the
fective energy density itself shifts its sign during the evo
tion. The energy density quoted above is what is depic
~whenever possible! in Fig. 3. As can be seen, it track
closely the usually defined minimally coupled~MC! energy
density at low redshifts, this being an effect of the neces
ily small couplingj that is adopted to fulfill observationa
constraints.

Again, in order to work with a conserved energ
momentum tensor, we can rewrite the field equations
obtain a real equation of state,wf5 p̃f / r̃f , wherer̃f and
p̃f were given in Eqs.~42! and ~43!, respectively. As we
already mentioned in the case of the Brans-Dicke model,
equation of state is exactly what results when writing t
field equation asH251/3(r f luid1%f), defining implicitly
%f51/F(r f luid1rf)2r f luid . Finally, just for comparison,
one can as well consider the equation of state for the cas
a minimally coupled scalar field,p/r, with

r5
1

2
ḟ21V~f!, ~52!

p5
1

2
ḟ22V~f!. ~53!

In Fig. 4 we show the results of these different definitio
2-9
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of equation of state for the current time, as a function of
exponent of the power law potentialV5V0 fa, for a flat
universe model given byVm,050.4, the same model used
Fig. 3. We see that they do not present noticeable differen
Very low values of the power law exponent~shallow poten-
tials! are needed to produce equations of state near that
erated by a cosmological constant. To be quantitative, Fi
also shows, in the right panel, the differences between
equation of state directly related with the Hubble parame
wf and the nonminimally coupled~NMC! and minimally
coupledpf /rf . Clearly, the differences are minor. One c
actually understand why these differences are so small. N
that the energy density and pressure in a nonminim
coupled field theory can be written as the minimally coup
ones plus additional terms. In the case ofr̃f , these terms are
equal to23HḞ13H2(12F), whereas forrf only the first
term above enters. Both these terms are, however, pro
tional to j, being themselves

23HḞ13H2~12F !;26jHḟ23jH2f2.

But since from the evolution of the field,O(H21ḟ)51 to-
day, and at the current era,O(H2);V, the energy density
can be written asr̃f;rmc23j@(ḟ2/2)1Vf2#, wherermc is
the minimally coupled energy density. Clearly, at the curr
cosmological era and because of the constraints onj, the
second terms are subdominant in comparison to the
ones. A similar analysis can be established for the press
where again all extra terms are proportional toj, and then
for the equations of state. Today the influence of the
terms in Eqs.~42! and ~43!, the ‘‘gravitational dragging’’
terms, as dubbed in Ref.@10#, is negligible in comparison to
the minimally coupled contribution. It is only in the pas
when the matter density dominates the evolution of the u
verse, that these terms become important.

The previous analysis is not valid in the past history of
universe. Figure 5 shows the evolution of the different eq
tions of state with redshift. We can see that the scaling s
tion of the tracking potentials@the equation of state is ap
proximately equal to22/(21a) betweenz;1 –1000, when
rmatter.rf ; see, e.g., Refs.@9,10##, appears for all defined
equations of state butwf . We also note that because of th
sign nondefiniteness of the defined nonminimally coup
effective ‘‘energy density,’’ the corresponding equation
state shows sudden changes at high redshift, in the pos
where the density cross zero. Finally, we find that for tra
ing nonminimally coupled quintessence,there is no super-
quintessence potential in any of the defined equations
state, not even by a small amount, all of them being greate
than21 at present. This latter result is actually valid for a
potentials analyzed~similar cases than those presented
Table I!.

Comments on perturbations and on the possible degeneracy
with kinetically driven quintessence

Perturbations analysis of the field equations, as done
Perrotta and Baccigalupi@10#, have shown that rich phenom
ena are uncovered when working with the field equatio
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written as in Eq.~37!. The most important of them are thos
generated by gravitational dragging, exclusive of nonmi
mally coupled theories. This phenomenon is, basically,
early dominance of the last term in Eqs.~42! and~43!, which
is, in turn, produced due to the fact that they are proportio
to the square of the Hubble parameter, and then to the t
energy density. The latter scales asa23 and a24 at early
times, and then makes the gravitational generated term
dominate the dynamics of the field.

The advantage of writing the formalism as in Eq.~37! is
the fact that usual perturbation analysis—as applied for
fluid component of the universe—is also valid for the fie
In that sense, concepts such as the equation of state o
adiabatic sound speed

cf
2 5

ṗ̃f

ṙ̃f

5wf2
1

3H

ẇf

11wf
~54!

~where we have made use of the field conservation equat!
can be well defined. If the field is slowly varying in time
cf

2 ;wf . Hu @37# showed, for negative equations of sta
that adiabatic fluctuations are unable to give support aga
gravitational collapse. Density perturbations would beco
nonlinear after entering the horizon, unless the entropic te
wfGf.0 @37#.

The effective sound speed,ceff,f
2 , is then defined in the

rest frame of the scalar field, wheredTj f
0 50 @37#. The

gauge invariant entropic term is written aswfGf5(ceff
2

FIG. 5. Evolution in redshift of the equations of state for
model withV}f22.
2-10
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2cf
2 )df

(rest) , wheredf
(rest) is the density contrast in the dar

energy rest frame@10# df
(rest)5df13(H/k)(11wf)(vf

2B) ~we refer the reader to Ref.@10# for more careful ex-
planations!. For normal quintessence, the effective sou
speed isceff,f

2 51, giving a relativistic behavior to the corre
sponding density fluctuations. However, Perrotta and B
cigalupi @10# have found that the situation can be much d
ferent for nonminimally coupled gravity. In that case,

ceff,f
2 ;

d p̃f

dr̃f

~55!

for values ofk@H. But because of gravitational draggin
dr̃f can be quite different from the usual case, and this ra
may be much lower than unity whenever the energy den
perturbations of the scalar field are enhanced by pertu
tions in the matter field. At the level of perturbations, the
quite distinctive effects appears in nonminimally coupl
quintessence as compared with the usual case and m
these theories possibly distinguishable.

Very recently yet another scenario for an alternat
model of quintessence was introduced@39#. In it, known as
k-essence, the Lagrangian density includes a noncanoni
netic term:

S5E d4xA2gS 1

16pG
R1p~f,¹f! D1Sm,r , ~56!

where Sm,r denotes the action for matter and/or radiatio
Examples in which the Lagrangian depends only on the s
lar field f and its derivative squaredX52 1

2 ¹mf¹mf have
been constructed@39#. The field equations for this model ar

Rmn2
1

2
gmnR58pGS ]p~f,X!

]X
¹mf¹nf

1p~f,X!gmn1Tmn
m,r D ~57!

whereTmn
m,r is the energy-momentum tensor for usual mat

fields.p(f,X) corresponds to the pressure of the scalar fie
whereas the energy density is given byrf52X]p/]X2p
@40#. It can be seen that for this model, the speed of soun
given by @41#

ceff
2 5

pQ,X

rQ,X
5

p,X

p,X12Xp,XX
. ~58!

Apparently, then, and sincep is completely generic, a non
canonic kinetic term could exist withink-essence, giving rise
to the same results of nonminimally coupled gravity. Visco
ity ~a parameter relating velocity and metric shear with
isotropic stress@37#! can, however, provide the way to brea
the degeneracy, since it results in nonzero for a nonm
mally coupled field~contrary as well to what results in usu
quintessence! @10#.
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VI. CONCLUSIONS

In the case of Brans-Dicke theory, and in the cases ofvBD
allowed by current constraints, we have numerically prov
that the homogeneous field equations of extended quin
sence yield no observable effect that can distinguish
theory from the predictions of general relativity plus a co
mological constant. It is with this model that the comparis
should be made, since for the large values of the coup
parameters required by current experiments, all potentials
closely similar to a constant function, and the theory itself
general relativity. Although we have not made a detailed p
turbation analysis using the full numericalCMBFAST code, we
can safely predict that the same situation will happen the
as a result of the analysis made for the CMB-related obs
ables in Sec. II C. We discussed the observationally rela
definition of equation of statewf , and not to the usually
studied ratio between the effective pressure and density
rectly obtained from the field equations, to which we ass
no particular physical meaning. The phenomenon of sup
quintessence, i.e. a superaccelerated expansion of the
verse, although possible for a nonminimally coupled Bra
Dicke scalar field and impossible in any minimally coupl
field situation, is of such a small amount that it is far beyo
the expectations of any realistic experiment. From a pract
point of view, then, a scalar field potential will always exi
supporting a minimally coupled field that produces expe
mentally indistinguishable results from those obtained wit
the extended quintessence framework of Brans-Dicke the

For the more general extended nonminimally coup
models studied, the possibility of having superquintesse
actually disappears: all tracking potentials explored prod
effective equations of state greater than21. We have shown
that for low values of the exponent in the tracking potenti
supporting the nonminimally coupled field~i.e., equations of
state are close to21), the difference among all define
equations of state is negligible. It is, however, in the pert
bation regime where differences with the usual quintesse
case can be noticed. As Perrotta and Baccigalupi have fo
@10#, a new gravitational dragging effect appears here, giv
rise to the possibility of clumps of scalar field matter. In th
case, however, it is withk-essence models that a degenera
could appear, particularly in those cases in whichp,X
12Xp,XX@1, yielding the speed of sound to values close
zero.

Finally, we remark that expanding solutions where acc
eration is transient have been recently considered given
consistency problem between string theory and spaces
future horizons@42#. Since scalar-tensor theories of gravi
likely originate in string theory, it would be interesting t
make a similar analysis to that presented in the previ
reference for the case of nonminimally coupled theories.
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APPENDIX

In the literature, one may find two alternative introdu
tions of general nonminimally coupled theories. Firstly, t
one that we follow in Sec. II~see, for instance,@43#!, and
secondly, the one that is derived from the action

S5E d4xA2gF 1

2k
f ~f,R!2

v~f!

2
¹mf¹mf

2V~f!1L f luidG , ~A1!

wherek is a constant, not necessarily taken as 1, and p
the role of the ‘‘bare’’ gravitational constant~see for instance
@12#, by the same authors!. The functionf is then assumed to
be of the form

~1/k! f ~f,R!5F~f! R. ~A2!

The functionF, in the case we are interested in, is written

F~f!5
1

k
1jf2511j~f22f0

2!. ~A3!

Then, a value ofk51, as we have taken in the theoretic
development of the previous sections just reduces to takef0,
the current value of the field, equal to 0. This, however, is
what may result and is, in general, numerically convenie
since it would imply to precisely fix the evolution of the fie
to reachf50 today. Instead, as we are not actually int
ested in any value ofk per se, we do not makek51 in our
et

As
I.

.
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numerical code, and instead follow the treatment given
Perrotta and Baccigalupi@10#. In that case, they chose t
rewrite the field equations as

Gmn5kTmn , ~A4!

with the corresponding field energy density and press
given by

r̃f5v
ḟ2

2
1V~f!23HḞ13H2S 1

k
2F D , ~A5!

p̃f5v
ḟ2

2
2V~f!12HḞ1F̈2~3H212Ḣ !S 1

k
2F D .

~A6!

When comparing Eq.~A4! with the usual Einstein equations
one has to take into account that the value ofk is not 1
~although certainly it is truly close to unity because of t
constraint imposed onj). Then, if we decide to write the
Friedmann equation likeH251/3(r f luid1%f), to directly
compare with GR~and the same matter density! the corre-
sponding relationship between%f and r̃f given in Eq.~A5!
is

%f5~k21!r f luid1kr̃f . ~A7!

In this scheme,p̃f / r̃f @with quantities defined as in Eqs
~A5! and ~A6!# will differ from the equation

wf5212
1

3
lnS %f

%f 0
D 1

ln~a!
, ~A8!

because%fÞr̃f , but it is the latter, Eq.~A8!, that should be
used to compare with the results of general relativity with
fixed current matter density.
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