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Quintessence, superquintessence, and observable quantities in Brans-Dicke
and nonminimally coupled theories
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The different definitions for the equation of state of a nonminimally coupled scalar field that have been
introduced in the literature are analyzed. Particular emphasis is made upon those features that could yield an
observable way of distinguishing nonminimally coupled theories from general relativity, with the same or with
alternate potentials. It is found that some earlier claims that superquintessence, a stage of superaccelerated
expansion of the universe, is possible within realistic nonminimally coupled theories are the result of an
arguable definition of the equation of state. In particular, it is shown that these previous results do not import
any observable consequence, i.e., that the theories are observationally identical to general relativity models and
that superquintessence is not more than a mathematical outcome. Finally, in the case of nonminimally coupled
theories with couplind®=1+ £¢? and tracking potentials, it is shown that no superquintessence is possible.
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[. INTRODUCTION be within the range-1<p/p=<1, unless of course one is
willing to accept negative defined potentials. In the latter
During recent years, observations of distant type la supercases, the energy density becomes itself a negative quantity.
novae[1l] and cosmic microwave backgrouif@MB) mea- For usual models of quintessence, then, it is clear that no
surementg2] have shown that the universe is, most likely, superacceleration can appear. The latter is a result of an ex-
undergoing a process of accelerated expansion. The widéremely negative € — 1) equation of state. This possible su-
spread vision of the cosmological model is, since then, geraccelerated expansion has been recently dubbed
spatially flat low matter density universe. This implies thatsuperquintessence by several authors, €6.,although its
the total energy density today is dominated by a contributiorconsequences have been analyzed since some time before
having negative pressufa cosmological constant, or quin- [7]. The main reason supporting this interest is that current
tessencg3]) which has just began to undertake the leadingobservational constraints are indeed compatible with, if not
role in the right-hand side of the Einstein field equations. favoring, such values for the equation of stéee, for in-
The cosmological constasblutionto this state of affairs stance, Ref[7]).
appears not to be completely satisfactége, for instance, Extended quintessence models are those in which the un-
[4]). Precise initial conditions should be given in order toderlying theory of gravity contains a nonminimally coupled
solve the coincidence problefwhy the vacuum energy is scalar field. It is this same scalar field which, apart from
dominating the energy density right noviMoreover, a fine-  participating in the gravity sector of the theory, is enhanced
tuning problem appears since a vacuum energy density dfy a potential to fulfill the role of normal quintessence. From
order ~10"47 GeV* requires a new mass scale about 14a theoretical point of view, these ideas are appealing: it is the
orders of magnitude smaller than the electroweak scale, havheory of gravity itself what provides the dynamically evolv-
ing no a priori reason to exist. In addition, the equation of ing, and currently dominating, field. Recent works on this
statep/p for vacuum energy is exactly equal tol, which at  area include those presented in Rg&8—13. We will have
first sight appears as yet another value which is, in a dynamithe opportunity to comment with much more detail on some
cal setting, precisely set. Quintesser8¢ and its derived of these works below. In addition, just to quote a few others
models, being the main alternatives, are based on the exi# a so vastly covered topic, see the works of R&#l]. We
tence of one or many scalar fields, which dynamically evolvewould also like to remark that one of the first detailed analy-
together with all other components of the universe. Thesis of a nonminimally coupled theory with a scalar field po-
above-mentioned problems are alleviated within this frametential was made by Santos and Gregfit¥], years before
work. A subclass of models, those having inverse power lavihe concept of quintessence was introduced.
potentials, present tracking solutions where a given amount It has been claimed by many that a nonminimally coupled
of scalar field energy density can be reached starting from theory, such as for instance Brans-Dicke gravity, can harbor
large range of initial conditionésee, for e.g., Ref$5]). superquintessence solutio(esg.,[6,8]). However, there are
The simplest models of quintessence are based on mindifferent, and in most cases conflicting, definitions for the
mally coupled scalar fields. For a general potentialthe  equation of state in these theories. Then, care should be ex-
equation of state for those quintessence models is given byrcised when analyzing the claims of the existence of super-
, quintessence solutions: in some cases, they do not report
p_¢*—2V either any physical import, because the equation of state re-
;_ #2+2V’ 1) ally is not more than a complex relationship between the
field and its derivative without any supporting conservation
and it can be easily proven that this expression is bounded taw, or any observational consequence, because the amount
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of superquintessence is so small that it is far beyond aniNEC. Wormholes are probably the most interesting physical
foreseen experiment. It is the aim of this paper to help inentity that could exist out of a macroscopic violation of the
clarifying these points, and to analyze, from an observationaEC.
point of view, how nonminimally coupled theories differen- It is interesting to analyze what does superquintessence
tiate from usual general relativity in what concerns the quinimply concerning the validity of the EC. As stated in the
tessence and superquintessence models. Introduction, superquintessence is described by a cosmic
The rest of this work is presented as follows. In Sec. Il weequation of state

comment on the energy conditions and the status of the su-
perquintessence regarding them. Then, we introduce the E<_1

: . : ; . , 3
gravity theories we are interested in. Section IV analyzes the p
case of Brans-Dicke gravity whereas Sec. V studies more
general nonminimally coupled theories. A discussion andnd so different situations arise depending on the sign of the
summary of the results is given in Sec. VI. A brief Appendix €nergy densityp. If p>0, superquintessence impli@stp

discusses an alternative formulation of the theories of grav=<0, and thus the violation of all the pointwise EC quoted
ity, useful for numerical Computaﬁons_ above. Note that WEC is violated because of the violation of

its second inequality. If, on the contrary, alregetz 0, then
NEC may be sustained, but WEC is violated. Super-
quintessence then implies strong violations of the commonly

. , cherished EC. But, should this be taken as sufficiently un-
For a Friedmann-Robertson-Walker space-time and a dignysical as to discard a priori the possibility of a super-

agonal stress-energy tens®y,,=(p,—P,—p,~P) With p  5ccelerating phase of the universe?

being the energy density aqrithe pressure of the fluid, the  Apart from the finally relevant response, coming from

energy conditionsEC) read experimentgtoday super-quintessence equations of state are
not discarded, and maybe even favored by experimental data,

II. THE ENERGY CONDITIONS

null: NEC= (p+p=0), see for e.g[7]), the answer will of course rely on how much
do we trust the EC, which, as we have already said, are no

weak: WEG=(p=0)and(p+p=0), more than conjectures. Particularly for nonminimally
(2)  coupled theories, violations of the EC are much more com-
strong: SE@>(p+3p=0)and(p+ p=0), mon than in general relativity, see for instance the works of

Ref. [17] and references therein. In addition, recently, the
consequences of the energy conditions were confronted with
possible values of the Hubble parameter and the gravitational
: . : edshifts of the oldest stars in the galactic hg6]. It was
They are, then, linear relationships between the energy de@educed that for the currently favored values H, the

sity and the pressure of the matter or fields generating th {Tond ener ndition should have been violated sometim
space-time curvature. Violations of the EC have sometimesa ong energy co on should have been violaled sometime

. : tween the formation of the oldest stars and the present
been presented as only being produced by unphysical stre e o . S
energy tensors. If the null EQNEC) is violated, and then tehpeof:(.)riEbC;glc(;)lggon ?a&/é)é r;ﬁé nwoégnﬂzgqh;#fla&oa? ﬁ;s
weak EC (WEC) is violated as well, negative energy ! » 1.6, ’ Ing

densities—and so negative masses—are thus physically a89e“ impossible yet to determine. In any case, superquintes-

mitted. However, although the EC are widely used to proVesence could be a nice theoretical framework for explaining
theorems concerning singularities and black hole thermody(—)bfs’ervat'0”‘"lI Qata opposing the EC. To the _study of super-
yintessence in nonminimally coupled theories, we devote

namics, such as the area increase theorem, the topologic .
censorship theorem, and the singularity theorem of stella & rest of this paper.
collapse[16], they lack a rigorous proof from fundamental
principles. Moreover, several situations in which they are lll. GRAVITY THEORY

violated are known, perhaps the most quoted being the Ca- | this section we shall present the general nonminimally
simir effect; see, for instance, Refgl6,17 for additional  cqypled Lagrangian density given by

discussion. Observed violations are produced by small quan-

tum systems, resulting in the order ®f It is currently far 4

from clear whether there could be macroscopic quantities of S= f d x\/—_g
such an exotic, e.g. WEC-violating, matter/fields may exist

in the universe. A program for imposing observational

bounds(basically using gravitational micro and macrolens- —V(¢)+Liiuig
ing) on the existence of matter violating some of the EC

conditions has been already initiated, and experiments andere, R is the Ricci scalar and units are chosen such that
beginning to actively search for the predicted signat{it&% 87 G=1. The functionsw(¢) andV(¢) specify the kinetic
Wormhole solutions to the Einstein field equations, exten-and potential scalar field energies, respectively. The Lagrang-
sively studied in the last decadsee Refs[16,19 for par- ian L4 includes all the components bt The functionf
ticular examplekg violate the energy conditions, particularly will be assumed to be of the form

dominant: DEG=(p=0)and(p*p=0).

1 w($)
S (SR~ V4oV, ¢

: 4
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f(¢.R)=F(¢)R.

Einstein equations from the general actidi are

©)

H?= 31F Ptiuid T <I5 +V—3HF (6)
. 1 5
H=— 2F[(Pf|md+pf|md)+w¢ +F—HF],
(7)
1
$+3HP=— o(0 4*—F R+2V.,), ®)

where overdots denote normal time derivatives. The KleinktLl If on the contrary,

Gordon equation is actually very complicated in the genera
case. Using that

R=6(H+2H?)
1 5 .. .
:E[Pf|uid_3pf|uid_w¢ +4V—-3(F+3HF)], (9

after some algebra, it ends up being

2

), L1
P It 2o =73 2500 Ve
Fo
_m(_Pfluid+3pfluid)
F F
F. ¢
2F¢ wFZV
Fop '2-529H' 10
- 2wF '4’4’('/) - 2wF ¢- (10
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(dF/d¢)?
y—l=-— (1)
wF+(dF/dg¢)
1 F(dF/d¢) dy
177 2 d¢
20F+3(dF/d¢)% d¢
(12
Solar system tests currently constrf22]
ly—1|<2x10°3%, |B—1|<6x10 4, (13

and they translate into a limit onA{dF/d¢)? at the current
time, supposingn=1, specifically 1F(dF/d¢)?<2x10 3

we assume the form of the Brans-
Plcke theory, they implywgp>500. This value has been
derived from timing experiments using the Viking space
probe[24]. In other situations, claims have been made to
increase this lower limit up to several thousands, see Ref.
[22] for a review.

Starting from the action, one can define the cosmological
gravitational constant asHA/ This factor, however, does not
have the same meaning than the Newton gravitational con-
stant of GR. The Newtonian force measured in Cavendish-
type experiments between two massgsandm, separated a
distancer is Gg¢m;m,/r2, whereG. is given by[23]

1
Geﬁ:E

The previous expression reduces to the well-known equality
Gei(t)=[1/d(1) (2w +4)/(20+3) for the Brans-Dicke
theory. Current constraints imply

20F +4F%,
: (14)

2
2wF+3F’¢

—M e x 10712 yrt,

Gur (15

Two different kinds of theories are usually studied. One is

the archetypical Brans-Dicke gravif21], which appears by
choosingw = wgp/ ¢ andF= ¢, wherewg is referred to as

In general, though, one cannot make the statement that this
constraint does directly translate into one fotF, for one

the coupling parameter. The other, generically named as norould in principle find a theory for which even wheérvaries

minimally coupled theoriegalthough of course Brans-Dicke
gravity also has a nonminimally coupled scalar figldre
those for whichw=1, andF and the potentiaV/ are generic

significantly, Go¢ does not. Example of this is the case of
Barker’s theory[25], whereG is strictly constant.
Nucleosynthesis constraints can also be setafpihow-

functions of the field. Interesting differences appear when irever, their impact is smaller than those set up in current

the latter cases is of the forfa=const+g(¢), they will be

experiments(see, for e.g., Refs[26] and articles quoted

discussed below. At least formally, starting from one of thesdhereir).
Lagrangian densities, one can always rephrase it into the

alternative form by a redefinition of the scalar field. Some-

B. The general relativity limit

times, however, this cannot be achieved with closed analyti-

cal formulas.

A. Experimental constraints

The predictions of general relativitfGR) in the weak
field limit are confirmed within less than 19®22]. Any

There are important differences between Brans-Dicke
gravity and more general nonminimally coupled theories,
particularly in what refers to quintessence. In the case of
Brans-Dicke, when the coupling parameter is large, the field
decouples from gravity, and the theory reduces itself to gen-
eral relativity [27]. When there is a potential, the limit of

scalar-tensor gravity theory, then, should produce prediction&gp— o would make the theory GRA for everyV. This is
that deviate from those of GR by less than this amount in theertainly not the case in nonminimally coupled theories
current cosmological era. In general, these deviations fromvhenF involves a term independent of the fighl constant

GR can be specified by the post-Newtonian paramé¢gsk

The limiting case of a nonvariable function is, in that situ-
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ation, not GF_2 plus a_cosmological constant, but GR plus the a a2 ¢ ad wd® V P

same potential. In this case, then, the field recovers the status 2—4+ -+ —+2—-—4+ - —— —=— —, (22
of normal quintessence, as it is minimally coupled and en- a a ¢ as 2¢° ¢ ¢

hanced by a generic potential. It is only in this sense that :

comparing different theories with the same potential is justi- b+ 3E¢:(P_3p) o\ — d)d_V 23)
fied. The same procedure does not provide meaningful re- a 20+3  2w+3 do|

sults when working with Brans-Dickéor induced gravity

models. To see how this difference appears it would bg'0 simplify the notation in this section we shall namgp
enough to focus on the different Klein-Gordon equations forSimply . The continuity equation follows from the Bianchi

both theories. In the case of the Brans-Dicke model, identity, yielding the usual relation
. a. (p-3p) dv ., 8 B
a._ oY 32 (p+p)=0, (24)
0329 20003 2agpt3 2" Pag) (19 PTRPTP

which applied to both matterp{,=0) and radiation [,

and all terms in the right-hand sidancluding those having 1/3p) gives the standard dependencies
=13

the potentigl are proportional to Ibgp. Then, a sufficiently
large value ofwgp will make this equation sourceless, i.e. a
solution beingé = const, and reduce arly in the Lagragian
to a constant as well. This does not happen in the case &f/e have chosen the scale factor normalization suchatlaat

nonminimally coupled theories wheFecontains an indepen- the present time ia,=1. The current values of the densities
dent factor. For instance, in the case in whigk 1+ £¢2, are given, in turn, by
the Klein-Gordon equation is

Pm:Pm,Oaisa Pr:pr,oadl- (25

q Pm,O:3H(2)Qm,Oa Pr,OZSHSQr,O- (26)

. . \%

$+3HP=E(RP+ a5’ (17 Here, Hy=100xh km/s/Mpc is the current value of the
Hubble parameter an€),=4.17x 10 °/h? is the radiation

contribution to the critical densitgtaking into account both

photons and neutrinos, sg28]). Typically, we shall work in

a model with(,,=0.4, but this can be fixed to any other

value we wish, by using the contribution of the Brans-Dicke

which clearly shows that the limg— 0 converts the theory
into normal quintessence.

IV. BRANS-DICKE THEORY field to respect the flatness of the universe.
A. Field equations ~ The contribution of the field to the field equations can be
) ) ) ] directly read from the field equations, if we replace the usual
Consider the Brans-Dicke action given by general relativity gravitational constant with the inverse of
1 () ¢. The effective energy and pressufer the field end up
s=3 f d4x¢—g[¢R— —5 ¢t 2V($) being
$? V  a.
+Lfiuid - (18 eV 2
We shall consider that the matter content of the universe is
composed of one or severatoninteracting perfect fluids and
with stress energy tensor given by e 5
w . .
Ps=|% ——V+¢+2—¢] (28
Tuv=(p+P)v,0,+ DYy, (19 “l2 ¢ a
wherev ,v#=—1. This previous equation, then, with ad- B. Numerical implementation

equate values qgf andp will be valid for the contributions of
both dust and radiation. Finally, we shall assume that th
universe is isotropic, homogeneous, and spatially flat, an
then represented by k=0 Friedmann-Robertson-Walker
model whose metric reads

After being unable to find any obvious coordinates or
jeld transformation, in the sense explored by Mimoso and
Wands[29], Barrow and Mimoso and Barrow and Parsons
[30], and Torres and Vucetic[B81], that can deal with the
complexities introduced by the appearance of the self-

— 24 a2 24 124020 02 i 2 interaction and solve the system analytically, we have pre-
ds’=—dt*+a*(n)[dri+r*d6*+r?sifede’]. (20 pared a computed code to integrate the syst@—(24)
numerically. Indeed, not all four equations in the system are
independent, because of the Bianchi identities, and we have
L, - chosen to integrate Eq$21) and (23) having as input the
a. 2 ¢ w¢” V_p 21) form of the matter densities given in E@®5). We have fol-

a’ lowed the original idea of Brans-Dick1,32, and trans-

In this setting, the field equations are given by

ad 6¢° 3¢ 34
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formed Eq.(21) into an equation foH by completing the
binomial in the left-hand side. Our variable of integration
wasx=In(t), and the output were Ig}, ¢, and¢’, where a
prime denotes a derivative with respectxoHaving these
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1.0

Matter
---- Radiation

BD Field

values for each moment of the universe evolution, it is im-

mediate to obtaimb, H, and any other quantity depending on
them, like the effective pressure and density of the Brans-
Dicke field given in Eqs(27),(28). The relevant initial con-
dition of the integratior(in ¢) is chosen such that we fulfill
today the observational constrainG{z=1) given by Eq.
(14). The derivative of the field can be set within a very large
range at the beginning since, while producing unobservable
changes at the early stages of the universe, this initial condi-2
tion is washed out by the evolutida large range of different
initial conditions will give the same resultsThe potential is
generically written as

0.8

0.6

0.4

V=V=V,f(¢), (29

0.2
and the value of the constan, is iteratively chosen such
that it fulfills the requirement of a largeay, (2 ,~0.6) field
contribution to the critical density at the present time, for any
given functionf(¢). We have tested our code in the limiting
cases of the problem and found agreement with previous
results. As we have discussed, when- =, the Brans-Dicke
theory becomes general relativity, being a constant, and
every potential effectively behaves as a cosmological con-
stant(i.e., p,/p,=—1) during all the universe evolution.
Additionally, Wh_en we are in pure Brans-Dicke theory, with- an inverse square potential in a Brans-Dicke theory with500.
out any potential, we reproduce the results of Mazumdaf;, _ ;¢ km/s/Mpc and,, o= 0.4.
et al. for the ratio between the Hubble length at equality and 0 mo
the present onegeqHeq/Ho [33].

0.0

10° 10°

10° 10° 10*

10’

10°
1+2

FIG. 1. Evolution of the contributions to the critical density for

zero(from negative to positive valugsThis is in agreement
. - with Fig. 1, which shows the current field domination.
C. Aworked example:V=Vo¢ Indeed, we can obtain similar results to those presented

In Fig. 1 we show the different contributions to the critical here changing the form of the potential to a variety of func-
density during the universe evolution for a Brans-Dicketional dependencies on the Brans-Dicke fiédge Table)l
theory with w=500 and inverse square potential. The con-Most interestingly, we see that at the present age of the uni-
tribution of the field is given, at any time of the universe verse, the effective equation of state for some potentiads
history, by remark here that this is an abuse of language, as will be
explained belowis smaller than—1. As we stated, the phe-
nomenon of having,/p,<—1 has been referred to as “su-
perquintessence” by other authors, whereas the correspond-
ing dark energy has been dubbed “phantom enerff:
and the othef) values are defined in the same way as well APParently, the simplest potentials one can imagine can be
We see that the Brans-Dicke field can act as quintessence, fyPerquintessence potentials within Brans-Dicke theory. It is
agreement with what other authors have previously foundfue, however, that the amount of superquintessence we have
(See’ for examp|e' Refégil?,] and references thereinThe found (hOW |arge the deviation is from-1 towards smaller
value ofV, is extremely small, and mimics a cosmological values is very small. It is indeed much smaller than what
constant in general relativity. The Brans-Dicke field and itsother authors claimed beforgsee in particular Ref[8]).
derivative do evolve in time. However, the current value of isHowever, we note that apparently there is a sign mistake in
$=9.8x10 % yr 1, fulfilling the above-mentioned con- their Klein-Gordon equatiofi7); the last term in their right-
straint. The equivalence tim@e., Whenpmaier= pradgiation)  1anNd side(rhs) should be positive, which can be tested by
in this model happens at 19801 yr, oraj —8.59. differentiation or comparison with, for example, Eg.3) of

In Fig. 2 we show, for the same model, the evolution ofRef. [12] or Eq. (2.6) of [34]. This can actually produce a
the ratio between the effective pressure and densities for th@uch bigger difference from an equation of state equal to
Brans-Dicke field. This ratio evolves strongly during the re-—1 (as we numerically teste¢dand is probably the origin of
cent matter era, the reason being tipgt actually crosses the discrepancy.

(30
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2 T e TABLE I. Values of the effective and phenomenological equa-
tions of state for the Brans-Dicke field for different potentials.
Model parameters ar@ =500, ), =4.17x 10 °/h? Q,,=0.4, and
Ho=75 km/s/Mpc.
f(#) (p¢/P¢)today (W¢)today
i 1 ¢ 1? —0.9967 —0.9973
@ P2 —0.9986 —0.9993
% ¢ 32 —0.9947 —0.9953
= |t ___ ¢%? —1.0006 —-1.0013
e _--" -1 —0.9957 —0.9963
S oL e i ¢? -1.0016 —1.0023
T h -2 —0.9937 —0.9943
§ h k * —1.0056 —1.0063
= I —4 —0.9897 —0.9903
o :' »° —1.0096 —1.0103
S : 6 —0.9857 —0.9863
&) e? —0.9997 —1.0003
e ? —0.9957 —0.9963
cos(@)+1 —0.9966 —0.9972
i T4 Y=($GL.).s (33
2 vkl | 1 | 1 1 1

10° so that, whereas the usual continuity equation for matter is
valid, the continuity equation for the above-defined “stress-
energy tensor” for the field gets complicated.
FIG. 2. Evolution of the ratio between the effective pressure and

densities for the Brans-Dicke fieldof/p,), and of the effective D. Observable quantities and the equation of state

equation of state for the fielo(,), entering in the observable quan-

tity H. The latter quantity is defined in Sec. Il D. Model parameters

are as in Fig. 1.

10

1+2z

Then, if notp,/p,, which is the relevan(physically
meaningful quantity to be considered as the equation of
state for the field in Brans-Dicke theory®e suggest that the

As we have briefly implied abovey,/ps<—1 do not important quantity to look at should come from what we
have an especially clear physical meaning. Bpghand p actually measu_reln th_e case of the homogeneous problem
are made up of terms coming from the Lagrangian densityV® &re analyzing, this is the Hubble parametér,If we
for the field. But they also contain terms coming from the rewrite the first of the Friedmann-Robertson-Walker equa-
interaction between the field and gravitihrough its non-  tONs as
minimal coupling. The crucial aspect, then, is that the ratio
Py/py does not represent an equation of state, like those of H?= 2 (pruia+ Po)
the other components, since an equation of the ferm
+3é1/a(p¢+ py)=0 is n_ot sat_isfied. We can actually see :E(p a3+ p @47, a3 (34)
from first principles whyp ,+3a/a(p4+p4)#0. The field 3rmo ro ¢0 ’
equations of Brans-Dicke theory in a general metric are

Wl

thenw,, is what is going to establish the departure from the

B matter , —d predictions of general relativity plus a cosmological constant

GMV—E(TM T, 3D or a generic quintessence potential of a minimally coupled
field. To be specific, ifw,= —1, the theory would be indis-

WhereGMV is the Einstein tensoﬂ:z‘ftter is the stress-energy tinguishable from general relativity plus a cosmological con-

tensor for the matter sector of the theory and stant(from an observational point of viewif w,>—1, then
the theory would be indistinguishable from a nornfiini-

(/) 1 N mally coupled scalar field with a given potential. And fi-
Tuvzg budb ngd’,a‘f" (b v = 09wl ), nally, only if w,<—1, the theory would be observationally
(32  different from its general relativistic counterparts;<—1
is a value that cannot be attained by any minimally coupled
with A being the D’Alambertian operator. Now, if we mul- potential, as we discussed in the Introduction. In that case,
tiply the previous equatiort3l) by ¢ and take covariant superquintessence adopts its rightful meaning: a super-
derivatives, it can be seen tHal] accelerated expansion of the universe, contrary to the case in
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which it just represents a particular relationship betweerin order to obtain Eq(37) we have just added and subtracted
quantities importing no physically clear concept. In the pre-G,,, on the left-hand side of the generalized Einstein equa-
vious equation, and to be consistent with the generalizetions, i.e.,
field equations of the theory, we have defined . .
G, F=Tla+T]e,

p=pod 4

—3(1+wy) — _ a3—, a-
Pmod “—Pr g with the usually defined

1
+—(pmed *Fpra “+py), 35 i !
g (Pma >ty ¢ s = 0| VudV,b= 59,V Vo

where subindicem, r, and O stand for matter, radiation, and _ _
current values, respectively. By definition, VOt VuVF ~0,,AF. (41)

1 (3 1 This immediately fixes the expression'Nb,;V[ ¢] above. The
wy=—1- _|n(~p_¢)__ (36) new effective energy density and pressure that this defined
3 \pgo/In(@) stress-energy density produces are
In Fig. 2 we have already shown the evolution of this quan- - &2 ) 5
tity in time (redshif). We also see that, although some non- py=w - TV($)—3HF+3H(1-F), (42)
minimally coupled Brans-Dicke field can effectively produce
superquintessence when supported by particular potentials, »?
the effective “equation of state” being less thanl, its 5¢:w7—v(¢)+2|-{|':+|'i

value is too close to-1 so it effectively mimics a cosmo-
logical constant at the current epoch. In Table | we show that —(3H24 2H)(1—F) 43)
the same, almost imperceptible, deviation from an effective '

cosmological constant appears for other potentials. This iS |, the case of Brans-Dicke theory, we recaly

then showing a sign of caution when analyzing the impact Of_wBD/¢> andF = ¢. Note then that5¢=p¢+3H2(1—F),

nonminimally coupled theories using the equation of state; . . ‘ .
differences are actually too small and fall below the threshyvhere pg Was given in EQ.27). The defined equation of

old of any current or foreseen experiment. statew,,, thus, is exactly that given by, /p,,, since it was
defined using the same Friedmann equatith= 1/3(pt1uid
E. The meaning ofw, +py). Indeed,

Is w, representing an equation of state in the usual sense?

In other words, is the equatign,=—3H(1+w,)p, satis-
fied? To answer this question we shall rewrite the field equa-

- 1
pPyp=— Pfluid+E(Pfluid+ Py

tions for a general nonminimally coupled theory[4§)] = — psiig+ 3H?
Guv=Tu, (37 =—(3H%F—p,)+3H?
where we havalefineda new stress-energy momentum ten- =pyt 3H?(1-F). (44

sor, on purpose, to make the previous equation valid:
At the same time, we can see that
T,,=TMLT 4] (39 - :
S g Py=Py—(3H?+2H)(1-F). (45)

As aconzecxjedncg of t?ﬁ contracted Bli_auj[chi id?_nﬁ[i,%sits We conclude that the definition for ywrepresents a real
corltferve d ff.‘ Idsmctﬁ Nere Is no e)c(ip ICit coupling be erréquation of state, since it is supported by a conservation law,
{na er an Ile S e|: lcorrespon |dn.g Energy-momentun ,y that it is this one that should be taken into account to
ENSOrs are also separately conserved. compare with the predictions of GR, since it is directly re-
lated to the observable H\Ve can also see, from Table I, that
the difference betweew , and the ratiq/p, is very small.

: . . The reasons that lead to this are explicitly discussed for
In this framework, reporting no more than a rewriting of theNMC theories in Sec. Ill; a similar argument applies here as
field equations, i.e., introducing no new physics at all, theWeII '

explicit expression foﬁ'w[cﬁ] is given by

VAT M9=VAT, [ 4]=0. (39)

F. CMB-related observables

~ 1
Tulol=o|V, ¢V, 6~ §9MVVA¢VA¢> —Vg,,+V,V,F The evolution of the comoving distance from the surface
of last scattering(defined asz=1000, equivalently la=
—0,AF+(1-F)G,,. (40 —6.90) can be computed, for different theories, as
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f g J'a da 5 1E-14 grrrrmm—rrrmm—r-rrmm—rrrmy YA R AL BR Y
T_ o.001a?H(a) /-

Only in the case of extremely low coupling factdesg., w

of Brans-Dicke theory discarded by current constraints, we

see a noticeable difference with the result of general relativ-

ity plus a cosmological constant. To give a quantitative idea ~ 1E-19
we can quote the ratio

sund vt voud 0ol 3ol

s

TBD TGR
1

TGR —

1)

calculated todayd=1), which, for o =25 results equal to
—0.014, whereas for=500 is —5.7x10 4, and quickly
tends to zero for bigger values &f.

The angular scales at which acoustic oscillations occur are
directly proportional to the size of the CMB sound horizon at
decoupling, which in comoving coordinates is roughly
T4ec/ /3, and are inversely proportional to the comoving dis-
tance covered by CMB photons from last scattering until
observation, that isy— 74.:[35]. The multipoles scale as the
inverse of the corresponding angular scale, and so

s 1 ooed 3 ooued

pumd

pumd

log,, (p [g/cm
m
nN
.Y
s e B R

ey, —— NMC energy density

/ - — — —radiation

T IR AT e

|

—-—-— MC energy density

|

To™ Tdec

| pear (47)

Illq T IIIH T H{l Illlq T lIllq T Illq
3
Q
=
[©)
=

e

Tdec

1E-34 PERETITT IR T W ETTT B AT EEETTTT W AT MR T R TTT BT
As in the nonminimally coupled models studied in R&6], 10° 10" 10° 10® 10* 10° 10° 10" 10°
7 changes because of a different dependence of the Hubbl
lengthH ! in the past. However, we have already noted that
this change is almost imperceptible when compared with the FIG. 3. Matter, radiation, and quintessence energy densities,
usual general relativity plus a cosmological constant, unlessoth nonminimally(NMC) and minimally coupledMC). The in-
of course(violating current constraintghe coupling param- complete curve corresponds to the nonminimally coupled quintes-
eter w is low enough. sence, and the cutoff is produced by a change in the sign of the

The integrated Sachs-Wolfe effect makes the CMB coefeffective density; see the text for details.

ficients on large scales, smal§, change with the variation
of the gravitational potential along the CMB photon trajec-ing two different theoriegBrans-Dicke and general relativ-
tories[37]. This is undoubtedly changed because of a variaity) with the same potential, but rather, and motivated by the
tion in the gravitational constant since the time of decoudindings of this section, the Brans-Dicke theory with any
pling. However, we expect this change to be also very smallgiven potential and the general relativity theory pluslt is
since theG variation we have found, for values af=500 in this case that the possibilities of actually distinguishing
and bigger, are typically less than 2% since the time of deboth situations diminish.

1+z

coupling.
The scale entering the Hubble horizon at the matter- V. NONMINIMALLY COUPLED THEORIES
radiation equivalence is also important, since it will define _ _ ) _
the matter power turnovéBg]. The shift in the power spec- ~ The details of the cosmological evolution using the gen-
trum turnover is given by36] eral action(4) above, witho=1 and
SKearn 5H—1> F(§)=1+¢4% (49)
=—|— . (48)
Keurn H! eq were explored in Refd.9,10,34, among many others, and

we refer the reader to these works and references therein for
and again, this reports a very small difference for all cur-additional relevant discussions. Our numerical code is in
rently possiblew values. Only forw=25 this difference is agreement with the results therein reported, and it is a direct
about 12%(where the case of a power law potential with anextension of the numerical implementation reported in Sec.
exponent equal te-2 is taken as an exampld=or =500 Il B.
and bigger, the differences are less than(184ive a precise In this section, following the previous discussion, we
example it reports a 0.7% difference in the same power lawvould like to focus on the possible definitions eduations
case as commented before a@eF500). Contrary to what of stateand their impact onto observable quantities. Just as
Perrottaet al. have done in the pa$®], we are not compar- an example, we show in Fig. 3 the case of a tracking poten-
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FIG. 4. Left: Current values of the defined “equations of state,” see text, as a function of the power law exponent of the tracking
potential. Right: Difference between the equation of state directly related with the Hubble pararpeted the nonminimally coupled and
minimally coupledp,/p.

tial of the form V=Vy¢ 2, Hy=70 km/s/Mpc, in a flat Same caveats mentioned above for the case of Brans-Dicke:

universe withQ,,,=0.4. The equivalent Brans-Dicke pa- It IS neither positively nor negatively defined, since the ef-
rameterfobtained by redefining fields in E¢4) in order for ~ fective energy density itself shifts its sign during the evolu-
it to look like a Brans-Dicke theoiyis w;sp=wF/F2,, and tion. The energy densny guoted above is what is depicted
its value is given by defining. The value ofé¢ used in the (whenever possiblein 'F|g. 3'. ’.A‘S can be seen, it tracks
model of Fig. 3 and successive ones is>61® 3, what im- closely the usually defined minimally coupl€dlC) energy

plies an equivalent Brans-Dicke parametsy; 3071 well density at low redshifts, this being an effect of the necessar-
in agreement with current constraints. b ily small coupling ¢ that is adopted to fulfill observational

Starting from the general field equations, we can |mmed|C°nStra'ntS .
ately define, as done for the Brans-Dicke theory, an effective Again, in order to work W't.h a Co_nserved energy-
energy density and pressure for the scalar field. The formeffomentum tensor, we can rewrite the field equations and
for instance, appears writing the 00-component of the f|eld)bt6‘\'n a real equation of state,,=p,/p,, wherep, and
equation aS—|2 1/3F (prvia T py)- The explicit expression p¢ were given in Eqs(42) and (43), respectively. As we
then is already mentioned in the case of the Brans-Dicke model, this
equation of state i;s exactly what results when writing the
_ @\ aur field equation asH“=1/3(psyiq+ ©04), defining implicitly
0=p ¢ TV-3HF (50 0 4= 1IF(ptiuia+ Py) — Piiuid - Finallflb, just for comparison,
_ one can as well consider the equation of state for the case of
for the energy density, and a minimally coupled scalar fielgy/p, with

Py=5¢°—V+2HF+F (51) p= 5 +V(B), (52)
for the pressure. These two expressions do not, as we have 1
shown before, pertain to a conserved energy-momentum ten- p=—¢2— V(). (53)
sor. They do, however, define an effective equation of state, 2

this being justp,/p,. This relationship is subject to the In Fig. 4 we show the results of these different definitions
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of equation of state for the current time, as a function of the B I BN I B L
exponent of the power law potentisd=V, ¢<, for a flat

universe model given b, =0.4, the same model used in 10 | ——p/hp NMC T
Fig. 3. We see that they do not present noticeable differences | | —— p/p MC

Very low values of the power law exponefghallow poten- S W

tials) are needed to produce equations of state near that ger 0

erated by a cosmological constant. To be quantitative, Fig. 4
also shows, in the right panel, the differences between the®
equation of state directly related with the Hubble parameterS
wy and the nonminimally couple@dNMC) and minimally
coupledp,/p, . Clearly, the differences are minor. One can
actually understand why these differences are so small. Not 0.0 P
that the energy density and pressure in a nonminimallys e
coupled field theory can be written as the minimally coupled > /

ones plus additional terms. In the casé?gf, these terms are

equal to—3HF +3H%(1—F), whereas fop, only the first
term above enters. Both these terms are, however, propot
tional to ¢, being themselves

S

of

Defined e

—3HF+3H2(1—F)~ —6£H ¢ — 3¢H2¢2.

But since from the evolution of the field)(H 1¢)=1 to-
day, and at the current eré(H?)~V, the energy density

can be written a§¢~pmc—3§[(£j)2/2)+v¢2], wherep . is 100' “";"01' 102 103 104 105 106 ' "107' “";'Oe
the minimally coupled energy density. Clearly, at the current
cosmological era and because of the constraints,othe T+z

second tgrms are supdominant in cqmparison to the first FIG. 5. Evolution in redshift of the equations of state for a
ones. A similar analysis can be established for the pressurgyggel withve 2.
where again all extra terms are proportionalétoand then

for the equations of state. Today the influence of the lasfyjien as in Eq(37). The most important of them are those
terms in Egs.(42) and (43), the “gravitational dragging”  generated by gravitational dragging, exclusive of nonmini-
terms, as dubbed in RefL0], is negligible in comparison to a1y coupled theories. This phenomenon is, basically, the
the minimally coupled_ contnl_)utlon. It is only_ln the past,_eaﬂy dominance of the last term in E442) and(43), which
when the matter density dominates the evolution of the uniig ‘in ym, produced due to the fact that they are proportional
verse, that these terms become important. to the square of the Hubble parameter, and then to the total

The previous analysis is not valid in the past history of theenergy density. The latter scales as® anda * at early

u_niverse. Figurg 5 show§ the evolution of the diﬁerept €qUatimes, and then makes the gravitational generated term to
tions of state with redshift. We can see that the scaling solugominate the dynamics of the field.

tion .of the tracking potentialfthe equation of state is ap- The advantage of writing the formalism as in E87) is
proxmately. equal to-2/(2+ «) betweerz~1-1000, when e act that usual perturbation analysis—as applied for any
Pmatter™ Py ; S€€, €.9., Ref49,10]], appears for all defined  qiq component of the universe—is also valid for the field.

equations of state but,. We also note that because of the |, hat sense, concepts such as the equation of state or the
sign nondefiniteness of the defined nonminimally coupled,jizpatic sound speed

effective “energy density,” the corresponding equation of
state shows sudden changes at high redshift, in the position
where the density cross zero. Finally, we find that for track- :
ing nonminimally coupled quintessendbgre is no super- 7’¢

quintessence potential in any of the defined equations of

state, not even by a small amouatl of them being greater (yhere we have made use of the field conservation equation
than—1 at present. This latter result is actually valid for all .53, pe well defined. If the field is slowly varying in time
potentials analyzedsimilar cases than those presented |nC(2ﬁ~W¢' Hu [37] showed, for negative equations of state,

Table ). that adiabatic fluctuations are unable to give support against
gravitational collapse. Density perturbations would become
Comments on perturbations and on the possible degeneracy  nonlinear after entering the horizon, unless the entropic term
with kinetically driven quintessence w,I ;>0 [37].
Perturbations analysis of the field equations, as done by The effective sound speed; ,, is then defined in the
Perrotta and BaccigalupiO], have shown that rich phenom- rest frame of the scalar field, wher&T?¢:o [37]. The
ena are uncovered when working with the field equationgjauge invariant entropic term is written a$¢F¢,=(C§ﬁ

(54)
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—c5) 64", wheres{/®* is the density contrast in the dark VI. CONCLUSIONS

energy rest frame[lo] 852V =5,+3(HIK) (1 +Wy)(vy In the case of Brans-Dicke theory, and in the casasgf

—B) (we refer the reader t0 Reﬂlo] for more careful ex-  allowed by current constraints, we have numerically proven
planat|on$ For normal quintessence, the effective soundihat the homogeneous field equations of extended quintes-
speed i3y ,=1, giving a relativistic behavior to the corre- sence yield no observable effect that can distinguish the
sponding density fluctuations. However, Perrotta and Bactheory from the predictions of general relativity plus a cos-
cigalupi [10] have found that the situation can be much dif- mological constant. It is with this model that the comparison

ferent for nonminimally coupled gravity. In that case, should be made, since for the large values of the coupling
parameters required by current experiments, all potentials are
2 554) closely similar to a constant function, and the theory itself to
Cef, ™ = (55 general relativity. Although we have not made a detailed per-
5Py turbation analysis using the full numericaBrFAST code, we

can safely predict that the same situation will happen there,
for values ofk>H. But because of gravitational dragging, as a result of the analysis made for the CMB-related observ-
5p¢, can be quite different from the usual case, and this rati@bles in Sec. Il C. We discussed the observationally related
may be much lower than unity whenever the energy densitylefinition of equation of statev,, and not to the usually
perturbations of the scalar field are enhanced by perturbastudied ratio between the effective pressure and density di-
tions in the matter field. At the level of perturbations, then,rectly obtained from the field equations, to which we assign
quite distinctive effects appears in nonminimally coupledno particular physical meaning. The phenomenon of super-
quintessence as compared with the usual case and makeintessence, i.e. a superaccelerated expansion of the uni-
these theories possibly distinguishable. verse, although possible for a nonminimally coupled Brans-
Very recently yet another scenario for an alternativeDicke scalar field and impossible in any minimally coupled
model of quintessence was introdud@9]. In it, known as field situation, is of such a small amount that it is far beyond
k-essence, the Lagrangian density includes a noncanonic kike expectations of any realistic experiment. From a practical
netic term: point of view, then, a scalar field potential will always exist
supporting a minimally coupled field that produces experi-
mentally indistinguishable results from those obtained within
+Snr,  (56)  the extended quintessence framework of Brans-Dicke theory.
For the more general extended nonminimally coupled
models studied, the possibility of having superquintessence
actually disappears: all tracking potentials explored produce
%ffective equations of state greater that. We have shown
that for low values of the exponent in the tracking potentials
supporting the nonminimally coupled fie{de., equations of
state are close to-1), the difference among all defined
R=81 G( Ip( &, ) V.6V, equations of state is negligible. It is, however, in the pertur-
m bation regime where differences with the usual quintessence
case can be noticed. As Perrotta and Baccigalupi have found
p(¢,X)gW+T”"r) (57) [;0], anew gra\{ita.tional dragging effect appears here, giving
rise to the possibility of clumps of scalar field matter. In this
case, however, it is witk-essence models that a degeneracy
whereTZ‘;,r is the energy-momentum tensor for usual mattercould appear, particularly in those cases in whiply
fields. p(¢,X) corresponds to the pressure of the scalar field; - 2Xp xx>1, yielding the speed of sound to values close to
whereas the energy density is given py=2Xdp/dX—p zero.
[40]. It can be seen that for this model, the speed of sound is Finally, we remark that expanding solutions where accel-

1
- [ d“xJ—_g( -G RTP(4.Ve)

where S,,, denotes the action for matter and/or radiation.
Examples in which the Lagrangian depends only on the sc
lar field ¢ and its derivative squared= — %V”¢VM¢ have

been constructe[B9]. The field equations for this model are

R,uv_ Eg,u,v

given by[41] eration is transient have been recently considered given the
consistency problem between string theory and spaces with

, Pox P x future horizong42]. Since scalar-tensor theories of gravity

Cop=—— = ' (58  likely originate in string theory, it would be interesting to

Pox  PxT2XPxx make a similar analysis to that presented in the previous

] ] ] reference for the case of nonminimally coupled theories.
Apparently, then, and singe is completely generic, a non-

canonic kinetic term could exist withikkessence, giving rise

to the same results of nonminimally coupled gravity. Viscos-
ity (a parameter relating velocity and metric shear with an-
isotropic stres§37]) can, however, provide the way to break It is a pleasure to warmly acknowledge Professor Uros
the degeneracy, since it results in nonzero for a nonminiSeljak. His contribution and permanent advice were invalu-
mally coupled fieldcontrary as well to what results in usual able. Very useful discussions with Dr. F. Perrotta, as well as
quintessenog 10]. interesting comments by Dr. A. Mazumdar, are also thank-
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rewrite the field equations as
APPENDIX _
Gu=kT,,, (A4)

_ In the literature, one may find two alternative introduc- it the corresponding field energy density and pressure
tions of general nonminimally coupled theories. Firstly, thegiven by

one that we follow in Sec. I(see, for instancd/43]), and

secondly, the one that is derived from the action - ¢? ) 1
p¢=w7+V(¢)—3HF+3H2 ——FJ. (A5)
1
s=f dxV=g = (bR — 2P Gy o .
2k 2 w ~ ¢2 L o1
p¢:w7—V(¢)+2HF+F—(3H2+2H)<;—F).
=V(é)+Lid|» (AL) (AB)

) i When comparing EqA4) with the usual Einstein equations,
wherek is a constant, not necessarily taken as 1, and play§ne has to take into account that the valuexofs not 1

the role of the “bare” gravitational constateee for instance (ajthough certainly it is truly close to unity because of the
[12], by the same authoksThe functionf is then assumed to  constraint imposed o). Then, if we decide to write the
be of the form Friedmann equation Iike-|2=1/3(pf|uid+g¢), to directly
_ compare with GR(and the same matter dengitthe corre-
(Ur)f(,R)=F(4)R. (A2) sponding relationship between, and73¢ given in Eq.(A5)
The functionF, in the case we are interested in, is written as'S

1 ) , o Q4= (k=1)pryia T Kpy- (A7)
F(¢)=—+Ed°=1+&(d"— dp). (A3) _ -~ ~ L . :

K In this schemep,/p, [with quantities defined as in Egs.
(A5) and (A6)] will differ from the equation

04| 1
2u0/in(@)’ (h8)

Then, a value ofk=1, as we have taken in the theoretical
development of the previous sections just reduces todgke 1
the current value of the field, equal to 0. This, however, is not Wg=—1- §|”
what may result and is, in general, numerically convenient,

since it would imply to precisely fix the evolution of the field becaus@¢¢7)¢, but it is the latter, Eq(A8), that should be

to reach¢=0 today. Instead, as we are not actually inter-used to compare with the results of general relativity with a
ested in any value ot per se, we do not make=1 in our fixed current matter density.
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