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Neutrino damping rate at finite temperature and density
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A first principles derivation is given of the neutrino damping rate in real-time thermal field theory. Starting
from the discontinuity of the neutrino self-energy at the two loop level, the damping rate can be expressed as
integrals over phase space of amplitudes squared, weighted with statistical factors that account for the possi-
bility of particle absorption or emission from the medium. Specific results for a background composed of
neutrinos, leptons, protons, and neutrons are given. Additionally, for the real part of the dispersion relation we
discuss the relation between the results obtained from the thermal field theory and those obtained by the
thermal average of the forward scattering amplitude.
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I. INTRODUCTION

A neutrino propagating in matter no longer respects
vacuum energy momentum relation. The modification of
neutrino dispersion relation is caused by their coherent in
action with the particles in the background and can be
counted for in terms of an index of refraction@1# or an ef-
fective potential@2#. The topic of neutrino propagation i
matter became of prime relevance after Wolfenstein@3# stud-
ied the neutrino refractive index in matter, and later wh
Mikheyev-Smirnov@4# recognized the resonant neutrino fl
vor oscillations triggered by matter effects. The Mikheye
Smirnov effect has become the most popular explanatio
the solar neutrino deficit@5#.

In general, the neutrino dispersion relation is a comp
function vk5v(kW ). According to the thermal field theor
~TFT! matter contributions to the real and imaginary parts
v(kW ) arise from the temperature and density-dependent
of the neutrino self-energy. To leading order in (g2/MW

2 ) the
real part of the dispersion relation is proportional to t
particle-antiparticle asymmetry in the background. If t
asymmetry is small or zero the imaginary part ofv(k) and
corrections of orderg2/MW

4 to the real part may be importan
because they do not depend on the differences between
number of particles and antiparticles. This may be the cas
the early Universe, when the medium was probably nea
CP symmetric.

Special attention has been given to the calculations of
O(g2/MW

4 ) corrections to the real part of the neutrino disp
sion relations@6–8#. Within the framework of the TFT thes
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corrections arise from the momentum-dependent terms of
boson propagator in the self-energy diagrams.

The imaginary part of the index of refraction for neutrin
propagating in aCP-symmetric plasma composed of ele
trons, neutrinos, and their antiparticles has been consid
in Refs. @6,9,10#. These calculations have been based up
the computation of the neutrino reaction rates, assum
massless background fermions. In our opinion the relation
the neutrino damping rate to the self-energy discontinui
deserves further consideration. Additionally this work a
dresses the effects of the nucleons’ background contribut
and the fermion mass correction.

A systematic method to compute the damping rate fr
the imaginary part of the self-energy can be formulated
terms of the Cuttosky thermal rules. Weldon@11# and Kobes
@12# proved that the imaginary part of the self-energy can
organized in a form that includes the square of amplitude
the various processes obtained from the cuts of the s
energy and weighted with the appropriate statistical facto
The examples discussed in those papers are always at th
loop level. As it shall be discussed, the calculation of t
neutrino damping rate requires one to consider the s
energy at the two loop level, the interpretation in terms of
square of amplitudes of the allowed processes will be pro
to remain valid. The approximations required to recover
results obtained from the optical theorem will be clea
stated.

In this work we use the method of real-time thermal fie
theory to carry out a careful calculation of the imaginary p
of the neutrino dispersion relation in a medium composed
electrons, protons, neutrons, neutrinos, and their anti
ticles. As already mentioned the contributions to the ima
nary part of the neutrino self-energy vanishes at the one l
level, so we have to consider the contributions at the t
loop level.
©2002 The American Physical Society01-1
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The paper is organized as follows. In the next section
briefly review those ingredients of the TFT formalism th
are required to accomplish our calculations. In Sec. III
rederive the real part of the dispersion relation of a mass
neutrino that propagates in a thermal background. We pr
that utilizing the methods of the finite-temperature fie
theory ~at theg2 order!, the neutrino effective potential re
duces to the thermal average of the neutrino forward sca
ing amplitude. The calculation of the imaginary part of t
dispersion relation is presented in Sec. IV. The neutr
damping rate is extracted from the discontinuity of se
energy at the two loop level; it is expressed in terms
integrals over phase space of amplitudes squared, weig
with statistical factors that account for the possibility of pa
ticle absorption or emission from the medium. Specific
sults for a background composed of neutrinos, leptons,
tons, and neutrons are given. The last section contain
summary of our main results.

II. BASIC FORMALISM

The relevant quantity is the self-energyS, which embod-
ies the effects of the background on a neutrino that pro
gates through it. According to the real-time formalism of t
TFT @13–15#, the real and imaginary parts ofS are given by
the formulas

ReS5ReS11, ~2.1!

Im S5
S12

2i @h f~k•u!2u~2k•u!#
, ~2.2!

where Sab (a,b51,2) are the complex elements of th
232 self-energy matrix to be computed utilizing the Fey
man rules of the theory.u is the step function and

h f~k•u!5@u~k•u!nf~xk!1u~2k•u!nf~2xk!#, ~2.3!

where the thermal distribution is given by

nf~xk!5
1

exk11
, ~2.4!

with xk5b(k•u2m f). Here,b is the inverse of the tempera
ture andm f is the chemical potential associated with t
fermion f. We have introduced the velocity four-vector of th
backgroundum. In its own rest frameum5(1,0) and the
components of the neutrino momentumkm arekm5(v,kW ).

In the presence of a medium the chiral nature of the n
trino interactions implies that the self-energy of a massl
~left-handed! neutrino is of the form@16#

S~k!5~ak”1bu” !L, ~2.5!

whereL5(12g5)/2 anda,b are complex functions of the
scalars

v5k•u, k5Av22k2. ~2.6!
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In this case, the Dirac equation for the spinorU of the
neutrino mode in the medium is

~k”2S!U50, ~2.7!

which has nontrivial solutions only for those values ofv and
k such thatV250, with Vm5(12a)km2bum . Then, the
dispersion relationsvk of the neutrino and antineutrino
modes are obtained as the solutions of

f ~vk ,k!50 ~2.8!

and

f̄ ~vk ,k!50, ~2.9!

where

f ~v,k!5~12a!~v2k!2b,

f̄ ~v,k!5~12a!~v1k!2b. ~2.10!

In general, the solutionsvk are complex; as usual w
write

vk5v r2 ig/2, ~2.11!

where bothv r5Revk andg522 Imvk are real functions
of k. A consistent interpretation in terms of the dispersi
relation for a mode propagating through a medium is p
sible only if the imaginary part ofvk is small compared to
its real part. In this case the mode can be visualized a
particle~or antiparticle! with an energyv r and a dampingg.
Under such assumptions, each one of Eqs.~2.8! and ~2.9!
yields two distinct solutions, one with positive energy a
the other with negative energy, whose physical interpreta
has been discussed in detail in Ref.@16#. Here we will con-
centrate on the solution of Eq.~2.8! having a positive real
part, which corresponds to the neutrino mode with ene
v r , but similar considerations and results apply to the ot
solutions.

It is convenient to make the decompositionsa5ar1 iai
andb5br1 ibi . Then, using Eqs.~2.10! and~2.11!, expand-
ing in powers ofg, and retaining only terms that are at mo
linear in g, ai , andbi , from Eq. ~2.8! we obtain

f r~v r ,k!50 ~2.12!

and

g

2
5F f i~v,k!

] f r

]v
G

v5vr

, ~2.13!

with

f r5~12ar !~v2k!2br ,
~2.14!

f i52ai~v2k!2bi .

Only approximate analytical solutions of Eq.~2.12! are
known @16#. At the one-loop level bothbr(v r ,k) and
1-2



f
u-

ve

io

ex

s
re

o
s

as

the
f it.

ere
uge

t the

a

:

arts
ion

me

the
ices

n a
s. In

NEUTRINO DAMPING RATE AT FINITE TEMPERATURE . . . PHYSICAL REVIEW D 66, 043001 ~2002!
ar(v r ,k) are of orderg2/MW
2 . Therefore to this order the

energy of a massless neutrino is

v r>k1br~v r ,k!uvr5k . ~2.15!

On the other hand, as we will show, the imaginary part oS
vanishes toO(g2) and to this order there are no contrib
tions to Imvk . For the perturbative solution of Eq.~2.13!
aroundv r5k, we have

g

2
>2bi~v r ,k!uvr5k , ~2.16!

with bi(v r ,k) of O(g4/MW
4 ).

The matter effects on the neutrino oscillations are con
niently incorporated by means of the effective potentialV.
This can be introduced by subtracting the~vacuum! kinetic
energy from the real part of the neutrino dispersion relat
@8#:

V[v r2k>br~v r ,k!uvr5k . ~2.17!

In the literature it is also customary to use a refraction ind
which is defined by

n~k![
k

vk
. ~2.18!

In the approximation we are working on, and utilizing Eq
~2.11!–~2.17!, it follows that its real and imaginary parts a
related to the effective potential and the damping rate by

Ren~k!>12
V

k
,

~2.19!

Im n~k!>
g

2k
,

with V andg given by Eqs.~2.17! and ~2.16!, respectively.

III. EFFECTIVE POTENTIAL

According to Eq.~2.17!, for a perturbative solution of the
dispersion relation around the vacuum valuev r5k, the ef-
fective potential is given by the real part of the coefficient
u” in the neutrino self-energy. This is only true in the lowe
order, in general,V will also receive contributions fromar .
From Eq.~2.5!, it is easy to see that

br~v,k!5
1

4
Tr$l” ReS% ~3.1!

with

l”5
1

k2 ~vk”2k2u” !. ~3.2!
04300
-

n

,

.

f
t

In Ref. @8# the real part of the neutrino self-energy w
calculated in a general gauge up to terms of orderg2/MW

4 . It
was shown that although the self-energy depends on
gauge parameter, the dispersion relation is independent o
Taking this result into account, for simplicity we will work in
the unitary gauge. Furthermore, for physical situations wh
the temperature is much lower than the masses of the ga
bosons, the propagators for theW and Z can be taken the
same as in the vacuum, namely,

DB
ab5

1

k22MB
21 i e S gab2

kakb

MB
2 D , ~3.3!

with B5W,Z.
We shall assume that neutrinos are massless, so a

one-loop level the only contributions toS arise from the
diagrams depicted in Fig. 1.

For a neutrinon l ( l 5e,m,t) that propagates through
medium with a momentumk, we split the different contribu-
tions tobl according to the processes in Fig. 1 as follows

br
l 5btad

l 1bZ
l 1bW

l , ~3.4!

corresponding to the tadpole,Z-exchange, andW-exchange
contributions. In this case, the background dependent p
of each term in the right-hand side of the previous equat
can be worked out as

btad
l 5

1

4
Tr$l”Gn la

Z %DZ
ab~0!(

f
E d4p

~2p!3

3Tr$~p”1mf !G f b
Z %d~p22mf

2!h f~p•u!,

bZ
l 52

1

4E d4p

~2p!3Tr $l” Gn la
Z p” Gn lb

Z %

3DZ
ab~k2p!d~p2!hn l

~p•u!, ~3.5!

bW
l 52

1

4E d4p

~2p!3Tr $l”Ga
W~p”1ml !Gb

W%

3DW
ab~k2p!d~p22ml

2!h l~p•u!.

In bW the charged lepton in the internal line has the sa
flavor as that ofn l , while in the tadpole contributionbtad ,
the summation is over all the fermion species present in
thermal background. In the previous expressions the vert
are given by

FIG. 1. One-loop diagrams for the self-energy of a neutrino i
thermal background of charged leptons, nucleons, and neutrino
~a!, f stands for any fermion in the background. In~c!, the charged
lepton l is of the same flavor as the neutrino.
1-3
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Ga
W5 i

g

2A2
ga~12g5!,

~3.6!

G f a
Z 5 i

g

2 cosuW
ga~Xf1Yfg5!.

With the vectorXl and axial couplingsYl given for the
charged leptons by

Xl52
1

2
12 sin2 uW ,

~3.7!

Yl5
1

2
;

for the neutrinos by

Xn l
52Yn l

5
1

2
; ~3.8!

and for the nucleons by

Xp5
1

2
22 sin2 uW ,

~3.9!

Yp5Xn52Yn52
1

2
.

According to Eq.~2.17! br
l has to be evaluated atv5k; in

this case the quantitykl” in Eq. ~3.2! reduces to the energ
projector for a massless particle in the vacuumk” , and may be
replaced by its usual expression in terms of the free spin
In general for the external lines the spinors to be used are
solutions of the Dirac equation in the medium@18#. How-
ever, within the approximation we are using, they can
approximated by the vacuum solutions. For the internal
mionic lines we substitutep”1mf by its corresponding en
ergy projector. It is now straightforward to show that any
the bl in Eq. ~3.5! can be written in the form

br
l ~v,k!uv5k5

1

2pk
^M f

l &, ~3.10!

FIG. 2. Tree-level diagrams forn l f→n l f forward scattering;f
represents the background fermions. These diagrams are obt
when the corresponding self-energy diagrams@Fig. 1# are cut along
the internal fermion line.
04300
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whereM f
l is the tree-level invariant amplitude for the fo

ward scatteringn l f→n l f . The corresponding Feynman dia
grams are shown in Fig. 2. Notice that these diagrams
obtained from the self-energy diagrams in Fig. 1 if we c
along the internal fermion line. Brackets in the previous e
pression represent the thermal average given by

^M f
l &5(

f
E d4p

~2p!3
d~p22mf

2! M f
l h f~p!. ~3.11!

The previous result shows that utilizing the methods
finite-temperature field theory~at theg2 order!, the neutrino
effective potential reduces to the thermal average of the n
trino forward scattering amplitude. In fact, it is interesting
combine Eqs.~2.17!, ~2.19!, and~3.10! to write the real part
of the index of refraction as

n511
2p

k2 ^M f
l &, ~3.12!

that generalizes the zero temperature result@17# n51
12pM/k2, by simply adding the thermal average of fo
ward scattering amplitude, a result that proves that ba
ground does not spoil the coherent condition of the forw
scattering processes.

In the rest of this section we derive the effective poten
for a neutrino propagating in a thermal background co
posed of electrons, protons, neutrons, neutrinos, and t
respective antiparticles. As previously mentioned, the Fe
man diagrams in Fig. 2 are obtained by cutting the se
energy diagrams of Fig. 1 along the internal fermion lin
Diagram ~a! is obtained from the tadpole self-energy, th
result is the same for any neutrino flavor, and one has to s
over all the fermionsf present in the background. Diagram
~b! and~c! correspond to cutting theZ-andW-exchange self-
energy diagrams, consequently the background fermion n
essarily has the same flavor as the test neutrino. In this w
M f

l can be written as

M f
l 5Ma1Mbd f n l

1Mcd f l , ~3.13!

with d l l 5dn ln l
51, d f l50 for f Þ l , andd f n l

50 for f Þn l .
Here

Ma52
1

4
ūn l

~k,s8!G f a
Z un l

~k,s8!DZ
ab~0!ūf~p,s!

3G f b
Z uf~p,s!,

ed
1-4
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TABLE I. Effective potential for a neutrino propagating through a medium. The1 (2) sign refers to
neutrinos~antineutrinos!.

Neutrino Background particle Ve f f

ne ,nm ,nt p
6

GF

A2
(124 sin2 uW)(Np2Np̄)

ne ,nm ,nt n
7

GF

A2
(Nn2Nn̄)

ne e
6

GF

A2
(114 sin2 uW)(Ne2Nē)

1
2A2GFvme

2

3MW
2 FNeK 1

Ee
L 1NēK 1

Eē
L 2

4

me
2 ~Ne^Ee&1Nē^Eē&!G

ne ne

6
4GF

A2
(Nn

e
2Nn̄

e
)2

8A2GFv

3MZ
2

@Nn
e
^En

e
&1Nn̄

e
^En̄

e
&#

nm ,nt e
6

GF

A2
(2114 sin2uW)(Ne2Nē)

nm ,nt ne
6

2GF

A2
(Nn

e
2Nn̄

e
)

de

e

e

s

Mb5
1

4
ūn l

~k,s8!G f a
Z uf~p,s!DZ

ab~k2p!ūf~p,s!

3G f b
Z u~k,s8!, ~3.14!

Mc5
1

4
ūn l

~k,s8!Ga
Wuf~p,s!DW

ab~k2p!ūf~p,s!

3Gb
Wun l

~k,s8!.

Since we are interested in contributions toV of order
g2/MW

4 we expand the gauge propagator in power ofMB
22 up

to the second order

gab

q22MB
2

'2
gab

MB
2 S 11

q2

MB
2 D . ~3.15!

Using this expansion and neglecting quantities of or
mf

2/MB
2 , we find

Ma'2A2GFXfk•p,

Mb'A2GFFk•p2
2~p•k!2

MZ
2 G , ~3.16!

Mc'A2GFFk•p2
2~p•k!2

MW
2 G .

whereq5p2k andGF/A2[g2/8MW
2 is the Fermi coupling

constant, and the factorsXf are given in Eqs.~3.7!, ~3.8!, and
~3.9! for leptons, neutrinos, and nucleons, respectively.
04300
r

Once the previous results are substituted in Eq.~3.11!, the
different contributions toV can be expressed in terms of th
following integrals:

E d4p

~2p!3 pmd~p22m2!h f~p•u!5Aum,

~3.17!

E d4p

~2p!3 pmpnd~p22m2!h f~p•u!5Bumun1Cgmn.

The scalar quantitiesA, B, andC are easily evaluated in th
rest frame of the medium; the results are

A5
1

2
~Nf2Nf̄ !,

B5
1

6 Fmf
2S K 1

Ef
L Nf1K 1

Ef̄
L Nf̄ D

2~^Ef&Nf1^Ef̄&Nf̄ !G , ~3.18!

C52
1

6 Fmf
2S K 1

Ef
L Nf1K 1

Ef̄
L Nf̄ D

24~^Ef&Nf1^Ef̄&Nf̄ !G .

In these equationsNf (Nf̄) represents the density of fermion
~antifermions! in the background
1-5
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Nf , f̄5gfE d3p

~2p!3

1

eb(Ef7m f )11
, ~3.19!

and^Ef , f̄
j

& ( j 51,21) denotes the statistical averaged ofEf

and 1/Ef

^Ef , f̄
j

&5
gf

Nf , f̄
E d3p

~2p!3 Ef
j 1

eb(Ef7m f )11
. ~3.20!

Here,Ef5Ap21mf
2 andgf is the number of spin degrees o

freedom (gn51 for chiral neutrinos andgf52 for the elec-
tron and nucleons!. Collecting these results it is straightfo
ward to write down the effective potential for a neutrino o
given flavor.

The contributions to the effective potential for the vario
neutrino flavors and background particles are listed in Ta
I. They agree with the results given in the literature@6–8#.

IV. IMAGINARY PART

The discontinuity of the self-energy is related to t
damping rateg that determines the imaginary part of th
dispersion relation@see Eq.~2.11!#, additionally the damping
rate can be interpreted as the rate at which the single-par
distribution function approaches the equilibrium form@11#.
The former interpretation follows if one considers a parti
distribution that is slightly out of equilibrium, hence one h

] f

]t
52 f Ga1~11s f !Gc , ~4.1!

whereGa andGc are the absorption and creation rates of
given particle, respectively. The parameters distinguishes
bosons (s51) and fermions (s521). The previous equa
tion has for general solution

f ~v r ,t !5
Gc

Ga2sGc
1C~v r !e

(Ga2sGc)t, ~4.2!

whereC(v r) is an arbitrary function that does not depend
time. Creation and absorption rates are related by the Ku
Martin-Schwinger~KMS! relation

Ga~v!5ev/T Gc~v!. ~4.3!

Consequently Eq.~4.2! can be written as

f ~v r ,t !5
1

evr /T2s
1C~v r !e

22gt, ~4.4!

where g5(Ga2sGc)/2 is defined as the damping rat
Thereforeg can be interpreted as the inverse time scale
takes for a thermal distribution to reach equilibrium. T
sign of the damping rate must necessarily be positive
stable systems. Additionally, the form of the dispersion re
tion implies for a normal mode to propagate thatg is small
compared tov r . For neutrinos this condition is satisfied in
04300
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normal matter, such as the core of the Sun. However, i
CP-symmetric medium the leading contributions to the re
part vanish. Thus the first nonvanishing contributions are
orderGF /MW

2 ; under these circumstancesg can become of
the same order.

To obtain the neutrino damping rate we have to evalu
S12 and then use Eqs.~2.2!, ~2.5!, and~2.16!. As explained
further ahead the one loop contributions toS12 cancel. The
diagrams that contribute toS12 at the two loop level are
depicted in Fig. 3; there are also diagrams similar to thos
~c! with the W and Z lines interchanged. According to th
Feynman rules on the real time formulation of the TFT, t
contributions of diagrams~a! and ~b! can be written as

2 iS12~k!52E d4q

~2p!4

d4p

~2p!4G1
m@ iS12~q!#G2

n Tr

3$G1
a@ iS12~p!#G2

b@ iS21~p1q2k!#%

3 i @Dma
A ~k2q!#11i @Dnb

A ~k2q!#22. ~4.5!

Similarly, for diagrams~c! and ~d! we have

2 iS12~k!5E d4q

~2p!4

d4p

~2p!4G1
m@ iS12~q!#G2

b

3@ iS21~q1p2k!#G1
a@ iS12~p!#G2

n

3 i @Dma
A ~k2q!#11i @Dnb

B ~k2p!#22. ~4.6!

In the above expressionsA,B5W,Z and G2
a52G1

a , with
G1

a representing any of the vertexGa
W or Ga f

Z given in the
previous section. TheS12 andS21 components of the propa
gator matrix of the fermion are given by@13#

S12~p!52p id~p22m2!@h f~p!2u~2p•u!#~p”1m!,
~4.7!

S21~p!52p id~p22m2!@h f~p!2u~p•u!#~p”1m!.

In principle, the internal vertices should be added over
thermal indices (a51,2). However, since temperature
small as compared to the gauge boson masses, the ma
of the W and Z bosons’ propagators are diagonal wi

FIG. 3. Two-loop contributions to the self-energy of a neutri
in a thermal background of charged leptons, nucleons, and ne
nos.
1-6
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@Dab
A (k)#1152@Dab

A (k)#22* 5Dab
A , whereDab

A is the vacuum
propagator given in Eq.~3.3!. This explains the cancellatio
of the g2 contribution to the neutrino damping rate. The o
loop contribution toS12 is given by diagrams similar to
those in Fig. 1 withiS12 and i @Dab

A (k)#12 replacing the in-
ternal fermionic and bosonic lines; however, the boso
propagator is diagonal, henceS12 cancel at this order.

According to Eq. ~2.16! g is directly proportional to
bi(v,k), that is given by

bi~v,k!5
1

4
Tr$l” ImS%, ~4.8!
e
ha
a
th
e

ir
F
th
ec

m
Th
rm

04300
c

with l” defined in Eq.~3.2!.
Taking into account the previous results it is demonstra

after a lengthy calculation that the neutrino damping rate
be expressed in the form

g52 i
e~k•u!

2inF
H CWW1CZZ2 (

AB5Z,W
DABJ , ~4.9!

whereCAA is obtained from Eq.~4.5!:
CAA5
1

4E d4q

~2p!4

d4p

~2p!4

d4Q

~2p!4$Tr$l”G1
m~q”1m1!G2

n%Tr$G1
a~p”1m2!G2

b~Q” 1m3!% i @Dma
A ~k2q!#11i @Dnb

A ~k2q!#22%

3~2p!4d (4)@Q2~q1p2k!#d~q22m1
2!d~p22m2

2!d~Q22m3
2!@hF~qx!2u~2q•u!#@hF~py!2u~2p•u!#

3@hF~Qz!2u~Q•u!#, ~4.10!

andDAB is obtained from Eq.~4.6!:

DAB5
1

4E d4q

~2p!4

d4p

~2p!4

d4Q

~2p!4$Tr$l”G1
m~q”1m1!G2

n~Q” 1m2!G1
a~p”1m3!G2

b% i @Dma
A ~k2q!#11i @Dnb

B ~k2p!#22%

3~2p!4d (4)@Q2~q1p2k!#d~q22m1
2!d~p22m2

2!d~Q22m3
2!@hF~qx!2u~2q•u!#@hF~py!2u~2p•u!#

3@hF~Qz!2u~Q•u!#. ~4.11!
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For later convenience an extra integration over the mom
tum Q has been introduced. In what follows we shall see t
the neutrino damping rate can be expressed in terms of
plitudes squared and weighted with the statistical factors
account for the various physical processes. To derive th
results we notice first that fermion propagators in Eqs.~4.5!
and~4.6! are either type 12 or 21. According to Eq.~4.7! the
propagatorS12(p) contains a delta functiond(p22m2) and a
factor (p”1m). The delta function put the fermion on the
mass shell mass, in other words self-energy diagrams in
3 are cut along all the internal fermion lines. Whereas
second factor is concerned, insertion of the fermion proj
tors

p”1m5(
s

u~p,s!ū~p,s!,

~4.12!

p”2m5(
s

v~p,s!v̄~p,s!,

allow us to rewrite the resulting expressions in terms of a
plitudes for the physical processes arising from the cuts.
bosonic lines are not cut because they do not include the
distributions forT!MW .
n-
t

m-
at
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ig.
e
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-
e
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For definitiveness let us consider diagram~b! in Fig. 3
and also that the fermion in the internal loop is a protonf
5P). When the diagram is cut as shown in the figure,
obtain a series of physical processes for the neutrinosn1 and
n2 and protonsP1 and P2. Of these particles one of th
neutrinos (n* ) is considered a test particle, all others a
thermalized. According to the notation in Eq.~4.6!, the mo-
mentum and chemical potentials are assigned
(n1 : k,mn1

), (n2 : q,mn2
), (P1 : Q,mP1

), and (P2 : p,mP2
).

With momentum and charge conservation conserved dep
ing on the process, e.g., forn1P1→n2P2:

k1Q5q1p, ~4.13!

mn1
1mP1

5mn1
1mP1

.

The processes obtained from the mentioned cut rules inc
the two neutrinos and the two protons distributed into
initial and final states in all possible ways. Hence in gene
we expect to obtain 16 different processes; this is explic
displayed in Eq.~4.16!. The resulting expression comes o
with the appropriated thermal distribution; for this we ha
to rewrite the thermal contributions that appear in Eq.~4.10!
utilizing the following identities:
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h f~xk!2u~6k•u!57e~k•u!nf~7xk!,

nf~xk!5e2xknf~2xk!5e2xk@12nf~xk!#,

1

nf~xQ!
nf~xk!nf~xq!nf~xp!

5nf~xk!nf~xq!nf~xp!1e2xk2xq1xp@12nf~xk!#

3@12nf~xq!#nf~xp!, ~4.14!
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xk5b~k•u2mn1
!, xq5b~q•u2mn2

!,

~4.15!

xp5b~p•u2mP1
!, xQ5b~Q•u2mP2

!.

Taking into account these considerations and performing
integration over the timelike components of the moment
integration, it is possible to cast the contribution tog arising
from the proton loop in diagram~b! of Fig. 3 into the fol-
lowing form:
gP5
1

2kE d3q

2Eq~2p!3

d3p

2Ep~2p!3

d3Q

2EQ~2p!3 ~2p!4Fd (4)~k1Q2q2p!uM~Pn↔Pn!u2

3$@12nn~Eq!#@12nP~Ep!#nP~EQ!1nn~Eq!nP~Ep!@12nP~EQ!#%1d (4)~k1Q1q2p!uM~Pnn̄↔P!u2

3$nn̄~Eq!nP~EQ!@12nP~Ep!#1@12nn̄~Eq!#@12nP~EQ!#nP~Ep!%1d (4)~k1Q1p2q!uM~PP̄n↔n!u2

3$@12nn~Eq!#nP̄~Ep!nP~EQ!1nn~Eq!@12nP̄~Ep!#@12nP~EQ!#%1d (4)~k1Q1p1q!uM~PP̄nn̄↔0!u2

3$nn̄~Eq!nP̄~Ep!nP~EQ!1@12nn̄~Eq!#@12nP̄~Ep!#@12nP~EQ!#%1d (4)~k2Q2q2p!uM~n↔PP̄n!u2

3$@12nn~Eq!#@12nP~Ep!#@12nP̄~EQ!#1nn~Eq!nP~Ep!nP̄~EQ!%1d (4)~k1q2Q2p!
1

2
uM~nn̄↔PP̄!u2

3$nn̄~Eq!@12nP~Ep!#@12nP̄~EQ!#1@12nn̄~Eq!#nP~Ep!nP̄~EQ!%1d (4)~k1p2Q2q!uM~ P̄n↔ P̄n!u2

3$@12nn~Eq!#nP̄~Ep!@12nP̄~EQ!#1nn~Eq!@12nP̄~Ep!#nP̄~EQ!%1d (4)~k1p1q2Q!uM~ P̄nn̄↔ P̄!u2

3$nn̄~Eq!nP̄~Ep!@12nP̄~EQ!#1@12nn̄~Eq!#@12nP̄~Ep!#nP̄~EQ!%G . ~4.16!
-
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Regardless of its length the interpretation of this equatio
quite simple. The first two terms are interpreted as the
sorption and emission of a neutrino via the dispersionnP
→nP with statistical weight (12nn)(12nP)nP and
nnnP(12nP), respectively. As expected anf factor appears
for each background fermions in the initial state, where
fermions in the final state contribute with a Pauli blocki
term 12nf . As already discussed for femions the absorpt
and emission decay rates must be added@11#. The scattering
amplitude for both processes are the same because the
related byCPT inversion. Similarly the third and fourth
contributions represent neutrino annihilation and cr
tion via the Pnn̄→P and P→Pnn̄, respectively; they in-
clude, as expected, the statistical factorsnn̄nP(12nP) and
nP(12nn̄)(12nP). The same reasoning applies to the
maining terms.

Taking into account thed-function constrains some of th
quoted processes are not allowed. In what follows we fo
on conditions with temperaturesmf'T!MW where, for ex-
ample, the composition of the primeval plasma is domina
by ~anti-! neutrinos,~anti-! electrons, nucleons, and photon
is
b-

s

n

are

-

-

s

d
.

We recall@see the discussion below Eq.~4.4!# that for fermi-
ons the contributions tog of decay and absorption add to
gether. Hence the statistical factors appearing in the prev
equation can be simplified. For example, the absorpt
n* P→nP and decaynP→n* P, wheren* is the test par-
ticle, add according to

@12nn~Eq!#@12nP~Ep!#nP~EQ!

1nn~Eq!nP~Ep!@12nP~EQ!#

5nP~Ep!@12nP~EQ!#

1nn~Eq!@nP~Ep!2nP~EQ!#. ~4.17!

However, we can drop out the last term in the right-hand s
of the equation because its contribution vanishes when s
stituted into Eq.~4.16!.

With all these results we finally find that the neutrin
damping rate can be expressed as
1-8
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g56
~2p!4

2v H 1

2E d3p

~2p!32Ep

d3q

~2p!32Eq

d3Q

~2p!32EQ

3uM~ne↔ne!u2d2~k1p2q2Q!

3@12ne~EQ!#ne~Ep!1all the possible processesJ ,

~4.18!

where the1 (2) sign stands for test neutrinos~antineutri-
nos!. For all possible processes we mean all the kinem
cally allowed processes obtained by cutting all the fermio
internal lines of Feynman diagrams shown in Fig. 3. T
corresponding processes and their cross sections are
below in Eq.~4.22!.

The damping rate can be written in terms of the therm
average of the cross section. For the dispersionn f↔n f , the
differential cross section is given by

ds f5
1

Vrel2v2Ep
uM~n f→n f !u2~2p!4d2

3~k1p2q2Q!
d3q

~2p!32Eq

d3Q

~2p!32EQ
,

~4.19!

whereVrel is the relative velocity between the neutrino a
the background fermion; as we are considering massless
trinos we simply haveVrel51.
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Thusg reads

g56(
f

afE d3p

~2p!3 ^ds f&nf~Ep!1•••, ~4.20!

whereaf51/2 for f 5e,n,p andaf51/4 for f 5n and

^ds f&5
~2p!4

2v2Epv rel
E d3q

~2p!32Eq

d3Q

~2p!32EQ

3uMu2d2~k1p2q2Q!@12nf~EQ!#

~4.21!

is the cross section thermally averaged by the Pauli block
term @12nf(EQ)#. In Eq. ~4.18! the ellipsis represents th
other possible process; in each case the corresponding s
tical factors in Eqs.~4.18! and~4.19! and the dispersion am
plitude are replaced by the pertinent factors. We recall t
according to Eq.~2.19! g is directly related to the imaginary
part of the index of refraction. Hence Eq.~4.20! can be iden-
tified with the optical theorem.

In what follows we shall apply the previously obtaine
results to explicitly evaluate the neutrino damping rate in
background composed of neutrinos, electrons, protons,
neutrons. We suppose that the Pauli blocking term can
neglected, in addition, we consider temperaturesmf'T
!MW , hence in the thermal averages we can assume
q2!MW

2 . First let us consider the cross section for the r
evant processes. It is common to quote the cross sect
assuming ultrarelativistic neutrinos and neglecting the f
mion masses. However, for conditions as those of the e
universe, temperature and consequently the average neu
energy can be comparable to the nucleon masses, and s
times to the lepton masses. Hence, keeping fermion mas
the various neutrino cross sections can be calculated as
s̃~nee↔nee!516d2112d132~40d2130d16!
me

2

s
1~12d218d11!

3me
4

s2 2~16d212d!
me

6

s3 14d2
me

8

s4 , ~4.22!

s̃~nm,t e↔nm,t e!516d2212d132~26d2215d13!
2me

2

s
1~12d228d11!

3me
4

s2 2~8d223d!
2me

6

s3 14d2
me

8

s4 ,

s̃~neē↔neē!516d214d112~40d2110d11!
me

2

s
1~12d224d!

3me
4

s2 2~16d2110d11!
me

6

s3 1~2d11!2
me

8

s4 ,

s̃~nm,t ē↔nm,t ē!516d224d112~40d2216d11!
me

2

s
1~12d224d!

3me
4

s2 2~16d2212d11!
me

6

s3 1~22d11!2
me

8

s4 ,

s̃~n in i↔n in i !512,

s̃~n i n̄ i↔n i n̄ i !58,

s̃~n in j↔n in j !56,

s̃~n i n̄ j↔n i n̄ j !52,
1-9
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s̃~n in↔n in!532
6mn

2

s
1

3mn
4

s2 ,

s̃~n i n̄↔n i n̄!522
2mn

2

s
2

2mn
6

s3 ,

s̃~n i p↔n i p!5~16d2212d11!2~40d2230d16!
mp

2

s
1~36d2224d11!

mp
4

s2 2~16d226d!
mp

6

s3 1~4d222d!
mp

8

s4 ,

s̃~n i p̄↔n i p̄!5~16d224d11!2~40d2210d11!
mp

2

s
1~36d2212d!

mp
4

s2 2~16d2210d11!
mp

6

s3 1~4d222d!
mp

8

s4 ,

s̃~nen̄e↔eē!5S 12
4me

2

s D 1/2F16d218d121S 8d214d2
1

2D 4me
2

s G ,
s̃~nm,tn̄m,t↔eē!5S 12

4me
2

s D 1/2F16d428d121S 16d228d1
3

2D 2me
2

s G ,

TABLE II. CoefficientsAf andBf appearing in Eq.~4.24! for various processes between neutrinos and the
quoted background particles. Hered5sin2 uW .

Neutrino Background fermionf Af Bf

ne e 16d2112d13 2(40d2130d16)
nm,t e 16d2212d13 2(52d2230d16)
ne e2 16d214d11 2(40d2110d11)
nm,t e2 16d224d11 2(40d2216d11)
n i n i 12 0
n i n j , iÞ j 6 0
n i n̄ i

8 0

n i n̄ j , iÞ j 2 0

n i n 3 26
n i n̄ 2 22

n i p 16d2212d11 2(40d2230d16)
n i P̄ 16d224d11 2(40d2210d11)

nen̄e↔eē annihilation process 16d218d12 26

nm,tn̄m,t↔eē annihilation process 16d228d12 21
s

co
e
nt
e

in

on-

er-
qs.
or-
ing
where s̃5s/s0 with s05(GF
2/12p)s, i 5e,m,t, s5(k

1p)2 is the Mandelstam variable, andd5sin2 uW'0.229.
These results reduce, in the zero fermion limit, to tho
found in Enqvist, Kainulainen, and Thomson@9# and Lan-
gacker and Liu@10#.

Once the cross sections are inserted in Eq.~4.20! the ther-
mal averages should be evaluated according to the
straints of the problem. If we consider temperatures w
below the nucleon mass, then the proton and neutron co
butions will be suppressed by the Boltzmann factor, and th
contribution neglected. On the other hand ifT'mf the com-
plete average of the cross sections in Eq.~4.22! should be
considered. In what follows we consider the situation
which mf,T and we retain terms of ordermf

2/s in Eq.
04300
e

n-
ll
ri-
ir

~4.22!. This leads us to consider thermal averages that c
tain integrals of the following type

E d4p

~2p!3 ~k•p!~k•u!u~k•u!d~p22mf
2!nf~p!.

~4.23!

These integrals are easily evaluated in terms of the th
mal average of the fermion density and energy, utilizing E
~3.17!–~3.20!. The results can be collected in a general f
mula that gives the contributions to the neutrino damp
rate arising from various background particles~to first order
in mf):
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gn i
5

GF
2

12p (
f

af Nf

gf
$2vAf^Ef&1mf

2~Af1Bf !%,

~4.24!

wherev is the neutrino energy, the summation inf is taken
over fermions in the background, and the corresponding
tors Af andBf are summarized in Table II. In this equatio
Nf represents the density of fermions and antifermions in
medium @Eq. ~3.19!# and the statistical averages ofEf is
defined in Eq.~3.20!.

The next step is to quote some explicit results. Consid
CP-symmetric plasma composed of the three types of n
trinos ne , nm , and nt , electrons, and their correspondin
antiparticles. Consideringne as a test particle, the contribu
tion to the neutrino damping rate arising from the bac
ground neutrinos is given by

g58.1
GF

2

p3 v T4, ~4.25!

wherev is the neutrino energy. Whereas the contribution
the electron and positron background to thene damping rate
yields

g50.39
GF

2

p3 v T4rS me

T D FeS me

T D20.6
me

2

vTG , ~4.26!

where the functionsr ande are defined by

r~j!5E
0

`

dx
x2

e
Ax

2
1j

2
11

,

~4.27!

e~j!5
1

r~j!
E

0

`

dx
x3

e
Ax

2
1j

2
11

.

Similar expressions can be obtained for the other proces
These results reduce to those in Refs.@6,9,10# in the limit of
zero electron mass.
ra

d,

s.
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V. CONCLUSIONS

In this paper we have systematically derived the neutr
damping rate in real-time thermal field theory. Starting fro
the discontinuity of the neutrino self-energy at the two lo
level, we prove that the damping rate can be expresse
integrals over phase space of total cross sections, weig
with statistical factors that account for the possibility of pa
ticle absorption or emission from the medium.

Cutkosky rules are used to obtain the self-energy ima
nary part at zero temperature. Weldon@11# and Kobes and
Semenoff@12# ~see also@19#! have studied the correspondin
Cutkosky rules at finite temperature. In these references
shown that for certain specific examples at one loop or
the discontinuity of the self-energy can be expressed in te
of amplitudes squared and weighted with the statistical f
tors that account for the various physical processes. Here
prove that these results stand valid for the neutrino damp
rate at the two loop order.

The complete results that account for all possible p
cesses that contribute tog appear in Eq.~4.16!. Depending
on the physical conditions some of these processes are
bidden. Specific results for conditions such as those of
early universe, where the primeval plasma is composed
~anti-!neutrinos, ~anti-!electrons, and nucleons, were o
tained. For those conditions the fermion masses are no
ways negligible; consequently we report a general form
@Eq. ~4.24!# that includes mass correction to first order
mf

2/^s&; however, further improvements are easily obtain
utilizing the values for the cross sections in Eq.~4.22!. Our
results, summarized in Eq.~4.24! and Table II, should be
useful for the study of neutrino processes in the early u
verse, as well as in some astrophysical scenarios.
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