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Adjoint ‘‘quarks’’ on coarse anisotropic lattices: Implications for string breaking in full QCD

Karn Kallio and Howard D. Trottier
Physics Department, Simon Fraser University, Burnaby, British Columbia, Canada V5A 1S6

~Received 20 April 2002; published 19 August 2002!

A detailed study is made of four-dimensional SU~2! lattice gauge theory with static adjoint ‘‘quarks’’ in the
context of string breaking. A tadpole-improved action is used to do simulations on lattices with coarse spatial
spacingsas , allowing the static potential to be probed at large separations at a dramatically reduced compu-
tational cost. Highly anisotropic lattices are used, with fine temporal spacingsat , in order to assess the
behavior of the time-dependent effective potentials. The lattice spacingsas and renormalized anisotropies are
determined from the static potential for quarks in the fundamental representation. Simulations of the Wilson
loop in the adjoint representation are done, and the energies of magnetic and electric ‘‘gluelumps’’~adjoint-
quark–gluon bound states!, which set the energy scale for string breaking, are calculated. In addition, correla-
tors of gauge-fixed static quark propagators, without a connecting string of spatial links, are analyzed. We also
consider a matrix of correlation functions in a basis that includes a state with valence gluons; analogous
correlators have recently been proposed for observing string breaking in full QCD and in other models. A
thorough discussion of the relevance of Wilson loops over other operators for studies of string breaking is
presented, using the simulation results presented here to support a number of new arguments.

DOI: 10.1103/PhysRevD.66.034503 PACS number~s!: 12.38.Gc, 12.38.Aw
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I. INTRODUCTION AND MOTIVATION

Simulations of lattice QCD are increasingly dedicated
the goal of including the effects of sea quarks on many
servables. One of the most distinctive signatures of
quarks should be the elimination of the confining poten
between widely separated valence quarks. Quenched sim
tions have demonstrated that color-electric field lines c
necting a static quark and antiquark are squeezed into a
row tube or ‘‘string.’’ In full QCD, however, the flux-tube
should be unstable against fission at large separationR,
where sea quarks should materialize from the vacuum
bind to the heavy quarks to form a pair of color-neut
bound states.

It is perhaps surprising that some controversy persist
the literature as to whether ‘‘string breaking’’ has actua
been observed in lattice simulations, and what techniques
required in order to convincingly demonstrate this pheno
enon@1#. This is despite extensive large scale simulations
unquenched QCD by several collaborations@2–6#. This
problem has come under renewed attack in the last few y
with several new viewpoints emerging as to the underly
cause of the difficulty of observing string breaking, and su
gestions as to the optimal approach for resolving this pr
lem @7–14#. These ideas have stimulated new work on str
breaking in simulations of full QCD@13,15–19#, and on a
number of models that may shed light on string break
@11,12,20–25#.

One suggestion to arise in the literature is that the Wils
loop operator, which has typically been used to study
static potential between heavy quarks, has a very small o
lap with the true ground state of the system at largeR, and
hence is not suited to studies of string breaking@3,7,10#. This
has led to the consideration of other operators to study st
breaking, especially operators that explicitly generate li
valence particles in the trial state@11,12#.
0556-2821/2002/66~3!/034503~11!/$20.00 66 0345
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Another point of view was raised by one of us in Re
@13#, where it was suggested that string breaking can ind
be seen using Wilson loops, but that it is essential to pro
gate the trial states over Euclidean timesT of about 1 fm, the
characteristic scale associated with hadronic binding. In c
trast, typical studies of the static potential in unquench
QCD have been done on lattices with relatively ‘‘fine’’ spa
ings, limiting the propagation times at which good qual
data can be generated to well under 1 fm, due to the h
computational overhead required to generate configurat
on lattices with a sufficiently large physical volume. The u
of coarse lattices enables much more efficient simulation
the static potential at the large scales relevant to string bre
ing. On a coarse lattice the computational effort can go i
generating much higher statistics, rather than genera
short distance degrees of freedom that are not relevant to
long distance process of string breaking. This advantage
demonstrated in Ref.@13#, where an improved action wa
used to observe string breaking on coarse lattices in
quenched QCD in three dimensions. This was followed b
coarse lattice study in unquenched four-dimensional Q
@16#, where good evidence of string breaking was also
tained using only Wilson loops to generate the trial state

In this paper we consider a number of the issues that h
been raised in the recent literature on string breaking.
also present new results from simulations of quenched lat
QCD with static valence ‘‘quarks’’ in the adjoint represent
tion of the color group, and we use these results to shed l
on the problem of string breaking. There is a long history
lattice simulations of QCD with adjoint matter fields, whic
exhibits much of the physics of confinement of real QC
and which also has a connection to supersymmetric phy
@26–33#. In particular an analogue of string breaking shou
occur in this model. The confining flux-tube between a p
of heavy adjoint quarks@31# should be unstable against fis
sion at largeR, where gluons can materialize from the sea
bind to the heavy quarks, forming a pair of color-neut
©2002 The American Physical Society03-1
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KARN KALLIO AND HOWARD D. TROTTIER PHYSICAL REVIEW D 66, 034503 ~2002!
bound states dubbed ‘‘gluelumps’’@28#. Hence the potentia
Vadj(R) between a pair of static adjoint quarks in quench
QCD should approach a constant at largeR:

Vadj~R→`!52MQg , ~1!

where MQg is the energy of the lightest gluelump. In th
model as well, despite much effort, string breaking us
Wilson loops has not been seen. However, it has been
gested very recently that string breaking for adjoint qua
can be readily observed using correlators that explicitly g
erate valence gluons in the trial state@21–23# ~earlier work
using such operators was done by Michael@28#!.

Here we undertake a detailed study of four-dimensio
SU~2! gauge theory with static adjoint quarks~this work was
reported in unpublished form in Ref.@34#!. We use a tadpole
improved gluon action to do simulations on lattices w
coarse spatial spacingsas . We use highly anisotropic lat
tices, with fine ‘‘temporal’’ spacingsat , in order to make a
careful study of the time-dependent effective potentials. O
lattice used here hasas50.36 fm andat50.10 fm, which
provides an increase in computational efficiency of some
orders of magnitude compared to simulations of adjo
quarks that were done in Ref.@23# using an unimproved
action on lattices with spacings of about 0.1 fm.

The lattice spacingsas and renormalized anisotropies a
first determined from the static potential for quarks in t
fundamental representation. We then study the Wilson l
in the adjoint representation, and the masses of magnetic
electric gluelumps, which set the energy scale for str
breaking according to Eq.~1!. In addition we consider corr
elators of gauge-fixed static quark propagators, without
string of spatial links that is found in the Wilson loop; this
similar to correlators proposed in Refs.@8,9# as alternatives
to the Wilson loop for observing string breaking. We al
consider a matrix of correlation functions in a basis that
cludes a state with valence gluons.

We find that adjoint quark string breaking is extreme
difficult to observe using Wilson loops, because of a ve
strong suppression of the signal, due to approximate Cas
scaling of the static potential. Despite the considerable c
putational advantage provided by coarse lattices, we are
ited to propagation times well below 1 fm~although we do
reach much larger propagation times than have been atta
in previous studies!. Nonetheless it is clearer than a progre
sive ‘‘flattening’’ of the adjoint potential occurs as the prop
gation time is increased. These results also strongly sup
the conclusion that string breaking would be observed
propagation times of about 1 fm could be attained. In t
connection, we will later demonstrate the somewhat surp
ing fact that observing string breaking in quenched QC
with adjoint quarks actually represents amuchhigher com-
putational burden than the same problem in unquenc
QCD with real quarks. Propagation times of about 1
should indeed be accessible in unquenched QCD sim
tions, especially if coarse lattices are used with improv
actions@16#.

By contrast, we readily observe saturation of the sta
potential obtained from states that contain valence gluo
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much smaller propagation times are necessary when s
correlation functions are used. A similar result was recen
obtained in simulations done on ‘‘fine’’ lattices@21–23#, and
this was interpreted as providing support for the picture t
Wilson loops are not suitable for studies of string breakin

However, we suggest instead that one must be more c
ful in defining the goal of ‘‘observing string breaking’’ in
lattice QCD simulations. In particular we note that operat
which explicitly generate light valence quarks will automa
cally exhibit static potentials that saturate at largeR, even in
quenched QCD~here considering the theory with fundame
tal representation quarks!. The primary goal of string break
ing studies is to observe distinctive features of the effects
sea quarks, hence one is most interested in observables
most clearly distinguish between the quenched and
quenched theories. Studies using trial states with light
lence particles must abandon conditions similar to Eq.~1! in
defining string breaking, and must look instead for mo
subtle effects of sea quarks. For example, string break
may be defined@10# as a mixing between a heavy quar
antiquark (QQ̄) pair, and a state with light valence particle
~such as aQQ̄qq̄ state in QCD with fundamental represe
tation sources, whereq is a light valence quark!.

We believe, however, that one should not abandon
viewpoint, which has prevailed in the literature until recent
that the properties of trial states containing only hea
quarks are of prime interest in the study of string breaki
This is because the static potential for theQQ̄ trial state
allows one to make contact with the process of hadron
tion, which is of very basic interest in QCD. In hadroniz
tion, an initial state is created consisting of just two valen
quarks at small separations, which then separate in real t
leading to the creation of additional valence quarks at se
rations around 1–2 fm, with the final state consisting,
example, of two widely separated mesons. A string break
condition analogous to Eq.~1! can be thought of as an adia
batic approximation to the dynamics of hadronization. Hen
a clear demonstration of this definition of string breaki
remains an important challenge for lattice QCD.

The question then is whether this problem is accessibl
realistic simulations. The small overlap of the Wilson loo
with the broken string state at large separations may be
irreducible problem: a nonlocal state of two widely separa
heavy quarks connected by a string is bound to have a s
overlap with the state consisting of two widely separa
heavy-light mesons. On the other hand, we find that the o
lap of the Wilson loop with the broken string state is app
ciable in a range of separations around the point at wh
string breaking actually occurs. Simulations of Wilson loo
at much larger separations, where the overlap becomes
ishingly small, are not relevant to hadronization, since in t
physical process the original quarks never get to such po
with the string intact.

If one considers the static potential for quark separati
around 1–2 fm, which are physically motivated by the an
ogy with hadronization, then ‘‘string breaking’’ define
analogously to Eq.~1! does indeed appear to be accessible
full QCD using Wilson loops. The important observatio
3-2
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ADJOINT ‘‘QUARKS’’ ON COARSE ANISOTROPIC . . . PHYSICAL REVIEW D 66, 034503 ~2002!
here is that propagation times of about 1 fm appear to
sufficient in order to resolve the broken string state@13#. This
can be achieved by using improved actions to do simulati
on coarse lattices; we estimate that an increase in comp
tional efficiency of some two orders of magnitude over m
recent studies in full QCD can reasonably be expected
our estimation all of the available evidence, including t
new results presented in this paper, support the view
string breaking is accessible in large scale simulations of
Wilson loop in full QCD.

The rest of this paper is organized as follows. In Sec
we present the details of the improved gluon action, and
construction of the various correlation functions to be st
ied. The results of the simulations are presented in Sec.
where each correlator is considered in turn. Finally,
present some further discussion and conclusions in Sec.

II. ACTION AND OBSERVABLES

The tadpole-improved SU~2! action on anisotropic lattice
used here was previously studied in Ref.@35#, following ear-
lier work in SU~3! color @36,37#

S52b (
x,s.s8

j0H 5

3

Pss8

us
4

2
1

12

Rss8

us
6

2
1

12

Rs8s

us
6 J

2b(
x,s

1

j0
H 4

3

Pst

us
2ut

2
2

1

12

Rst

us
4ut

2J , ~2!

wherePmn is one-half the trace of the 131 Wilson loop in
the m3n plane,Rmn is one-half the trace of the 231 rect-
angle in them3n plane, and wherej0 is the bare lattice
anisotropy,

j05S at

as
D

bare

. ~3!

This action has rectanglesRss8 and Rst that extend at mos
one lattice spacing in the time direction. This has the adv
tage of eliminating a negative residue high energy pole in
gluon propagator that would be present ifRts rectangles were
included. ‘‘Diagonal’’ correlation functions computed from
this action thus decrease monotonically with time, which
very important for our purposes. The leading discretizat
errors in this action are thus ofO(at

2) andO(asas
2).

On an anisotropic lattice one has two mean fieldsut and
us . Here we define the mean fields using the measured
ues of the average plaquettes. Since the lattice spacingsat in
our simulations are small, we adopt the following prescr
tion @35–37# for the mean fields:

ut[1, us5^Pss8&
1/4. ~4!

Observables in various representations of the gauge g
can be easily computed from the measured values of
fundamental representation link variables using relati
amongst the group characters. The Wilson loopWj in the j th
representation is defined by
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2 j 11
TrH )

l PL
Dj@Ul #J , ~5!

whereDj@Ul # is the j representation of the linkUl , and L
denotes the path of links in the Wilson loop. In the case
the adjoint Wilson loop of interest here, we have

W1~T,R!5 1
3 @4uW1/2~T,R!u221#, ~6!

as can also be seen by using an explicit form for the adjo
representation matrices@28#

D 1
ab@U#5 1

2 Tr~saUsbU†!, ~7!

and making use of the identitys i j
a skl

a 52(d i l d jk2 1
2 d i j dkl).

To enhance the signal-to-noise we make an analytical
tegration on timelike links@38#

E d@Ul #Dj@Ul #e
2bS5

I 2 j 11~bkl !

I 1~bkl !
Dj@Vl #E d@Ul #e

2bS

~8!

whereklVl denotes the sum of the 131 staples and 231
rectangles connected to the time-like linkUl @det(Vl)[1#.
This variance reduction was applied to time-like links for t
Wilson loops and gluelump correlators. Equation~8! as-
sumes that a given link appears linearly in the observa
hence we can only apply it to Wilson loops withR.2, be-
cause of the rectanglesRst that appear in the improved ac
tion.

An iterative fuzzing procedure@39# was used to increas
the overlap of the Wilson loop and gluelump operators w
the lowest-lying states. Fuzzy link variablesUi

(n)(x) at the
nth step of the iteration were obtained from a linear com
nation of the link and surrounding staples from the previo
step

Ui
(n)~x!5Ui

(n21)~x!1e (
j Þ6 i

U j
(n21)~x!Ui

(n21)

3~x1 ̂ !U j
(n21)†~x1 ı̂ !, ~9!

wherei and j are purely spatial indices, and where the lin
were normalized toU†U5I after each iteration. Operator
were constructed by using the fuzzy spatial link variables
place of the original links. Typically the number of iteration
n and the parametere were chosen around (n,e)
5(10,0.04) for Wilson loops and (n,e)5(4,0.1) for glue-
lumps.

The gauge-invariant propagatorG(T) of a gluelump can
be constructed by coupling a static quark propagatorQT
~product of temporal links! of time extent T to spatial
plaquettesU0 andUT located at the temporal ends of the lin
@28#

G~T!5Tr~U0sb!D 1
ab@QT#Tr~UT

†sb!. ~10!

Both magnetic and electric gluelump propagators were a
lyzed, by choosing appropriate linear combinations of spa
plaquettes at the ends of the static propagator@28#. For the
3-3
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TABLE I. Simulation parameters for the four lattices, and measured values of some lattice quantities. The bare anisotropiesj0 and the
mean fieldsus for tadpole improvement are shown~whereut[1), along with the lattice volume in each case. Measured values of the la
anisotropiesj ren are compared to the input anisotropies, as discussed in the text. Simulation results for the spatial and temporal spas

andat are given, as well as the relative errorsDV in the off-axis potentials atR5A3as . Most of the results in this paper are drawn fro
the two lattices with the smallest spatial spacings.

b j0 us Volume j ren/j0 as(fm) at (fm) DV(A3as)

0.848 0.276 0.7933 103320 1.02~1! 0.361~8! 0.102~2! 0.078~2!

0.848 0.125 0.8432 83330 1.17~1! 0.494~20! 0.072~3! 0.154~2!

0.600 0.125 0.7947 83330 1.14~2! 0.606~40! 0.086~6! 0.220~2!

0.500 0.125 0.7648 83330 1.12~1! 0.689~30! 0.096~4! 0.231~2!
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magnetic gluelump a sum of four plaquettes in a particu
spatial plane is used, the sum being invariant under lat
rotations about an axis perpendicular to the plane. For
electric gluelump a sum of eight plaquettes lying in tw
planes is used, the sum being invariant under rotations a
an axis that is common to both planes.G(T) can be ex-
pressed in terms of fundamental representation link varia
using Eq.~7!:

G~T!52Tr~U0QTUT
†QT

†!2Tr~U0!Tr~UT!. ~11!

We also study the correlator for aQQ̄gg trial state by
measuring the expectation value of the operator

GGG~T,R![G†~T;R!G~T;0!, ~12!

where static quark propagatorsQT;0 andQT;R of time extent
T, and separated by a spatial distanceR, are used inG(T;0)
andG(T;R), respectively. We also compute the off-diagon
entries in the gluelump pair-Wilson loop mixing matri
given by the expectation value of the operators

GGW~T,R![Tr~U0;0s
a!D 1

ab@QT;0GT;RQT;R
† #Tr~U0;Rsb!,

~13!

and

GWG~T,R![Tr~UT;Rsb!D 1
ab@QT;R

† G0;R
† QT;0#Tr~UT;0sb!.

~14!

G0;R and GT;R are products of~fuzzy! links connecting the
spatial sites of the heavy quarks at times zero andT, respec-
tively. The plaquettesU0;0 andU0;R in the case ofGGW , for
example, are connected to the ends of the static propag
at time zero.

Finally, as an alternative to the Wilson loop, we compu
correlators of gauge-fixed static quark propagators separ
by a distanceR, given by expectation values of the operat

GPoly~T,R!5Tr~D1@QT;0# !Tr~D1@QT;R# !. ~15!

This operator is similar to the Wilson loop in that it has on
heavy quark propagators. It has been suggested@8,9# that this
type of operator may have a larger overlap with the brok
string state, since it does not have an explicit string of spa
links connecting the heavy quarks, in contrast with the W
son loop. We measuredGPoly in lattice Coulomb gauge
03450
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where ( i 51
3 @Ui(x)2Ui(x2 ı̂ )#50, which we implemented

using an iterative steepest ascent algorithm with fast Fou
acceleration@40#.

III. RESULTS

A. Lattice parameters and fundamental
representation potentials

Four lattices were studied in order to check the physi
results for dependence on lattice spacing and input ani
ropy. The four sets of simulation parameters are listed
Table I. Roughly 40 000 measurements were made for
observables on each lattice, skipping 10 configurations
tween measurements~which results in very small autocorre
lation times!.

We note that lattices with very coarse spatial spacingsas
were deliberately chosen in an effort to probe the potent
at the longest physical quark separations possible, for
least computational cost. Two of our lattices have spa
spacings of about 0.36 fm and 0.49 fm, which are com
rable to lattice spacings that have been used by a numbe
authors~see, e.g. Refs.@41,37,35#!. We also considered two
lattices with much coarser spacings, of about 0.60 fm a
0.69 fm: although one would not necessarily advocate
use of such coarse lattices in general, we felt that it is wo
while to employ them here, in order to gain as much co
putational advantage as possible, especially considering
a good test of Eq.~1! is at this time perhaps more importa
in the study of string breaking than obtaining high precisi
results for any particular observable. We will see that d
cretization errors for this purpose are relatively small ev
on the coarsest lattices used here, and we note that our
clusions can be drawn from the results on the two latti
with the smallest spacings.

We first present results for the fundamental representa
potential, which are used to measure the renormalized la
anisotropyj ren and to set the lattice spacingas .

The renormalized anisotropy is determined by compar
the static potentialatVxt , computed in units ofat from Wil-
son loopsWxt where the time axis is taken in the direction
small lattice spacings, with the potentialasVxy computed
from Wilson loopsWxy with both axes taken in the directio
of large lattice spacings@35–37,42#. The anisotropy is deter
mined after an unphysical constant is removed from
potentials, by subtraction of the simulation results at t
different radii
3-4
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j ren5
atVxt~R2!2atVxt~R1!

asVxy~R2!2asVxy~R1!
. ~16!

The anisotropies determined withR15A2as and R252as
are shown in Table I; results obtained withR15as are in
excellent agreement with these estimates. The renorma
tion of the anisotropy is small in all cases, especially
compared to the very large renormalizations for unimprov
actions on lattices with comparable spacings@35#.

The spatial lattice spacing is then determined by fitt
the fundamental representation potential to the form

Vfit~R!5sR2
b

R
1c, ~17!

taking the physical value of the string tension to beAs
50.44 GeV. The potentials were measured at on-axis s
rations, as well as at off-axis separationsR/as5A2, A3, A5,
A8, A13, A18, andA20. Symmetric combinations of th
shortest spatial paths connecting two lattice points were u
in the off-axis Wilson loop calculations. Results for the la
tice with as50.49 fm are given in Fig. 1, which shows goo
rotational symmetry restoration, thanks to tadpole impro
ment. A quantitative measure of the symmetry breaking
obtained by comparing the simulation results for the pot
tial with the interpolation to the on-axis data

DV~R![
Vsim~R!2Vfit~R!

sR
. ~18!

Results forDV at R5A3as for the four lattices are shown in
Table I. Unimproved actions exhibit much larger rotation
symmetry breaking effects@41,35#.

Representative plots of the time-dependent effective
tential

V~T,R!52 lnS W~T,R!

W~T21,R! D ~19!

FIG. 1. Fundamental representation potential for the action w
as50.49 fm: on-axis points (1), off-axis points (3). The dotted
line shows the results of a fit of the on-axis points to Eq.~17!.
03450
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are shown in Fig. 2. A reliable determination of the grou
state potential in the fundamental representation can
made, with excellent plateaus in the effective mass pl
going out to propagation times near 1 fm, even at separat
as large as 2.5 fm.

The potentials from all four lattices are plotted together
physical units in Fig. 3. A Coulomb term is visible in th
data, with fits to the on-axis data yielding coefficientsb
around 0.1@35#. Although the fundamental potentials o
these coarse lattices are dominated by the confinement t
the results give evidence of good scaling behavior even
this range of large lattice spacings.

B. Magnetic and electric gluelumps

The effective mass plots for single electric and magne
gluelumps exhibit good plateaus, as shown in Fig. 4. T

h FIG. 2. Time-dependent effective mass plot for the fundame
potential from the lattice withas50.49 fm andat50.072 fm.
Each roughly horizontal line of points shows the effective mass
one separationR: on-axis points (1), off-axis points (3).

FIG. 3. Fundamental representation potentials in physical u
from all four lattices:as50.36 fm (1), as50.49 fm (3), as

50.61 fm (* ), andas50.69 fm (h). An additive renormalization
in the energies has been adjusted so that the potentials agreeR
'0.5 fm. The dotted line is the best fit to Eq.~17! for the lattice
with as50.36 fm.
3-5
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KARN KALLIO AND HOWARD D. TROTTIER PHYSICAL REVIEW D 66, 034503 ~2002!
electric gluelump is known to have the larger mass@28#. The
gluelump energyMQg is not physical as it must be additivel
renormalized due to the self-energy of the heavy qua
However, this renormalization should cancel in the diff
ence between the electric and magnetic gluelump energie
direct comparison of 2MQg with the static potential for a pai
of adjoint quarks is also meaningful since the two quantit
have equal self-energies.

Our results for the gluelump splittings on the four lattic
are

Melec2Mmag55
166611 MeV, as50.36 fm,

139615 MeV, as50.49 fm,

93616 MeV, as50.61 fm,

72618 MeV, as50.69 fm,
~20!

FIG. 4. Effective mass plots for single electric (* ) and magnetic
(h) gluelumps. There are four pairs of plots corresponding to
four lattices, with the spatial spacingas increasing from the bottom
of the figure to the top.

FIG. 5. Gluelump physical mass splitting versus lattice spac
as . The dashed curve shows a fit assumingO(a2) scaling viola-
tions.
03450
k.
-
. A

s

and are plotted versus lattice spacing in Fig. 5. We expect
leading scaling violations to be ofO(at

2) and O(asas
2).

However, the data are not of sufficient quality to verify th
the scaling violations have the expected form. For the sak
illustration, a fit assumingO(as

2) scaling violations is illus-
trated in Fig. 5, which yields a continuum estimate for t
splitting of

Melec2Mmag5~204616! MeV, x2/DOF50.29.
~21!

The data are also consistent with a fit assumingO(as) scal-
ing violations, yielding a continuum estimate for the splittin
of

Melec2Mmag5~273629! MeV, x2/DOF50.50,
~22!

where DOF stands for degrees of freedom. These results
consistent with an estimate of the gluelump splitting
SU~2! color by Jorysz and Michael@28#, who foundMelec
2Mmag5203676 MeV, using a single lattice with a spac
ing of about 0.16 fm.

C. Adjoint representation Wilson loops

The determination of the ground state potential in the
joint representation is much more difficult than in the fund
mental case, due to the much larger energy scale in the
joint channel. Effective mass plots for the adjoint potent
on two lattices are shown in Figs. 6 and 7. Notice that
temporal spacing is smaller in Fig. 7, allowing one to mo
clearly see that plateaus in the effective masses at large s
rations have not been reached.

A typical procedure followed in the literature on strin
breaking is to approximate the ground state potentialV(R)
by the effective potentialV(T,R) at a small value ofT, es-
pecially at largeR, given the poor signal-to-noise in thi

e

g

FIG. 6. Adjoint Wilson loop effective mass plots for the lattic
with as50.36 fm andat50.10 fm. Plots are shown for severa
values of the on-axis quark separation,R51 –3 (1), R54 (h)
andR55 (* ), as well as at some off-axis points (3). The dashed
lines show the 1s limits for twice the mass of the magnetic glue
lump 2MQg on this lattice.
3-6
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region. The effect of choosing different fixed values ofT for
the determination of the potential can be seen by plott
V(T,R) versusR, for several choices ofT. We show our data
in this way for one lattice in Fig. 8. There is a clear trend
the ‘‘potential’’ to flatten asT is increased, and this tren
continues until the signal at largeR is lost in the noise. The
limitation to such small propagation timesT&0.5 fm at
large separations introduces a significant systematic erro
assessing whether the potential saturates.

It is also useful to compare the fundamental potential w
the adjoint one. In Fig. 9 we plot the two potentials in phy
cal units from all four lattices, where we rescale the adjo
potential by 3/8, the ratio of SU~2! Casimirs for the two
representations. There is good evidence for screening o
adjoint potential, compared to simple models of Casim
scaling@28#.

The overall picture from these results is consistent w
the suggestion@13# that string breaking occurs at propagati

FIG. 7. Adjoint Wilson loop effective mass plots for the lattic
with as50.49 fm and at50.072 fm. Plots are shown forR
51 –3 (1), R54 (3), R55 (* ).

FIG. 8. Adjoint Wilson loop static potential vsR at various fixed
propagation times for the lattice withas50.49 fm and at

50.07 fm: T/at52 (L), 3 (1), 4 (h), 5 (3), 6 (n). The dotted
lines show 1s limits for 2MQg ~magnetic!.
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times of about 1 fm. This is particularly clear from the e
fective mass plots in Fig. 7, where one can estimate
propagation time required to resolve string breaking by
trapolating the effective potential measured at smallerT. The
potentials at the two largest separations show a clear tren
decrease towards the broken string energy of 2MQg , and the
results suggest that saturation of the potential at these l
separations would indeed be reached at propagation time
about 1 fm.

D. Gauge-fixed quark-antiquark correlator

The correlation function between a pair of static adjo
quark propagators@cf. Eq. ~15!# was calculated in Coulomb
gauge in order to study a state without an explicit string
links connecting the heavy quarks. Similar correlators w
suggested for observing string breaking in Refs.@8,9#. Re-
sults for the effective potential defined fromGPoly(T,R) are
shown for one lattice in Fig. 10. The results obtained fro
this correlator agree well with the Wilson loop estimate
the potential, obtained at similar propagation times, giv
neither a better nor a worse indication of string breaking

E. Gluelump-gluelump correlators

Representative effective mass plots for the magn
gluelump-gluelump correlator@cf. Eq. ~12!# for one lattice
are shown in Fig. 11. At smaller separations the signa
clear but contains large excited state contributions; at lar
separations the signal degrades, but the data at smallT show
more of a plateau. The resulting potentials from two lattic
are compared in physical units in Fig. 12.

We also used a standard variational method@28# to esti-
mate the state of lowest energy in the 232 basis of states
composed of a pair of heavy adjoint quarks connected
each other by a string of links~adjoint Wilson loopWadj),

FIG. 9. Comparison of the adjoint (* ) and fundamental (n)
potentials in physical units from all four lattices. The adjoint pote
tial has been multiplied by a factor of 3/8 and shifted vertically
agree with the fundamental potential atR'0.5 fm. The longest
propagation time at which a decent signal was available was g
erally used. The dashed lines show 1s limits for 2MQg ~magnetic!,
after being rescaled and shifted vertically by the same amoun
the adjoint potential~here using the results only atas50.36 fm).
3-7
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KARN KALLIO AND HOWARD D. TROTTIER PHYSICAL REVIEW D 66, 034503 ~2002!
and aQQ̄gg state. Consider the corresponding 232 corre-
lation matrixCi j @cf. Eqs.~12!–~14!#:

Ci j ~T,R!5S ^Wadj~T,R!& ^GGW~T,R!&

^GWG~T,R!& ^GGG~T,R!&
D . ~23!

With the two basis states represented byuf i(R)&, the corre-
lation matrixCi j (T,R) is written as a transfer matrix

Ci j ~T,R!5^f i~R!ue2HTuf j~R!&. ~24!

One finds a linear combinationuF(R)& of basis states

uF~R!&5(
i

ai~R!uf i~R!& ~25!

which maximizes

FIG. 10. Adjoint potential computed from gauge-fixed sta
quark propagators on the lattice withas50.36 fm and at

50.10 fm. The dotted line shows 2MQg ~magnetic!, and the
dashed curve shows the result of a fit to the potential compu
from the adjoint Wilson loop on the same lattice and at compara
propagation times.

FIG. 11. Magnetic gluelump-gluelump effective masses for
lattice with as50.36 fm andat50.10 fm, for two separations:R
51 ~lower points! andR54 ~upper points!.
03450
l~T* ,R!5
^F~R!ue2HT* uF~R!&

^F~R!uF~R!&
. ~26!

This requires the solution of the eigenvalue problem

Ci j ~T* ,R!aj~R!2l~T* ,R!Ci j ~0,R!aj~R!50. ~27!

We choose to optimize the variational state by solving E
~27! at a small timeT* , otherwise numerical instabilities
may arise due to large statistical errors inCi j (T* ,R), espe-
cially at largeR @28#.

With this choice of optimized variational state, the corr
lation function Eq.~26! is then evolved to a larger timeT,
in order to filter out our final estimate of the groun
state energy l(T,R)5e2E0(R)T. The overlaps ci

2(R)
5^f i(R)uO(R)&2/^f i(R)uf i(R)& of the basis statesuf i(R)&
on the ground stateuO(R)& can be estimated according to

ci
2~R!5

Cii ~T,R!

l~T,R!Cii ~0,R!
, ~28!

at sufficiently largeT @note that Eq.~28! at finite T provides
an upper bound on the true overlaps#.

The results of this diagonalization procedure are as
pected. Figure 13 shows the estimate of the ground s
potential in physical units from two lattices. The estimat
overlaps of theQQ̄ and QQ̄gg states with the variationa
estimate of the ground state are shown in Fig. 14. There
rapid crossover in the ground state as determined in this
sis, from the Wilson loop at smallerR to the gluelump-pair
state at largerR. One also sees from Fig. 14 that mixin
between the two states is clearly resolved, since the gro
state is shown to have appreciable overlap with both of
QQ̄ and QQ̄gg trial states, over a significant region inR,
centered aroundR/as'2.5–3.

d
le

e

FIG. 12. Static potential estimates from the magnetic gluelum
pair correlator in physical units~with additive energy shifts!: as

50.36 fm (1) andas50.49 fm (3).
3-8
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IV. SUMMARY AND FURTHER DISCUSSION

In this paper we made a through analysis of adjoint qu
physics in the context of string breaking. Three trial sta
were investigated as candidates for observing string bre
ing: the adjoint Wilson loop, aQQ̄gg state, and a pair o
gauge-fixed static quark propagators. The fundamental
resentation potentials were used to measure the lattice s
ings and renormalized anisotropies, and electric and m
netic gluelump masses were calculated in order to set
energy scale for string breaking. A number of techniqu
were used to maximize the efficiency of the calculatio
including fuzzing, variance reduction, and fast Fourier acc

FIG. 13. Variational estimate of the ground state energy
physical units for two lattices~after additive shifts in the energies!:
as50.36 fm (1) andas50.49 fm (3). The trial state was typi-
cally determined atT* 5at , which was then propagated to a tim
T'4at to obtain the results shown in the figure. Also shown are
1s lines for 2MQg ~magnetic!.

FIG. 14. Diagonalization results for the lattice withas

50.49 fm, showing the estimated overlaps of the two basis st
with the ground state as functions ofR, according to Eq.~28!:

Wilson loop (1) and QQ̄gg state (* ). Note that the estimated
overlap can be somewhat larger than 1~as in the gluelump pair a
largeR), since Eq.~28! actually provides an upper bound to the tr
overlap at finiteT.
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erated gauge fixing. Most important was the use of coa
highly anisotropic lattices from tadpole-improved action
The lattice withas50.36 fm andat50.10 fm, for example,
gives an improvement in computational efficiency of som
two orders of magnitude compared to simulations of adjo
quarks done in Ref.@23# on lattices with spacings of abou
0.1 fm. Large lattice anisotropies provided more data po
for analysis of the Euclidean time evolution of correlatio
functions. This proved to be especially important in analy
ing adjoint Wilson loops for even moderate physical valu
of R, due to the rapid decay of the signal.

The transfer matrix in the basis ofQQ̄ andQQ̄gg states
reveals a static potential which saturates at 2MQg near 1.5
fm. Similar string breaking distances have been sugge
for full QCD @43#, and have been observed in other theori
including three-dimensional QCD with dynamical fermio
@13#. At small quark separations the potential rises linea
with a slope of about83 of the fundamental potential, consis
tent with Casimir scaling. Saturation of the potential~and
mixing between theQQ̄ and QQ̄gg states! obtained from
this transfer matrix occurs over a very small range of se
rations R. These results are in qualitative agreement w
recent calculations done on fine lattices using unimpro
actions@21–23#. In addition, results obtained here using co
relations between gauge-fixed static quark propagators, w
out a connecting string of spatial links, agree well with t
Wilson loop estimate of the potential, giving neither a bet
nor a worse indication of string breaking.

As discussed in Sec. I these results, taken at face va
might be interpreted as evidence that Wilson loops are
suitable for studies of string breaking, but that string bre
ing can be readily observed using trial states with light v
lence particles. However, we raised several cautionary ob
vations about this viewpoint. In particular, we pointed out
Sec. I that operators which explicitly generate light valen
particles automatically exhibit potentials that saturate at la
R. In the case of QCD with fundamental representat
quarks, this means that operators of this type would sat
the analogue of Eq.~1! even in the quenched theory. This
particularly clear when the correlation function receives d
connected contributions. In the case of theQQ̄gg correlator
@cf. Eq. ~12!#, we have

^0uG†~T;R!G~T;0!u0&5^0uG~T;0!u0&21 . . . , ~29!

whereu0& is the vacuum state, and where the ellipsis deno
the contributions of non-vacuum insertions between the
operators in the correlator. Hence one is guaranteed to
an effective mass of 2MQg at modestR using this correlation
function. This may also explain why one observes an
tremely rapid crossover in the mixing between the Wils
loop and trial states containing light valence partic
@11,12,21–23#. Exactly the same behavior must occur if o
erators that generate light valence quarks are used in s
lations of full QCD.

This raises the important question of exactly how o
defines the goal of ‘‘observing string breaking.’’ Perhaps o
can advocate two points of view. From one viewpoint, o
would say that correlation functions give spectral inform
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KARN KALLIO AND HOWARD D. TROTTIER PHYSICAL REVIEW D 66, 034503 ~2002!
tion only: the ground state energy versus quark separatio
matrix elements for mixing between different sectors of
Hilbert space, for example. One then looks for a set of
erators that provides the best estimate of these quant
even if such operators generate light valence particles in
trial state. In that case, however, one must sacrifice Eq.~1! as
a criterion for string breaking, and look instead for som
more subtle effects of sea quarks, such as mixing ma
elements. One might also say that the difficulty in observ
string breaking with the Wilson loop indicates nothing mo
than that this operator has a poor overlap with the gro
state in the regime of large separations.

A second point of view, which has prevailed in the liter
ture until recently, and which we advocated in Sec. I, is t
one can use certain correlation functions to make an ana
with hadronization, which is a phenomenon of basic inter
in QCD. From this viewpoint, Eq.~1! provides an importan
definition of string breaking, as it can be interpreted as
adiabatic approximation to the process of hadronization
this view, it is essential to consider trial states that do
contain light valence particles in the trial state. In particu
the trial state should satisfy Eq.~1! only in unquenched QCD
~here considering the theory with fundamental representa
quarks!. The Wilson loop satisfies this requirement, wh
operators which generate light valence particles do not.

In making contact with hadronization one is interested
using the Wilson loop to measure the potential only out
separationsR'1.5–2 fm, since in the actual physical pr
cess the original quarks never get to much larger separa
with the string intact. In this region the overlap of the Wilso
loop with the ground state appears to be appreciable, jud
from Fig. 14, and from results for unquenched QCD p
sented in Refs.@13,16#. However, one must still push th
calculation to propagation times of about 1 fm, characteri
of hadronic binding, in order to properly resolve the brok
string state. This is the relevant challenge in observing st
breaking using Wilson loops.

To date most simulations of full QCD have been done
lattices with relatively fine spacings, making it computatio
ally very challenging to reach the length scalesR'1.5 fm
and propagation timesT'1 fm relevant to string breaking
The use of coarse lattices with improved actions allow
much more efficient probe of this regime, as was recen
demonstrated by one of us in Ref.@13#, where this approach
was used to resolve string breaking with Wilson loops
unquenched QCD in three dimensions. An increase in c
putational efficiency of some two orders of magnitude
possible using lattices with spacings between 0.3 fm and
fm, compared to most simulations that have been done so
ys

03450
or
e
-
s,
e

ix
g

d

t
gy
st

n
n
t
,

n

o

ns

ng
-

ic

g

n
-

a
ly

-

.4
far

in unquenched QCD. This approach has recently been u
in unquenched QCD in four dimensions in Ref.@16#.

Unfortunately definitive calculations of the adjoint Wilso
loop in this string breaking regime did not prove to be fe
sible in this paper, with propagation times limited to we
below 1 fm, even with coarse lattices~although we did reach
much longer propagation times than have been attaine
previous studies of this system!. On the other hand, it is clea
that adjoint Wilson loops exhibit a potential that progre
sively ‘‘flattens’’ at longer propagation times. Moreover, th
trend in the effective mass plots from the adjoint Wilson lo
at largeR strongly supports the conclusion that string brea
ing should occur at propagation times of about 1 fm.

In this context it is interesting to estimate the size of t
adjoint Wilson loop signal relative to the fundamental on
and to compare the computational cost of these simulat
to those of unquenched QCD. If we assume roughly Casi
scaling of the potential just below the string breaking d
tance, then the ratioWadj/Wfund of the adjoint to the funda-
mental Wilson loops in SU~3! color goes like

Wadj/Wfund'exp@2~ 9
4 21!sRT#'1024, ~30!

using As50.44 GeV for the fundamental representati
string tension, andR'1.5 fm andT'1 fm for the scales
relevant to string breaking@the ratio is yet smaller, by an
order of magnitude, in SU~2! color#. This is to be compared
with the roughly two orders of magnitude increase in the c
of simulating dynamical quarks compared to quenched sim
lations. @The QQ̄gg correlator does not show a comparab
suppression of the signal, which is due entirely to the pr
ence of disconnected contributions, cf. Eq.~29!.# Hence,
while the adjoint representation is interesting as a probe
confinement and supersymmetric physics, it is not a cost
fective means of mimicking hadronization in full QCD.

Nonetheless the results presented here do lend suppo
the general picture that Wilson loops should in fact exhi
‘‘string breaking’’ as an analogy to hadronization. This ph
nomenon should be accessible in unquenched QCD with
computational power currently available in large scale sim
lation environments, if coarse lattices with improved actio
are used.
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