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Hard production in multiple parton scattering

Giorgio Calucci* and Enrico Cattaruzza†
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In some previous treatments of multiple scattering in hadron-hadron collisions a sharp distinction was
introduced between a soft part of the interaction, which generates the parton population and the hard part which
produces the scattering between forward and backward partons, this last being followed by other soft processes
that give rise to the hadronization. So at the elementary partonic level the interaction is elastic. An attempt to
complete this description is now presented; it introduces into the dynamics the possibility of hard production.
The topic is developed at the level in which in an elementary partonic collision at most one secondary particle
is produced but this production can happen any number of times and may be followed by the reabsorption of
the produced partons and by their elastic scattering. Some possible consequences of these basically inelastic
processes are outlined.
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lli
e
a

th
b

oi
ar
to
t
ct
-
is
os
ica
n

e
n

-
e

so
a
a
a
o

n
ra
an

n
cle
,

m

ar-
ave
d,

on
n-
en-

e a
lso
rel-
the
een
as
ol-
el-
ly
ed
the
par-
ard

es
er
in-

.e.,
h,
the
le

he
ni-
pa-
tic

ro-
sid-
for
al
ile

ary
pli-
der-
s to
r-
ed.
I. INTRODUCTION

The phenomena of multiple productions in hadron co
sions may be approached by two procedures at least. On
them starts focusing from the beginning on collective fe
tures, so that a relevant problem is to find which are
correct variables for the description and how they are to
used in getting predictions; another, more conservative, p
of view is to assume that the fundamental variables
given, in terms of the parton model. Speaking of par
model means, according to the common theoretical poin
view, speaking of QCD, we do not yet have a way of extra
ing prevision from QCD valid for all the kinematical situa
tions. What we have at our disposal is a sort of comprom
in which we use fundamental variables whenever it is p
sible, but we cannot avoid resorting to phenomenolog
prescriptions where a more deductive procedure does
work. In this paper we continue to follow this second lin
trying to extend an already given treatment of the hadro
collisions. In that treatment@1,2,3# a sharp distinction be
tween ‘‘hard’’ and ‘‘soft’’ dynamics was constantly used; th
hard dynamics was thought of as a sort of probe of the
part, in the same way as the electroweak interactions
currently seen as a probe of the hadronic structure. There
two relevant differences in comparison to an electrowe
probe. First: the distinction between the two components
the process is somehow artificial because the fundame
dynamics is, presumably, the same, QCD; second, cont
to the electroweak case, multiple interactions are import
also in the hard dynamics.

The multiple scattering is important when there are ma
partons; since the elementary process must be hard it is
that the incoming hadronic system must be very energetic
that even a parton with low Feynman-x, where the popula-
tion is high, may suffer collisions with high momentu
transfer. In this conditionas is small enough to allow the
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perturbative description; another way of realizing high p
ton densities, not in contrast with the previous one, is to h
a heavy nucleus; in the following, unless differently state
the expression ‘‘hadron’’ is used both for a single nucle
and for a nucleus. Even in the collisions with a high mome
tum transfer most of the partons shall not have enough
ergy to allow the production of a secondary particle to b
hard process, but going on with the incoming energy a
processes of elementary hard production may become
evant. It can be noted, also, that from the theoretical side,
relevance of the hard inelastic processes in QCD has b
repeatedly stressed@4,5#. For these reasons an attempt h
been made to include in the description of the hadronic c
lisions some aspects originating from the presence of
ementary inelastic collisions. The limit is always that on
the 2 into 3 elementary process is included, this is justifi
by the requirement that all the subenergies appearing in
elementary processes must be large. When the produced
tons are rescattered by the primary partons, no further h
production is allowed, in fact if we would consider energi
for which the produced particle could in turn produce furth
secondaries, then also the process 2 into 4 should be
cluded.

The aim of the paper is mainly formal and systematic, i
to include multiple inelastic interactions in a way whic
accepting some sharp limitations, should be consistent. In
next section the essential of the formalism for the multip
production that is originated from elastic scattering of t
parton is reviewed in the aim of fixing notations and defi
tions. In the subsequent section the main purpose of the
per is worked out. As a first step the process of inelas
production without reabsorption or rescattering of the p
duced particles is treated. This part of the problem is con
erably simpler than the more complete treatment, in fact
this limited dynamics the formalism used in order to de
with the pure elastic parton collision can be enlarged, wh
keeping its main characteristic, to include the element
production process, and even the inclusion of more com
cated steps like 2 into 4 seems possible. However, consi
ing only production without subsequent interactions seem
be reasonable only if the production itself is not very impo
tant; so a more complete dynamical treatment is requir
©2002 The American Physical Society28-1
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GIORGIO CALUCCI AND ENRICO CATTARUZZA PHYSICAL REVIEW D66, 034028 ~2002!
This dynamics is expressed in the form of a transport eq
tion for the parton which is produced in the hard interact
and then scatters against other primary partons or is r
sorbed. The kinematical limits are always those that are
posed for a perturbative interpretation of the elementary p
cess, in particular all the particles must be well separate
rapidity. The perturbative inputs needed are two, the ela
scattering cross section and the 2 into 3 probability, in ter
of these elements the solution of the transport equatio
given. Some general comments, together with the mentio
the open related problems, are presented in last section

Some previous work and results regarding the same p
lem were presented in two conferences in Torino~2000! and
in Da Tong~2001! @6#.

II. PURELY ELASTIC PARTON SCATTERING

In this section the main features of some previous tre
ments@1,2# are summarized. The collision of two hadron
systems is described in term of multiple collision of eleme
tary partons: these collisions are intended to be hard
cesses and therefore it is possible to give them dynam
properties extracted from perturbative QCD, more parti
larly the elementary collisions are considered elastic, the
of the processes, i.e., the incoming parton population and
hadronization of the scattered off partons, are soft proce
that cannot be described by perturbative QCD. For this r
son the cross sections and the other features refer neces
to processes where at least one hard scattering took p
experimentally where at least one jet was identified. A v
general constraint, which will be continuously used, is t
there is a good distinction between longitudinal and tra
verse directions, this property must hold even in collisio
with large momentum transfer, these collisions are refer
to as semihard ones.

The simplest form of probability density of havingn par-
tons in a hadronic systemA with fractional momenta
x1 ,...,xn and transverse coordinatesb1 ,...,bn is then given
by a Poissonian distributionG1¯n /n!

G1¯n
A 5GA~x1 ,b1!¯GA~xn ,bn!expF2E GA~x,b!dxd2bG ,

~2.1!

where GA(x,b) is the average number of partons in theA
system with momentum fractionx ~with respect to the
nucleon momentum!, and transverse coordinateb; discrete
indices referring to the quantum numbers as spin, flavor,
color are suppressed.

The normalization ofGA(x,b) is NA times that of the
nucleon parton distributions when it refers to a nucleus w
NA nucleons.

In terms of these distributions the semihard cross sect
i.e., the cross section for a process where at least one s
hard interaction happens, is expressed as
03402
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sH
AB5E d2b (

n51

`
1

n! E G1¯n
A ~x1 ,b1 ;...;xn ,bn!

3(
l 51

`
1

l ! E G1¯ l
B ~x18 ,b182b;...;xl8 ,bl82b!

3F12)
i 51

n

)
j 51

l

~12ŝ i j !Gdx1d2b1¯dxnd2bn

3dx18d
2b18¯dxl8d

2bl8 . ~2.2!

It is not possible to bring to a close form the general expr
sion given by Eq.~2.2!; two examples of approximate trea
ment are then given. A first wholly explicit expression
obtained in this way: let us assume that while the multi
interaction, i.e., the participation of many partons from bo
sides to the hadronic collision, is relevant the rescattering
the partons that already suffered an interaction is less
evant, then one gets

12)
i 51

n

)
j 51

l

~12ŝ i j !'(
i j

ŝ i j 2
1

2 (
i j

(
kÞ i ,lÞ j

ŝ i j ŝkl1¯ .

~2.3!

It is straightforward although lengthy to find in this way
close expression for the cross section

sH
AB5E d2b@12e2f~b!#

with

f~b!5E GA~b,x!GB~b2b,x8!s~xx8!d2bdxdx8.

~2.4!

This form corresponds to the expression obtained in ei
nal models for high energy hadronic interactions@7,8#.

A second example could be appropriate in order to stu
the collision of a nucleon on a heavy nucleus; in this case
rescattering of the single-nucleon partons are important
cause they impinge on a thick target, whereas the rescatte
of the nuclear partons is less relevant because they find a
target. AssumingA to indicate the nucleon andB to indicate
the heavy nucleus, it results, for one of the products app
ing in Eq. ~2.3!,

)
i 50

n

~12ŝ i j !'12(
i

ŝ i j

because the partons ofB see at most one parton of A. Th
sum overn can be performed and the cross section still
quires an eikonal form, but with a more complicated pha

sH
AB5E d2b@12e2F~b!#,
8-2
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HARD PRODUCTION IN MULTIPLE PARTON SCATTERING PHYSICAL REVIEW D66, 034028 ~2002!
F~b!5E GA~b,x!@12e2GB~b2b,x!s~xx8!dx8#d2bdx.

~2.5!

This form may be compared with the scattering amplitu
from a composite object as given by Glauber@9#. If GB be-
comes small, thenF→f; Eq. ~2.4!.

The assumed Poissonian distribution is not essentia
version where the distributionsG1¯n /n! are much more
general has already been elaborated@3# by using the gener-
ating functional formalism@3,10#, the Poissonian model i
very simple and very useful to explore the inelastic ca
where also, anyhow, more general incoming distributio
may be considered.

III. HARD PRODUCTION

A. Kinematics

When we have only elastic elementary collisions the fr
tional momentum is a convenient variable because, even
very asymmetrical configuration, there is a clear distinct
between forward and backward particles, in the presenc
elementary inelastic processes the fractional momentum
not convenient, it is better to use the rapidity.

If P1,Y,p1,y are, respectively, the light-cone momen
and the rapidities of the hadron and of the parton, thex
5p1/P1 and P15m'eY, p15m'ey then x5ey2Y. ~The
formalism must contain a transverse cutoffpt

min , for the in-
trinsic transverse momentum there is the limitationm'

!pt
min , with m'5Am21p'

2 .) The hadron structure may b
expressed in term of the rapidities just redefining the ba
ingredients of Eq.~2.1! as

W1¯n5C~b1 ,y1!¯C~bn ,yn!

3expF2E C~b,y!d2bdyG . ~3.1!

The normalization requires

C~b,y!dy5G~b,x!dx, i.e., C~b,y!5xG~b,x!.
~3.2!

This relation holds for the forward hadronic systemy.0, in
a symmetric reference the backward hadronic system hy
,0. From now on the short-handu[(b,y) will be fre-
quently used with the conventionu2b[(b2b,y).

The subenergy of a colliding pair made up by thei for-
ward parton and thej backward parton issi j '1/2m'

2 eyi2yj .
The subenergies involving a produced parton of rapidith

and one of the primary partons aresi'1/2m'
2 eyi2h, sj

'1/2m'
2 eh2yj , sosisj'1/2m'

2 si j .

B. Dynamics: pure emission

When one is interested in hard production all the sub
ergies must be large. As already said the process in w
one only new parton is produced is considered, it can be
that only one rung, not the whole Balitski�-Fadin-Kuraev-
Lipatov ~BFKL! ladder @4# is taken into account. It is no
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intended that kinematics strictly forbids processes with m
rungs; they happen very seldom because they correspon
regions where the structure functions are small. So the
ementary collision probabilityŝ is the sum of two addenda

ŝ5ŝo1E dvr~v !, ~3.3!

whereŝo comes from the elastic cross section andr(v) from
the cross section for the production of a particle with qua
tum numberv whose actual meaning may bev[(b,h) or
elsev[(q,h).

The rapidityh can be either positive or negative, but
any caseuhu!Y. The formulation presented above is pa
ticularly suited for describing processes where the produ
particles are never reabsorbed; this condition is not too
realistic for what concerns some global variables, in fact o
could well allow the elastic rescattering of the second
particles with the primary ones, provided no further partic
are in this collision. In fact, if the secondary particle could
turn produce a further hard parton, then the primary kinem
ics would be consistent with a hard 2 into 4 process, wh
has been, for the moment, excluded; what is less justifie
the exclusion of the reverse 3 into 2 process, this possib
will be further considered.

Now the case with pure production is described in det
One may rewrite the expression for the cross section, see
~2.2!, at fixedb as

sH~b!5E (
n

1

n!
W1¯n

A ~u1 ,...,un!

3(
l

1

l !
W1¯ l

B ~u182b,...,ul82b!

3H 12)
i 51

n

)
j 51

m

@12ŝ i , j~u,u8!#J) dudu8.

~3.4!

The multiple interaction term

f 512) @12ŝ i , j~u,u8!#

may be decomposed into the sum of the term with a fix
number of interactions@1#, with the definitionsQ5mn, and
S as a symbol indicating the symmetrization over the indic
R[( i , j ), the formal result can be written:

f 5QSŝ1 )
R.1

Q

@12ŝR#1S Q
2 DSŝ1ŝ2 )

R.2

Q

@12ŝR#

1¯1S Q
K DSŝ1¯ŝK )

R.K

Q

@12ŝR#1¯ .

It is convenient to define an auxiliary functionals̄@J#
5ŝo1*dvJ(v)r(v) so thats̄@1#5ŝ and s̄@0#5ŝo .

Then one inserts the expressions̄@J# into the sum in the
place of the interaction probabilityŝo , leaving untouched
8-3
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the noninteraction probability 12ŝ; this newly produced ex-
pression is calledf @J#. It is evident thatJ50 selects out the
elastic process andd/dJ(v) selects out the production of
secondary process with quantum numbersv, so every kind
of production parton can be extracted fromf @J#. The expres-
sion may also be resummed back and it gives:

f @J#5 )
R51

Q

†12ŝR1s̄R@J#‡2 )
R51

Q

@12ŝR#.

By inserting the expression off @J# into the general form
Eq. ~3.4! and taking the appropriate functional derivativ
one can then get the expression for the cross sections fo
hard production of secondaries with assigned quantum n
bersv i . It has been already said that, even in the absenc
production at the partonic level, if a close general express
for the cross section is not available the situation is e
worse when the production arises, so in order to prod
more transparent expressions the approximations alread
troduced are used. With no rescattering at all, Eq.~6!, there is
a simple enough form for the generating functional:

G@J#5expF E dudu8~CA~u!s̄@u,u8;J#CB~u82b!

2CA~u!ŝ~u,u8!CB~u82b!!G
2expF2E dudu8CA~u!ŝ~u,u8!CB~u82b!G .

~3.5!

The distribution of the secondaries at fixedb is given by

Pr~v1 ,...,v r ;b!5T~v1 ;b!¯T~v r ;b!

3expF E dvT~v;b!G
3$12exp@2To~b!#%,

T~v;b!5E dudu8CA~u!r~u,u8,v !CB~u82b!,

~3.6!

To~b!5E dudu8CA~u!ŝo~u,u8!CB~u82b!.

It is possible to investigate how much the distribution of t
secondary particles remembers the distribution of the
mary ones. In fact one could give a much more general fo
for the functional of Eq.~3.5! if we introduce the functiona
generators for the primary partons:Z@ I #. In this case, in fact,
it results in:
03402
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G@J#5H expF E dudu8S d

dI ~u!
$s̄@u,u8;J#

2ŝ~u,u8!%
d

dI 8~u82b! D G
2expF2E dudu8

d

dI ~u!
ŝ~u,u8!

d

dI 8~u82b!G J
3ZA@ I #ZB@ I 8#u I 5I 850 . ~3.7!

A general calculation is very complicated and perhaps
very interesting, but it is possible to perform it for som
particular distributions, e.g., if one starts from a negat
binomial for the primaries1 then the distribution of the sec
ondaries is more complicated than the binomial one sta
with, it may be expressed in terms of hypergeometric fu
tions, we find therefore that, with the dynamics here cons
ered only the Poissonian distribution reproduces itself in
secondary particles.

This treatment seems consistent when all the rescatter
are not very important, but is not very satisfactory wh
rescattering is important in this case in fact, if there is p
duction there should be also absorption, moreover the k
matics shows that also hard scattering between a produ
parton and some preexisting parton may happen, so in o
to deal with a situation of this kind a different procedure
needed.

C. Dynamics: emission, reabsorption, and scattering

In this case one concentrates the attention to the sec
ary particles leaving a more passive role to the primary on
this is possible because in the mean the energy taken a
by the secondaries is small with respect to the available
ergy of the colliding pair, as previously discussed.

The physical model consists of a nucleon colliding with
heavy nucleus and the guiding idea is to follow the seco
ary population in its development, the basic quantity is
probability distribution for a definite configuration of th
secondary partonsPr(v1 ,...,v r). In order to follow this evo-
lution one needs a parametert which could be interpreted a
the depth at which the nucleon is penetrated into the nucl
or the mean number of partons of the nucleus that have b
hit. In fact the asymmetry of the physical system is used
assume that the partons of the incoming projectile can in
act subsequently with the partons of the thick nuclear tar
while the latter seldom interact more than once with t
components of the thin nucleon. Within this frame a tran
port equation2 for the probability distribution of preciselyr
partons with given quantum numbers can be written:

1This distribution is produced by the choiceZ@ I #5(1
2y@1#)k(12y@ I #)2k with y@ I #5*duC(u)I (u).

2Forms of transport equations in the hadronic system have b
used in particular in connection with the possibility of produci
the QCD plasma, see@11# and references therein.
8-4
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Pr~v1 ,...,v r ;t1Dt!5Pr~v1 ,...,v r ;t!1(
s51

r

Pr 21~v1 ,...,vs21 ,vs11 ,...,v r ;t!E~vs ;t!Dt

1E dwPr 11~v1 ,...,v r ,w;t!A~w;t!Dt

1E dw(
s51

r

Pr~v1 ,...,vs21 ,w,vs11 ,...,v r ;t!T~vs ,w;t!Dt

2(
s51

r

Pr~v1 ,...,v r ;t!A~vs ;t!Dt2E dwPr~v1 ,...,v r ;t!E~w;t!Dt

2(
s51

r

Pr~v1 ,...,v r ;t!E dwT~w,vs ;t!Dt. ~3.8!

It is understood that the elementDt is so small that only one secondary particle is involved in the emission or absorpti
scattering. So six basic steps are foreseen: two emission steps, two absorption steps, and two scattering steps. The
E, A are emission and absorption probabilities, and the coefficientsT are the elastic scattering probability, all of them m
depend ont. ~The overall impact parameterb is fixed and it will no longer be written.! The system of equation is solved b
defining a generating functional

F@ I ;t#5(
r

1

r ! E dv1 ,...,dv r I ~v1!¯I ~v r !Pr~v1 ,...,v r ;t!. ~3.9!

Performing a continuum limitDt→0 a differential equation is produced,

]

]t
F@ I ;t#5F@ I ;t#E dwI~w!E~w;t!1E dwA~w;t!

d

dI ~w!
F@ I ;t#1E dwdw8T~w,w8,t!I ~w!

d

dI ~w8!
F@ I ;t#

2F@ I ;t#E dwE~w;t!2E dwA~w;t!I ~w!
d

dI ~w!
F@ I ;t#2E dwdw8T~w8,w;t!I ~w!

d

dI ~w!
F@ I ;t#.

~3.10!

A useful simplification is gained by setting

F@ I ;t#5expL@ I ;t# ~3.98!

so that the new form is produced:

]

]t
L@ I ;t#5E dwI~w!E~w;t!1E dwA~w;t!

d

dI ~w!
L@ I ;t#1E dwdw8T~w,w8;t!I ~w!

d

dI ~w8!
L@ I ;t#2E dwE~w;t!

2E dwA~w;t!I ~w!
d

dI ~w!
L@ I ;t#2E dwdw8T~w8,w;t!I ~w!

d

dI ~w!
L@ I ;t#. ~3.11!
a
This is an inhomogeneous equation of first order; a p
ticular solution is looked for in the form

L@ I ;t#5E dw@ I ~w!p~w;t!2q~w,t!#. ~3.12!

The auxiliary functions satisfy the set of equations~the dot
means the derivative with respect tot; sometimes this vari-
able is not written!:

q̇~w!5E~w!2A~w!p~w!, ~3.13!
03402
r-
ṗ~w!5E~w!2E dw8R~w,w8!p~w8!,

where

R~w,w8!5d~w2w8!FA~w!1E dw9,T~w9,w!G
2T~w,w8!. ~3.14!

It is useful to define an operatorR̂ such that
8-5
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„wuR̂~t!uw8…5R~w,w8;t!

and a kernel

K~w,w8;t,t !5~wue2* t
tR̂~u!duuw8!, ~3.15!

the integral at the exponent must be interpreted ast-ordered.
The formal solution forp(t) is

p~w;t!5E
o

t

dtE dw8K~w,w8;t,t !E~w8;t !, ~3.16!

and the corresponding solution forq is

q~w;t!5E
o

t

dt@E~w;t !2A~w,t !p~w,t !#. ~3.168!

With these solutions for the auxiliary functions one ge
L@ I ;0#50, ;I , this is required by the physical initial cond
tions, in fact fort50 there must be no secondary partons
all, so we must have

P051, Pr50, ;r .0, F51, ;I .

So the particular solution is precisely the one required
the initial conditions.

The structure of the functional, independently of the a
tual form of the functionsp andq, says that the particles ar
produced according to a Poisson distribution if we consi
the unrealistic case of a definite and fixed distribution of
primary partons. The problem of the interplay between th
two distributions is discussed in the next section. For
moment we face the problem of making more explicit t
content of Eqs.~3.16!, ~3.168!. As a first step it has to be
noted that from Eq.~3.14! it results
lo
en
n
ce
he
p

e
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E dwdw8R~w,w8!p~w8!5E A~w!p~w!,

then

E ṗ~w!dw5E q̇~w!dw, ~3.17!

since the auxiliary functionq appears always integrated inL
it is possible to substitute it withp. Then L@1;t#50, so
F@1;t#51 for every t. By construction, see Eqs.~3.9!,
~3.98!, this expression is the sum of the probabilities so
evolution equation conserves correctly the overall proba
ity.

The price of making the content of Eqs.~3.16!, ~3.168!
more transparent is to have them in a less compact form.
convenient to separate the absorption from the scattering
writing

R~w,w8;t!5A~w,w8;t!2S~w,w8;t!;

it is then possible to write the evolution equation forKt as a
function of t:

K~w,w8;t,t !5J~w,w8;t,t !expF2E
t

t

duA~w;u!G ,
d

dt
J~w,w8;t,t !5E du expF E

t

t

duA~w;u!GS~w,w8;t!

3expF2E
t

t

duA~u;u!GJ~u,w8;t,t !.

This equation gives an iterative solution forJ and so for the
kernelK
Kt~w,w8;t,t !5expF2E
t

t

dt8A~w;t8!Gd~w2w8!1E
t

t

du expF2E
u

t

dt8A~w;t8!GS~w,w8;u!expF2E
t

u

dt8A~w8;t8!G
1E duE

t

t

duE
t

u

du8 expF2E
u

t

dt8A~w;t8!GS~w,u;u!expF2E
u8

u

dt8A~u,t8!GS~u,w8;u8!

3expF2E
t

u8
dt8A~w8;t8!G1¯ . ~3.18!
ex-

the
In this way the sequence of absorptions and scatterings a
the line of flight of the secondary partons appears evid
the termE present in Eq.~3.16! completes the descriptio
saying that the secondary partons are continuously produ

If we stop the iterative solution at the first term we get t
solution in absence of scattering that has been already
sented@6#.

In every case the actual form of the functionalF and the
relation Eq. ~3.17! yields a Poissonian distribution of th
secondary partons.
ng
t,

d.

re-

D. Perturbative inputs

The elementary components of the previously given
pressions are the scattering amplitudesT, the production am-
plitudesA, and the absorption amplitudesE.

For the scattering term we have as the starting point
usual expression: cross section5flux factor 3umatrix
elementu23phase space,

s5
1

2ŝ E uM u2)
i

S d3k

2ko
D

i

d4S (
i

ki2pa2pbD ,
8-6
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s5
1

4ŝ2 E uM u2d2q.

Performing the Fourier transform of amplitude with resp
to the momentum transfer we have

M̃ ~b!5
1

2p E M ~q!eiq"bd2q. ~3.19!

We consider only hard scattering3 so the size of the interac
tion region isO(1/pt min

2 ), much smaller than the size of th
hadron, we use therefore a ‘‘d(b)’’ approximation.

1

4ŝ2 uM̃ ~b!u2'd~b!s~xixj !. ~3.20!

In perturbative estimates is a Rutherford cross section, asid
the constants, integrating it frompt min to ` in the transverse
momenta it results:

s~xixj !'const
1

pt min
2 .

For the production amplitude the starting point is the expl
form @4# of the perturbative production probability ‘‘Lipato
vertex:’’4

uMgg→gggu2554g6
ŝ2

k0'
2 k1'

2 k2'
2 , (

i
k i'5pa1pb50

to which the corresponding cross section is

s5
1

2ŝ E uM u2)
i

S d3k

2ko
D

i

d4S (
i

ki2pa2pbD .

Within the kinematical region of interest all the subenerg
are large and this gives a cut in the range of the rapidity
the produced particley1 so that the energy taken away by th
intermediate parton is small.

s5E 1

4ŝ2 uM u2)
i

d2kid
2S (

i
k'Ddy1

or with the definitionq5(k22k0)/25(q11q2)/2

s5E 1

4ŝ2 uM u2d2qd2k1dy1 .

We try now to follow again the steps leading from Eq.~3.19!
to Eq. ~3.20!. Standard Fourier transform gives

3The kinematical constraints arex<1, xx8s.4pt min .
4This name of ‘‘Lipatov vertex’’ is perhaps a bit emphatic, w

simply mean that it originates from the 2 into 3 amplitude obtain
by summing a set of graphs that are required to guarantee g
invariance, bounds on the kinematical variables are used so
they never approach the regions where infrared singularities c
out.
03402
t

t

s
f

s5E 1

4ŝ2 uM ~b,b1 ;y1!u2d2bd2b1dy1 ,

we use again thed approximation with respect tob and write

s5E r~b1 ;y1!d2b1dy1 . ~3.21!

Finally we have to express the absorption termA. Were we
considering transition between normalized states, both
maries and secondaries, the termsA andE would be trivially
related by time reversal, the fact is that the partonic states
normalized in the continuum and this makes the two-bo
incoming flux, entering inE, different from the three-body
flux, entering inA. In fact the dimensions ofA are different
from the dimensions ofE. Within the approximations we
have used the flux of the primaries is the same in the em
sion and in the absorption because the loss of energy of
incoming particles is neglected, in the definition ofA the new
factor is the secondary flux, the speed of the secondary i
the order ofc, i.e., 1, the density is referred to the~trans-
verse! region where the secondary particles must be fou
and may reinteract, but we have seen, just in discussing td
approximation, that the transverse dimensions associate
the perturbative processes areO(1/pt min

2 ). This is then the
factor that relates the absorption and the emission term.

The above considerations also show that the rescatte
term T(w,w8), once we perform the identificationw
[(b,y), becomes diagonal in the impact parameter,
there is no reason to expect that it is diagonal in the rap
ties.

E. Interplay between primary and secondary partons

Until now the kinematical variables of the primary pa
tons have been ignored, in realityE andA depend on these
variables, and we can write a new transport equation witu
coordinates for the primary partons andv coordinates for the
produced partons. The basic distribution will then be

Pr ,n~u1 ,...,un ;v1 ,...,v r ;t!.

The set of the primaries’ variables will be frozen in the fun
tional equation, so apparently nothing relevant happens;
new result will come when we look at the distribution of th
secondaries after summing over the distributions of the
maries.

The modifications of the formalism are complicated
write out but easy to understand, the functionalF depends
now also on the variables of the primary partons$u%
[(u1 ,u2 ,...,un) and the same happens for the expressi
derived from it. If we perform an integration over theu vari-
ables this reflects on the distributions of the secondarie
simple but clear example is the following. We have seen
Sec. III C, that the distribution at fixed$u% for r-produced
partons is Poissonian:

1

n!
p~$u%,v1!¯p~$u%,v r !expF2E p~$u%,v !dv GPn~$u%!.

d
ge
at
e
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Pn is the probability distribution of the primary parton
Then the inclusive one-parton and two-parton distribution
fixed primaries are

p~$u%,w!Pn~$u%!, ~3.22!

p~$u%,w!p~$u%,w8!Pn~$u%!. ~3.228!

We perform then the integration over the variables$u%, and
also the sum over their multiplicityn; clearly a variety of
results may be produced depending on the shape of the
tribution Pn . Even if the simplest, Poissonian form is a
sumed,

Pn~$u%!5
1

n!
g~u1!¯g~un!expF2E g~u!duG ,

care must be taken that the same partonuj may be involved
both in the emission ofv and in the emission ofv8 and
therefore the two body distribution, obtained integrating E
~3.228!, cannot be factorized any more.

IV. OPEN PROBLEMS AND CONCLUSIONS

There are many open problems; some of them are pu
technical, which does not mean that they are trivial, oth
seem to belong to a more fundamental level.

To the first family we can ascribe a better clarification
the kinematical relation between emission and absorption
estimate of the cumulative effect of the elastic scatteri
beyond the iterative representation. The subsequent resc
ing processes have been studied in the case of the el
fundamental process@2# and the result was found to be in
terpretable as a random walk in the transverse plane. A m
harder question is the rescattering on both sides, whic
evidently relevant for nucleus-nucleus collision; perhaps
treatment presented here is not able to cope with this p
lem. It has been seen that in the case of no hard produc
the general formalism also covering this case exists
arises in a natural way, but also there the extraction of m
explicit information requires in fact various approximation

What may be called a deeper level has to do with the
that all the formalism deals with cross sections, product
probabilities, i.e., with real quantities, where the quantu
mechanical phases have been washed out and together
them the color structure has also been lost.

We think that these limitations are acceptable until o
wishes to look for a description of the purely hard process
when another part of the dynamics is relevant, the schem
03402
t
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s,
as

it stands, cannot work because of coherence effects and
related compensations between absolute squares and n
agonal interference terms; this kind of compensation
known to be particularly effective in dealing with infrare
singularities.

There is no formal limit to the number of the inelast
collisions, in other words the formalism is not perturbative
the hard production process. As it happens for the ela
partonic case the problem is easier for multiple interactio
without rescattering, what one could call ‘‘disconnect
graphs,’’ at the perturbative level; when the rescatteri
which now also means absorption, is relevant the treatm
is more involved and, one should say, less elegant, but s
definite results are also available in this case.

The typical collective observable affected by the pr
cesses described here is the transverse energy; in fac
transverse flux of energy seen in the produced hadrons
be related to the transverse flux of energy carried out
partons with the standard assumption that hadronization
‘‘soft’’ process and therefore does not alter very much t
observable. The presence of hard production, however,
necessarily the result of making the total amount of tra
verse energy larger. The particles that are produced acc
ing to the process described here are gluons, the rap
regions where the produced parton lie and the rapidity reg
of the original partons partially superimpose, so the effec
a variation of the overall gluon population; if somethin
similar happens also for quarks, this redefinition of the p
tonic population could be relevant in processes of the Dr
Yan kind; however, the extension to the hard production
quarks is not completely trivial, in particular some inpu
defined in Sec. III D must be modified.

The principal aim of the present research has been
cisely to investigate how far, even in these complicated p
nomena, one could go on starting from elementary dynam
it is found that a class of emission and reabsorption p
cesses can be included into the formalism originally d
signed to deal with elastic partonic scattering. In so doing
formalism becomes more complicated; still it yields expli
answers. The kinematical limits of validity remain the sam
a step towards a more complete dynamical description
been made.
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