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Z\ l¿lÀ and W\n l l
¿ decays in the noncommutative standard model
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We studyZ→ l 1l 2 and W→n l l
1 decays in the standard model including noncommutative effects. We

observe that these effects appear in the flavor-dependent part of the decay widths of the processes under
consideration and, therefore, they are more effective for the heavy lepton decays.
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I. INTRODUCTION

LeptonicZ decays are among the most interesting lep
flavor conserving~LFC! and lepton flavor violating~LFV!
interactions. The improved experimental measurement
present stimulate the studies of these interactions. With
Giga-Z option of the DESY TeV Energy Superconductin
Linear Accelerator~TESLA!, there is a possibility to increas
Z bosons at resonance@1#. The processesZ→ l 2l 1 with l
5e,m,t are among the lepton flavor changing~LFC! decays
and they exist in the standard model~SM!, even in the tree
level. The experimental predictions for the branching rat
~BRs! of these decays are@2#

BR~Z→e1e2!53.36660.0081 %,

BR~Z→m1m2!53.36760.013 %,

BR~Z→t1t2!53.36060.015 %, ~1!

and the tree level SM predictions are

BR~Z→e1e2!53.331 %,

BR~Z→m1m2!53.331 %,

BR~Z→t1t2!53.328 %. ~2!

This shows that the tree level contribution of the SM pla
the main role within the experimental uncertainities. In t
literature, there are various experimental and theoret
studies@3–12#. In @5#, a method to determine the weak ele
tric dipole moment was developed. The vector and axial c
pling constants,v f andaf , in Z decays have been measur
at the CERNe1e2 collider ~LEP! @7#. In @9#, various addi-
tional types of interactions have been performed and a
to measure these contributions in the processZ→t2t1 was
described. Reference@12# is devoted to the possible ne
physics effects to the processZ→ l 1l 2, in the general two
Higgs doublet model.

W→n l l
1 ( l 5e,m,t) decays exist also in the tree level,

the SM, and the experimental predictions for the branch
ratios are@2#
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BR~W→nee
1!510.960.4 %,

BR~W→nmm1!510.260.5 %,

BR~W→ntt
1!511.360.8 %. ~3!

The main contribution to this decay comes from the SM
the tree level, similar to the processZ→ l 1l 2. There are a
large number of studies in the literature on this charged p
cess@13#.

In the present work, we studyZ→ l 1l 2 and W→n l l
1

decays, withl 5e,m,t, in the SM, including the noncommu
tative ~NC! effects. The noncommutativity in the space-tim
is a possible candidate to describe the physics at very s
distances of the order of the Planck length, since the na
of the space-time changes at these distances. In the non
mutative geometry, the space-time coordinates are repla
by Hermitian operatorsx̂m which satisfy the equation@14#

@ x̂m ,x̂n#5 iumn , ~4!

whereumn is a real and antisymmetric tensor with the dime
sions of length-squared. Hereumn can be treated as a back
ground field and its components are assumed as cons
over cosmological scales.

It is possible to pass to the noncommutative field the
by introducing* product of functions, instead of the ordinar
one,

~ f * g!~x!5e( i /2)umn]m
y ]n

z
f ~y!g~z!uy5z5x . ~5!

The commutation of the Hermitian operatorsx̂m @see Eq.~4!#
holds with this new product, namely,

@ x̂m ,x̂n#* 5 iumn . ~6!

With the remotivation due to the string theory argume
@15,16#, various studies on the noncommutative field theo
~NCFT! have been done in the literature. However, NC
have a nonlocal structure and the Lorentz symmetry is
plicitly violated. The violation of the Lorentz symmetry ha
been handled in@17,18#, and bounding noncommutativ
QCD due to the Lorentz violation has been studied in@18#.
In this work, it was emphasized that the collider limits we
not competitive with low energy tests of Lorentz violatio
for bounding the scale of space-time noncommutativity. F
thermore, the renormalizability and the unitarity of NC the
©2002 The American Physical Society11-1
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ries have been studied in the series of works@19–22#. The
noncommutative quantum electrodynamics~NCQED! has
been examined in@23,24# and the noncommutativity amon
extra dimensions for QED has been studied in@25#. Further-
more, the noncommutativity in the non-Abelian case h
been formulated in@26# and this formulation has been ap
plied to the SM in@27#. Recently, a unique model for stron
and electroweak interactions with their unification has be
constructed in@28#. In the work@29#, the SM forbidden pro-
cessesZ→gg andZ→gg has been studied by including th
NC effects. In@30#, the form factors, appearing in the inclu
siveb→sg decay, have been calculated in the NCSM, us
the approximate phenomenology, and the new operators
isting in b→sg decay due to the NC effects have been o
tained in@31#. In the recent work, the possible effects of N
t
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e
e
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geometry on weakCP violation and the untarity triangles
have been examined@32#.

The paper is organized as follows. In Sec. II, we pres
the explicit expressions for the branching ratios ofZ
→ l 1l 2 andW→n l l

1 in the framework of the NCSM. Sec
tion III is devoted to a discussion and our conclusions.

II. THE NONCOMMUTATIVE EFFECTS ON THE Z\ l¿lÀ

AND W\n l l
¿ DECAYS IN THE SM

The flavor-conservingZ→ l 1l 2, l 5e,m,t decays appea
in the tree level in the SM. When the noncommutative effe
are switched on, there exists a new contribution which
proportional to the function of the noncommutative para
eteru. Our starting point is the effective action@27#
Smatter, leptons5E d4xS (
i

~ L̄L
( i )1L̄L

( i )11L̄L
( i )2!* i ~D” SM1G” !* ~LL

( i )1LL
( i )11LL

( i )2!

1(
i

~ ēR
( i )1ēR

( i )11ēR
( i )2!* i ~D” SM1G” !* ~eR

( i )1eR
( i )11eR

( i )2! D 1O~u3!, ~7!
ter
with

Dm
SMLL5~]m2 ig8YLAm2 igBmaTL

a!LL ,

Dm
SMeR5~]m2 ig8YRAm!eR , ~8!

and

LL
( i )152

1

2
umn~g8YLAm1gBa

mTL
a!]nLL

( i )1O~A2,B2,AB!,

LL
( i )252

i

8
umnuab~g8YL]mAa1g]mBa

aTL
a!]n]bLL

( i )

1O~A2,B2,AB!,

eR
( i )152

1

2
umn~g8YRAm!]neR

( i )1O~A2!,

eR
( i )252

i

8
umnuab~g8YR]mAa!]n]beR

( i )1O~A2!, ~9!

where* in Eq. ~7! denotes the Moyal-Weyl star product@see
Eq. ~5!#, LL

( i ) (eR
( i )) is the left-~right-! handed lepton double

of the i th family, YL52 1
2 , YR521, and O(A2,B2,

AB)@O(A2)# is the part ofLL
( i )1,2 (eR

( i )1,2) which includes the
interactions of more than one gauge field. Here the func
G has no interest since it contains two gauge field inter
tions, which do not give any contribution to our process
Z(W)→ l 1l 2(n l l

1). Furthermore, we do not present th
n
-

s

parts ofLL
( i )1,2 andeR

( i )1,2, O(A2,B2,AB), andO(A2), which
include the interactions of more than one gauge field~see
@26# and @27# for details!.

Finally, the additional vertex to theZ→ l 1l 2 decay to the
second order inu can be obtained as

Vm,NC
Z 5S ~umnga1unagm1uamgn!pZ

np1
a

2
i

4
~umnga1unagm1uamgn!ugspZ

gpZ
ap1

sp1
nD

3~c1L1c2R!, ~10!

where c152e@(2 sin2 uW21)/(4 sinuW cosuW)#, c2
52e(tanuW/2), L(R)5@(12g5)/2#@(11g5)/2#, and pZ
(2p1) is the incoming~out going! four-momentum of theZ
boson with polarization vectorem ~antilepton!. Notice that
the part of the vertex proportional withuna would be the
whole contribution in the case in which the NC effects en

into the expressions as an exponential factore( i /2)umnpZ
mp1

n
,

which is consistent with in approximate phenomenology~see
@33# and references therein!.

Now we present the BR of the processZ→ l 1l 2 including
the noncommutative effects at the least order inu, in the Z
boson rest frame:

BR5
aemmZ

6GZ sin2 2uW
F ~124 sin2 uW1sin4 uW!

2
ml

2

mZ
2 S 118 sin2 uW216 sin4 uW1

mZ
4

16
f ~u! D G , ~11!
1-2
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where GZ is the total decay width of theZ boson, GZ
52.490 GeV, andaem5e2/4p. As shown in this equation
the NC effects appear as the function ofu,

f ~u!5~uW T .p̂1!21~uW S .p̂1!22~ uuW Tu21uuW Su2!

12p̂1 .~uW T3uW S!. ~12!

Here we use the definitions (uT) i5u0i and (uS) i5
1
2 e i jku jk,

i , j ,k51,2,3 andpW 15(mZ/2)p̂1 . (uT) i and (uS) i are respon-
sible for time-space and space-space noncommutativity
spectively. The noncommutative effects enter into the
pression with lepton mass and they are much m
suppressed in the case of light leptons. Notice that the te
of the vertex Eq.~10!, which is second order inu, do not
give any contribution to the BR of the decayZ→ l 1l 2 in the
Z boson rest frame.

The chargedW→n l l
1 decays exist with the charged cu

rent and they also appear at the tree level in the SM. Sim
to theZ→ l 1l 2 decay, the noncommutative effects are co
trolled by the additional vertex

Vm,NC
W 52

e

2A2 sinuW
S ~umnga1unagm1uamgn!pW

n p1
a

2
i

4
~umnga1unagm1uamgn!ugspW

g pW
a p1

sp1
nDL,

~13!

wherepW (2p1) is the incoming~ougoing! four-momentum
of theW boson with polarization vectorem ~antilepton!. The
BR of the processW→n l l

2 including the noncommutative
effects, at the least order inu, in the W boson rest frame
reads

BR5
aemmW

384GW sin2 uW
S 321

ml
2

mW
2 @162mW

4 f ~u!# D , ~14!

where GW is the total decay width of theW boson, GW
52.060 GeV. Here the functionf (u) @see Eq.~12!# repre-
sents the noncommutative effects. The terms of the ve

FIG. 1. f (u) dependence of ratior 1
Z5BRflavor /BRtot , where

BRflavor is the flavor-dependent part of the BR, and BRtot is the total
BR, for the processZ→t1t2.
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Eq. ~13!, which is second order inu, give a nonzero contri-
bution to the BR of the decayW→n l l

1, in theW boson rest
frame. This contribution is proportional toml

2mW
2 (uW T .p̂1)2.

However, it is cancelled by the part coming from the vert
linear in u.

At this stage we will try to parametrize the vectors (uT) i
and (uS) i which are responsible for time-space and spa
space noncommutativity, respectively. With the assumpt
that the matrixumn is real and constant, we take

uW T5A1p̂11A2p̂1'
T ,

uW S5B1p̂11B2p̂1'
S , ~15!

wherep̂1 ( p̂1'
T ,p̂1'

S ) is the unit vector in the direction of~the
perpendicular direction to! the incoming lepton three
momentumpW 1 ~for uW T ,uW S!, andAi ,Bi are the corresponding
real coefficients. Using this parametrization,f (u) can be
written as

f ~u!52A2B2p̂1 .~ p̂1'
T 3 p̂1'

S !2~A2
21B2

2!, ~16!

and this shows that the transverse components of the ve
p̂1'

T and p̂1'
S to the incoming lepton three-momentumpW 1

play the main role for the NC effects. In the case

FIG. 2. The same as Fig. 1 but forZ→m1m2 decay.

FIG. 3. f (u) dependence of ratior 3
Z5BRflavoru

/BRflavor , where
BRflavoru

is the noncummutative flavor-dependent part of the BR,
the processZ→t1t2.
1-3



e

ta
he
s

o

de
ca
hi

to
ts
on
tr
r

gn

or-

for

k.

to
in

-
%,

ent

id-
eir
e
ses,
irec-

i-

E. O. ILTAN PHYSICAL REVIEW D 66, 034011 ~2002!
p̂1'
T ' p̂1'

S ' p̂1 with A25B2, the noncommutative effects ar

switched off. Furthermore, foruW Ti p̂1 (uW Si p̂1), the coefficient
A250 (B250) and, therefore, only the space-space~space-
time! noncommutativity is responsible for the noncommu
tive effects. This is interesting in the determination of t
noncommutative directions with the help of the future sen
tive experimental results.

III. DISCUSSION

In this section, we analyze the NC effects on the BR
the flavor conservingZ→ l 1l 2 and chargedW→n l 1 decays,
in the framework of the SM. The processes under consi
ation exist in the tree level in the SM and the theoreti
calculation of the BRs obeys the experimental results wit
the measurement errors.

The flavorl 5e,m,t dependence of the part of the BR(Z
→ l 1l 2) is extremely weak,

Rme5
BR~Z→m1m2!

BR~Z→e1e2!
51.000860.005,

Rte5
BR~Z→t1t2!

BR~Z→e1e2!
50.99860.005. ~17!

This part, which controls the flavor effects, is proportional
the factorml

2/mZ
2 and it includes the noncommutative effec

Therefore, it is more informative to study the heavy lept
decays to determine the noncommutativity of the geome
Notice that we choose the noncommutative parameteu
5uumnu as at the order of magnitude of;1026

21025 GeV22.
In Fig. 1, we present the noncommutative parameterf (u)

dependence of the ratior 1
Z5BRflavor/BRtot , where BRflavor is

the flavor-dependent part of the BR, and BRtot is the total
BR, for the processZ→t1t2. This figure shows that the
noncommutative effects are at most at the order of ma
tude of 0.001%, even for the heavy leptont decay. This
dependence becomes extremely small, 1026 %, for Z

FIG. 4. The same as Fig. 1 but forW→ntt
1 decay.
03401
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→m1m2 decay~see Fig. 2!, since the mass of the leptonm is
small and there is a strong suppression factormm

2 /mZ
2 for

BRflavor.
Figure 3 is devoted to thef (u) dependence of ratior 3

Z

5BRflavoru
/BRflavor, where BRflavoru

is the noncommutative

flavor-dependent part of the BR, for the processZ→t1t2. It
is observed that the noncommutative effects on the flav
dependent part can reach 0.1%.

Now we would like to study the chargedW→n l l
1 decay

and the noncommutative effects on this process. The BR
this process is

BR~W→n l l
1!510.7460.33 % ~18!

and the flavorl 5e,m,t dependence of this value is wea
Similar to the Z→ l 1l 2 decay, the part of the BR(W
→n l 1) which controls the flavor effects is proportional
the factorml

2/mW
2 and the noncommutative effects appear

this part.
In Fig. 4, we present the noncommutative parameterf (u)

dependence of ratior 1
W5BRflavor/BRtot , where BRflavor is the

flavor-dependent part of the BR, and BRtot is the total BR for
the processW→ntt

1. It is observed that the noncommuta
tive effects are at most at the order of magnitude of 0.001
for the heavy leptont decay.

Figure 5 represents thef (u) dependence of ratior 3
W

5BRflavoru
/BRflavor, where BRflavoru

is the noncommutative

flavor-dependent part of the BR for the processW→ntt
1.

Here, the noncommutative effects on the flavor-depend
part can reach 0.1%, similar to the processZ→t2t1.

In conclusion, the NC effects in the decays under cons
eration are effective in the flavor-dependent part of th
BRs. With the possible future experiments, which will b
sensitive to the flavor-dependent part of these proces
those effects can be extracted and the noncommutative d
tion can be determined.
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