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Lepton pair decays of theK, meson in the light-front model
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We analyzeK, lepton pair decays dk, —| "1~y andK —1*171""1" (1,1’ =e, u) within the framework
of the light-front QCD approackLFQA). With the K, — y* y* form factors evaluated in a model with the
LFQA, we calculate the decay branching ratios and find that our results are all consistent with the experimental
data. In addition, we studit, —| "1~ decays. We point out that our prediction fiéf —e* e~ is about 20%
smaller than that in chiral perturbation theory. We also discuss whether one could extract the short-distance
physics fromK, —u* u™.
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[. INTRODUCTION extract the decay constant and the form factor. In Sec. Ill, we
fix the parameters appearing in the wave functions and cal-
The study of kaon decays has played a pivotal role inculate the form factors and branching ratios. Finally, conclu-
formulating the standard model of electroweak interactionssions are given in Sec. IV.
[1]. In particular, the rare decay &f, — '« was used to
constrain the flavor changing neutral curr¢dt as well as
the top quark masg3]. However, there are ambiguities in Il. FRAMEWORK
extracting the short-distance contribution since the long-
distance contribution dominated by the two-photon interme-
diate state is not well known because its dispersive part can-
not be calculated in a reliable W:i&l—?_]._T(_) have a better (O|A¥K(P))=if (P¥, 2.0
understanding of this dispersive part, it is important to study
the lepton pair decays of th&, meson such a¥

—1717yandI "I7I7I™ (I=e,pu) since they can provide Us \hereA”=uy*vss is the axial vector current. We assume a

with information on the structure of thié, —y* y* vertex  constant vertex function , [16,19 which is related to the
[4-7]. On the other hand, since these lepton pair decays ar,

: : ) s bound state of the kaon. Then the gquark-meson diagram,

dominated by long-distance physics, they can also serve as picted in Fig. 1a), yields
testing ground for theoretical techniques such as the chira B
Lagrangian or other nonperturbative methods that seek to
account for the low-energy behavior of QCD. d*p,

Recently, several new measurements of the decay branch-(0|A*|K(P))= — \/N—cf — Ak
; ; +, - ta—ata— (2m)
ing ratios of Ki—u"u” y,K.—e"e"e"e”, and K_

We start with thek meson decay constafit , defined by

—eTe u"u~ have been reportef8—11]. These decays i(p2+ms) i(py+my)
proceed entirely through th€y* y* vertex and provide the XTr| vs 2_m2+i63’“7’5 2 21iel
best opportunity for the study of its form factor. In REF2], P2~ Ms Pim My

since the assumption of neglecting the momentum depen- (2.2

dence for the form factor was adopted, the results for the

decays are only valid for those with only the electron- .
positron pair. In Ref[13], the decays were studied at the Wherem, s are the masses of theands quarks, respectively,

order p® in chiral perturbation theoryChPT). However, all andN, .is the nL_meer of colors. We consider thg p(iles in the
the results in Ref[13] are smaller than the current experi- d€nominators in terms of the LF coordinatgs (p™,p.)
mental values. In this work, we consider another nonperturand perform the integration over the LF “energgy in Eq.
bative method in the light-front QCD approa¢hFQA) to  (2.6). The result is

analyze theK y* y* form factor. As is well knowr{14], the

LFQA allows an exact separation in momentum space be- R R

tween the center-of-mass motion and intrinsic wave func-

tions. A consistent treatment of quark spins and the center- -->--¢  Jwwawww - > - - S
. . wW P P

of-mass motion can also be carried out. It has been

successfully applied to calculate various form factigk5— Py P,

18], (@) (0)

The paper is organized as follows. In Sec. Il, we derive
the theoretical formalism for the decay constant and the FIG. 1. Feynman diagrams for the medahdecay constant and
Kvy*y* vertex and use these formalisms in the LFQA to(b) normalization.
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4 v where
p dp; d’py. _ mi+pf
P2 P P2 [d%p,]= 20257 pion:%v
- - I
P P ¥ P Ps v

1=Tr[ ys(Po+ms) y*ys(P1+my)].

ForK_ — vy* y*, with the assumption of P conservation the

FIG. 2. Feynman triangle diagrams wit#) and(b) correspond- amplitude is given by

ing to the LF valence configuration. Empty circles indicate LF wave

functions. AKL—¥*(01,€1) ¥* (02, €2))
<O|AM|K(P)> :|F(qi,q§)8ﬂ,,p‘r6/f€5ngg, (25)
[d®p,] A, where the form factor oF (q3,q3) in Eq. (2.5) is a symmet-
:\/N—cf oTpl P oprs pz_on(l’1‘|p1—:pl—on), ric function under the interchange @f and g3. In our

model, by using the same procedure as above, from the
(2.3 quark-meson diagram depicted in Fig. 2 we get

- d*p; i(ps+mg)  i(Pa+mg) 2, 1(P1t+mg)
AKL—y* v )—_JWAKL[-”[ 75p§—m§+ie 2p§_m§+iecw(ql)é1m+(d<—>5) +(e1—€)(,

(2.6

wherep,=p;—0;,p3=p1— P, andCyy is the effective contribution to the inclusige-dy* decay. After integrating over; ,
we obtain

a[d3p,] Ay Cw(a?)
AKL—=y* y*)= J — p— fL_ —(alpr=py )= = — i -
0 + P1on~ P3on o7y ~Pion~ P2on
_H P
i=1
P[d3 Ak C 2)
+f[ P1] L ) —W(ql +(des) | +(e—=e) |, 2.7

3 ———————(la|pr—p ) —
d1 + P ~P1on~ P3on P3 ~Pson d2 = P2on~ P3on
il:[l Pi

whereq, =P~ —q,; and helicity (A,,\,) eigenstates and is related to the Melosh
transformation[24]. A convenient approach relating these
l,=Tr ys(ps+mo) & (pPo+mo) &1 (P +my)]. (2.8 two parts is shown in Ref22]. The interaction Hamiltonian

~is assumed to bel, =i [d3xW¥ ys¥d where W is the quark

We note thrilt we do not expect that the absolute decay \.Nldﬂ‘mﬂd and @ is the meson field containing and RSS:
of K. —1"17 vy andK — yv calculated from Eq(2.7) can fit L o A
the experimental valud®0]. However, we can estimate the When g:ongudermg the normalization of_the meson state de-
relative form factors of these leptonic decays versus the twoPiCted in Fig. 1b) in the LFQA, we obtain
photon decay, and compare the branching ratios with the
experimental ones. Recent work on both short-distd6&» r o o
and long-distanceLD) contributions tos—dy* can be (M(P",S",S;)|HiHiIM(P.S.S;))
found in Ref.[21]. =2(2m)38%(P'—P)8sg s s

As described in Ref.22], the vertex functiomKL and the i
denominators in Eq2.7) correspond to th&; meson bound % f [d®p ]¢2RSSZ RSS
state. In the LFQA, the internal structure of the meson bound L SR RS
state[17,18,23 consists of¢, which describes the momen-

tum distribution of the constituents in the bound state, and < Tr 75_p2jm2 Ve ¢1++m1 _ 2.9
Rflszxz which creates a state of definite sp®$,) out of LF P2 P1
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If we normalize the meson state and the momentum distri- Ay

. . S
bution function¢ as[17]

'S,
—— —R . (2.139
P~ —P1on— P2on )\1')\2¢M
(M(P",S',S))[HH||M(P,S,S)))
=202 3P+ S3(P' — P ) 21 We note thap, ,p,, andps in the trace of ; , must be on the
(2m) 5% )55355252’ 219 mass shell for self-consistency. After taking the “good”
componenfu =+, we use the definitions of the LF momen-

and tum variables X,x’,k, ,k!) [18] and take a Lorentz frame
d®p; 1 whereP, =P/ =0 to haveq, =0 andk| =k, . The decay
20207 prlel=1, (21D constantf, and the form factoF (g2,q2) can be extracted

by comparing these results with Eq2.1) and(2.5), respec-
respectively, wherep,; and p, are the on-mass-shell mo- tively: i.e.,
menta, we have that

[T
S, pl p2
RO, (212 =202 N, |

2\/plon' p20n+ m;m; .

The wave function and the Melosh transformation of the
meson are related to the bound state vertex functignby  and

dx ck, i, (XK.)
22m° (@2 11e

a, (2.19

2

d<k M+ ¢K (X,k ) a[r+/(r+_x)]
F(qi,@:fz(z—;)s Cw(d) fo dx —

JaZ+k? mg+ki o mi+ki
Xty 1-(xir,) %

1 di (xKky) a[(1—r )/ (x—r)]
+ X +(d<s) | +(qi<=0;ri—1-r_){,
I L mk et
(1=x)/(1-ry)  (x=r)/(l-ry) ™
(2.19
|
where where N=4(m/ w?)%* andk, is of the internal momentum
k= (k, ,k,), defined through
a=my X+mg(1l—x), my=my, _— e,—k, ) ek, 21
*= e, +e,’ x= e, t+e,’ (.19
r =L[M2 +q2— g2 _
To2M e TR with e = \/m?+ k2. We then have
4 2 1 q%2—g2)2— 2 2 XM m2-+ k2
—\/(MKL 01— 03)°—4Mg a1l (2.16 Mo=e;+e,, k= o2 7 (2.19
2 2xMg
andx is the momentum fraction carried by the spectator angnd
tiquark in the initial state.
In principle, the momentum distribution amplitude dk, €16,
¢(x,k, ) can be obtained by solving the LF QCD bound state ax X(1—X)Mg’ (2.20

equation[25]. However, before such first-principle solutions

are available, we shall have to use phenomenological ampl{yhich is the Jacobian of the transformation fromk(, ) to k.
tudes. One momentum distribution function that has often

been used in the literature for mesons is the Gaussian type, Il NUMERICAL RESULTS

aK Q2 To examine numerically the form factor derived in Eq.
d(%K,)g=N1 [Z72 ax -—l (2.17 (2.15, we neeq to specify the parame.ters appearing in
dx 20 éu(x,k, ). To fit the meson masses, in ReR26] m,
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9.0 ‘ . ‘ r to resolve this matter. To illustrate our results for the lepton
I pair decays, we shall take=0 and 3, referred to a$) and
(I1), respectively.

The function off(y) is related to the differential decay

©

8.0

o]

7.0

6o | 17 rate of K?—1%1"y by
T 6
(\l§ 50 | 72 dB|+|77_dF(K|_—>|+|_’)’)
=40 i3 dg  T(K—yy) da]
3.0 -1 2
| 10 2 a a1
= —| 5= | IfWIZA¥] 1-5-0] Gy(ad),

20 | (ﬁ(%)' (y)l MﬁL 1(a1)

0% (3.3

0.0

0.0 0.2 0.4 1.0
where
y
FIG. 3. They-dependent behavior df(y)|?, where the lines )\(a,b,c)=a2+ b2+ 02—2(ab+ bc+ca) (3.9
from bottom to top corresponding to=0,1, . . .,10 ar@btained in
this work withf,=159.8 MeV andn,=400 MeV and the experi- d
mental data are taken from E799 at Fermi[@0], E845 at BNL an
[31], and NA31 at CERN32], respectively.
2\ 1/2 2
. 2\t 2 M;

—0.22(0.25) GeV andn,=0.45(0.48) GeV are obtained Gila)={ 1~ ) 3.9

with some interaction potentials, while in Rdf27] m,

=0.25 GeV andm¢=0.37 GeV in the invariant meson _ 9. , _
mass scheme. Here we do not consider any potential fordftégrating overy in Eq. (3.3), we get the branching ratios
and scheme and just use the decay constépt

=159.8 MeV [28], charge radius(r?)x=0.34 fn? [29], I'(K’—ete y) .

and quark masses of,, 4 to constrain thes quark mass ofng Bete,= T (K'— 77) =164, 1.6510 4,

and the scale parameter af in Eq. (2.17. By usingm, LYY

=my=250 MeV [18], we find thatm;=400 MeV andw

=0.38 GeV. We note that the lower massm{ should not T(K =™ y) .,
affect the meson masses once we choose a suitable potential Buru-y= T (KO =5.50, 6.2610°%,

- F (KL=vy)
[26] or schemd27]. Now, we use the momentum distribu- (3.6

tion functions ¢(x,k,)g to calculate the form factors
F(g?,g3) in the timelike region of 6<q? and g3<M%

~0.25 GeV. In this low energy region, we neglect the mo- for (1) and(ll), respectively. These values agree well with the

. expt —2

mentum dependence of the effective ver@y(q?) in Eq. expetrlmental dataB e, =(1.69£0.13)x 10" [28] and

(2.15), that is, BZXfMW: (6.11+0.31)x 10" * [8], where we have usd@®4]
Cw(q*)=Cw(0). (3.9) ToP(KO— yy) =[(5.92+0.15 X 10~ 4]T (K2 all).

We can use Eqs2.15 and (3.1) to get the functionf(y) (3.7

=F(q?,0)/F(0,0), wherey=q?/M2, and the result for
|f(y)|? is shown in Fig. 3. From the figure, we see that our
result with the assumption of E¢3.1) agrees well with ex-
perimental dat§30—32, especially in the lowey region. To
get a better fit for a largey, we may use

On the other hand, our results are larger thag:e-,
=1.59<10 2 and B ,+,-,=4.09<10"*, respectively, ob-
tained in Ref[12], where the momentum dependence of the
form factor was neglected, i.€f.(y)=1. This inconsistency
is reasonable because the kinematic fadB(q?) which
Cu(0) leads the contribution afz4M,2 is important, and the elec-

w ) (3.2)  tron mass is very small so thégy) =1 is only valid for the
(1—q2/m§)” decay with an electron-positron pair. For the muonic pair

case, since the mass of the muon is not small, the effect of

As seen from Fig. 3, we find that the fit fo(<8) is better the deviation of neglecting the momentum dependence is
than that forn—1. In particular, a larger value aof is pre-  evident. This situation also occurs in the decays with two
ferred if we disregard the data from E845 at BNi1] in Fig.  lepton pairs.
3. The experimental result fdf, — u* ™y from NA48 at Next, Eq.(2.15 can also be used to calculate the differ-
CERN, which is currently being analyz¢@3], should help ential decay rates df, —1"171""1"~ by

CW(UIZ)2
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TABLE I. Summary of the lepton pair decays Kf .

Br PDG[28] new data () (1) Ref.[12] Ref.[13]
102><Be+e-y 1.69+0.09 1.64 1.65 1.59 1.600.15
10*x Bty 5.49+0.49 6.11-0.31[8] 5.50 6.20 4.09 4.010.57
1PX Botote o 6.93+0.20 6.28-0.65[9] 6.61 6.74 5.89 6.50
6.20+0.69[10]
1PX B ,\+ yete- 497343 4.43+0.84[11] 3.87 4.37 1.42 2.280.25
10X B oy e 150 173 0.946 1.360.15
dT (K =111 417 7) When we use the nonpointlike form factor, this effect is
5% in thee"e e*e™ mode[13], which is beyond
T(K da2do about_OS ,
(Ki=yy)daidg; experimental access. For the" .~ u "~ mode, the rela-
2 [ a\3F(q?,q3)|? a; g’ tive size of the interference effect is larger, but it is outside
= ﬁ(g) m 32 M2 M2 the scope of future experiments because the total branching
q1d> ' K YKL ratio is predicted to be about810 13,
2 2
><G|(GI§) G|,(q§). (3.9 We now use the form factoF(q7,q5) to calculate the

decays ofK, —1*17. The decay branching ratios of the

After the integrations over? and g2, for (I) and (Il) we modes can be generally decomposed in the following way:

obtain the branching ratios as follows:

0_,ote—gt B i) lIm A,|2+|Re 4,2
“ete” -= =|Im e ,
Be+e’e+e*EF(KL_)?) ece ) ! F(KL_>77) l !
P(K{=vy) (3.11
— —5
=6.61, 6.7410°7, where Im .4, denotes the absorptive contribution and Re
(KO b4 the dispersive one. The former can be determined in a
B o+ .= (Kiop nee) model-independent form of
ponee I'(K{—yy)
- MP [ 1-81]?
=3.87, 4.3K10°°, Im A 2= S0 oA 31
0 | | ZMﬁLﬂl 175 (3.12
5 CT(K{=p upp)

pIRTHTHTT I(K?—vyy) where B7=1-4M{/M§ . The latter, however, can be re-

=1.50, 1.7%10°°. (3.9 written as the sum of SD and LD contributions,

In Table I, we summarize the experimental and theoretical ReA =Re A sp+tRe A p. (3.13
values of the decay branching ratios for e lepton pair

modes. The results of Ref12] correspond to a pointlike |n the standard model, the SD part has been identified as the
form factor, while those in Ref13] are calculated a(p®)  weak contribution represented by one-lod-box and

in ChPT. Z-exchange diagran|$8,35,36, while the LD one is related
From Table I, we may also combine the experimental valuegg |:(q§1q§) by

by assuming that they are uncorrelated and we find that

B —(5.93+0.26 X 1074 ,_20°MPp) 2.2
Ki—utumy™ W : ’ |Re A, p| :W|R8RI(MKL)| . (314
KL
t _
B ereere =(6.8320.19X10 %,
where[37]
expt _ +0.8 — 6
BKLM+M_E+6_—(4.44,0_8‘2‘)><10 . (3.10 2 ) (P2 (P-0)7]
Ri(P)= fd
It is interesting to see that our results fif —I "1~y are ((P%) My qqz(P—Q)z[(q—P|)2—M|2]
larger than those in Ref§12,13 and agree very well with F(q2.(P—q)?)
the experimental data. Furthermore, as shown in (Bd), % (9%(P—q _ (3.1
those fork, —e*e"e"e™ andK, —u*u ee™ also agree F(0,0)

with the combined experimental values in £§.10. Here,
we do not consider the interference eff¢t®,13 from the In general, a once-subtracted dispersion relation can be writ-
identical leptons in the final state. The reasons are as followsen for ReR as[38]
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ReR,(P?)=ReR(0 szwdp’2 mRi(P'
eRy(P)=ReR,(0)+ - (P 2—p2p'2’

(3.19

where ReR,(0) can be obtained by applying E@.15 in
the soft limit of P—0.

For theK, —e" e decay, withn=0 and 3 of(l) and(Il)
in Eg. (3.2 we find that

|ReAq p|?=5.60, 6.5%X10 °, (3.17

respectively. Since the SD part of Rg 5p can be neglected,
we get

Bl -=1.009x107%,

(3.18

where we have useldm A ¢|2=5.32<10"°. In terms of the
total decay branching rati®.+-=I'(K_ —e e )/T'(K_
—all), the numbers in Eq(3.18 are about 6.5 and 7.0
X 1012, respectively. Both results in E¢3.18 are consis-
tent with the experimental value oBZ™ =(1.57%9
X 10 8 measured by E871 at BN[39], but they are lower
than the value of (1.520.09)x10 8 [Bg+-=(9.0+0.5)
X 10 1?] given by the calculation in Ref5] with ChPT. It is
interesting to note thaB.+.- slowly increases witm and
reaches 1.2210 8 for n=10. Clearly, our prediction is
about 20% smaller than that in ChP3].

For theK, —u* u~ decay, by subtracting the value of
lImA,[?=1.20<10"° from the experimental data of

BSP _=(1.21+0.04)x 10" ° [28,40], we obtain that

(3.19

Bl =1.18<10°%,

|ReA ,|?<7.2x10"" (90% C.L).
In the standard model, we have th#{41]
|ReA, spl?By_—.,,=0.9x10 %(1.2-p)?
—_ 3.
« mt(mt) |Vcb| 4
170 Ge 0.040 °
(3.20

where p=p(1-\?2). Using the parametersm,(m)
—166 GeV|V,,|=0.041, andp=0.224[36,42], from Egs.
(3.7 and(3.20 we get

ReA, sp=—1.22x103, (3.21)

which is larger than the limit in E3.19. It is clear that the

value of Re4, p has to be either very small for the same
sign as ReA,, sp or of the same order but the opposite sign.

For the case ofl), from Eq.(3.16 we find

ReA'

wip=—1.11x10°3,

(3.22

which is very close to the SD value in E@.21) and clearly
ruled out if the absolute signs in Eg8.21) and (3.22 are

PHYSICAL REVIEW D66, 034005 (2002

in Eq. (3.19 can be satisfied for certain values ,miFrom
Egs. (3.20, (3.19, and (3.22, by taking my(m,)
=166 GeV andV,,|=0.041, we extract that

p>—0.37 or p>—0.38 (90% C.L). (3.23

We note that the limit in EQ.3.23 is close to that in Eq41)
of Ref.[7]. This result is not surprising. If we fit(q?,q3) in
Eqg. (2.195 with Eq. (14) of Ref.[7] given by

F(ai,a3)
2 2\ __
f(ql!qz)_ F(0,0)
2 2
Citg 2011 o+ 2Q2 2)
l_mp q2_mp
2,2
d:19;
+ , (3.29
Pl (ag—m)
we find thata=—0.585 andB3=0.191 and thus
1+2a+B=2.16x10 2=0, (3.29

which satisfies the bound of EG35) in Ref. [7]. Similarly,
for (II) we obtain

ReA) p=—1.38<10 * (3.26
It is very interesting to see that the value in E§.26 is
much smaller than Rd,,sp in Eq. (3.21), which is exactly
the case discussed in R¢8]. From Eg.(3.26), with the

same parameters &9, we find that

p>0.63,0.41 or p>0.65,0.42 (90% C.L)
(3.27)

for the same and opposite signs between.A3e, and
ReAL,[ Lp » 'espectively. We note that the limits in. E®.27

do not agree with the recent global fitted valuepef 0.224
+0.038[36,42, which may not be unexpected sinGg we

have not included various possible rangestgfm,),|V |,

and quark masses in the calculation dingwe still need to

fix nin Eq. (3.2) and modify the form ofCy(q?) [43]. How-
ever, the important message here is that the LD dispersive
contribution inK, — u™ x~ is calculable in the LFQA. From
our preliminary results, it seems that.Rg p is indeed small

as anticipated many years ago in RE3]. Moreover, our
approach here provides another useful tool for the decays in
addition to ChPT.

IV. CONCLUSIONS

In this work, we studied thé, lepton pair decays of
K.—1*17y and K_—1"171""1"" in the light-front QCD
framework. In our calculations, we adopted a Gaussian-type
wave function and assumed the form of the effective vertex
Cw(g?) in Eq. (3.2 to account for the momentum depen-
dences in the low energy region. We calculated the relative
form factors of the leptonic decays vs the two-photon decay,

the same. However, if the relative sign is opposite, the limitand showed that our results for the decay branching ratios of
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K. —I"l"yandete I*I (I=e,u) agree well with the ex- the Cabibbo-Kobayashi-Maskawa parameters, further theo-
perimental data. The remarkable agreements indicate that otatical studie$43] as well as more precise experimental data
form for Cy(g?) is quite reasonable, but the numberrof such as those from NA48 at CERR3] on the spectra of the
still needs to be fixed. Furthermore, all our predicted valuepair decays are needed. Finally, we remark that our approach

for these decays are larger than those in CPZ,13, i cannot calculate the absolute decay widthskgf—1"1"y
particular for the modes oft "~y and u"u"e"e” for  andk, — yy.

which theO(p®) ChPT results in Ref{13] are ruled out by
the new experimental dats,11]. On the other hand, for
K.—e"e™, we have found thaB.+.- is between 1.09 and
1.22x10°8 for n=(0,10), which are lower values than
(1.52+0.09)x 10 8 in ChPT[5]. ForK, —u" u™~, we dem- We would like to thank K. Terasaki for useful data. This
onstrated that the long-distance dispersive contribution isvork was supported in part by the National Science Council
possibly small. However, to get a meaningful constraint orof R.O.C. under Grant No. NSC90-2112-M-007-040.
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