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Vanishing magnetic mass in three-dimensional QED with a Chern-Simons term
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We show that at one loop the magnetic mass vanishes at finite temperature in QED in any dimension. In
three-dimensional QED, even the zero temperature part can be regularized to zero. We calculate the two-loop
contributions to the magnetic mass in three-dimensional QED with a Chern-Simons term and show that it
vanishes. We give a simple proof which shows that the magnetic mass vanishes to all orders at finite tempera-
ture in this theory. This proof also holds for QED in any dimension.
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[. INTRODUCTION Chern-Simons term has a vanishing contribution to the mag-
netic mass and that there is no infrared divergence present in
In an earlier Lettef1], we studied the question of the this amplitude at this order even in the absence of a tree level
screening mass in the ¢21)-dimensional Abelian Higgs Chern-Simons term. In Sec. Ill we prove that the vanishing
model with a Chern-Simons term as well as in three-of the magnetic mass holds to all orders. In Sec. IV we
dimensional QED (QEBR) with a Chern-Simons term. We present a brief summary of our results.
showed there that, at one loop, the magnetic mass inQED
vanishes. This is quite surprising considering the fact that the Il. EXPLICIT CALCULATIONS
Chern-Simons term has associated with it various magnetic
phenomen#2,3] and yet the magnetic mass vanishes. In that Let us consider QEP with a Chern-Simons term de-
Letter[1], we formally argued, based on the Ward identity assctibed by the Lagrangian density
well as the assumption of analyticity of the amplitudes, that 1
this result holds to all orders. However, as is well known, _ v Ko —.
amplitudes cease to be analytic and infrared divergences, in L==gFu P g A AT YD —my (D)
general, become severe at finite temperafdrg both of
which can invalidate a formal argument. Therefore, in thiswhere x is known as the Chern-Simons coefficient and the
paper we study this question systematically in QEfith a  covariant derivative is defined to be
Chern-Simons term at finite temperature and give an alter-
nate proof that the magnetic mass indeed vanishes to all or- D ¥=(d,—ieA,) . 2
ders. It has already been notfsl that, at two loops, the
parity-violating part of the gauge self-enerégorrection to  In 2+1 dimensions, the Chern-Simons term as well as the
the Chern-Simons termtevelops an infrared divergence at mass term for the fermion break discrete symmetries such as
finite temperature in the absence of a tree level Chernparity and time reversdl2,3] and, therefore, are intimately
Simons term. It is for this reason that we study QB@th a  connected. Namely, even if there is no Chern-Simons term
Chern-Simons term. However, as the one-loop result show@resent at the tree level, it is generated through radiative
[1], even with a tree level Chern-Simons term, the photorforrections in a massive fermion theof§]. Let us note,
propagator develops a massless pole and, therefore, the qué&wever, that both these terms are invariant under charge
tion of infrared divergence has to be analyzed carefully. Weconjugation under which
note that the vanishing of the magnetic mass at finite tem- .
perature has already been studied in four-dimensional QED CAC'=-A,, CyCl=—y%" ®)
(QED,) [6]. However, infrared divergences become more
severe as we go to lower dimensions. The two-dimensionahs a result, the Lagrangian density in Ed) is invariant
theory (Schwinger modelis known to be well behavef] under charge conjugation and it is the charge conjugation
and, therefore, the (21) dimensional theory is the most invariance which, for example, makes the amplitudes with an
interesting theory to study from this point of view. odd number of photons to vanigkurry's theorem in this
Our results are organized as follows. In Sec. Il we showtheory. We would like to study the question of the magnetic
that, at one loop, the magnetic mass vanishes in QED in anjass in this theory at finite temperature.
dimension at finite temperature. The additional feature of the Throughout this paper, we will use the imaginary time
(2+1) dimensional theory is that even the zero temperaturéormalism([4,9,10 to study the finite temperature effects in
contribution to the magnetic mass can be regularized to zerdhis theory. Therefore, we will consider the theory in the
We also explicitly show that, at two loops, QEvith a  Euclidean space. In such a theory, the self-energy of the pho-
ton is independent of the gauge fixing parameter and, in a
covariant gauge, can be parametrized to all ordefd hs
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k With these, we note that the photon self-energy in QED at
one loop, in an arbitrary dimension, takes the fqgae Fig.
1)
p P dPk
MM(p)=e? f tr y,SOO(k+p)y,SO(k
2 jn(P) (2P ¥, ST(k+p)y,ST(k)
FIG. 1. One-loop diagram for photon self-energy. 401k
=— try, SO (k+
here °S [ osarnsO oy,
5.5 2 ><s<°>(k). (12)
~ 1Py
P,U.V: 5MV_ ~2 Q,lLV:"'_zuMuV (5) . . .
p p In D-dimensional Euclidean space, the trace over the gamma
. matrices takes the form
with
~ ~ try,y,=—21"26,,=—C(D)4,,, (12)
5,4.w_ 5;/.V_u,u.u1/! p,u.:p;.L_(u'p)u,uJ g . .
(6)  where [D/2] represents the floor ob/2. Evaluating the
- _ . up Dirac trace and performing the sum over the discrete fre-
U=y p2 Pu- quencies, we obtain in the static limit
Hereu , represents the velocity of the heat bath which, in the Cc(D)e? [ d° 1k
M H(l)(O)=5--H-(-l)(O):—
rest frame, takes the form,=(1,0,0). T i 2 (2m)P-1
There are several things to note here. Fif$t, and IT,
lead, respectively, to the transverse and the longitudinal Bwk
masses for the photon. While the longitudinal mass is re- o2 tan >
sponsible for the screening of charges, it is the transverse X|(D-=1)+ —
mass which is related to the magnetic mass of the photon. Wy Jy @k
Second, the presence of the parity odd term, in the self-
energy, is a consequence of the fact that parity is violated in B C(D)e? (o2
this theory. From the form of the tensors in EB), it is easy T dk
to see that we can write, in general, the magnetic mass for 20140~ 1)’2F(

the photon(which is defined in the static linjias

Boy
nl o)zig..n..(o) k2 fanf =5~
(0)=5=5 % X|(D-D+— ]| ———] (13
k d0k K
1
_ PC R
_D_zﬁiinij (0), D>2 (M) Wwhere we have defined=|k| and o= Vk?>+m?. We can

now identify the temperature-dependent part of E@) to
where D represents the number of space-time dimensionse
Namely, the magnetic mass is determined completely from

the parity-conserving part of the self-energy and does not D@ C(D)e? )
depend on the parity-violating structure. 5y 77(0)= f dkk®~
We note that in the imaginary time formalism, the tree 2P—2,4(0- 1)/2r( )
level fermion propagator has the form 2
k> 9 \[ne(wy)
SO(p)= —— _ —pt+tm ®) x| (D— 1)+w— m)( o |’ (14
p+m  p2+m?’
) ) ) where
where, in the Euclidean space, we work with
. . . 1
Yo=103, 7Y1=101, 7Y2=107 9 Ne(wy) = (15
efk+1
and
(2n+1) is the Fermi-Dirac distribution function. The expression on
n T iqht- i i i ich-
Po=(2n+1)7T= . (10) the right-hand side of Eq(14) is easily seen to vanish:
B namely,
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these simplifications in mind, we obtain from the two-loop
photon self-energy, in the static limit,

dqg 1

(2m)3 q2+ K2

11?)(0) = 4¢* J

FIG. 2. Two-loop diagrams for photon self-energy.

Xf d*k ¢ ki
2 - _
H_(l_l)(B)(O): C(D)e f dwki (2m)° ki (k?+m?)?
oD-2_(D-1)/2p D—1)Jm dwg 5
m 2 ki[g”+4m(x—m)] _0. (19
Ne( o)) (K*+m?)2(k+q)2+m?]|
x| (w2—m?)P-1r Fl @k ):
k Wk ’ This result holds for both the zero temperature as well as the

finite temperature parts and we note that this is true even
D=2. (160  when k=0 and, therefore, the vanishing of the magnetic
This shows that, at finite temperature, the one-loop cormasts’ a;t t(\j/vo !&O?ﬁ" ht:)I?]s even ::otrhpure C%Ell]mls ?_as to bte f
rection to the magnetic mass vanishes in any dimenBion contrasted wi € benhavior of the parity-violating part o
the self-energy which has an infrared divergence wiken

=2. We note that, at one loop, there is no infrared diver . o
gence since we are considering a massive fermion. In genT>0 [5]. Therefore, we see that unlike the parity-violating

eral, the zero temperature part in Eg3) has an ultraviolet part of the self-energy, the parity-conserving part has a better
dive,rgence However, in (21) dimensions, there is the infrared divergence behavior. It is worth pointing out here

added interesting feature that the zero temperature part céﬂat this rgsult can also be obtained in a simple manner using
be regularized to zero within the framework of Pauli-Villars 1® Warc_j identities of the theory. Let.u.s also note that the
regularization or dimensional regularization or a gauge in_Chgrn—Slmons_term does have a nontr|V|g(I:contr|but|on to the
variant projection methof2]. We also note that the one-loop P&ty conserving part of the self-enerdy;;~ [1]. However,
result is completely independent of the presence or absen&rPrisingly, it does not contribute to the magnetic mass

of a tree level Chern-Simons term it2L dimensions and,
therefore, holds even for pure QEDFurthermore, let us Il VANISHING OF MAGNETIC MASS TO ALL ORDERS
note that while this has been an exact result at one loop,
can also be easily checked within the hard thermal loop a|
proximation[11] where

It Normally, an all orders proof of a result in a gauge theory
Pis simplified enormously through the use of Ward identities.

However, at finite temperature, the non-analyticity of the am-

plitudes at the origin in the energy-momentum space leads to

D-1
u Ne(@i) difficulties [4,12]. For example, let us consider tiNepoint

YR, (0)=~C(D)e? f :

2m)Pt wy photon amplitude which would satisfy a relation of the form
k?p? e TPy P=0, #,=0,12. (20

' (D_3)+ﬁ):°' 7) Pasg L, n(Par - PW=0, 20
P

In the static limit where all the external energies vanish, on
%e other hand, we can write the amplitudelas, ,) with

hot i di Fi be obtained m-+n=N where m represents the number of time indices
photon self-energy diagramee Fig. 2 can be obtaine while n corresponds to the number of space indices. In this

from the one-loop box diagrams by connecting the photoq:ase the Ward identit{20) takes the form
lines in all possible ways. We note that at tree level, the '

photon propagator, in a covariant gauge, has the form

We will show next that the magnetic mass also vanishes
two loops in QER with a Chern-Simons term. The two-loop

pa,iar(m,il,...,in)( cesP1y !pn):O! ia:112

21
D(O)(p)= _ P.Py e & (22)
r p2+ w2\ " p? FIN 2 and one can formally argue that, for smal}; , the ampli-
tude behaves likgl3,14]
PPy
+§(p2)2 (18) PmiyipCeoPay o) ~0(Py ... pn). (22)

where ¢ is the gauge fixing parameter amhb=27nT  This behavior is, in fact, explicitly seen at one loop in the
=2mn/B. Furthermore, since the four photon amplitude attwo-point and the four-point functions for the photon in the
one loop(the sum of the box diagramis gauge invariant, it ~ static limit[15]. In the long-wavelength limit where the spa-
vanishes when it is contracted with the momentum associtial components of the momenta vanish, on the other hand,
ated with a photon line. Therefore, the only two terms fromwe have much more limited information. Furthermore, even
the photon propagator in E¢L8) that can contribute to the if we know the behavior of the amplitudes in the static and
two-loop self-energy are thé,, and thee,,, terms. With  the long wave limits independently, this information is not
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FIG. 3. Vanishing of an amplitude with one spacelike photon FIG. 4. Vanishing of a vertex diagram where the external photon
index carrying zero energy and momentum. with a space index and zero energy momentum is attached to an
internal fermion line that is not a continuation of the external fer-
very useful in constructing higher loop amplitudes, where themnion lines.
energy and momenta of the internal photon lines are inte-
grated over all possible values. This shows that alN+1 point amplitude with a photon
Therefore, we pursue the following strategy in proving, toline carrying a space index and zero energy momentum van-
all orders, that the magnetic mass vanishes at finite temperé&shes forN=2, independent of the values of the energy and
ture. First, let us look at the tree level propagator for themomenta of the other photon lines. The restrictibl® 2,
fermion in Eq.(8) and note that comes from the ultraviolet convergence of the integrand and,
at one loop, we have no infrared divergence problem since
&S(O)(IO) _ g0 =0 23 the fermion is massive. We note that the odd point photon
P, (P)7,S7(P). (23 amplitudes vanish by charge conjugation invaria(feerry’s
theorem for any value of the external energy and momen-
Namely, we see that, much like at zero temperafd}, at  tum, but this result shows that even point photon amplitudes
finite temperature, differentiating the tree level fermionalso vanish when one of the external photon lines has a space
propagator is equivalent to introducing a tree level photorindex and carries zero energy and momentum. It follows
vertex with zero energy momentuoup to the coupling  now, from this as well as charge conjugation invariance, that

This can also be rewritten in the more familiar form any fermion loop with an external photon carrying a space
index and zero energy momentum gives a vanishing contri-

(S 1(p) bution in a complicated diagram such as Fig. 4, where the

ap, e (24) external photon is attached to an internal fermion line that is

not a continuation of the external fermion lines.
which says that, at the tree level, differentiating the fermion As a result, using Eq923), (24), it can be shown in a
two-point function gives rise to a vertex with zero energystraightforward diagrammatic manner that, to all orders, we

and momentum, up to the coupling constant. can write the three-point photon-fermion-fermion vertex
Let us next note that we can write the one-ldggoint  with the photon carrying a space index and zero energy-
photon amplitude as momentum as
r (dz, - -+ .On) aS™(p)
JEERERY M
o Li(p,—pO)=e—7 =, (27)
I

d3k -
f ( g (K0 - AN wherel’; andS™(p) represent, respectively, the vertex and
the fermion self-energy to all orders. This is like the zero
1 E d?k i K- temperature Ward identityl 3], but holds for a space index,
= (2m)2 Hvo #N( 10N which is what we will need for our proof.
With these, let us look at the photon self-energy to all
(25  orders given by the Schwinger-Dyson equation, Fig. 5,

) ) ) which leads to
where, as mentioned earlidig=(2n+ 1) #/B. Using the re-

lations in Eqs(23) and(24), we see that the amplitude with 2k
an additional external photon with a space index and carry- I1+(0) = e 2 f d Ly, ST, (k. — K0/ S(K)
ing zero energy and momentum is obtained tddee Fig. 3 B “n (2m)? '

Fi,/,cl ..... ,uN(Oiqli e 1QN)

o =——Ef o) ryk[ry.S(k)] (28)
:—_z f (277)2 (9k Ml ..... MN
The finite temperature part of this integrand is well behaved
X(K;gy, ...,qy)=0, N=2. (26)  and, being a total divergence, vanishes, namely,

025011-4



VANISHING MAGNETIC MASS IN THREE. .. PHYSICAL REVIEW D 66, 025011 (2002
IV. SUMMARY

In this paper we have shown that, at finite temperature,
the magnetic mass vanishes at one loop in QED in any di-
mension. In 2+ 1 dimensions, in addition, the zero tempera-

k+p ture part can be regularized to zero. Ir-2 dimension, this
result is independent of the presence of a tree level Chern-

FIG. 5. Schwinger-Dyson relation for photon self-energy. TheSimons term. We have calculated and shown explicitly that
internal heavy lines represent the full fermion propagator while thethis result also holds at two loops. We have given a simple

blob represents the complete vertex. proof to show that the magnetic mass vanishes to all orders
at finite temperature in this theory. This result also holds for
¥ o0)=0 (299  QED in any dimension.

to all orders. Since the loop involves massive fermions, there

is no problem of infrared divergence in this case. The tem- ACKNOWLEDGMENTS
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