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Cosmic censorship, area theorem, and self-energy of particles
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The (zeroth-order energy of a particle in the background of a black hole is given by Carter’s integrals.
However, exact calculations of a particleslf-energy(first-order correctionsare still beyond our present
reach in many situations. In this paper we use Hawking's area theorem in order to derive bounds on the
self-energy of a particle in the vicinity of a black hole. Furthermore, we show that self-energy correatishs
be taken into account in order to guarantee the validity of Penrose’s cosmic censorship conjecture.
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[. INTRODUCTION should be further noted that in recent years there is a growing
interest in the calculation of the self-interaction of a particle
Spacetime singularities that arise in gravitational collapsén the spacetime of a black holsee, e.g.[13], and refer-
are always hidden inside of black holes. This is the essencences therein The flurry of activity in this area of research
of the (weak cosmic censorship conjecture, put forward byis motivated by the prospects of detection of gravitational
Penrose thirty years aga]. The conjecture, which is widely waves in the future by gravitational wave detectors such as
believed to be true, has become one of the cornerstones 8fe Laser Interferometer Space Anter(htSA) [14].
general relativity. Moreover, it is being envisaged as a basic
principle of nature. However, despite the flurry of activity
over the years, the validity of this conjecture is still an open
question(see, e.g.[2—-10], and references thergin
The destruction of a black-hole event horizon is ruled out We consider a particle which is lowered towards an ex-
by this principle because it would expose the inner singularitremal Kerr black hole. Taerothorder in particle-hole inter-
ties to distant observers. Moreover, the horizon area of action the energyenergy-at-infinity £0) of the object in the
black hole,A, is associated with an entrof8s,,=A/4% (We  black-hole spacetime is given by Carteis] integrals(con-
use gravitational units in whicle=c=1). Thus, without stants of motions As shown by ChristodouloLL6] (see also
any obvious physical mechanism to compensate for the 1og37]), £©@(r=r,)=0(J at the point of capture, where
of the black hole’s enormous entropy, the destruction of th@(°)=a/(ri+az) is the angular velocity of the black holg,
black-hole event horizon would violate the generalized secis the conserved angular momentum of the particle, mand
ond law (GSL) of thermodynamic$11]. For these two rea- — s the location of the black-hole horiz¢@8].
sons, any process which seems, at first sight, to remove the one should also considéirst-order interactions between
black-hole horizon is expected to be unphysical. For the ade plack hole and the particle’s angular momentum. As the
vocates of the cosmic censorship principle the task remaingarticle spirals into the black hole it interacts with the black
to find out how such candidate processes eventually fail tpole, so the horizon generators start to rotate, such that at the
rergovg the Irllol?zon. e Kerr-N ic with? point of assimilation the blacl(<l-)hole angular velocity has
s is well known, the Kerr-Newman metric wi (0) (0) -
~Q*~a°<0 (whereM Q. anda are the mass, charge, and gy anergy correction 1L 0. On dimendonal
specific angular momentum, respectiyetioes not contain energy (1) g oot C 3
analysis one expec@.~’ to be of the order 0O(J/M?7). In

an event horizon, and it therefore describes a naked smgula{éct, Will [19] has performed a perturbation analysis for the

ity. Thus, one may try to “over spinfor “over charge’) a problem of aring of particles rotating around a slowly spin-
black hole by dropping into it a rotatin@gpr a chargegpar- ing (neutra) black hole, and foundlgl)=J/4M3. As would

ticle. Such gedanken experiments allow one to test the cor[)1 . 1
e expected from a perturbative approaﬂi, is propor-

sistency of the conjecture. It turns out that tiest particle : )
approximation actually allows a black hole to “ump over” tional to J. To our best knowledge, no exact calculation of

extremality in these type of gedanken experiments. We shod2s) has been performed for geneficerr-Newman black
that in order to guarantee the integrity of the black-holeholes, nor for the case ofsingleparticle (in which case the
event horizon onenusttake into account theelf-energyof ~ System loses the axial symmetry which characterized it in the
the particle(first-order interactions between the black holecase of a ring of mattgrWe therefore writef {}=J?, and
and the objedt obtain

Furthermore, a well-established theorem in the physics of
black holes is Hawking's area theore[h2], according to J
which the black-hole surface area should increaseemain E=£0+ Sgleﬂl;m + 0l (€N
unchangepin such gedanken experiments. We show that it
is possible to use the area theorem in order to derive bounds
on the self-energy of particles in the black hole spacetime. Ifor the particle’s energy at the point of capture.

Il. SELF-ENERGY OF A PARTICLE WITH ANGULAR
MOMENTUM
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The assimilation of the particle results with a change Furthermore, if the resulting configuratidafter the as-
AM= ¢ in the black-hole mass, and a changgMa)=J in  similation of the particleis a black hole, then according to
its angular momentum. The condition for the black hole toHawking'sarea theorenj12] there should be a growtlor no
preserve its integrity after the assimilation of the particlechanggin the area of the black hole. The surface akeat a

(anew=Mnpew Is Kerr-Newman black hole is given b&=4x(2Mr , —Q?),
where r,. =M+ (M?—a?—Q?)? is the location of the

Ma+J <M+¢& 7)) black-hole outer horizon. Substituting —M +& and Ma

M+E ' —Ma+J, one may use the area theored,(=A,e,) t0

. o derive a lower bound on the particle self-energy,

or equivalently[substituting€ from Eq. (1)],
2
e o '+

1 =
0sJ2<4Mw+W), (3) sel™ 2M a?

J?, 9

here a=Al/4sr. This bound is valid for any Kerr-Newman
ack hole(not necessarily a near extremal ¢ne

We note that the bound E¢8) derived from the cosmic
ensorship conjecture is stronger than the one derived from
he area theorem, E9). (There is an equality in the ex-
tremal limit, wherer ,—M.) Thus, the analysis is self-
consistent—provided cosmic censorship is respected, there is
a growth in the black-hole surface area.

which is automatically satisfied. We therefore conclude thaﬁ/I
the black-hole horizon cannot be removed by the assimila-
tion of the particle—cosmic censorship is upheld.

We next consider the case of a particle which is lowere
towards anear extremal Kerr black hole. The condition for
the black hole to preserve its integrity, E®), yields

2
+J?

J 1
(IES M—s 4Mw—m , (4)
Ill. SELF-ENERGY OF A CHARGED PARTICLE
wherer .=M * ¢. Perhaps somewhat surprisingly, the situa-

tion is more involved than in the extremal case: the test We next consider a charged particle of rest mass
. S ' chargeq, and proper radiuR, which is(slowly) descent into
particle approximation ¢=0) actually allows anear ex-

tremal Kerr black hole to “jump over” extremality by cap- a (ngar ('axtremaIKerr black ho.le. T_he total energy of th_e .
turing a particle with angular momentum. One must refer toparthle n a i?lack-hole spacetime Is made up of two d'St'r,'Ct
the self-energy of the particl€éfirst-order interactions be- contr|but|on§ (1) &, the energy assquated with (tlr;e body’s
tween the black hole and the object’s angular momeitiam mas:_;(rgdshlftE_d by the gravitational fieldand(2) £ iy the
order to insure the validity of the cosmic censorship conjecgr"’“/'tat'pnally md_ucgd self—gne_rgy of the char,ged p_artmle.
ture. In fact, we may reverse the line of reasoning: with the The first coqtrlbutlon_ﬁo, Is-given by Carter'419] inte-
plausible assumption of cosmic censorship, it is possible tgrals for a particle moving in a black-hole background,
infer a lower bound on the self-energy of the particf&l);
=J%/8M3. &
We next generalize our results to the Kerr-Newman case.

The energy of the particle at the point of capture is nowwhereri=Mi(M2—a2)1’2 are the locations of the black-

:Ml(r+_r—)

2
e [1+0(1%/r%)], (10

given by hole (event and inngrhorizons, and is the proper distance
aJ from the horizon. Namely,
E=EO+ D) =———+wl? (5
rL+a r
|:|<r,a>=f Vg dr, (11)
The black-hole conditiom?—a?—Q?=0 (after the assimi- ry

lation of the particle now reads )
with g,, = (r?+aco6)/(r—r,)(r—r_).
, The second contributiorg (), reflects the effect of the
TN (6) spacetime curvature on the particle’s electrostaticelf-
interaction The physical origin of this force is the distortion
which implies of the charge’s long-range Coulomb field by the spacetime
curvature. This can also be interpreted as being due to the
R0 image charge induced inside thgolarized black hole
: [20,21]. The self-interaction of a charged particle in the
black-hole background results with a repulsive., directed
Thus, one may derive a necessary condition for the validityaway from the black holeself-force. A variety of techniques
of the cosmic censorship conjectui@ lower bound on the have been used to demonstrate this effect in black-hole
self-energyg(sle)”), spacetimed22-30. In particular, the contribution of this
effect to the particle’s(self) energy in the Schwarzschild
background is £{=Mq%2r?, which implies &%)
=(?%/8M in the vicinity of the black hole. However, in the

Ma+J\2

M+E&

0<=(M+&)%—

2 M?+a? 1
+J?

0= M MZial

J—¢ 2w

M?+a?

M
Qe WJZ- (8)
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generic case of a spinning Kerr black hole, the self-energy TABLE I. Self-energy of a particle in the vicinity of a black
was calculated only for the specific case in which the particléole.
is located along the symmetry axis of the black hole. We

therefore Writeé'(st)”: 77q2_ Type of Type of a black hole Lower bound Exact
The gradual approach to the black hole must stop whefe!-energy on self-energy calculation
the proper distance from the body’s center of mass to thggtational Kerr-Newman 2 2
black-hole horizon equalR, the body’s radius. One therefore _*QZJZ
finds _ L
Electrostatic Ker(symmetry axi$ M, qu
R(ro—r_) Sy 2a
E= LS + 792, (12) _ 2a
2a Electrostatic Kerr §+0) M, ?
2a

for the particle’s energy at the point of captutkis expres-
sion is valid for an arbitrary value of the azimuthal anggl

An assimilation of the charged particle results with a M
changeAM =€ in the black-hole mass, and a chany® 5&)|f>zq2- 17
=(q in its charge. The condition for the black hole to pre-
serve its integrity after the assimilation of the charge is there-
fore We note that an exact expression for the self-energy of a

charged particle is available only for the specific case in
—q? (13) which the particle is placed along theymmetryaxis (0
' =0) of the Kerr black holg28,29, £{)=Mq?/2«. Note
that this result coincides exactly with the bound E#j7).
Furthermore, the exact resulavailable only in thed=0
0=2(4M 7— 1)+ 26 uRIM. (14)  cas¢ yields E{d)=(q?/4M)(1—&/M) for a near extremal
Kerr black hole. Thus, taking cognizance of Ef6) we find
We emphasize that Eq14) implies that the test particle that cosmic censorship is respected provided one takes into
approximation(that is, takingnp=0) allows to over charge a account the electrostatic self-energy of the particle in the
black hole. background of the black hole.

The Coulomb energy of a charged particle is given by In summary, in this paper we have analyzed gedanken
fg?/R, wheref is a numerical factor of order unity which experiments in which particles carrying angular momentum
depends on how the charge is distributed inside the bodyr electric charge are assimilated by a black hole. The gedan-
The Coulomb energy attains its minimun?/2R, when the  ken experiments are considered from the point of view of
charge is uniformly spread on a thin shell of radRjsvhich ~ Penrose’s cosmic censorship conjecture and Hawking's area
implies f=1/2 (an homogeneous charged sphere, for intheorem. It was shown that first-order interaction effétis
stance, ha$ = 3/5). Therefore, any charged body which re- self-energy of the particlemustbe taken into account in
spects the weakpositive energy condition must be larger order to preserve the black-hole integrity and to insure the
thanr,=q%/2u. Thus, a necessary condition for the validity validity of the cosmic censorship conjecture.

2
0<(M+&)>*—

M+E

or equivalently,

of the cosmic censorship conjecturd see Eq(14)] Moreover, exact calculations of the self-energy are avail-
5 able in the literature only for a limited number of cases.
0<g“(4Mn—1+¢/M), (15  Using Hawking's area theorem, we derived bounds on the

L 1) self-energy of a particle in the vicinity of a black hole. The
which implies a lower bound on the self-energy);, of a resulting bounds are summarized in Table I.
charged particle,

2 &
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