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Reissner-Nordstran black hole lensing
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In this paper we study the strong gravitational lensing scenario where the lens is a Reissner-idytastko
hole. We obtain the basic equations and show that, as in the case of a Schwarzschild black hole, in addition to
the primary and secondary images, two infinite sets of relativistic images are formed. We find analytical
expressions for the positions and amplifications of the relativistic images. The formalism is applied to the case
of a low-mass black hole placed at the galactic halo.
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[. INTRODUCTION out any reference to a background metric and compared their
results with those of Virbhadra and Ellis for the Schwarz-

The theory of general relativity predicts the deflection ofchild black hole case. Bozzet al. [5] obtained analytical
light in the presence of a mass distribution. Einstein in 1936Gxpressions for the positions and magnification of the rela-
[1] noted that an image due to the deflection of the light of ativistic images using the strong field limit approximation.
background star by another star can have a great magnifica- In this paper we study the lensing situation when the lens
tion if the observer, the lens, and the source are highlys a slowly rotating Kerr-Newman black hole. The introduc-
aligned. He also pointed out that the angular separation dfon of charged bodies in the strong-field lensing theory is
the images was too small to be resolved by the optical telejustified since charged black holes are thought to be the final
scopes available at that time. result of the catastrophic collapse of very massié (

It was the discovery of quasars in 1963 which opened the>=35M ) magnetized stars. Although selective accretion
possibility of really observing gravitational lensing effects. from the surroundings would neutralize the charged black
Quasars are very bright objects, located at cosmological digiole if it is located in a high-density medium, there remains
tances, and have a central compact optical emitting regiorthe possibility that if the Kerr-Newman hole is surrounded
When a galaxy is interposed in the line of sight to them, theby a corotating, oppositely charged magnetosphere, it might
resulting gravitational magnification can be large and the imnot discharge so quickly. Such a configuration would present
ages are well separated in some particular cases. In 1979 thero net charge from infinity and consequently it could sur-
first example of gravitational lensing was discovergide  vive for a significant time span (3610 yr) if located in a
guasar QSO 0957561 A,B). low density environmenf6]. Moreover, the magnetosphere

The weak field theory of gravitational lensing, developed,would have observational effects due to particle acceleration
among others, by Klimov, Liebes, Refsdal, Bourassa, anéh electrostatic polar gaps, similar to those presented by pul-
Kantowski, has been successful in explaining the astronomisars[6]. The relativistic wind created by the Kerr-Newman
cal observations up to now. This theory is based on a firsblack hole could be responsible for detectable gamma-ray
order expansion of the small deflection angler a detailed emission[7]. Hence, the study of other possible observa-
treatment se@2], and references thergin tional signatures from charged black holes presents particular

When the lens is a very compact objéety., a black hole  interest.
the weak field approximation is no longer valid. Virbhadra In Sec. Il of this paper we introduce the basic equations
and Ellis recently studied the strong field situat[@&h They  using the Reissner-Nordstrometric for the black hole and a
obtained the lens equation using an asymptotically flat backflat background metric. The Reissner-Nordstroase can be
ground metric and analyzed the lensing by a Schwarzchildised also to study slowly rotating Kerr-Newman black holes.
black hole in the center of the Galaxy using numerical methHighly rotating objects break the spherical symmetry intro-
ods. In addition to the primary and secondary images, thegucing unnecessary complications in the lensing calcula-
found that there exist two infinite sets of faint relativistic tions, which do not lead to qualitatively different results. In
images. Fritelliet al. [4] found an exact lens equation with- Sec. lll we use the strong field limit approximation to obtain

analytical expressions for the positions and amplifications of
the relativistic images. In Sec. IV we calculate the positions

*Email address: eiroa@iafe.uba.ar and magnifications of the primary and secondary images us-
"Email address: romero@irma.iar.unlp.edu.ar ing the weak field approximation. In Sec. V we apply the
*Email address: dtorres@princeton.edu formalism to a small black hol€7 solar massesn the ga-
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lactic halo. We close with Sec. VI, where some conclusions S I
are drawn. ] /
II. BASIC EQUATIONS
In this paper we use g.eometrized unispeed of light in Dic
vacuumc=1 and gravitational consta@=1). o
Black holes are characterized uniquely bl (mas$, Q
(charge, andS (intrinsic angular momentuni8]. Written in
thet, r, 6, ¢ coordinates of Boyer and Lindquist, the ;
Kerr-Newman geometry has the form . J --------
Dos ---------
— A ] 5 y
ds’=—~(dt—asin*de) /
p
. A /0
sifg . pt o E T
+ (2 ad) de—adt2+ Dodr+ p2de?, Dos j
A /
p B/
(1) /
where
A=r2—2Mr+a%+Q2, 2 :
p2: r2+a?cod, 3 FIG. 1. Lens diagram. The obserV@®), the lens(L), the source
(9), and the imagél) positions are showrD,,, D,s, andD are,
S respectively, the observer-lens, the observer-source, and the lens-
a= IVE (4) source distancesy is the deflection angle andlis the impact pa-
rameter.
The Kerr-Newman geometry is axially symmetric around D
the z axis. The horizon of events is placed at tang=tang— D_I'S[tan0+tar~(a_ 01, (9)
0os

ry=r.=M+M2-Q2-az (5) ) )
where B and 6 are, respectively, the angular source and im-

A nonrotating black hole corresponds to an isotropic blacktge positions and is the deflection angle due to the black

hole with chargeQ. The metric is the Reissner-Nordsmo hole.
one: Following Sec. 8.5 of[9], we have that the deflection

angle for a light ray is

2M Q2
d32=—<1—T+Q—2>dt2+r2(sin20dgo2+d02) a(ro)
r
o dr
oM Q| ! :2f
+ 1——+Q—2 dr?. (6) fo r\2 2M Q2 2M Q2
T A (-2 )12 S
Mo o r3 ror?
The horizon is located at
-, (10
ry=M+yM*-Q? 7
. Q @ wherer, is the closest distance of approach. The impact
and the photon sphere radius is at parameter is
—-1/2
2M  Q?
3 [ 8Q° J(ro)=rol 1—-—+ = 11)
rpSZEM 1+ 1— §W) (8) ( O) 0 ro r(2) (

We study the lens situation shown in Fig. 1. The back-
ground space-time is considered asymptotically flat, with the
observer and the source immersed in the flat space-time re- J(ro)=Dy sinég. (12)
gion, which can be embedded, if necessary, in a Robertson-

Walker expanding universe. From Fig. 1 we see that the lens Defining the distances and the charge in terms of the
equation can be expressed[8% Schwarzschild radius (@):

From the lens diagrartFig. 1) we see that
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20

15

FIG. 2. Deflection angler (in radians plotted as a function of
the closest approach distankg The solid line corresponds 1Q
=0, the dash-dot line t¢Q|=0.5M, and the dotted line t¢Q|
=M. In each curve the vertical asymptote is placect@t Xps.

T _To b= J
*“om Tame PTome
Dy D D,
g deam BT
_Q
9= om
we have that
% dx
a(XO):Zf
X0 \/(X)z 1 P 1
X —1-——+—=|—[1-—+—
Xo Xo x5 X x?
-, (13
1 2\ — 112
b(Xo):Xo( 1-—+ - :d0| sin 0, (14)
Xo  X§
1 1,
XH:§+ Z_q ) (15)
32,
XDSZZ 1+ 1—§q . (16)

The deflection angler for a light ray passing at the right
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FIG. 3. The primary () and secondaryl () images are formed
when the deflection angle i8n modulug smaller than 2. The
relativistic images (g) are obtained when the deflection angléiis
modulug greater than z (the first with clockwise winding and the
first with counterclockwise winding are shoyn

so the light ray can take several turns around the black hole
before reaching the observer. In this way, besides the primary
and secondary imagéwith |«|<2), we have two infinite
sets of relativistic images, one produced by clockwise wind-
ing around the black holea(>0) and the other by counter-
clockwise winding @<<0). These images are located, re-
spectively, at the same side and at the opposite side of the
source. This is qualitatively shown in Fig. 3.

For a given source positioi, we must solve Eq9) with
Egs.(13) and(14) to obtain the positions of the images. The
trascendental equatid®) is hard to solve even numerically.

The magnification for a circular symmetric lens is given

by

sinp ap] !

sing do (17

n=

Differentiating both sides of Eq9) and with some alge-
bra we have

of the black hole is plotted as a function of the closest ap-

proach distance, in Fig. 2. We see that wheRr, takes
values neak, the angle of deflectiom is greater than z,

dB [cosB)\? dis cosf \?(da
— = == 1 =21 ——| | =11,
de |\ cosh dos coa—20)) | db
(18
where
da da dxg
40~ dx 40 (19
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with
da (= —x*(Xo—2g%) + xg(x—20?)
E_f [(x\3 1 ¢ 1 g7\
Xoxgx3 (—) 1——+q—2 P
|\ Xo Xo  x§ X %2/
X dx, (20)
obtained by differentiating Eq13) and
dxo
do
2\ 312 P o\ 1
X 1
x| 1- +O'—2 \/1—<—°) (1——+q—2
o X3 dol Xo  x3
T oy2_ 2
2dOI(ZXO 3Xo+29°)
(21)

obtained by differentiating both sides of E44) and doing
some extra algebraic tricks.

Ill. STRONG FIELD LIMIT

In this section we shall do some approximations. The firs

one is that when the source and the lens are almost aligned

we can replace tafi by 6 and tangd by 8. For the relativistic

images with clockwise winding of the rays around the black

hole, we can writex=2n# + A, with n an integer and 0
<Aa,<1, so that tang— ) can be approximated b «,,

PHYSICAL REVIEW [®6, 024010(2002

From Fig. 2 we see that the curves representing the de-
flection angle have similar form for the different values®f
Therefore, we shall also look for a similar approximation

a=—AIn(Be)—, (26)
whereA andB are to-be-defined positive numbers which will
depend only org=Q/2M.

A andB are chosen to satisfy

(27)

lim (@exact aapprox) =0,
XOHXpS

With @eyace given by Eq.(13) and @approx. IS given by Eq.
(26). Equation(27) can be written in the form

o
lim aappmx( ot _ 1) =0. (28)
X0—%p X approx.
A necessarybut not sufficient condition for this limit is
o
lim —22% =1, (29)
XOprsaapprox.

As a— = whenXqo— Xps, Using the L'Hospital’s rule in the

Pmit of Eq. (29), it is easy to findA:

— 6. As in the case of Schwarzschild black hole lensing, if a To obtainB, we replace Eq(26) in Eq. (27),

ray of light emitted by the sourc® is going to reach the
observer after turning around the black halemust be very
close to a multiple of zr.

Then the lens equation takes the foffj

B=0— %Aa =60- %Aa (22
DOS " dOS n
and the impact parameter is
Dol
b~m0=d0|0. (23)

The relativistic images are formed when the light rays
t

pass very close to the photon sphere. So it is convenient
write the closest approach distanggas
Xo=Xpst €, (24

where Ose<1. Bozza etal. [5] have shown for the

Schwarzschild black hole that the deflection angle can be

approximated by:

2+43

21n 18

a=—

Jon

(25

. daexac1
A= Iim | —(Xg— Xpd——|, (30
XOHXpJV 0 P dXO
With daeyac/dXo given by Eq.(20).2
lim [aexacttAINB(Xo—Xpg) + 7] =0, (31

X0—>XpS

which, using properties of logarithms can be expressed as

o 4 T
lim Aln| B(Xo—Xps) ex;{ exact Hzo, (32
XO"XpS A
o)
o 4 T
lim B(Xp—Xp9) ex;{&) =1, (33
XO*’XpS A
then
ex — (exactt )
B=li A (34)
= lim
(XO_Xps)

X0—>XpS

The integral of Eq.(13) can be calculated in terms of elliptic
integrals and it is done in the Appendix, E&3).
20r, in terms of elliptic integrals, by EA9) of the Appendix.
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dy6—C
B\ —=—|—. (39
Q| 0 0.1M 0.25v 0.5M 0.73M M D

A 2.00000 2.00224 2.01444 2.06586 2.19737 2.82843 The position of thenth relativistic image can be approxi-
B 0.207338 0.207979 0.21147 0.225997 0.262085 0.42678Mated by a first order Taylor expansion around 2nm

TABLE I. Numerical values for the coefficien#s and B.

a~—AlIn

On~ 62— prAay,, (40)
A andB are given in Table | for some values & with
The ratio aeyacd @approx. 1S plotted in Fig. 4 for BG<e
<0.05. The error usingypr0x. is very small, less than 1.5% 92: O(a=2n1), (42)
for |Q|=<0.5M and less than 2% for ONb<|Q|<M.
The impact parameter given by E@.4) can be approxi- and
mated, using a second order Taylor expansion,iby de
=—— 42
b=C+De¢?, (35 T da a=2nm “2
with Inverting Eq.(39) we have that
(3+19-329%)° o= 12 ed "2 (a+m)|+C (43)
C: ) (36) d0| B2 A ’
46— 1697+ 29— 3202
then
and
0_ 11D g =2 2n+1)m|+C 44
72_256:12 ﬁn—d—Ol EGX T( n+1)m|+ , ( )
D: ’
(9— 3202+ \J9— 3202) V6 — 1602+ 21/9— 3297 and
(37)
. 2D -2
where we have made use of E¢E6) and(24). Inverting Eq. pn=——>€x T(2n+ L. (45)
(35) to obtaine doAB
) b=C s From Eq.(40)
““N'p (38) On— 62
Aa,~ e (46)
and replacing Eq923) and(38) in Eq. (26) we have "
replacing it in the lens equation, E(®2):
1.0175 dis On— 02 dis ds o
=0,+ — =11+ 0,+ 0,. (4
A= bn dos  Pn doson " doson " @

1.0150
Using thatp,<1/d,, thends/dypn*didy/doss>1, we can
neglect the 1 inside the parentheses to obtain the approxi-
mate positions of the relativistic images:

1.0125

L0100
dosPn
dls

Clexact / Olapprox
-

0
L 0075 0,=0,+ B. (48
Note that the second term in the last equation is a small
correction ong%. When the source and the lens are aligned,
B=0 and we obtain the relativistic Einstein rings with angu-
lar radius65= 60 .
The amplification of thenth image is given by

1.0050

1.0025

0 0.01 0.02 0.03 0.04 0.05
E _|B gl o)
FIG. 4. The ratioaeyac! @approx, PIOtted as a function of =x, Kn 0,do, '
—Xps- The solid line corresponds tQ@=0, the dash-dot line to
|Q|=0.5M, and the dotted line tQ|=M. which, using Eq(48), gives
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dogPn ) dosPn
=|| 65+ =
Hn ‘( " dIs IB IBdIs

neglecting the term withd,g,/ds)? we have

1 1
, (50) Op=5(B+ B+ 462~ 0+ 5B, (56)

1 1
Os=75 (B=B*+40p)~—0ct 55, (57)
L doso (52
Ho=Tg] dg P where 6= \/2d,s/d,{d,, is the Einstein ring angular radius.
) o Using Eq.(17), the amplifications are given by
We see thatu,*dys/Bddg, so the amplification of the

relativistic images is very small unless the observer, the lens, 2
and the source are highly aligned. e +2 1 8
With a similar treatment for the images formed with coun- o= E b~ (59)
terclockwise winding of light rays around the black hole, the "B B2 2 2|B|
positions of the relativistic images are 2|— —| +4
O O
0,=— 6%+ d”o”ﬁ (52 B\’
" " dis ’ —| +2
O 1 6
and the amplifications are given again by Es{l), but with Ms= =" 5%2|,3| : (59
opposite p_arity. o S 2 ﬁ 1/ ﬁ +4
To obtain the total magnification of the relativistic images, O O
we must take into account both sets of relativistic images,
and sum So, the total amplification,s of the weak field images is
” 2 dos - 0 — + %E: i ﬂ (60)
k=22 g1 G, & Gk ®3 Fat =T TR0 T BTV dodlyr
which, using that the sum of a geometrical series is Dividing Eq. (54) by Eq. (60) we have that
>, _,a"=al(1—-a) for |[a|]<1, gives LR dye |32
=g f@. (61)
1 dos 4D [D e %27A g 67/A Mowt 1ol
~ — +C :
HRTTB dod? AB2 | B2 1 87A '~ 1—g 4A where
(54)
AD D e—127T/A e—Gﬂ'/A
IV. PRIMARY AND SECONDARY IMAGES fla)= J2AB2| B2 1— g 87/A +C 1_e 4mlA]" (62)

We saw in the last section that relativistic images have q‘(q) takes values betweenxi10 2 and 3<10°2, for ||
very small arrllplification. gnless the alig.n.me_nt is high. NOV.Ve [0,0.5], so the relativistic images are much Ie:ss amplified
we shall obtain the pqsmons af‘d amphﬂcatlpns _for the prl'than’the ;Neak field images. To give an example, the prefactor
mary and secondary images in the aproximation of verymultiplying f(q) is (DI2M) 2 if the lens is halfway be-
small source anglef). tween the observer and the sour€es D44 which, unless

vervegnzrl?at!:)ﬁ 'frgfl,'[ﬁz’ frr(i)mmart'QS) lg?\; igggﬁ:gg’r tf;g]t;ses the black hole is very massive and/or near the Earth, makes
y k ' P y 9 éthe amplification extremely small.

(S), so we can use the weak field aproximation to obtain th
positions and amplifications. The first step is to calculate the

deflection anglex. Expanding the integrand of E¢L3) and V. AN EXAMPLE: BLACK HOLE IN THE GALACTIC

doing the integration we have that HALO
In this section we consider as a lens a black hole with
a:EJr Ew—l _ 2+§7T 92 i+0 i massM =7Mg , negligible angular momentuns(&0), and
Xo 16 4 X3 x3 chargeQ placed at the galactic hal®(,=4 kpc)[10]. The

(55) source is a star with radiuRs= R, located in the galactic

bulge D=8 kpc). This provides a model for lensing by
The charge only introduces a small correction in the secon@lack hole candidates similar to the case discussed in Ref.
order term of the deflection angle. As usual in the weak fieldand is only intended to give some feeling of the numerical
approximation, we shall use a first order expansion, takingalues implied in the strong field lensing of charged compact
a~2/xg andb~xy~dg 6. Introducinge in the lens equation objects.
and inverting it to obtain the positions of the images, we The positions and magnifications of the relativistic images
have for a point source are given, respectively, by E4®), (52),
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TABLE Il. Angular positions of the horizon, the photon sphere, the outer Einstein ﬂﬁ}; and the
limiting value of the Einstein rings&€) for different values ofQ.

tivistic images have angular radius of the order of the rela-
tivistic Einstein rings, the outer one i and the others 8%
approachgt . In Table Il the angular positions of the horizon,
the photon sphere, the outer Einstein ring, and the limitin
value of the Einstein rings are given for different values of

. (67)

Q] 0 0.IM 0.5M M
Oy (mas) 3.455%10°8 3.447x10°8 3.224x10°8 1.727x10°8
6ps (Mas) 5.18K10°8 5.171x10°8 4.876x10°8 3.455x 108
65 (mas) 8.987x 10 8 8.973x10 8 8.595< 108 6.957x10°8
0% (mas) 8.977x10°8 8.960< 108 8.581x 10 8 6.910<10°8
and(51). The weak field images are formed near the Einstein
angular radiusgg~2.669 mas (milliarc second). The rela- f f —ﬁdﬁdsv f f dpde
D(bc.£9P ) Jose.pe
a

B3

here D(B¢,Bs) is the disk with angular radiugs=5.8
10"* mas centered iBc. The last integral can be calcu-

Q lated in terms of elliptic function§s]:
The source is extended so we have to integrate over its _
luminosity profile to obtain the magnification: _ 2 soBs el sgrﬁ,BSZ BC]{(BS Bo)E (_ __ABsfc_ 2)
mBs 2" (BsBc)
J Jsz“pds +(Bst B )F(” ) (69)
S C T T T T,
pe (63) 2" (Bs— B0
f f SIdS where
b
whereZ is the surface intensity distribution of the source and F(g,\)= f 0(1—)\ sirfg) " Y2d ¢, (69)
iy is the magnification corresponding to each point of the 0
source. We take the source as uniform, so s
0
E(¢o,x)=J (1-\sirfg) Vg, (70
0
- J
(64) are elliptic integrals of the first and second kind, respectively,
with the argumentgby and\.
dS In Fig. 5 the light curves for a transit event are shown.

The relative velocity between the lens and the source is

For both the relativistic and the weak field cases, the ampli= 300 Km/s. The angular position of the center of the source

2
fications for a point source are proportional tg1/ is given by B.= By + (vt/Do9”, wherep, is the minimum
angular position of the center of the source corresponding to
1 t=0. We see that the transit event takes only a few hours,
f fﬂds with great amplification for the weak field images and, as
S

_ _ (65) expected, a neg_ligib_le magnification for the relativistic im-
ages. However, it is interesting to remark that with the pres-

f de ence of charge the amplification of the relativistic images
increases with respect to the Schwarzschild case. For a

To obtain| we use polar coordinateRR(¢) in the source charge|Q|=0.5 we have about 10% more amplification

plane, withR=0 in the optical axis, and take the source as anan in a similar black hole with no charge. In the ca¢
disk D(Re,Rs) of radiusRs centered iRRc. Then =1M the total amplification of the relativistic images is
c s c about 140% stronger than the corresponding value for a

Schwarzschild black hole of the same mass.

Jj RdRdp
D(Re. Rs),B 9 VI. CONCLUSIONS
RS In this paper we developed the formalism for charged
black hole lensing. We find the positions and magnifications

and, using thai{3=R/D is the angular position of each of the relativistic images within the strong field limit. The

point of the source, we have relativistic images are more prominent when there is a close
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-22

8000 6-10

6000

Amplification
Amplification

4000 FIG. 5. Light curves for a lens-
ing event by a black hole with
mass M=7My and chargeQ
placed at the galactic halo. The
source is a star of radilRs= Ry
placed at the galactic bulge. Upper
panel, left: total amplification of
-10 -5 0 5 10 -10 -5 0 5 10 the primary and secondary im-
time (hours) time (hours) ages. Upper pane|, righ'on,
total amplification of the relativis-
tic images. Lower panel, lefiQ|
=0.5M, total amplification of the
relativistic images. Lower panel,
right: |Q|=M, total amplification
of the relativistic images. In all
plots the solid line corresponds to
Bo=0, the dash-dot line tg3,
=0.885, and the dotted line to

Bo=2p0s.

2000

-22

1.5-.10%

Amplification
e
Amplification

-10 -5 0 5 10 -10 -5 0 5 10
time (hours) time (hours)

alignment between the observer, the lens, and the sourcARISE will provide resolution of 15uarc sec or better,
They are, though, very faint, even with complete alignments_10 times better than that achievable on the ground. At
but much stronger than in the case of Schwarzschild blackequencies of 43 and 86 GHz, this would imply resolution
holes for large charges. The angular separation of the relayf |ight weeks to light months in distant quasars and will
tivistic images is beyond the angular resolution of currentcomplement the gamma-ray and x-ray observations. ARISE,
optical technologies. For local black hol@sg., in the Gould  then, could also study gravitational lenses at resolutions of
Belt, a star forming region at 600 pchowever, if radio or  tens of uarc sec, and as such, could prove important in the
x-ray background sources can be used, the angular sepaigetection of charged black holes. However, it is not only
tions of uas could be resolved with space techniques. resolution that is needed in order to detect the relativistic
The NASA Constellation-}11] mission, to be launched images. The main problem will be that they are very much
in 2008, is Optimized to StUdy the irdRa line features and demagniﬁed_ They would Certaimy pose a Cha”enge to ob-
will determine the black hole mass and spin for a large numservations, if ever possible, enhanced by the fact that the
ber of systems. Still, Constellation-X will provide an indirect relativistic images are closed to the nonrelativistic ones,
measure of the properties of the region within a few eventyhich are much more intense.
horizon radii. The NASA-planned MAXIM missiofl2], a
u-arc sec x-ray imaging mission, will be able to take direct
x-ray pictures of regions of the size of a black hole event ACKNOWLEDGMENTS
horizon. Both of these space missions will have the ability to
give us proof of black hole existence, and possibly, to distin- We gratefully acknowledge discussions with Salvatore
guish even among different black hole solutions. The projec€apozziello and Valerio Bozz@niversity of Salerno, Italy
ARISE (Advanced Radio Interferometry between Space and'his work has been partially supported by UBBBACYT
Earth will use the technique of Space VLBI. The mission, to X-143, E.F.E), CONICET (D.F.T., and PIP 0430/98,
be launched in 2008, will be based on a 25-m inflatableG.E.R), ANPCT (PICT 98 No. 03-04881, G.E.R.and Fun-
space radio telescope working between 8 and 86 (337  dacim Antorchas(separate grants to G.E.R. and D.F.T.
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APPENDIX: DEFLECTION ANGLE IN TERMS OF an elliptic integral of the first kind with arguments
ELLIPTIC INTEGRALS
. . . - - [(ra—ry)
It is convenient for the calculations to express the inte- ¢po=arcsi it (A6)
ri—ry

grals of Eqs(13) and(20) in terms of standard elliptic inte-

grals. Equatior(13) can be put in the form
_(rg=rg)(rpa—rg)

= A7
2 (= dx (a2 1) (A7)
CY(XO) -m, (Al)
\/ 1 g?l% VP(x) The derivative of the deflection angle can be expressed as
1-—+—
Xo x5 da - )dG+G( IO\ O 4y
A X
where 0 ) dxo 9o dxo
Lo (A8)
A2l 2y o2 .
P(x)=x"+xg| 1 Xo+ 2 (=x*+x=0%), (A2)  and can be written as
is a fourth degree polynomial. The four rootsRx) depend d_ F(o )\) +G(x )
only onx, andq and they are real fox,>X,s and|Q|<M. o 0
Calling these roots >r,>r3>r,, the first one isr;=Xq
and the others have long expressiomst given here for lack _ E(go.N)  F(do.M)
of space that can be obtained with standard software. Then 2(N—1)A 2\
we can write the exact integral of E(L3) as
sin(2¢g)
a(Xg)=G(Xo)F(¢o,\) — , (A3) + _
4(N—1)Y1—\ sirf ¢,
with
d)\ G(Xgp) d¢o (A9)
4Xo 1 “ % \/7 dxg
Glxg) = ; (A4 0 J1-\sirg, A%’
2/(rq—ra)(ro—r
\/1_i+q_ (ri=r3)(ra—ry) where
Xo X3
%o ; 172
E(do,N)=| (1—\sirf¢)de (A10)
and 0
F(do,\)= J'd)o(l_)\ sirt$) " Y2d ¢ (A5) is an elliptic integral of the second kind with the arguments
’ ’ ¢o and\ given above.
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