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Characterizing the primordial cosmic perturbations using MAP and Planck
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The most general homogeneous and isotropic statistical ensemble of linear scalar perturbations regular at
early times in a universe with only photons, baryons, neutrinos, and a cold dark matter~CDM! component is
described by a 535 symmetric matrix-valued generalization of the power spectrum. This description is com-
plete if the perturbations are Gaussian, and even in the non-Gaussian case determines the expectation values of
all observables quadratic in the small perturbations. The matrix valued power spectrum describes the auto and
cross correlations of the adiabatic, baryon isocurvature, CDM isocurvature, neutrino density isocurvature, and
neutrino velocity isocurvature modes. In this paper we examine the prospects for constraining or discovering
isocurvature modes using forthcoming MAP and Planck measurements of the cosmic microwave background
~CMB! anisotropy. We also consider the degradation in estimates of the cosmological parameters resulting
from the inclusion of these modes. In the case of the MAP measurement of the temperature alone, the
degradation is catastrophic. When isocurvature modes are admitted, uncertainties in the amplitudes of the mode
auto- and cross correlations, and in the cosmological parameters, become of order one. With the inclusion of
polarization ~at an optimistic sensitivity! the situation improves for the cosmological parameters, but the
isocurvature modes are still only weakly constrained. Measurements with Planck’s estimated errors are far
more constraining once polarization is included. If Planck operates as planned, the amplitudes of isocurvature
modes will be constrained to less than 10% of the adiabatic mode, and simultaneously key cosmological
parameters will be estimated to within a few percent or better.
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I. INTRODUCTION

Because the physics by which cosmological perturbati
imprint themselves on the cosmic microwave backgrou
~CMB! sky is very nearly linear, CMB observations offer
clean and comparatively direct probe of the nature of
primordial perturbations. The Cosmic Background Explo
~COBE! satellite established a normalization for the pert
bation amplitude on large scales@1#. More recent CMB re-
sults@2–4# indicate a first Doppler peak with hints of furthe
peaks that are beginning to constrain severely the spac
allowed cosmological models. With the new forthcomi
data from the Microwave Anisotropy Probe~MAP! satellite
@5#, launched in 2001, and from the Planck satellite@6#, to be
launched in 2007, this situation will greatly improve. It
hoped that one will be able to determine a host of cosm
logical parameters with great precision from the CMB d
alone@7#.

The assumption underlying this program is that the p
mordial fluctuations were adiabatic, that is, the relative ab
dances of different particle species were unperturbed f
their thermal equilibrium values. This assumption has
great merit of simplicity, and is even justified in many sp
cific models of the origin of the fluctuations. But given i
central role in drawing inferences based on the CMB anis
ropy, it seems worthwhile to attempt to verify the assumpt
of adiabaticity using the CMB data.

Cosmic inflation provides the best current explanation
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the origin of the perturbations, simultaneously explaining
large scale flatness and smoothness of the Universe@8,9#. In
the simplest inflationary models the perturbations are ind
predicted to be Gaussian and adiabatic, with a nearly s
invariant power spectrum. But it is important to note th
adiabaticity is not so much a generic consequence of in
tion as the assumption that no additional information beyo
the overall curvature perturbation on constant density sli
survived the inflationary era. If fields exist that were pe
turbed during inflation so that their excitations survived in
the postinflationary era before decaying in a nonadiab
manner, then isocurvature perturbations generically wo
have been produced. Many inflationary models have b
constructed in which this occurs. Given that no single co
pelling inflationary model exists and that most unified the
ries incorporating inflation invoke a great number of ad
tional fields, it seems premature to associate the predictio
adiabaticity with inflation@10#.

This situation motivates a more phenomenological
proach to analyzing the new data that contemplates a w
range of possibilities for the nature of the primordial fluctu
tions and seeks to inferfrom the datawhat limits may be set
on nonadiabatic perturbations. In a previous paper we ex
ined the most general primordial perturbation possible i
cosmological model with no new physics—with only bar
onic matter~and its associated electrons!, photons, neutrinos
and a cold dark matter component, which is regular at ea
times@11#. Primordial here refers to the assumption that t
perturbations were generated well before recombinationz
'1100, so that any singular~i.e., decaying! modes that may
have been produced had ample opportunity to decay a
before leaving an observable imprint on the CMB. In th
work we found five regular modes: an adiabatic growi
©2002 The American Physical Society28-1
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mode, a baryon isocurvature mode, a CDM isocurvat
mode, a neutrino density isocurvature mode, and a neut
velocity isocurvature mode. The adiabatic growing mode
sumes a common equation of state, spatially uniform eve
where in the universe. For the baryon isocurvature mode,
ratio of baryons to photons varies spatially@12–14#, and
similarly for the CDM isocurvature mode the ratio of CDM
to photons varies spatially@15#. For the neutrino isocurvatur
modes, perturbations in the neutrino energy and momen
densities are balanced by opposing perturbations in
photon-radiation component, so that at early times the t
stress-energy perturbation vanishes. At later times, howe
the differences in how photons and neutrinos evolve lea
perturbations in the total stress-energy, which generate
turbations in the gravitational potentials, which in turn cau
the baryons and CDM to cluster. Upon entering the horiz
the neutrinos simply free stream while the photons unde
strong Thomson scattering off free electrons, conseque
behaving as a perfect fluid. The neutrino isocurvature mo
discussed in detail in Ref.@11#, are implicit in the work of
Rebhan and Schwarz@16# and of Challinor and Lasenb
@17#; however, these authors do not investigate their impli
tions. If Gaussian perturbations produced by a spatially
mogeneous and isotropic random process are assumed
most general perturbation of the five regular modes is co
pletely described by the 535, symmetric correlation matrix

Pi j ~k!5^Ai~k!Aj~2k!& ~1!

where (i , j 51, . . . ,5) labels the modes andAi(k) indicates
the amplitude of thei th mode with wave vectork. This
generalizes the usual scalar power spectrum. In the cas
non-Gaussian perturbations, the above matrix suffices to
termine the expectation values of all perturbations quadr
in the small perturbation~this includes the CMB power spec
trum! as long as the linearized theory is valid.

The possibility of ascribing cosmological perturbatio
entirely to isocurvature modes, either to the baryon isoc
vature mode or to the CDM isocurvature mode, has pre
ously been considered, and these possibilities were fo
inconsistent with the existing observational data@18–26#.
However, apart from the work of Enqvist and Kurki-Suon
@27# and of Pierpaoli, Garcı´a-Bellido, and Borgani@28#, little
effort has been devoted to the problem of detecting or c
straining admixtures of isocurvature modes observationa
Moreover, when one admits the possibility of more than o
mode being excited, the possibility arises of correlations
several modes. These are characterized by the off-diag
elements ofPi j (k). Linde and Mukhanov@29#, Langlois
@30#, and Langlois and Riazuelo@31#, drawing on the work
of Polarski and Starobinskii@32# on double inflation, inves-
tigated an inflationary model with two scalar fields exciti
both the adiabatic and baryon isocurvature modes in vary
proportions and with various degrees of correlation betw
these modes. In an inflationary model with five or more s
lar fields ~or a single field with the same number of re
components!, it is generically possible to realize the mo
generalPi j (k) of the form discussed above.
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The reader might suspect that we are in effect openin
Pandora’s box of possibilities for the primordial perturb
tions, which experiment will never be able to close. Certai
if one allowsPi j (k) to be an arbitrary function ofk, there is
such huge freedom that one might be able to fit almost
conceivable observational results. However, the situatio
not so bad if one restricts attention to power spectra wh
are smooth over the observed range of wave numbers. In
we shall assume that all the isocurvature power spectra
cerned are scale invariant in the sense defined below, so
they contribute across a broad range of scales accessib
the CMB. This assumption could easily be extended to m
general power law spectra.

Another way of viewing our results may make this a
proach more palatable. That is, we should think of the
served Universe as the outcome of a huge high energy
periment. By studying what emerged from this event,
hope to gain information about high energy processes in
very early universe which we cannot directly view. Ther
fore, the primordial plasma is a giant detector, within whi
the interesting event occurred. Clearly, from this point
view it is worthwhile to understand all possible linear r
sponse modes~i.e., all ‘‘channels’’! and to study these to
determine whether they were excited in the primordial u
verse. The question posed in this paper is whether one
check the extent to which the nonadiabatic channels in
CMB were actually excited in the early Universe, at lea
over the observationally relevant range of length scales.

The outline of the paper is as follows. Section II discuss
the statistical techniques employed to interpret CMB m
surements and reviews the properties of the five regular
turbation modes allowed. Section III presents numerical
sults in the form of eigenvectors and eigenvalues of
‘‘Fisher matrix,’’ corresponding to the MAP and Planck me
surements. The tables provided allow one to calculate
uncertainty in any cosmological parameter or functi
thereof, as well as in the amplitudes of the primordial p
turbation modes. Section IV discusses the significance of
results and our main conclusion, which is that a high pre
sion measurement of the cosmic polarization anisotropy
be essential to measure cosmological parameters accur
while simultaneously establishing the character of the p
mordial perturbations.

We mention three limitations of our analysis. Our ma
goal is to explore the effect of relaxing the assumption
adiabaticity. Therefore we ignore tensor modes, which wo
only complicate the discussion. But many inflationary mo
els do predict tensor modes and it is important to inclu
them in any complete analysis. The second caveat is tha
consider here only very subdominant isocurvature pertur
tions: our analysis is perturbative around a standardLCDM
model. Finally, as mentioned above, we do not vary the sp
tral indices~or the shape of the spectra! for the isocurvature
modes. We consider only ‘‘scale invariant’’ isocurvature p
turbations as defined below. In inflationary models, isocur
ture perturbations~like adiabatic ones! would in general have
adjustable power spectra and again this fact would com
cate the discussion.
8-2
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II. THE GENERAL PRIMORDIAL COSMIC
PERTURBATION

Statistical analysis of observational data, be it based
‘‘classical’’ or ‘‘frequentist’’ statistics or on Bayesian statis
tics, ultimately reduces to considering relative likelihoods
competing theoretical descriptions given the observed d
Because the observational data is not yet available, we m
assume a particular underlying theoretical model for comp
ing expectations for relative likelihoods. We assume a sta
tical model with independent Gaussian distributions for
individual moments of the CMB multipole expansion wi
variance

^ualmu2&5cl1sn,l
2 , ~2!

wherecl is the variance of the underlying cosmological s
nal andsn,l

2 is the variance resulting from detector noise.
follows that the expectation value of the logarithm of t
relative likelihood of model B relative to model A under th
assumption that the data were produced according to the
tribution from model A is given by the formula

K logFpB

pA
G L

A

5 K logFp~$alm%uB!

p~$alm%uA!G L
A

5
f sky

2 (
l 52

l max

~2l 11!H 12
cl ,A1sn,l

2

cl ,B1sn,l
2

1 logF cl ,A1sn,l
2

cl ,B1sn,l
2 G J , ~3!

where$alm% is the observed data,cl ,A andcl ,B are the vari-
ances of the cosmological signal predicted by models A
B, respectively, andsn,l

2 is the Gaussian detector noise f
each multipole of orderl. The f sky indicates the fraction of
the sky remaining after the galaxy cut.

We consider cosmological models wherecl depends on a
number of continuous parametersa1 , . . . ,aN . With rela-
tively little detector noise and with changes in the parame
affecting a large number of multipoles, in the region of i
terest where the likelihood relative to the reference mode
comparable, the following quadratic approximation is jus
fied

K logF p~a1 , . . . ,aN!

p~a1
(0) , . . . ,aN

(0)!
G L

(0)

52
f sky

2 (
i , j 51

N

(
l 52

l max

~2l 11!3
1

~cl ,A1sn,l
2 !2

]cl

]a i

]cl

]a j

3
~a i2a i

(0)!~a j2a j
(0)!

2
. ~4!

We write the right-hand side as2 1
2 Fi j (a i2a i

(0))(a j

2a j
(0)). In the case where the variations in the logarithm

described by a quadratic form, the matrixFi j is equivalent to
the Fisher matrix, and in the sequel we shall refer to it in t
way even though the terminology is not completely accura
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The quadratic approximation may break down when cons
ering variations primarily affecting very low-l moments,
where a Gaussian approximation to ax2-distribution of low
order is inaccurate even near where it is peaked.

When polarization is included, Eq.~2! is modified to be-
come

Ml5S u^alm alm&u u^alm blm&u

u^blm alm&u u^blm blm&u D
5S cl ,T1snl,T

2 cl ,C

cl ,C cl ,P1snl,P
2 D , ~5!

and Eq.~3! is modified to

K logFpB

pA
G L

A

5 K logFp~$alm%, $blm%uB!

p~$alm%, $blm%uA!G L
A

5
f sky

2 (
l 52

l max

~2l 11!@ tr$I 2MlAMlB
21%

1 ln$det~MlAMlB
21!%#. ~6!

The second derivative of the above may be expressed a

d2K logFpB

pA
G L

A

5 f sky(
l 52

l max

~2l 11!

3F tr$~dMl !Mre f ,l
21~dMl !Mre f ,l

21%

1det$~dMl !Mre f ,l
21%

2
1

2
tr2$~dMl !Mre f ,l

21%G . ~7!

Most studies of parameter estimation using future CMB d
assume adiabatic perturbations from inflation allowing a
of model parameters, such asH0 , Vb , VL , for example, to
be varied. A fiducial, or reference, model is assumed, and
behavior of the relative likelihood in the neighborhood
this reference model is explored.

We extend this approach by including parameters for
strengths of the isocurvature modes and of their cross co
lations, both with respect to one another as well as to
adiabatic mode. In this case the parametric model beco
the following:

cl~b,g,d,j!5cl
adia~b1 , . . . ,bN!

1 (
A51

4

gA cl
A~b1 , . . . ,bN!

1 (
A51

4

dA cl
A2adia~b1 , . . . ,bN!

1 (
A,B51
AÞB

4

jAB cl
A2B,cross~b1 , . . . ,bN!,

~8!
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where the indicesA, B label the four nonsingular isocurva
ture modes. Here the vectorb represents the usual cosm
logical parameters. The vectorg indicates the autocorrela
tions of the isocurvature modes. The vectord indicates the
cross correlation of the isocurvature modes with the ad
batic mode, and the symmetric off-diagonal elementsjAB
indicate the cross correlations of the isocurvature modes
each other. The componentscl

A are computed with a modi
fied version ofCMBFAST @33# with the isocurvature mode
excited. The cross correlations are computed by runn
CMBFAST, first with two modes excited and then subtracti
the results with each mode individually excited, using t

relation Q(A,B)5 1
2 @Q(A1B,A1B)2Q(A,A)2Q(B,B)#

valid for any quadratic formQ. From the viewpoint of the
statistical analysis described above, all components of
combined vectora5(b,g,d,j) stand on equal footing. The
three componentsg,d,j are related to the correlation matr
M given in Ref.@11# according to

M5S 1 d1 d2 d3 d4

d1 g1 j1,2 j1,3 j1,4

d2 j2,1 g2 j2,3 j2,4

d3 j3,1 j3,2 g3 j3,4

d4 j4,1 j4,2 j4,3 g4

D . ~9!

Some free parameters of our model cannot be treated in
same way as the ones above when the fiducial mode
purely adiabatic with no isocurvature component excit
These include the spectral indices for the isocurvat
modes. The difficulty arises because near the fiducial mo
the dependence on these spectral indices vanishes. In
paper we simply fix the spectral indices to correspond
‘‘scale invariant’’ isocurvature perturbations. For simplici
we also choose the cross-correlation power spectra to ha
k dependence corresponding to the geometric mean of
autocorrelation power spectra for the two variables. This
sumption is straightforward to generalize.

Figure 1 shows theCl temperature power spectra for th
modes considered. We choose as our fiducial cosmolog
model h50.65, Vb50.06, VL50.69, Vcdm50.25, nS51,
and a small amount of reionization with an optical depth
the last scattering surface oft50.1. In Fig. 1, l ( l
11)Cl /2p from adiabatic scale-invariant perturbations
plotted as well as the same quantity for baryon isocurvat
neutrino isocurvature density, and neutrino isocurvature
locity modes. For the baryon isocurvature mode a scale
spectrum ford(rB /rg) is assumed~i.e., the variance at early
times is a logarithmically divergent integral over wave nu
ber!. For neutrino isocurvature density perturbations a sc
free spectrum is assumed ford(rn /rg) and for neutrino
isocurvature velocity perturbations a scale free spectrum
assumed for the bulk neutrino velocityvn . The CMB spec-
trum for the CDM isocurvature mode agrees with that o
tained for the baryon isocurvature mode to a fraction o
percent. Therefore we do not consider the CDM isocurvat
case separately, neither here nor in our numerical anal
The lower panels of Fig. 1 show thel ( l 11)Cl /2p produced
from the cross correlations of the allowed modes.
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III. NUMERICAL RESULTS

We now proceed to our numerical results. Both the MA
and Planck experiments are considered, for which we
l max53000. Following @34#, we assumef sky'0.8 for the
fractional sky coverage after the galaxy cut and ignore fo
ground contamination. Under these assumptions, it follo
that

1

sn,l
2

5(
c

Bl ,c
2

sc
2uFWHM,c

2
~10!

where c indicates the sum over channels,Bl ,c
2

5exp@2(0.425uFWHM,cl )
2# is the window function assuming

a Gaussian beam, withuFWHM,c the full width at half maxi-
mum of thecth channel, andsc

2uFWHM,c
2 is the mean square

noise per multipole. The assumption of no correlations
tween pixels makes this quantity independent ofl. For MAP
we assume three channels~40, 60, and 90 GHz! with
uFWHM,c50.47°, 0.35°, and 0.21°, andsc522.3, 30, and
50 mK, respectively, as anticipated after two years of dat1

For Planck, we use the three lowest frequency channels~100,
143, and 217 GHz! of the high frequency instrument~HFI!
with uFWHM,c50.18°, 0.13°, and 0.092° andsc54.5, 5.5,

1s527, 35, and 35mK are the corresponding temperature erro
for a 0.3° square pixel given in the Wang, Spergel, and Stra
paper@34#. The sensitivity of the 40 GHz channel has subsequen
been downgraded to 35mK, which is the value we assume here.

FIG. 1. CMB anisotropy temperature power spectral ( l
11)Cl /2p are plotted versusl. The upper panel shows the adia
batic and isocurvature autocorrelation spectra, while the lower
panels illustrate the cross-correlation spectra of the various mo
8-4
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and 11.8mK, respectively, as expected after 12 months
data~which would correspond to 2.7, 2.4, and 3.6mK on a
0.3° square pixel!.

We also indicate below the result of including polariz
tion. For the two higher frequencies of the three Planck ch
nels, for which polarization information will be available, w
use the latest available sensitivitiessc

P510.18 and
24.42mK, respectively. For the MAP experiment, for whic
all three channels include polarization information, we
sume thatsnP

2 52snT
2 . Systematics and foreground effec

not included here may introduce additional uncertainties i
the cosmic polarization measurement. Nevertheless, we
clude calculations making the most optimistic assumption
comparative purposes and to emphasize what could
learned from an accurate polarization measurement.

We do not indicate an uncertainty in normalization b
cause a natural way to compare relative normalizations
tween spectra of different shapes is lacking. Other auth
indicate the uncertainty in the predicted expectation value
the quadrupole. This, however, is a not a very useful quan
given the large uncertainty from cosmic variance in t
quadrupole. Instead we marginalize over the normalizat
In the quadratic approximation this procedure is equival
to using the best fit normalization for the given values of
parameters and amounts to replacing the Fisher matrix
the reduced Fisher matrix

F̂ i j 5Fi j 2
Fi0F j 0

F00
, ~11!

where the index 0 labels the parameter describing the ov
normalization of the power spectrum.

We have computed the eigenvalues and eigenvectors~i.e.,
the spectral decomposition! of the reduced Fisher matri
F̂ i j . These fully specify the likelihood function in the Gaus
ian approximation about the fiducial model, and in the sa
approximation fully determine the uncertainties in any c
mological parameters or perturbation amplitudes. Comp
tables are made available on the following web page: htt
www.damtp.cam.ac.uk/user/mab43/isocurvature/.

Evaluating the Fisher matrix above requires calculat
the derivatives of theCl spectrum with respect to the variou
parameters. The variations with respect to the mode am
tudes are exact while a judicious choice of step size allo
one to determine accurately, using centered finite differen
theVL , ns , andt derivatives. However, the CMB spectru
depends only indirectly on the parametersh andVb , which
makes these derivatives more susceptible to the nume
noise present inCMBFAST. They can be accurately dete
mined by transforming from the derivatives calculated w
respect to the physical parametersvm5(Vcdm1Vb)h2 and
vb5Vbh2, using the equations below:

1

h

]

]h
5

2

vm

]

]vm
1

2

vb

]

]vb
,

1

Vb

]

]Vb
5

1

vb

]

]vb
.

~12!
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To avoid exposing the derivative with respect toVk to the
noisier ‘‘open’’ version ofCMBFAST, we consider only varia-
tions in open models where the angular diameter distanc
held fixed. This requires evaluating the derivative of the c
vature indirectly through the use of the formula

S ]

]Vk
D

VL

5S ]

]Vk
D

dA

1

S ]dA

]Vk
D

VL

S ]dA

]VL
D

Vk

S ]

]VL
D

Vk

, ~13!

where

dA5
1

AVkH0
2
sinhFAVkE

0

zrec dz

AE~z!
G ,

E~z!5VL1Vk~11z!21~Vcdm1Vb!~11z!3

1V r~11z!4, ~14!

with V r specifying the density of radiation today andzrec the
redshift of recombination. More details of these techniqu
can be found in@35#.

We now present the main results of the above calcu
tions. We consider a fiducial spatially flat cosmologic
model with h50.65, Vb50.06, VL50.69, Vcdm50.25,
with scalar spectral indexnS51, and a small amount o
reionization with an optical depth to the last scattering s
face of t50.1. Variations in the parametersH0 , VL , Vb ,
nS , t, and Vk are considered. Except for the last two
these parameters, all variations are considered fraction
The density of cold dark matterVcdm is defined implicitly as
Vcdm5(12VL2Vk2Vb). The isocurvature modes ar
normalized so that their mean square power contribution
the CMB temperature anisotropy summed froml 52 to l
53000 is equivalent to that of the adiabatic mode. For o
additional mode, two new parameters arise in addition
those described in the previous section: the isocurva
autocorrelation̂ II & and the cross correlation with the adi
batic modê AI&. The positive definiteness of the matrix va
ued power spectrum requires thatu^AI&u<A^II &.

Table I shows the 1-s percentage uncertainties for th
cosmological parameters and isocurvature autocorrela
amplitudes, derived for the proposed MAP and Planck
periments. The top four lines show the uncertainties for
MAP temperature measurement, the combined M
polarization-temperature measurement, the Planck temp
ture measurement, and the combined Planck polarizat
temperature measurement, respectively, under the ass
tion that no isocurvature modes are present. Going down
8-5



TABLE I. Percentage errors in cosmological parameters and mode admixture. Each block of four rows represents a varying number of isocurvature modes allowed, from none~top!
are considered.

D,AD& ^NIV,BI& ^NIV,NID& ^BI,NID&

6.88
5.38
2.62
1.22

104.23
12.72
11.99
2.85

192.55 133.43
28.37 16.38
32.80 21.54
4.57 2.62

35.49 69.90
18.45 36.23
4.38 12.36
2.67 4.95

7 1288.62 597.04 742.05 532.18
74.00 35.03 51.00 40.65
98.96 49.97 76.30 72.79
6.91 4.16 3.76 5.36

M
A

R
T

IN
B

U
C

H
E

R
,

K
AV

ILA
N

M
O

O
D

LE
Y,A

N
D

N
E

IL
T

U
R

O
K

P
H

Y
S

IC
A

L
R

E
V

IE
W

D
66,

023528
~2002!

023528-6
to all three~bottom!. Within each block, both MAP and Planck, with temperature only and with temperature and polarization,

dh/h dVb /Vb dVk dVL /VL dns /ns t reion ^NIV,NIV& ^BI,BI& ^NID,NID& ^NIV,AD& ^BI,AD& ^NI

MAP-T 12.38 27.78 9.80 12.95 7.03 37.46
MAP-TP 7.61 13.70 2.79 5.12 1.65 2.00
PL-T 11.38 22.72 5.91 2.28 0.54 9.98
PL-TP 3.81 7.54 1.91 1.27 0.35 0.47

MAP-T 12.51 28.34 9.90 13.70 8.08 39.38 3.09 9.71
MAP-TP 7.75 14.22 2.94 5.88 2.04 2.00 2.53 8.34
PL-T 11.64 23.14 6.08 2.30 0.59 11.07 1.30 2.43
PL-TP 3.88 7.72 1.94 1.33 0.38 0.48 0.50 1.28

MAP-T 19.91 30.16 11.75 31.27 16.26 39.17 17.92 20.37
MAP-TP 9.67 14.57 3.25 10.72 4.99 2.04 6.53 9.17
PL-T 12.93 25.48 6.67 2.48 0.59 22.35 5.01 4.96
PL-TP 4.08 8.12 2.08 1.35 0.44 0.51 1.04 1.72

MAP-T 21.13 37.08 10.00 20.29 8.84 37.92 7.28
MAP-TP 11.76 17.67 2.90 11.76 3.99 2.04 4.69
PL-T 11.68 23.28 6.05 2.36 0.55 10.87 1.26
PL-TP 3.84 7.61 1.92 1.31 0.38 0.47 0.49

MAP-T 85.97 181.33 57.16 37.04 19.75 99.16 38.87 56.63 110.31 139.88
MAP-TP 10.35 16.23 3.32 11.29 5.84 2.31 5.01 9.90 23.82 27.37
PL-T 16.18 32.14 8.28 3.57 0.67 26.48 4.06 12.67 12.95 24.55
PL-TP 4.09 8.15 2.08 1.36 0.48 0.52 1.14 2.20 3.83 5.66

MAP-T 80.71 156.66 50.69 71.25 37.62 95.05 55.99 82.99 163.15
MAP-TP 17.30 23.16 3.71 15.53 6.12 2.40 7.53 8.50 33.21
PL-T 18.46 35.40 9.64 2.85 1.00 17.46 9.46 10.23 31.85
PL-TP 3.89 7.73 1.94 1.36 0.40 0.50 1.33 1.32 4.81

MAP-T 43.02 68.44 29.96 64.64 30.11 76.02 65.23 33.52 58.50
MAP-TP 15.65 18.51 3.67 15.56 5.24 2.16 24.81 17.96 28.43
PL-T 15.66 30.79 8.02 2.92 0.89 22.98 10.29 3.27 9.07
PL-TP 4.65 9.29 2.37 1.45 0.55 0.61 4.02 1.53 4.31

MAP-T 175.90 325.45 75.37 123.68 90.06 105.02 113.92 568.67 350.10 435.09 1031.1
MAP-TP 21.68 30.50 4.80 19.63 6.91 2.44 12.39 31.11 32.20 47.04 62.51
PL-T 50.93 100.73 27.42 6.49 2.95 44.39 47.06 34.96 24.48 120.99 66.05
PL-TP 4.75 9.42 2.42 1.46 0.61 0.65 1.45 4.63 2.86 5.52 9.30
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table, the same four sets of numbers are shown as on
cludes first one isocurvature mode and the correspon
adiabatic-isocurvature correlation, then two, and finally,
three isocurvature modes.~We remind the reader that th
CDM isocurvature mode is observationally indistinguisha
from the baryon isocurvature mode, so it is not includ
separately.! The table above demonstrates the breakdown
parameter estimation which occurs for the MAP temperat
measurements when any two isocurvature modes are
cluded. This breakdown is not directly attributable to a
single isocurvature mode, and in fact the neutrino isocur
ture velocity mode on its own has the least impact on par
eter estimation. With the inclusion of all three isocurvatu
modes, the breakdown is catastrophic for the MAP tempe
ture measurement alone. The situation improves once p
ization is included, but the MAP experiment has not be
optimized for a polarization measurement, and it is unlik
that the optimal level of noise~and zero foreground contam
nation! assumed here will actually be achieved. For Plan
only VL andns are well determined with a temperature me
surement alone, and even then many of the isocurva
amplitudes are only weakly constrained. With the inclus
of the polarization measurement, however, Planck is abl
simultaneously set strong constraints on isocurvature am
tudes while accurately measuring the six cosmological
rameters discussed here.

TABLE II. Fisher matrix spectral decomposition—MAP, tem
perature only, adiabatic mode only. The eigenvalues and com
nents of the unit eigenvectors are quoted in percent to keep the
compact. The eigenvectors are ordered such that the flattest d
tion appears in the last column. It is easily seen which combinat
of cosmological parameters contribute to the different direction

Eigenvector
1 2 3 4 5 6

% error 0.18 0.41 1.30 3.05 21.65 46.49

dh/h 22.85 268.66 250.97 23.78 242.96 217.50
dVb /Vb 214.46 236.83 232.64 12.66 68.17 50.61
dVk 289.63 211.17 29.12 235.73 27.44 220.66
dVL /VL 235.06 25.30 9.18 82.70 237.00 21.20
dns /ns 22.41 61.35 276.46 1.59 214.23 13.42
t reion 0.72 23.59 17.99 241.31 243.37 77.95

TABLE III. Fisher matrix spectral decomposition—MAP, tem
perature, and polarization, adiabatic mode only.

Eigenvector
1 2 3 4 5 6

% error 0.18 0.40 1.25 1.91 3.38 16.41

dh/h 22.64 268.81 248.71 215.74 0.59 246.18
dVb /Vb 214.53 236.83 230.59 28.73 22.03 83.28
dVk 289.71 211.05 28.09 212.86 237.04 215.07
dVL /VL 234.96 25.05 7.64 26.16 85.79 225.48
dns /ns 22.32 61.19 271.44 229.12 15.87 26.84
t reion 0.87 24.11 38.27 289.32 23.03 23.07
023528
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With two isocurvature modesI 1 and I 2 there are five ad-
ditional parameters: two autocorrelations^I 1I 1& and ^I 2I 2&,
and three cross-correlations^AI1&, ^AI2&, and^I 1I 2&. Again
there is a constraint on these parameters arising from
requirements of positive definiteness of the matrix-valu
power spectrum. When all isocurvature modes are includ
there are three isocurvature autocorrelations and six c
correlations. Given the large uncertainties~of order unity! in
all cases except the Planck polarization and tempera
measurement, the quadratic approximations employed ar
longer accurate. Moreover, the large ratios between the l
est and smallest eigenvalues make the calculations sens
to small errors in computing the Fisher matrix elemen
since the smallest eigenvalues control the largest err
Nevertheless, the result that the errors in the parameters
large ~of order unity! is reliable.

Tables II–V show the spectral decomposition~i.e., the
eigenvectors and eigenvalues! of the Fisher matrix for the
MAP satellite, and Tables VI–IX those for the Planck sat
lite, which illustrate the principal axes in likelihood space f
the two experiments. The top row shows the 1-s error,
which is the inverse square root of the corresponding eig
value, expressed in percent. The other rows show the c
ponents of the normalized eigenvectors in each direction
parameter space, again in percent. The information sh
provides a complete description of the likelihood function
the Gaussian approximation about the most probable, fi
cial model. One easily reads off which combinations of co
mological parameters are best, and worst, determined.

TABLE VI. Fisher matrix spectral decomposition—Planck, tem
perature only, adiabatic mode only.

Eigenvector
1 2 3 4 5 6

% error 0.03 0.20 0.27 1.59 5.07 27.52

dh/h 31.27 13.76 81.62 15.33 15.36 41.23
dVb /Vb 29.65 8.68 46.89 10.86 226.91 282.41
dVk 287.67 13.33 25.96 231.59 2.71 21.39
dVL /VL 235.26 225.01 24.60 88.73 14.19 5.94
dns /ns 20.63 94.49 221.05 24.43 5.62 20.56
t reion 0.01 22.03 1.29 213.37 93.81 231.87

TABLE VII. Fisher matrix spectral decomposition—Planc
temperature, and polarization, adiabatic mode only.

Eigenvector
1 2 3 4 5 6

% error 0.02 0.17 0.21 0.45 1.13 8.68

dh/h 31.53 57.96 58.86 2.18 16.25 43.74
dVb /Vb 29.50 33.96 33.44 0.10 9.91 286.83
dVk 287.61 26.25 13.75 22.95 231.16 21.59
dVL /VL 235.21 223.49 10.46 9.17 89.09 8.88
dns /ns 20.49 65.09 271.46 22.30 25.51 0.90
t reion 0.04 23.14 3.54 299.48 8.91 1.03
8-8



ctr isocuravture modes.

5 12 13 14 15

1. 4.91 25.41 32.97 68.72 234.96

4.0 1.18 3.53 31.08 219.62

9.7 25.12 213.46 263.02 38.57

2.5 0.34 3.70 14.85 210.79

5.0 1.29 21.50 8.14 21.00

0.7 20.07 2.36 1.42 1.08

.55 233.87 30.22 245.05 11.44

7.1 23.09 22.50 1.45 19.97

.97 42.93 241.46 213.66 212.21
.77 16.68 7.72 0.30 10.12

9.0 229.12 8.77 213.53 251.19
.20 18.10 65.11 221.05 225.71
.60 239.23 234.67 218.15 241.27
23. 227.98 230.75 5.22 20.47

24. 15.30 19.52 11.33 32.13

.20 254.41 15.58 37.99 28.16

ec d three isocuravture modes.

5 12 13 14 15

0. .51 5.23 7.81 10.77 12.66

1.6 15.41 212.53 229.10 226.23

3.3 225.71 24.74 61.38 49.58

6.6 7.95 25.75 214.80 213.07

3.5 0.28 22.49 26.74 23.72
.49 23.25 1.07 22.74 1.29

6.4 21.72 1.49 22.43 22.14

2.0 27.25 213.96 4.00 0.16

.01 51.48 218.35 30.28 6.19

.17 13.28 218.82 23.98 16.40

3.1 24.54 64.72 212.57 25.23
.80 10.46 33.51 251.11 54.57

.63 18.24 41.56 25.21 241.89
26 6 1.35 22.97 22.41 223.00
1.4 215.06 231.08 210.03 18.48

.01 269.81 16.98 212.29 226.92
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TABLE VIII. Fisher matrix spe

1 2 3 4

% error 0.03 0.20 0.25 0.59

dh/h 231.24 15.79 76.82 214.11 21

dVb /Vb
9.64 9.93 44.05 25.39 2

dVk
87.58 13.76 23.60 29.13 2

dVL /VL
35.22 224.26 23.13 14.12 21

dns /ns
0.63 91.37 225.28 214.07 2

t reion 20.01 22.17 1.15 28.43 0

^NIV,NIV& 22.52 29.68 221.63 231.82 26

^BI,BI& 0.00 210.18 4.28 239.95 7

^NID,NID& 2.35 28.91 215.98 254.74 33

^NIV,AD& 21.89 0.93 29.09 7.47 22

^BI,AD& 0.48 25.25 7.82 214.32 20

^NID,AD& 2.15 24.22 23.27 28.37 34

^NIV,BI& 0.29 6.77 5.30 15.74

^NIV,NID& 0.42 2.37 2.67 36.43

^BI,NID& 0.26 212.07 4.47 241.34 12

TABLE IX. Fisher matrix spectral d

1 2 3 4

% error 0.02 0.17 0.20 0.28

dh/h 231.47 55.52 55.35 28.41 22

dVb /Vb
9.49 32.46 31.06 24.41 21

dVk
87.48 24.41 12.08 26.80 2

dVL /VL
35.15 221.92 8.36 12.82 21

dns /ns
0.48 60.45 268.10 227.20 7

t reion 20.04 24.35 4.49 214.17 2

^NIV,NIV& 23.30 223.79 212.87 236.34 26

^BI,BI& 20.01 28.47 12.87 225.18 6

^NID,NID& 2.83 214.59 9.28 258.56 42

^NIV,AD& 22.35 25.76 211.54 5.75 22

^BI,AD& 0.70 0.10 13.40 26.48 19

^NID,AD& 2.52 23.54 6.82 26.65 31

^NIV,BI& 0.47 10.13 1.75 20.99

^NIV,NID& 0.43 4.11 20.95 40.48 2

^BI,NID& 0.38 29.88 17.82 234.30 17
al decomposition—Planck, temperature only, adiabatic, and three

Eigenvector
6 7 8 9 10 11

01 1.21 1.61 3.01 4.55 6.31 1

5 5.40 18.23 7.46 27.39 13.29 221.53

8 7.40 7.98 21.22 214.54 25.79 41.38

3 28.72 226.19 27.75 24.63 14.17 29.95

5 21.03 76.46 27.62 11.01 221.69 24.61

8 21.48 25.33 3.66 6.10 210.45 0.91

214.13 21.75 14.26 3.84 29.64 272.03

8 211.48 14.49 223.57 8.16 50.14 23.23

254.69 5.15 16.78 23.99 219.52 28.05
32.04 5.13 35.03 244.37 28.79 22.20

1 229.17 27.64 51.75 227.10 7.67 30.12

22.28 13.29 211.08 46.33 20.24 27.69

23.30 32.88 246.87 213.09 21.39 22.97
87 4.06 26.45 42.75 51.71 48.65 2.53

30 259.25 28.22 22.26 233.92 28.81 20.27

225.54 3.23 22.89 7.12 232.70 27.31

omposition—Planck, temperature and polarization, adiabatic, an

Eigenvector
6 7 8 9 10 11

39 0.45 0.76 1.06 1.25 1.38 2

3 4.14 7.58 12.62 11.02 25.54 23.07

3 1.11 3.15 10.34 5.48 20.69 26.86

7 22.47 7.43 214.02 223.18 13.66 26.88

2 8.90 29.56 40.19 66.56 235.55 17.94

23.08 3.87 4.73 20.77 218.21 8.98

3 294.42 222.93 13.97 3.78 3.84 26.24

8 20.39 46.28 23.57 226.85 27.84 18.41

211.71 18.22 255.69 26.19 217.24 24.44

13.29 9.22 37.01 13.34 28.73 232.18

1 23.21 32.41 29.23 33.06 36.21 227.12

25.05 8.52 4.03 218.71 216.94 42.56

23.15 16.82 23.98 229.86 250.71 210.46
.16 29.68 26.61 27.78 3.31 49.38 60.8

8 222.75 65.82 21.39 8.13 219.26 230.95

21.32 15.47 235.03 20.95 23.18 12.84
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It has frequently been emphasized that certain cosmol
cal parameters, such asvb , vm , and the angular diamete
distancedA @given in Eq. ~14!#, are particularly well con-
strained by CMB anisotropy measurements. We found
the inclusion of isocurvature modes degrades the constra
on these special combinations as well, roughly in proport
to the degradation of the parameters they substitute. For
ample, the Planck temperature measurement with no iso
vature modes allowed yields an error of 1.18% and 0.8
for vm andvb , respectively, whereas with the inclusion
three isocurvature modes these errors degrade to 6.30%
3.54%, respectively. This is because the covariances betw
these parameters and the isocurvature correlation amplit
are non-negligible.

IV. DISCUSSION

We have considered to what extent it will be possible
test the hypothesis that the primordial perturbations w
adiabatic. In our view, since the theoretical situation is a
biguous, such a check is essential in order for us to relia
interpret the CMB anisotropy as a reliable probe of cosm
logical parameters. We find that the MAP satellite alo
even with an optimistic assumption about the polarizat
measurement, will be unable to set useful limits on the a
plitudes of isocurvature modes. The Planck satellite prom
to be much more powerful in this respect and will be able
limit the amplitudes of isocurvature modes to less than 1
of the adiabatic mode.

We explore how much the errors in determining cosm
logical parameters from the CMB alone degrade as an
creasing number of isocurvature modes is admitted. Whe
addition to the adiabatic mode only one isocurvature mod

FIG. 2. Illustration of the degeneracy problem. Including isoc
vature modes degrades the determination of the cosmologica
rameters by the MAP satellite temperature measurement. Abov
shown how, for the most poorly measured eigenvector of the Fis
matrix, variations in the cosmological parameters and in the adm
tures of the isocurvature modes and their correlations may be c
fully chosen to cancel against each other. The individual contri
tions ~plotted as the dotted curves! sum to the solid curve, which
has been multiplied by 50~indicated as the broken solid curve! for
enhanced clarity.
02352
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allowed, MAP~with polarization! can still place quite strin-
gent constraints on the possible contribution of the isocur
ture modes, and the increase in the errors in determining
other cosmological parameters is quite modest. Howe
when more than one isocurvature mode and the corresp
ing correlations are considered, the errors increase quite
matically. Moreover, in this case, only very weak limits o
the contamination of the adiabatic mode with isocurvat
modes are possible. In the case of all three isocurva
modes, the fractional errors become of order one, even w
polarization information is taken into account. The dege
eracy introduced by the inclusion of nonadiabatic modes
illustrated in Fig. 2. Without a polarization measureme
admitting isocurvature modes ruins MAP’s ability to me
sure cosmological parameters. The behavior observe
likely simply the result of the model possessing too ma
degrees of freedom. For all models considered, the C
moments are rather smooth, slowly varying functions ofl, so
that a spline passing through a rather modest numbe
points would quite accurately characterize any of the th
retical models. Hence, in practice for parameter estima
the CMB data contains much less useful information th
one might naively conclude if one argued that all of theCl ’s
are independent. Rather thanl max'1000, the true number o
independently measured numbers is closer to 10.

The situation is improved if we consider the Planck’s e
timated sensitivities. Planck has been designed to mea
polarization accurately and so the estimated errors here
be more realistic than those for MAP. Our results demo
strate that there is a high payoff for an accurate measurem
of the polarization. Table I shows that even when we all
all possible isocurvature modes with arbitrary cross corre
tions, Planck can set upper limits of less than 10% on
isocurvature mode auto- and cross-correlation power rela
to the adiabatic power. Simultaneously, Planck can const
the most interesting cosmological parameters to a few p
cent or better.

In conclusion, this study has focused on one difficulty
interpreting the CMB anisotropy data, namely in checki
the assumption that the primordial perturbations were a
batic. We have made severe idealizations in other respe
namely assuming Gaussianity and uniform noise, and in
noring foreground contamination. Dealing with these issu
will pose massive challenges for the real experiments. N
ertheless, the calculations reported here do offer a clear
and a lesson, namely that high precision measurements o
polarization, in addition to the temperature of the cosm
microwave sky, will likely be essential to a conclusive u
derstanding of the nature of the primordial perturbations.
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