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The most general homogeneous and isotropic statistical ensemble of linear scalar perturbations regular at
early times in a universe with only photons, baryons, neutrinos, and a cold dark (@) component is
described by a 85 symmetric matrix-valued generalization of the power spectrum. This description is com-
plete if the perturbations are Gaussian, and even in the non-Gaussian case determines the expectation values of
all observables quadratic in the small perturbations. The matrix valued power spectrum describes the auto and
cross correlations of the adiabatic, baryon isocurvature, CDM isocurvature, neutrino density isocurvature, and
neutrino velocity isocurvature modes. In this paper we examine the prospects for constraining or discovering
isocurvature modes using forthcoming MAP and Planck measurements of the cosmic microwave background
(CMB) anisotropy. We also consider the degradation in estimates of the cosmological parameters resulting
from the inclusion of these modes. In the case of the MAP measurement of the temperature alone, the
degradation is catastrophic. When isocurvature modes are admitted, uncertainties in the amplitudes of the mode
auto- and cross correlations, and in the cosmological parameters, become of order one. With the inclusion of
polarization (at an optimistic sensitivily the situation improves for the cosmological parameters, but the
isocurvature modes are still only weakly constrained. Measurements with Planck’s estimated errors are far
more constraining once polarization is included. If Planck operates as planned, the amplitudes of isocurvature
modes will be constrained to less than 10% of the adiabatic mode, and simultaneously key cosmological
parameters will be estimated to within a few percent or better.
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[. INTRODUCTION the origin of the perturbations, simultaneously explaining the
large scale flatness and smoothness of the Uni&&¢ In

Because the physics by which cosmological perturbationghe simplest inflationary models the perturbations are indeed
imprint themselves on the cosmic microwave backgroundgredicted to be Gaussian and adiabatic, with a nearly scale
(CMB) sky is very nearly linear, CMB observations offer a invariant power spectrum. But it is important to note that
clean and comparatively direct probe of the nature of theadiabaticity is not so much a generic consequence of infla-
primordial perturbations. The Cosmic Background Explorertion as the assumption that no additional information beyond
(COBE) satellite established a normalization for the pertur-the overall curvature perturbation on constant density slices
bation amplitude on large scalgt]. More recent CMB re- survived the inflationary era. If fields exist that were per-
sults[2—4] indicate a first Doppler peak with hints of further turbed during inflation so that their excitations survived into
peaks that are beginning to constrain severely the space tfe postinflationary era before decaying in a nonadiabatic
allowed cosmological models. With the new forthcoming manner, then isocurvature perturbations generically would
data from the Microwave Anisotropy ProlfBIAP) satellite  have been produced. Many inflationary models have been
[5], launched in 2001, and from the Planck sate[lég to be  constructed in which this occurs. Given that no single com-
launched in 2007, this situation will greatly improve. It is pelling inflationary model exists and that most unified theo-
hoped that one will be able to determine a host of cosmories incorporating inflation invoke a great number of addi-
logical parameters with great precision from the CMB datational fields, it seems premature to associate the prediction of
alone[7]. adiabaticity with inflation[10].

The assumption underlying this program is that the pri- This situation motivates a more phenomenological ap-
mordial fluctuations were adiabatic, that is, the relative abunproach to analyzing the new data that contemplates a wider
dances of different particle species were unperturbed fromange of possibilities for the nature of the primordial fluctua-
their thermal equilibrium values. This assumption has thdions and seeks to inférom the datawvhat limits may be set
great merit of simplicity, and is even justified in many spe-on nonadiabatic perturbations. In a previous paper we exam-
cific models of the origin of the fluctuations. But given its ined the most general primordial perturbation possible in a
central role in drawing inferences based on the CMB anisoteosmological model with no new physics—with only bary-
ropy, it seems worthwhile to attempt to verify the assumptiononic matter(and its associated electronphotons, neutrinos,
of adiabaticity using the CMB data. and a cold dark matter component, which is regular at early

Cosmic inflation provides the best current explanation fortimes[11]. Primordial here refers to the assumption that the

perturbations were generated well before recombinaton,
~1100, so that any singuldr.e., decayingymodes that may

*Email address: m.a.bucher@damtp.cam.ac.uk have been produced had ample opportunity to decay away
"Email address: k.moodley@damtp.cam.ac.uk before leaving an observable imprint on the CMB. In this
*Email address: n.g.turok@damtp.cam.ac.uk work we found five regular modes: an adiabatic growing
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mode, a baryon isocurvature mode, a CDM isocurvature The reader might suspect that we are in effect opening a
mode, a neutrino density isocurvature mode, and a neutrinBandora’s box of possibilities for the primordial perturba-
velocity isocurvature mode. The adiabatic growing mode astions, which experiment will never be able to close. Certainly
sumes a common equation of state, spatially uniform everyif one allowsP;;(k) to be an arbitrary function df, there is
where in the universe. For the baryon isocurvature mode, theuch huge freedom that one might be able to fit almost any
ratio of baryons to photons varies spatially2—14, and  ¢oncejvable observational results. However, the situation is
similarly for the CDM isocurvature mode the ratio of CDM not o bad if one restricts attention to power spectra which
to photons varies spatial[yL5]. For the neutrino isocurvature  5re smooth over the observed range of wave numbers. In fact

modes, perturbations in the neutrino energy and momentuge shaj| assume that all the isocurvature power spectra con-

densities are balanced by opposing perturb_atlons In € rned are scale invariant in the sense defined below, so that
photon-radiation component, so that at early times the tot

: . . ey contribute across a broad range of scales accessible to
stress-energy perturbation vanishes. At later times, howevey, . . .

; ) . the CMB. This assumption could easily be extended to more
the differences in how photons and neutrinos evolve lead tg
perturbations in the total stress-energy, which generate peg_eneral power law spec'tra. :
turbations in the gravitational potentials, which in turn cause Another way of viewing our results may ”?a"e this ap-
the baryons and CDM to cluster. Upon entering the horizonProach more palatable. That is, we should th|_nk of the ob-
the neutrinos simply free stream while the photons undergg€rved Universe as the outcome of a huge high energy ex-
strong Thomson scattering off free electrons, consequentlge”mem- By studying what emerged from this event, we
behaving as a perfect fluid. The neutrino isocurvature modedlope to gain information about high energy processes in the
discussed in detail in Ref11], are implicit in the work of ~ Very early universe which we cannot directly view. There-
Rebhan and Schwarfl6] and of Challinor and Lasenby fore, the primordial plasma is a giant detector, within which
[17]; however, these authors do not investigate their implicathe interesting event occurred. Clearly, from this point of
tions. If Gaussian perturbations produced by a spatially hoview it is worthwhile to understand all possible linear re-
mogeneous and isotropic random process are assumed, thgonse modesi.e., all “channels’) and to study these to
most general perturbation of the five regular modes is comédetermine whether they were excited in the primordial uni-
pletely described by the>$5, symmetric correlation matrix verse. The question posed in this paper is whether one can
check the extent to which the nonadiabatic channels in the
CMB were actually excited in the early Universe, at least
over the observationally relevant range of length scales.

The outline of the paper is as follows. Section Il discusses
where (,j=1,...,5)labels the modes andl;(k) indicates the statistical techniques employed to interpret CMB mea-
the amplitude of theith mode with wave vectok. This  surements and reviews the properties of the five regular per-
generalizes the usual scalar power spectrum. In the case tifrbation modes allowed. Section Il presents numerical re-
non-Gaussian perturbations, the above matrix suffices to deults in the form of eigenvectors and eigenvalues of the
termine the expectation values of all perturbations quadrati¢Fisher matrix,” corresponding to the MAP and Planck mea-
in the small perturbatiofthis includes the CMB power spec- surements. The tables provided allow one to calculate the
trum) as long as the linearized theory is valid. uncertainty in any cosmological parameter or function

The possibility of ascribing cosmological perturbationsthereof, as well as in the amplitudes of the primordial per-
entirely to isocurvature modes, either to the baryon isocurturbation modes. Section IV discusses the significance of the
vature mode or to the CDM isocurvature mode, has previfesults and our main conclusion, which is that a high preci-
ously been considered, and these possibilities were founsion measurement of the cosmic polarization anisotropy will
inconsistent with the existing observational dais8—2§. be essential to measure cosmological parameters accurately
However, apart from the work of Enqgvist and Kurki-Suonio while simultaneously establishing the character of the pri-
[27] and of Pierpaoli, GarerBellido, and Borgarii28], little mordial perturbations.
effort has been devoted to the problem of detecting or con- We mention three limitations of our analysis. Our main
straining admixtures of isocurvature modes observationallygoal is to explore the effect of relaxing the assumption of
Moreover, when one admits the possibility of more than oneadiabaticity. Therefore we ignore tensor modes, which would
mode being excited, the possibility arises of correlations obnly complicate the discussion. But many inflationary mod-
several modes. These are characterized by the off-diagonels do predict tensor modes and it is important to include
elements ofP;;(k). Linde and Mukhano\29], Langlois them in any complete analysis. The second caveat is that we
[30], and Langlois and Riazuel®1], drawing on the work consider here only very subdominant isocurvature perturba-
of Polarski and Starobinski32] on double inflation, inves- tions: our analysis is perturbative around a standa@DM
tigated an inflationary model with two scalar fields exciting model. Finally, as mentioned above, we do not vary the spec-
both the adiabatic and baryon isocurvature modes in varyingral indices(or the shape of the spectrior the isocurvature
proportions and with various degrees of correlation betweemodes. We consider only “scale invariant” isocurvature per-
these modes. In an inflationary model with five or more scaturbations as defined below. In inflationary models, isocurva-
lar fields (or a single field with the same number of real ture perturbationglike adiabatic oneswould in general have
components it is generically possible to realize the most adjustable power spectra and again this fact would compli-
generalP;; (k) of the form discussed above. cate the discussion.

Pij (K)=(Ai(K)Aj(—Kk)) D
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Il. THE GENERAL PRIMORDIAL COSMIC The quadratic approximation may break down when consid-
PERTURBATION ering variations primarily affecting very lo-moments,

where a Gaussian approximation to/adistribution of low

order is inaccurate even near where it is peaked.

When polarization is included, EqR) is modified to be-

me

Statlstlcal analysis of observational data, be it based on
“classical” or “frequentist” statistics or on Bayesian statis-
tics, uItimater reduces to considering relative likelihoods of

. ) L - co
competing theoretical descriptions given the observed data.
Because the observational data is not yet available, we must _ Kam am)| [ aim bim)|
assume a particular underlying theoretical model for comput- " bim amd [(bim bym)]
ing expectations for relative likelihoods. We assume a statis-

tical model with independent Gaussian distributions for the C 1+ aﬁ” Cic
individual moments of the CMB multipole expansion with = 2 o ®)
- Cic Ciptonp
variance : : :
(laml®=ci+on), (2 and Eq.(3) is modified to
wherec, is the variance of the underlying cosmological sig- <Iog Ps > :<|Og[p({alm}’ {bim}[B) >
nal ando?, is the variance resulting from detector noise. It Al A pH{aimt, {bimHA)]/ .
follows that the expectation value of the logarithm of the
relative likelihood of model B relative to model A under the sky Imax )
assumption that the data were produced according to the dis- = 2 21+ 1)[tr{l =M sM 5"}
tribution from model A is given by the formula
+In{detMsM;gh)}]. 6
log—|) ={logl ———— o
Pall A p({aim}|A) The second derivative of the above may be expressed as
[
pB max
'max + 074 8 | =f 21+1
_ sky 2 (2|+1) Cia ;,I < 0g — Pa >A SKVIZZ ( )
C|,BJr Tn,l
CI,A+0'§| X tr{(5MI)Mref,I_l(éMl)Mref,l_l}
+logl ——- |, ©)
Cigton

+det{( EMI)Mref,I_l}

where{a,} is the observed data, 5 andc, g are the vari- 1

ances of the cosmological signal predicted by models A and — Ztr?{(SM)M, o Ifl} ) (7)
B, respectively, and72| is the Gaussian detector noise for 2

each multipole of ordet. The fg, indicates the fraction of . o .
the sky remaining after the galaxy cut. Most studies of parameter estimation using future CMB data

. . assume adiabatic perturbations from inflation allowing a set
We consider cosmological models whejedepends on a of model parameters, such By, Oy, O, , for example, o
number of continuous parametess, . .. ,ay. With rela- P b 2A P

tively little detector noise and with changes in the parameterbe varied. Afiducial, or reference, model is assumed, and the
Behavior of the relative likelihood in the neighborhood of
affecting a large number of multipoles, in the region of in-

terest where the likelihood relative to the reference model Ithlzvr:fg)r(?gﬁg tﬂgdael Iséoil)::?:obreﬁnclu dina parameters for the
comparable, the following quadratic approximation is justi- P y gp

fied strengths of the isocurvature modes and of their cross corre-
lations, both with respect to one another as well as to the
p(ag, ... ay) adiabatic mode. In this case the parametric model becomes
log o(a® @) the following:
b 1 (0) .
- c(B,7. 8.9 =c"(B1, ... By)
:_E’E max(2|+1)><;ﬁﬁ
2 iiZ1=2 (C|YA+0'§J)2 daj da; +A21 YaC(B1s - - BN)
(@i = a(?)(a;— ") w s
2

+A2 Sach 2By, ... BN

We write the right-hand side as-3 F,J(a, al?) (q;

—a{?). In the case where the variations in the logarithm are S g, cABersyg 8y)
described by a quadratic form, the matfiy is equivalent to £, AR Lo PNT
the Fisher matrix, and in the sequel we shall refer to it in this A#B

way even though the terminology is not completely accurate. 8
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where the indiceg\, B label the four nonsingular isocurva- 8000f
ture modes. Here the vectg@ represents the usual cosmo- ok A <AD.AD> ]
logical parameters. The vectqr indicates the autocorrela- i NI

tions of the isocurvature modes. The vecéindicates the 4000
i
K

_________________ <BI,BI>
T ~ <NID,NID>
cross correlation of the isocurvature modes with the adia- \
batic mode, and the symmetric off-diagonal elemefjig 2000 (¥
indicate the cross correlations of the isocurvature modes witk
each other. The componemé are computed with a modi- 5000

fied version ofcMBFAST [33] with the isocurvature mode w000E L

) I . B T

<NIV,AD> =

%)

excited. The cross correlations are computed by runningsy A <BILAD> ;
cMBFAST, first with two modes excited and then subtracting ¢ %F 7/t e — <NID.4D>
the results with each mode individually excited, using thes; *°E!/ \\/~ /7y E
. 2 o XU N s E
relation Q(A,B)= 3 [Q(A+B,A+B)—Q(A,A)—Q(B,B)] A AN 7NN
valid for any quadratic fornQ. From the viewpoint of the = 9F 7 o T SRR
statistical analysis described above, all components of the ~'°%°
combined vecto= (8,7, 6,€) stand on equal footing. The 4009F
three componenty, 6, & are related to the correlation matrix sooog— __________ <NIV.BI> 3
M given in Ref.[11] according to B - <BINID> E
1 51 52 53 54 1000 %_\'\. .[:.\.; . T — <NIV.NID> _g
E AT N RN E
61 v1 €12 &13 €14 0% RN SN S
"»./ / \\ . T~ - -
M= 62 &1 v2 &23 &24. ) 1000/ . . E
53 §3’1 53‘2 73 53’4 0 1000 . 2000 3000
0y &an &ap &4z Va FIG. 1. CMB anisotropy temperature power specid

di +1)C, /27 are plotted versuk The upper panel shows the adia-
Some free parameters of our model cannot be treated in tr‘lﬁuic and isocurvature autocorrelation spectra, while the lower two

same way as the ones above when the fiducial model isanels illustrate the cross-correlation spectra of the various modes.
purely adiabatic with no isocurvature component excited.

These include the spectral indices for the isocurvature 1. NUMERICAL RESULTS

modes. The difficulty arises because near the fiducial model

the dependence on these spectral indices vanishes. In this We now proceed to our numerical results. Both the MAP

paper we S|mp|y fix the Spectra| indices to Correspond t(ﬁ.nd Planck experiments are considered, for which we use
“scale invariant” isocurvature perturbations. For simplicity | max=3000. Following[34], we assumefg,,~0.8 for the

we also choose the cross-correlation power spectra to havefé@ctional sky coverage after the galaxy cut and ignore fore-
k dependence corresponding to the geometric mean of thground contamination. Under these assumptions, it follows
autocorrelation power spectra for the two variables. This asthat

sumption is straightforward to generalize. 1 B2
Figure 1 shows th€, temperature power spectra for the _222 % (10)
modes considered. We choose as our fiducial cosmological ol ¢ 0cbrwhmc

model h=0.65, Q),=0.06, O, =0.69, Q.4=0.25, ng=1,

and a small amount of reionization with an optical depth towhere c¢ indicates the sum over channeIsBﬁC

the last scattering surface of=0.1. In Fig. 1, I(l = exd —(0.42%pwm. | )] is the window function assuming
+1)C, /27 from adiabatic scale-invariant perturbations isa Gaussian beam, witheyy . the full width at half maxi-
plotted as well as the same quantity for baryon isocurvaturenum of thecth channel, andr(faEWHMyc is the mean square
neutrino isocurvature density, and neutrino isocurvature venoise per multipole. The assumption of no correlations be-
locity modes. For the baryon isocurvature mode a scale fregveen pixels makes this quantity independent. &for MAP
spectrum foré(pg/p,) is assumedi.e., the variance at early we assume three channe{dg0, 60, and 90 GHz with
times is a logarithmically divergent integral over wave num- g,y .= 0.47°, 0.35°, and 0.21°, and.=22.3, 30, and
ben. For neutrino isocurvature density perturbations a scalg0 .K, respectively, as anticipated after two years of data.
free spectrum is assumed fdi(p,/p,) and for neutrino  For Planck, we use the three lowest frequency char(@éi,
isocurvature velocity perturbations a scale free spectrum i$43, and 217 GHzof the high frequency instrumeriHFI)
assumed for the bulk neutrino velocity,. The CMB spec-  with 6pyyy =0.18°, 0.13°, and 0.092° and.=4.5, 5.5,
trum for the CDM isocurvature mode agrees with that ob-

tained for the baryon isocurvature mode to a fraction of a——

percent. Therefore we do not consider the CDM isocurvature 127, 35, and 35uK are the corresponding temperature errors
case separately, neither here nor in our numerical analysiger a 0.3° square pixel given in the Wang, Spergel, and Strauss
The lower panels of Fig. 1 show th@ +1)C, /27 produced paper[34]. The sensitivity of the 40 GHz channel has subsequently
from the cross correlations of the allowed modes. been downgraded to 3&K, which is the value we assume here.
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and 11.8uK, respectively, as expected after 12 months of To avoid exposing the derivative with respect1Q to the
data(which would correspond to 2.7, 2.4, and & on a  noisier “open” version ofCMBFAST, we consider only varia-
0.3° square pixgl tions in open models where the angular diameter distance is
We also indicate below the result of including polariza- held fixed. This requires evaluating the derivative of the cur-
tion. For the two higher frequencies of the three Planck chanvature indirectly through the use of the formula
nels, for which polarization information will be available, we
use the latest available sensitivities>=10.18 and
24.42 K, respectively. For the MAP experiment, for which adp
all three channels include polarization information, we as- (m
2 2 ; d d ")
sume thato,p=207. Systematics and foreground effects (_ _) + A
not included here may introduce additional uncertainties into e Iy 4 dda
the cosmic polarization measurement. Nevertheless, we in- A m
clude calculations making the most optimistic assumption for
comparative purposes and to emphasize what could be
learned from an accurate polarization measurement.
We do not indicate an uncertainty in normalization be-Where
cause a natural way to compare relative normalizations be-
tween spectra of different shapes is lacking. Other authors
indicate the uncertainty in the predicted expectation value for 1 i Zec dz
the quadrupole. This, however, is a not a very useful quantity da= 7N ‘/Q_kJ =
. . . ; . VOHG o VE(2)
given the large uncertainty from cosmic variance in the
qguadrupole. Instead we marginalize over the normalization.
In the quadratic approximation this procedure is equivalent
to using the best fit normalization for the given values of the E(2)=Qp+Q(1+2)*+ (Qeamt Qp)(1+2)°
parameters and amounts to replacing the Fisher matrix with 10 4
. ; (1+2)%,
the reduced Fisher matrix

, (13
Q

0 VN

Q

(14)

FioFjo with Q_r specifying 'Fhe Qensity of radia_tion today angd, th_e
F (11 redshift of recombination. More details of these techniques

00 can be found if35].

We now present the main results of the above calcula-
where the index 0 labels the parameter describing the overajons. We consider a fiducial spatially flat cosmological
normalization of the power spectrum. model with h=0.65, Q,=0.06, Q,=0.69, Q.4,=0.25,

We have computed the eigenvalues and eigenvedters ity scalar spectral indexg=1, and a small amount of
the spectral decompositiprof the reduced Fisher matrix oiqni7ation with an optical depth to the last scattering sur-

ﬁij - These fully specify the likelihood function in the Gauss- face of r=0.1. Variations in the parametekty, Q,, Q.

ian approximation about the fiducial model, and in the same. - and Q, are considered. Except for the last two of
approximation fully determine the uncertainties in any COSyhese parameters, all variations are considered fractionally.
mological parameter; or perturbation a_mplltudes. Complet he density of cold dark matte,g ., is defined implicitly as
tables are made available on the following web page: http:/ cam=(1—Q,—0,— Q). The isocurvature modes are

www.damtp.cam.ac.uk/user/mab43/isocurvature/. . . S
normalized so that their mean square power contribution to

Evaluating the Fisher matrix above requires calculating[h CMB temperature anisotr mmed from?2 to |
the derivatives of th€, spectrum with respect to the various :Z 000 is eequir\)/ZIir:Jt ?o?hastoofot?]):a Zlijiabaetic mode Igor one

parameters. The variations with respect to the mode ampli- >~ 7" S -
tudes are exact while a judicious choice of step size allow&dditional mode, two new parameters arise in addition to

one to determine accurately, using centered finite differenced10se described in the previous section: the isocurvature
the ), , ng, andr derivatives. However, the CMB spectrum autocorrelationll) and the cross correlation with the adia-
depends 0n|y indirect'y on the parametbrand Qb’ Wh|Ch batiC moqul) The pOSitive definiteneSS Of the matl’ix Val'
makes these derivatives more susceptible to the numericdled power spectrum requires thaa )| <(IT).
noise present iIcMBFAST. They can be accurately deter-  Table | shows the ks percentage uncertainties for the
mined by transforming from the derivatives calculated withcosmological parameters and isocurvature autocorrelation
respect to the physical parameters=(Q¢qm* Q)% and  amplitudes, derived for the proposed MAP and Planck ex-
w,=Qph?, using the equations below: periments. The top four lines show the uncertainties for the
MAP temperature measurement, the combined MAP
polarization-temperature measurement, the Planck tempera-
9. 2 9 209 1 9 1 9 ture measurement, and the combined Planck polarization-
oh o, don o, doy’ Qp 00y oy dop temperature measurement, respectively, under the assump-
(12)  tion that no isocurvature modes are present. Going down the

Fij=Fij—
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TABLE |. Percentage errors in cosmological parameters and mode admixture. Each block of four rows represents a varying number of isocurvatlowedopétesnanone(top)

to all three(bottom). Within each block, both MAP and Planck, with temperature only and with temperature and polarization, are considered.

g
>
A
=
shih 80,10, 80 80,10, ng/ng Teion (NIV,NIV) (BI,BI) (NID,NID) (NIV,AD) (BI,AD) (NID,AD) (NIV,BI) (NIV,NID) (BI,NID) -
c
MAP-T 1238 27.78 9.80 1295  7.03 37.46 Q
MAP-TP 761 1370 279 512 165 2.00 m
PL-T 11.38 2272 591 228 054 998 &
PL-TP 381 754 191 127 035 047 3
<
MAP-T 1251 2834 990 1370 808 39.38 3.09 9.71 >
MAP-TP 775 1422 294 588 204 200 2.53 8.34 z
PL-T 11.64 2314 608 230 059 11.07 1.30 2.43 o)
PL-TP 388 772 194 133 038 0.8 0.50 1.28 S
O
MAP-T 1991 30.16 11.75 31.27 16.26 39.17 17.92 20.37 2
MAP-TP 967 1457 325 1072 499 204 6.53 9.17 >
PL-T 1293 2548 667 248 059 2235 5.01 4.96 g
PL-TP 408 812 208 135 044 051 1.04 1.72 =
m
MAP-T  21.13 37.08 10.00 2029 884 37.92 7.28 6.88 0
MAP-TP 1176 17.67 290 1176 399 2.04 4.69 5.38 S
PL-T 11.68 2328 6.05 236 055 10.87 1.26 2.62 0
PL-TP 384 761 192 131 038 047 0.49 1.22 A
MAP-T 8597 181.33 57.16 37.04 1975 99.16  38.87 56.63 110.31  139.88 104.23
MAP-TP 1035 16.23 332 1129 584 231 5.01 9.90 23.82 27.37 12.72
PL-T 16.18 3214 828 357  0.67 26.48 4.06 12.67 12.95 24.55 11.99
PL-TP 409 815 208 136 048 052 1.14 2.20 3.83 5.66 2.85
MAP-T  80.71 156.66 50.69 7125 37.62 9505  55.99 82.99 163.15 192.55 133.43
MAP-TP 17.30 2316 371 1553  6.12  2.40 7.53 8.50 33.21 28.37 16.38
PL-T 18.46 3540 964 285  1.00 17.46 9.46 10.23 31.85 32.80 21.54
PL-TP 389 773 194 136 040 050 1.33 1.32 4.81 4.57 2.62 2
3
n
MAP-T 4302 6844 2996 64.64 30.11 76.02 65.23 33.52 58.50 35.49 69.90 &
MAP-TP 1565 1851 3.67 1556 524 2.16 24.81 17.96 28.43 18.45 3623 2
PL-T 15.66 3079 802 292  0.89 2298 10.29 3.27 9.07 4.38 1236 ®
PL-TP 465 929 237 145 055 061 4.02 1.53 4.31 2.67 495 O
m
MAP-T 17590 32545 7537 12368 90.06 10502 113.92 56867  350.10 43509  1031.17 1288.62  597.04 742.05 532.1
MAP-TP 2168 3050 4.80 19.63 691 244 12.39 31.11 32.20 47.04 62.51 74.00 35.03 51.00 40.65
PL-T 50.93 100.73 27.42 649 295 4439  47.06 34.96 24.48 12099  66.05 98.96 49.97 76.30 72798
PL-TP 475 942 242 146 061 065 1.45 4.63 2.86 5.52 9.30 6.91 4.16 3.76 5.36
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TABLE Il. Fisher matrix spectral decomposition—MAP, tem-
perature only, adiabatic mode only. The eigenvalues and compo-
nents of the unit eigenvectors are quoted in percent to keep the table
compact. The eigenvectors are ordered such that the flattest direc-
tion appears in the last column. It is easily seen which combinations
of cosmological parameters contribute to the different directions.

Eigenvector

qu)i

1 2 3 4 5 6 S

IS

% error 0.18 0.41 1.30 3.05 21.65 46.49 o
=}

oh/h 2285 —68.66 —50.97 —3.78 —42.96 —17.50 Y
60,10, —1446 —36.83 —32.64 1266 68.17 50.61 §
X0 —89.63 —11.17 —9.12 —35.73 —7.44 —20.66 .g
80,10, —35.06 —5.30 9.18 82.70 —37.00 21.20 s
Sng/ng —2.41 6135 —76.46 159 —-14.23 1342 §
Treion 0.72 —3.59 17.99 —41.31 —43.37 77.95 g
)

table, the same four sets of numbers are shown as one in-3
cludes first one isocurvature mode and the correspondingg
adiabatic-isocurvature correlation, then two, and finally, all &
three isocurvature mode$We remind the reader that the &
CDM isocurvature mode is observationally indistinguishable g
from the baryon isocurvature mode, so it is not included =
separately. The table above demonstrates the breakdown of &
parameter estimation which occurs for the MAP temperature
measurements when any two isocurvature modes are in-
cluded. This breakdown is not directly attributable to any
single isocurvature mode, and in fact the neutrino isocurva-
ture velocity mode on its own has the least impact on param-
eter estimation. With the inclusion of all three isocurvature
modes, the breakdown is catastrophic for the MAP tempera-
ture measurement alone. The situation improves once polar-
ization is included, but the MAP experiment has not been
optimized for a polarization measurement, and it is unlikely
that the optimal level of nois@and zero foreground contami-
nation) assumed here will actually be achieved. For Planck,
only Q) , andng are well determined with a temperature mea-
surement alone, and even then many of the isocurvature
amplitudes are only weakly constrained. With the inclusion
of the polarization measurement, however, Planck is able to
simultaneously set strong constraints on isocurvature ampli-
tudes while accurately measuring the six cosmological pa-
rameters discussed here.

—MAP, temperature

tral decomposition

iX spec

TABLE IIl. Fisher matrix spectral decomposition—MAP, tem-
perature, and polarization, adiabatic mode only.

Eigenvector
1 2 3 4 5 6

TABLE IV. Fisher matr

% error 0.18 0.40 1.25 1.91 3.38 16.41

éh/h
60,10,
50

60N 1O,
ong/ng

22.64 —68.81 —48.71 —15.74 0.59 -—46.18
—14.53 —36.83 —30.59 —8.73 22.03 83.28
—89.71 —11.05 —-8.09 —12.86 —37.04 —15.07
—34.96 —-5.05 7.64 26.16  85.79 —25.48
—2.32 6119 —-7144 —29.12 1587 -—6.84
087 —-411 38.27 —89.32 23.03 —-3.07

Treion
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Eigenvector

15

14

13

12

11

10

104.30 156.02 478.55 552.74  2041.56

32.23
—-11.01

—21.55
—8.41

18.25
6.39
—23.26

15.02
3.18

—36.81

5.78
1.47
10.57
—25.75

5.33
16.64
—6.48

2.16
29.83
21.57
11.45

—16.25

1.42
—24.59
—8.80
—8.48

0.62
—23.66
—16.04
—-0.25
—-6.77
—24.40

0.39
—66.16
—34.94
—9.49
—4.08

0.18
—22.37
14.44

88.76

% error

0.35

—34.15 1959 —24.78
—50.21
7

21.28
—40.09
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—-7.12
1.18
0.70
3.43

-0.37

3.03
—26.57
14.82
—17.29
49.58
—62.93
—27.27
35.62
16.47

28.34
—9.80
—4.36
-1.03

8.69
7.1
—22.70
—21.64
—32.15
—26.77
—13.78

38.60
—4.08
62.53

13.50
1
—-11.74
—17.56
—23.27
—25.60
37.51
23.30
11.71
3.26
—29.45
46.99

16.57
12.18
—63.60
—29.43
—28.08
—8.84
—16.29
—23.47
—0.03
18.81
—15.91
—13.83
—6.78

31.19

19.85
—20.42
—13.03
—55.86

14.35

—8.15

13.89
—24.71
—43.63

1.67
0.90
28.57

35

14.05
1.18
—22.47
—32.31
47.18
—27.18
—48.04
5.23
—29.62
—3.28
—36.24
—9.72

11.01
—15.21
—-1.20

57.46
—3.99

—31.81

—26.65

—23.52

18.13

—52.50

15.00
01

4.30 —9.90

—29.97
27.04

6.12
—~11.05
36.66
—-33.25

18.51
4.46
45.71
—25.08
—27.40

—23.37

42.60
2.09
—23.11
10.32
—21.90
2.9
—43.68
28.24
56.39
—18.16
6.8
57

15.41
—8.86
19.02
17
65.50
26.50
—48.62
—6.56
28.68
2.72
22.99
13.49
—-7.25

36.57

—-5.73
28.92

—19.71

18.52
—13.55
—11.01
—12.53
—31.27
—62.22

0.8

36.94
—50.00
—3.59

41.27
—23.31
—23.13

17.28
—21.80
—23.73
—22.13
—19.69
—19.29

11.07
32.20
49.58
45.97

1.44
12.48
12.97
—17.69
—13.22
44.69

59.67
—-3.85
11.78
—13.84
6.65
5.81
—9.87
4.55
—-2.22
25
—13.35

2.25
—0.69
—8.67
—1.03
—-0.34

3

34.67
5.74
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TABLE VI. Fisher matrix spectral decomposition—Planck, tem-
perature only, adiabatic mode only.

Eigenvector

1 2 3 4 5 6
%error 003 020 027 159 507 2752
sh/h 3127 13.76 81.62 1533 1536 41.23
50,/Q, -9.65 8.68 46.89 10.86 —26.91 —82.41
50, —-87.67 1333 2596 —31.59 271  21.39
50,/Q, —3526 —2501 —4.60 8873 1419 5.4
sng/ng  —0.63 9449 —21.05 2443 562 —056
Treion 001 -203 129 -13.37 93.81 —31.87

With two isocurvature models, andl, there are five ad-
ditional parameters: two autocorrelatiofigl ;) and (l,l,),
and three cross-correlatiofal,), (Al,), and{ll,). Again
there is a constraint on these parameters arising from the
requirements of positive definiteness of the matrix-valued
power spectrum. When all isocurvature modes are included,
there are three isocurvature autocorrelations and six cross
correlations. Given the large uncertaintie$ order unity in
all cases except the Planck polarization and temperature
measurement, the quadratic approximations employed are no
longer accurate. Moreover, the large ratios between the larg-
est and smallest eigenvalues make the calculations sensitive
to small errors in computing the Fisher matrix elements,
since the smallest eigenvalues control the largest errors.
Nevertheless, the result that the errors in the parameters are
large (of order unity is reliable.

Tables 11-V show the spectral decompositi@Gre., the
eigenvectors and eigenvalyesf the Fisher matrix for the
MAP satellite, and Tables VI-IX those for the Planck satel-
lite, which illustrate the principal axes in likelihood space for
the two experiments. The top row shows theolerror,
which is the inverse square root of the corresponding eigen-
value, expressed in percent. The other rows show the com-
ponents of the normalized eigenvectors in each direction in
parameter space, again in percent. The information shown
provides a complete description of the likelihood function in
the Gaussian approximation about the most probable, fidu-
cial model. One easily reads off which combinations of cos-
mological parameters are best, and worst, determined.

TABLE VII. Fisher matrix spectral decomposition—Planck,
temperature, and polarization, adiabatic mode only.

Eigenvector
1 2 3 4 5 6

% error 0.02 0.17 0.21 0.45 1.13 8.68

sh/h 3153 57.96 58.86 218 16.25 43.74
50,/0, —950 3396 3344 0.0  9.91 —86.83
50 —-87.61 2625 13.75 —2.95 —31.16 21.59
50,/Q, —3521 —23.49 1046 9.17 89.09 8.88
sng/ng  —0.49 6509 —71.46 —230 2551  0.90
Treion 004 —-314 354 -9948 891  1.03

023528-8
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TABLE VIII. Fisher matrix spectral decomposition—Planck, temperature only, adiabatic, and three isocuravture modes. 9
>
Eigenvector ?;
1 2 3 4 5 6 7 8 9 10 1 12 13 14 15 o
% error 0.03 0.20 0.25 0.59 1.01 1.21 1.61 3.01 455 6.31 14.91 25.41 32.97 68.72 2348
sh/h —31.24 15.79 76.82 —14.11 —14.05 5.40 18.23 7.46 —7.39 13.29 —21.53 1.18 3.53 31.08 —19.62 %
50,10 9.64 9.93 44.05 -5.39 -9.78 7.40 7.98 -122  -1454  -579 41.38 -512  -1346 —63.02 38.57 2
50, 87.58 13.76 23.60 ~-9.13 —253 —-8.72 —26.19 —-7.75 —4.63 14.17 —9.95 0.34 3.70 14.85 -10.79 T
50,10, 35.22 —24.26 —-3.13 14.12 —15.05 21.03 76.46 27.62 11.01 —2169 —4.61 1.29 —1.50 8.14 —1.00 g
sng/ng 0.63 91.37 —25.28 —14.07 ~0.78 —1.48 25.33 3.66 6.10 —10.45 0.91 —0.07 2.36 1.42 1.08 P}
Treion —-0.01 -2.17 1.15 -8.43 0.55 -1413  -1.75 14.26 3.84 —9.64 —72.03 —33.87 30.22 —45.05 11.44 %
(NIV,NIV) -2.52 -9.68 -2163 -3182 -67.18 —11.48 14.49 —23.57 8.16 50.14 -3.23 —3.09 —2.50 145 19.97 g
(BI,BI) 0.00 —10.18 4.28 —39.95 7.97 —54.69 5.15 16.78 2399 1952  -8.05 42.93 —4146 -1366 -1221 3
(NID,NID) 2.35 —-8091 —15.98 —54.74 33.77 32.04 5.13 35.03 4437 28.79 —2.20 16.68 7.72 0.30 1012 ™
(NIV,AD) —-1.89 0.93 —-9.09 7.47 -29.01 —-29.17 -7.64 51.75 —-27.10 7.67 3012 2912 8.77 —-1353  —51.19 8
(BI,AD) 0.48 —5.25 7.82 —14.32 20.20 —-2.28 13.29 ~11.08 46.33 20.24 27.69 18.10 65.11 _21.05 —25.71 2
(NID,AD) 2.15 —4.22 -3.27 -8.37 34.60 -3.30 32.88 —-46.87 —13.09 21.39 -2.97  -3923 -3467 -1815 —4127 O
(NIV,BI) 0.29 6.77 5.30 15.74 23.87 406  _g45 42.75 51.71 48.65 253  _2798 —30.75 5.22 2047
(NIV,NID) 0.42 2.37 2.67 36.43 2430 _59.25 28.22 —2.26 —33.92 28.81 —0.27 15.30 19.52 11.33 32.13
(BI,NID) 0.26 —12.07 4.47 —41.34 12.20 — 2554 3.23 —2.89 7.12 —32.70 27.31 —54.41 15.58 37.99 28.16
TABLE IX. Fisher matrix spectral decomposition—Planck, temperature and polarization, adiabatic, and three isocuravture modes.
Eigenvector

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
% error 0.02 0.17 0.20 0.28 0.39 0.45 0.76 1.06 1.25 1.38 251 5.23 7.81 10.77 12.66

shih —31.47 55.52 55.35 -8.41  -21.63 4.14 7.58 12.62 1102 554 -3.07 15.41 -1253 -2910 -—26.23

50,10 9.49 32.46 31.06 —4.41 ~13.33 111 3.15 10.34 5.48 —0.69 —6.86 —-25.71 24.74 61.38 49.58
50 87.48 24.41 12.08  -6.80 -6.67 —2.47 7.43 —14.02 -23.18 13.66 -6.88 7.95 —-5.75 -1480 -1307
50,10, 35.15 -21.92 8.36 1282  -1352 8.90 —-9.56 40.19 66.56 3555 17.94 0.28 —2.49 —-6.74 -3.72 é
sng/ng 0.48 60.45 —68.10 —27.20 7.49 —3.08 3.87 4.73 20.77 -18.21 8.98 —-3.25 1.07 —2.74 1.29 o)
Treion —-0.04 —4.35 4.49 -14.17  -6.43 -94.42  -2293 13.97 3.78 3.84 —-6.24 -1.72 1.49 —-2.43 —214 Z
(NIV,NIV) -330 -2379 -1287 —36.34 —62.08  —0.39 46.28 2357  -26.85 —7.84 18.41 -7.25  —13.96 4.00 0.16 x
(BI,BI) -0.01 —8.47 12.87 —-25.18 6.01 -11.71 18.22 —55.69 26.19 -17.24 24.44 5148  -1835 30.28 619 <
(NID,NID) 2.83 —14.59 9.28 _5856 4217 13.29 9.22 37.01 13.34 28.73 _32.18 13.28 ~18.82 —3.08 16.40 g
(NIV,AD) —-2.35 -576  —11.54 5.75 -2311  -3.21 3241 -9.23 33.06 36.21 2712 24.54 6472 -1257 -523 g
(BI,AD) 0.70 0.10 13.40 —6.48 19.80 —5.05 8.52 4.03 —-18.71 —16.94 42.56 10.46 33.51 —-51.11 54.57 o
(NID,AD) 2.52 -3.54 6.82 —6.65 31.63 -3.15 16.82 2398 2986 5071 —10.46 18.24 41.56 2521  —41.89 §
(NIV,BI) 0.47 10.13 1.75 20.99 26.16 _g9p8 26.61 27.78 3.31 49.38 60.86 135 _9og97 22.41 -2300 &
(NIV,NID) 0.43 411 -0.95 40.48 2148  —2275  65.82 -1.39 8.13 -19.26  -30.95 -1506 —31.08 —10.03 1848 %
(BI,NID) 0.38 —-9.88 17.82 —34.30 17.01 -1.32 15.47 —35.03 20.95 -3.18 12.84 —69.81 16.98 1229 -2692 9
AN
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LS allowed, MAP (with polarization) can still place quite strin-

. gent constraints on the possible contribution of the isocurva-

ture modes, and the increase in the errors in determining the
other cosmological parameters is quite modest. However,
when more than one isocurvature mode and the correspond-
ing correlations are considered, the errors increase quite dra-
matically. Moreover, in this case, only very weak limits on

) the contamination of the adiabatic mode with isocurvature

] modes are possible. In the case of all three isocurvature
| modes, the fractional errors become of order one, even when

-500 polarization information is taken into account. The degen-
eracy introduced by the inclusion of nonadiabatic modes is
1 illustrated in Fig. 2. Without a polarization measurement,
—too0f . . . ! ] admitting isocurvature modes ruins MAP’s ability to mea-

s s s s | s s s s s 2 s s
0 500 1000 1500 2000 sure cosmological parameters. The behavior observed is
_ ¢ o likely simply the result of the model possessing too many
FIG. 2. lllustration of the degeneracy problem. Including isocur-gegrees of freedom. For all models considered, the CMB
vature modes degrades the determination of the cosmological P#oments are rather smooth, slowly varying functiong sb
rameters by the MAP satellite temperature measurement. Above iﬁ1at a spline passing through a rather modest number of
shown how, for the most poorly measured eigenvector of the FiSheboints would quite accurately characterize any of the theo-

matrix, variations in th mological parameters and in the admix: . . . ) -
' ons © cosmological b ers and e ad retical models. Hence, in practice for parameter estimation

tures of the isocurvature modes and their correlations may be car(%ﬁe CMB data contains much less useful information than
fully chosen to cancel against each other. The individual contribu-

tions (plotted as the dotted curvesum to the solid curve, which one might naively conclude if one argued that all of Gy

has been multiplied by 50ndicated as the broken solid cujvier fire independent. Rather thip,,~ 10_00* the true number of
enhanced clarity. independently measured numbers is closer to 10.

The situation is improved if we consider the Planck’s es-

It has frequently been emphasized that certain cosmologfimated sensitivities. Planck has been designed to measure
cal parameters, such as,, o, and the angular diameter polarization accurately and so the estimated errors here may
distanced, [given in Eq.(14)], are particularly well con- be more real|st|<_: thar_1 those for MAP. Our results demon-
strained by CMB anisotropy measurements. We found thattrate that therg is a high payoff for an accurate measurement
the inclusion of isocurvature modes degrades the constrain® the polarization. Table | shows that even when we allow
on these special combinations as well, roughly in proportiorﬁ” possible isocurvature mod(.aslwnh arbitrary cross correla-
to the degradation of the parameters they substitute. For eX©ns; Planck can set upper limits of less than 10% on the
ample, the Planck temperature measurement with no isocuisocurvature mode auto- and cross-correlation power relative
vature modes allowed yields an error of 1.18% and 0.89940 the adlgbatlc power. S|multa.neously, Planck can constrain
for w,, and w,, respectively, whereas with the inclusion of the most interesting cosmological parameters to a few per-

three isocurvature modes these errors degrade to 6.30% aﬁ@?t or belttef- his study has f g difficulty |
3.54%, respectively. This is because the covariances between " conclusion, this study has focused on one difficulty in

these parameters and the isocurvature correlation amplitudé@terpretIng t_he CMB anisotropy data, name_ly in checkln_g
are non-negligible the assumption that the primordial perturbations were adia-

batic. We have made severe idealizations in other respects,
namely assuming Gaussianity and uniform noise, and in ig-
IV. DISCUSSION noring foreground contamination. Dealing with these issues

We have considered to what extent it will be possible toWill pose massive Cha_llenges for the real experiments. Nev-
test the hypothesis that the primordial perturbations weré&rtheless, the calculations r_eported_h_ere do offer a clear goal
adiabatic. In our view, since the theoretical situation is am2nd & lesson, namely that high precision measurements of the
biguous, such a check is essential in order for us to reliablpolarization, in addition to the temperature of the cosmic
interpret the CMB anisotropy as a reliable probe of cosmoMmicrowave sky, will likely be essential to a conclusive un-
logical parameters. We find that the MAP satellite amne,derstandlng of the nature of the primordial perturbations.
even with an optimistic assumption about the polarization
measurement, will be unable to set useful limits on the am-
plitudes of isocurvature modes. The Planck satellite promises
to be much more powerful in this respect and will be able to We would like to thank David Langlois for useful discus-
limit the amplitudes of isocurvature modes to less than 10%ions. The CMB spectra were computed using a modified
of the adiabatic mode. version of the codecMBFAST written by Uros Seljak and

We explore how much the errors in determining cosmo-Matias Zaldarriaga. K.M. was supported by the UK Com-
logical parameters from the CMB alone degrade as an inmonwealth Scholarship Commission. Computations were
creasing number of isocurvature modes is admitted. When iperformed on the COSMOS supercomputer funded by
addition to the adiabatic mode only one isocurvature mode iSHEFCE and PPARGUK).
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