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Note on inflation and trans-Planckian physics

Ulf H. Danielsson*
Institutionen fo¨r teoretisk fysik, Box 803, SE-751 08, Uppsala, Sweden

~Received 8 April 2002; published 16 July 2002!

In this paper we consider the influence of trans-Planckian physics on the CMBR anisotropies produced by
inflation. We consider a simple toy model that allows for analytic calculations and argue on general grounds,
based on ambiguities in the choice of vacuum, that effects are expected with a magnitude of the order ofH/L,
whereH is the Hubble constant during inflation andL the scale for new physics, e.g., the Planck scale.
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I. INTRODUCTION

In recent years it has been realized that much can
learned about the highest energies and the smallest scal
studying cosmology and in particular the very early univer
An especially intriguing idea in this context is inflation. F
some nice introductions to inflation with references, s
@1,2#. Inflation successfully solves several problems of
standard big bang scenario, and also makes a number of
predictions. Of particular interest is the cosmic microwa
background radiation~CMBR! anisotropies which currently
is measured with higher and higher precision. Inflation m
nifies tiny quantum fluctuations generated a fraction o
second after the big bang into seeds that eventually caus
formation of galaxies and clusters of galaxies. The fluct
tions leave an imprint on the CMBR that can be used to
inflation at high precision.

Recently a tantalizing possibility has been discussed
the literature that suggests that inflation might provide a w
dow towards physics beyond the Planck scale@3–24#. Since
inflation works by magnifying microscopic quantum fluctu
tions into cosmic size, it is reasonable to worry about
initial linear size of the fluctuations. Were they ever smal
than the Planck scale? Typically inflation is discussed from
purely field theoretic perspective, and the only scale in
problem is, basically, the vacuum energy that generates
flation. As a consequence the quantum fluctuations are
posed to originate in the infinite past with an infinitely sho
wavelength. But in the real world we know that fundame
tally new physics is to be expected at the Planck scale,
this simple picture cannot be correct. The key question, th
is whether modifications of the high energy behavior c
change the predictions of inflation. So far no real consen
has been reached in the literature, and there are at leas
competing estimates of the size of the corrections to
CMBR spectrum. In, e.g., Ref.@12# the corrections are ar
gued to be of size (H/L)2, while in, e.g., Refs.@13,16#, one
is dealing with substantially larger corrections of orderH/L.
L is the energy scale of new physics, e.g., the Planck s
or the string scale, andH is the Hubble constant during in
flation. Very recently it was argued in@25#, using a low en-
ergy effective field theory, that local physics imply that t
effects cannot be larger than (H/L)2. This conclusion has
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been criticized in@26#, where it was pointed out that trans
Planckian physics can effectively provide the low ener
theory with an excited vacuum, thereby circumventing t
arguments of@25#.

The purpose of the present paper is to discuss the tr
Planckian problem from the point of view of an extreme
simple modification of the standard scenario where we fo
on the choice of vacuum. In the usual model of inflation, t
initial state is assumed to be the empty vacuum in the infin
past when all scales that have a finite linear size today h
a size infinitely smaller than the Planck scale. Even thou
this does not make too much sense—after all, we have
idea of how the physics at these scales work—it is intere
ing that this naive approach seems to give sensible results
test how robust the predictions are, one has, in the var
works mentioned above, changed by hand the high ene
behavior in different ways to see whether and how mu
the result is influenced. In this paper we will follow a mo
conservative approach. We will note when a given mo
reaches a certain minimum scale and encode our ignora
in the choice of state at that time. For each mode we w
choose a time when the mode is of a specific size compar
to the Planck scale and impose, at that time, some reason
initial conditions. A fixed scale for imposing the initial con
dition implies that the larger the mode is today, the furth
back in time we need to go to impose the initial condition.
fact, one can think of a semieternal inflation where mod
appear out of nowhere, always at the same minimum sc
after which inflation takes over and makes them grow larg
This happens all the time until, for some reason, inflat
turns off. In this way there is a continuous creation of flu
tuations with no unique moment in time~not even the infinite
past!; it is instead the unknown small scale physics that p
duce a certain state at the minimum scale.

But what is the state created at the minimum scale?
standard proposal says that it is ‘‘the state that would h
been produced if no new physics occurs on small scales
we start off with an empty vacuum in the infinite past
Clearly there isa priori no justification for such a claim. It
might be a reasonable first guess, but it should be the sub
of criticism and discussion. Another proposal, no less pl
sible or implausible, would be that the state produced at
minimum scale is the vacuum determined by some princ
of naturalness atthat time. The idea would then be that th
span provided by the two choices gives a reasonable estim
of how uncertain our prediction of the fluctuation spectrum
©2002 The American Physical Society11-1
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due to trans-Planckian physics. That is, how sensitive in
tion is to reasonable variations in the initial conditions.

In agreement with@26# we will find corrections larger
than those discussed in@25#. Similar ideas as those present
in this paper can also be found in@13,16#, but our analysis
will be made in a simpler model that allows for analyt
results and provides some further insight into what the na
of the effect is. In particular, we will discuss the role of th
adiabatic vacuum. In fact, our main result will be thatthe
expected magnitude of the trans-Planckian corrections
be given by the magnitude of the first order corrections to
zeroth order adiabatic vacuum.

II. A SIMPLE MODEL

A. A Heisenberg setup

Let us consider an inflating background with metric

ds25dt22a~ t !2dx2, ~1!

where the scale factor is given bya(t)5eHt. The equation
for a scalar field in this background is given by

f̈13Hḟ2¹2f50. ~2!

In terms of the conformal timeh521/aH, and the rescaled
field m5af, we find

mk91S k22
a9

a Dmk50 ~3!

in Fourier space. Prime refers to derivatives with respec
conformal time. Note that we havek5ap, wherep is the
physical momentum which is redshifting away with the e
pansion (k is fixed!. We will also need the conjugate mome
tum to mk which is given by

pk5m82
a8

a
mk . ~4!

When quantizing the system it turns out that the Heisenb
picture is the most convenient one to use. A nice discuss
of this approach can be found in@27#, see also@2#. In terms
of time dependent oscillators we can write

mk~h!5
1

A2k
„ak~h!1a2k

† ~h!…

~5!

pk~h!52 iAk

2
„ak~h!2a2k

† ~h!….

The oscillators can be conveniently expressed in terms
their values at some fixed timeh0,

ak~h!5uk~h!ak~h0!1vk~h!a2k
† ~h0!

~6!
a2k

† ~h!5uk* ~h!a2k
† ~h0!1vk* ~h!ak~h0!,
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which is nothing but the Bogolubov transformations whi
describe the mixing of the creation and annihilation ope
tors as time goes by. Plugging this back into the express
for mk(h) andpk(h) we find

mk~h!5 f k~h!ak~h0!1 f k* ~h!a2k
† ~h0!

~7!
pk~h!52 i „gk~h!ak~h0!2gk* ~h!a2k

† ~h0!…,

where

f k~h!5
1

A2k
„uk~h!1vk* ~h!…

~8!

gk~h!5Ak

2
„uk~h!2vk* ~h!….

f k(h) is a solution of the mode equation~3!. We are now in
the position to start discussing the choice of vacuum. A r
sonable candidate for a vacuum is

ak~h0!u0,h0&50. ~9!

In general this corresponds to a class of different vacua
pending on the parameterh0. At this initial time it follows
from Eq. ~6! that vk(h0)50, and the relation between th
field and its conjugate momentum is particularly simple:

pk~h0!5 ikmk~h0!. ~10!

This choice of vacuum has a simple physical interpretati
Following @27# it is easy to show that it corresponds to
state which minimizes the uncertainty ath5h0. Using
^mk&5^pk&50 it follows that

^DmkDmk8&5u f ku2d (3)~k2k8!

~11!
^DpkDpk8&5ugku2d (3)~k2k8!,

where

u f ku2ugku25
1

4
~11uuv2u* v* u2!. ~12!

The latter expression is indeed minimized ath5h0 where
vk(h0)50.

We will now show that the vacuum defined in this wa
can be referred to as the zeroth order adiabatic vacuum.

B. The role of the adiabatic vacuum

In a time dependent background the notion of a vacuum
a tricky issue. The ideal situation is if there is only som
transitional time dependence, in which case there is a un
definition of the vacuum in the infinite past as well as in t
infinite future. The time evolution of the initial vacuum wil
however, not necessarily generate the final vacuum, a p
nomenon which we interpret as the creation of particl
With a time dependence that never shuts off, the situatio
less clear. One possibility is to use the adiabatic vacu
where the solution of the wave equation is, formally, a
1-2
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sumed to be of WKB form. A nice discussion of the adiaba
vacuum can be found in@28#. Often the exact solution is
expanded to some finite order in the adiabatic parameter
determines the slowness of the process. The idea is to
proximate the field equations, at some moment in time, w
their time independent counterparts~possibly with correc-
tions to some finite order! and define positive and negativ
energy using solutions to these approximative equatio
Even though the adiabatic vacuum obtained in this way
general does not correspond to a solution of the exact fi
equation, it certainly corresponds tosomespecific choice of
vacuum. What one should remember, however, is that
adiabatic vacuum~to some finite order in the adiabatic p
rameter! is not unique but depends on what moment in tim
one uses for its definition. In de Sitter space, however
happens that the finite order adiabatic vacuum obtaine
the infinite past actually corresponds to an exact solution
the exact field equations, and therefore in some sense is
tinguished. After all, when the modes are small enough t
do not care about the expansion of the universe.

Which vacuum should we choose? One possibility is
use the adiabatic vacuum of arbitrary order—correspond
to an exact solution—but there are also other choices like
one of minimum uncertainty discussed in the previous s
tion. As we will argue below the minimum uncertain
vacuum agrees with the adiabatic one only to zeroth orde
fact, it is only at zeroth order, where the expansion of
universe can be ignored, that ambiguities in the definition
the vacuum are removed. It is important to observe that th
distinctions between various vacua only become impor
since we insist on imposing the choice of vacua at a fin
time corresponding to some specific finite wavelength, e
the Planck scale. Any claim about the structure of
vacuum beyond the zeroth order requires knowledge
physics on this scale. Since such knowledge is currently
available, we can only list various alternatives. The vacu
choice of the previous section represents one such vi
alternative, besides the standard one, and can be used
dicate the natural span of possibilities. Let us now proc
with a more detailed analysis.

In the zeroth order adiabatic approximation, the solut
of a mode equation of the form

mk91„k22C~h!…mk50, ~13!

is given by

mk5
1

A2v
e6 ivh, ~14!

where

v5Ak22C~h!. ~15!

For the approximation to make sense we must have anv that
varies slowly enough~i.e., adiabatically!. A necessary condi-
tion for this to be the case is that
02351
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dh
ln C!v, ~16!

which for us@whereC(h)52/h2# typically leads to

kh@1. ~17!

With the help of this the zeroth order solution simply dege
erates into

mk5
1

A2k
e6 ikh, ~18!

and one finds a conjugate momentum given by

pk5 ikmk . ~19!

This is precisely what our choice in the previous subsect
led to, and we can therefore refer to the vacuum that we
analyze as the zeroth order adiabatic vacuum. As pointed
above, a finite order adiabatic mode is in general not an e
solution of the field equations, but the vacuum that it cor
sponds to is nevertheless an honest proposal for a vacu
One should view Eq.~19! as initial conditions with a subse
quent time evolution given by the exact solution.

C. Imposing the initial conditions

Let us now consider the standard treatment of fluctuati
in inflation. In this case we have

f k5
1

A2k
e2 ikhS 12

i

kh D ~20!

and

gk5Ak

2
e2 ikh. ~21!

The logic behind the choice is that the mode at early tim
~whenh→2`) is of positive frequency and corresponds
what one would naturally think of as the vacuum. It is not
ing but the state obeying Eq.~9! for h0→2` and is there-
fore the zeroth order adiabatic vacuum of the infinite pa
Note that the zeroth order adiabatic vacuum in this cas
actually an exact solution~for h→2`). For later times
~whenh→0 and the second term off k becomes important!
we see how the initial vacuum leads to particle creat
thereby providing the fluctuation spectrum.

But what if the initial conditions are chosen differently
In general we could have

f k5
Ak

A2k
e2 ikhS 12

i

kh D1
Bk

A2k
eikhS 11

i

kh D
~22!

gk5AkAk

2
e2 ikh2BkAk

2
eikh,
1-3
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with a nonzeroBk . If we then work backwards, we ca
calculate what this corresponds to in terms ofuk andvk . The
result is

uk5
1

2 S Ake
2 ikhS 22

i

kh D1Bke
ikh

i

kh D
~23!

vk* 5
1

2 S Bke
ikhS 21

i

kh D2Ake
2 ikh

i

kh D .

At this point we should also remember that

uuku22uvku251 ~24!

from which we find

uAku22uBku251. ~25!

As we have seen, the choice of vacuum that we make
quires that we putvk* (h0)50 at some initial momenth0.
This implies that

Bk5
ie22ikh0

2kh01 i
Ak , ~26!

from which we conclude that

uAku25
1

12uaku2
, ~27!

where

ak5
i

2kh01 i
. ~28!

We next move to the calculation of the fluctuation spe
trum given by

Pf5
1

a2
Pm5

k3

2p2a2
u f ku2;

1

4p2h2a2

3~ uAku21uBku22Ak* Bk2AkBk* !

5S H

2p D 2

~11uaku22ake
22ikh02ak* e2ikh0!

1

12uaku2
,

~29!

where we have usedh521/aH in the prefactor and consid
ered the leading term at late times whenh→0. If we impose
the initial condition ath0→2` we geta50 and recover
the standard resultPf5(H/2p)2. But let us now do some
thing different following the discussion in the Introductio
For a givenk we choose a finiteh0 such that the physica
momentum corresponding tok is given by some fixed scal
L. L is the energy scale of new physics, e.g., the Pla
scale or the string scale. From

k5ap52
p

hH
~30!
02351
e-

-

k

with p5L we find

h052
L

Hk
. ~31!

It is important to note thath0 depends onk. If we assume
L/H@1 we get

Pf5S H

2p D 2S 12
H

L
sinS 2L

H D D , ~32!

which is our final result.1

D. Some comments on the result

There are several comments one can make. First,
verifies that the size of the correction (;H/L5u1/kh0u) is
precisely what is to be expected from a higher order corr
tion to the zeroth order adiabatic vacuum. If the vacuum
imposed in the infinite past, the vacuum is exact, but if it
imposed at a later time it is natural to expect nonvanish
corrections. Corrections of precisely this order of magnitu
have been found in, e.g., Refs.@13,16# and as we have see
this can be expected on quite general grounds. These co
tions are in general larger than those discussed in@25# which
went like (H/L)2.

Second, it is interesting to note that if we have a mode
inflation whereH is slowly changing, leading to a spectru
which is not exactly scale invariant, the correction term w
be very sensitive tok through the dependence ofH on k. That
is, there will be a modulation ofPf . In fact, one could
expect this to be a rather general phenomena in mo
where the initial conditions are set at a particular scale. T
modulation that we have found is precisely of the same fo
as in the numerical work of@16# which considered a specifi
example of slow roll. It would be interesting to study th
phenomenon in a more systematic way for various mode

III. SUMMARY AND CONCLUSIONS

In this paper we have studied the possible influence
trans-Planckian physics on the fluctuation spectrum p
dicted by inflation. We have made use of an extremely na
ral initial condition: we require that the modes are created
a state of minimized uncertainty. If this is imposed in t
infinite past there is no difference between this choice a
the usual choice of an adiabatic vacuum. But contrary to
standard treatment we have imposed the initial condition
in the infinite past, but at a mode dependent time determi
by when a particular mode reaches a size of the order of
fundamental scale~e.g. the Planck scale!. As a consequence
our analysis agrees with the standard choice only to ze
order in an adiabatic expansion with corrections at first ord
This should be viewed as a conservative approach appro

1If the field that we are considering is a gravitational mode,Pf

directly gives the density fluctuations. For a scalar field, on

other hand, one needs to take an extra factor (H/ḟ)2 into account.
See@2# for further details.
1-4
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ate for estimating how well the fluctuation spectrum can
predicted without any knowledge of high energy physics.
phrase it differently: if measurements can be done at
accuracy required, trans-Planckian physics will be with
reach. The size of the prediction is not large2 but it would be
interesting to further analyze under what circumstance
might be observable.

In this context one should also consider the bound fou
in @29#. There it is argued that present day physics seve
limits how far from the standard vacuum choice one c
deviate. The problem is that with a large deviation too ma
particles~e.g., gravitons! will be produced which could con
tribute to the present energy density. According to this e
mate the coefficient in front of the wrong mode can be
most of the orderH0 /L, whereH0 is the Hubble constan
now. But, as argued in@13#, when the coefficient is trace
back in time it might very well correspond to a considerab
larger ratio in the past. In fact, a natural expectation is tha
becomes of the orderH/L, meaning that it is really a tricky

2If L is the Planck scale,H/L is at most 1024. If L is the string
scale,H/L could possibly be 1022 in a very optimistic scenario.
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question involving numbers of order not too far from on
Similar comments apply to the work of@30#, which discusses
back reaction due to particle production during inflation
self. More detailed discussions on these issues can be fo
in @26#. Actually, one way to view the argument of@29# is as
yet another example of how sensitive inflation is to tran
Planckian physics.

The conclusion is, therefore, that effects of tran
Planckian physics are possibly within the reach of cosm
logical observations even though much more detailed ca
lations are required to make a definite statement. But e
this is much more optimistic than the usual expectations
standard particle physics, and could imply a very exciti
future for cosmology as well as string theory.
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