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Charmed and bottom baryons from lattice nonrelativistic QCD
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The mass spectrum of charmed and bottom baryons is computed on anisotropic lattices using quenched
lattice nonrelativistic QCD. The masses are extracted by using mass splittings which are more accurate than
masses obtained directly by using the nonrelativistic mass-energy relation. Of particular interest are the mass
splittings between spin-1/2 and spin-3/2 heavy baryons, and we find that these color hyperfine effects are not
suppressed in the baryon sector although they are known to be suppressed in the meson sector. The results are
compared with those obtained in a previous nonrelativistic QCD calculation and with those obtained from a
Dirac-Wilson action of the D234 type.

DOI: 10.1103/PhysRevD.66.014502 PACS number~s!: 12.38.Gc, 14.20.Lq
an
er
fo

av
v

fro
r

th
ul

nd
ti

li
ins
n

sp
s

fo
io

an
tio
es
tti
ss
th
sp
a

m

dis-
nts
we

ion
e

ne
ge

ted
ela-
loys
n be
cond
ver-
un-
for
he
nd
of

lts,
up-

ole
CD

and
eri-

m-
es
I. INTRODUCTION

A comprehensive knowledge of the mass spectrum
spin splittings of heavy baryons is important for our und
standing of quantum chromodynamics. However, except
singly heavy charmed baryons and only one singly he
bottom baryon (Lb), most of the heavy baryon masses ha
not yet been measured experimentally@1#. On the theoretical
side there are many results on heavy baryon masses
different models, including, for example, a number of qua
model variations@2–4#.

Using lattice QCD, substantial work has been done in
heavy meson sector. However, so far only very few res
have been reported for heavy baryons@5–8#, and there is
only one work @6# in which heavy ~bottom! quarks are
treated nonrelativistically. A further study of charmed a
bottom heavy baryons on the lattice using nonrelativis
QCD ~NRQCD! therefore seems worthwhile.

The extraction of the experimentally observed mass sp
tings between vector and pseudoscalar mesons rema
challenging problem in lattice QCD; quenched calculatio
have so far been unable to extract the observed mass
tings @9#, and unquenched studies have not resolved the is
@10#. Therefore, it is natural to ask whether lattice results
baryon mass splittings also exhibit a similar suppress
compared to experiment.

Empirically, spin splittings in baryons are smaller th
those in the meson sector. Moreover, in a lattice simula
the correlators for baryons, particularly for spin-3/2 stat
are noisier than those for mesons, and thus, by using la
QCD, it is comparatively difficult to extract a reliable ma
spectrum for heavy baryons. In this work we report on
charmed and bottom baryon mass spectrum and mass
tings by using a nonrelativistic heavy quark action and
improved light quark action on anisotropic lattices.

In Sec. II we summarize different charmed and botto
0556-2821/2002/66~1!/014502~10!/$20.00 66 0145
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heavy baryons with their relevant quantum numbers and
cuss our choice for interpolating fields. Section III prese
the details of the numerical simulation. For heavy quarks,
use the nonrelativistic action from Ref.@11#, while a tadpole
improved gauge action and an improved Dirac-Wilson act
of the D234 type@12# are used for light quarks. Since thes
actions were previously detailed elsewhere@7,8#, we will de-
scribe them only in an Appendix. The calculations are do
on two different anisotropic lattices with the same gau
configurations as those used in Ref.@8# at b52.1 andb
52.3.

In Sec. IV we present our results. Masses are calcula
using two methods: the first uses the standard NRQCD r
tion between mass and energy while the second emp
mass splittings to calculate masses. As mass splittings ca
estimated more accurately than masses, errors in the se
method are smaller than those obtained in the first. The o
all systematic uncertainty is estimated by including scale
certainty, uncertainty due to the choice of a time window
fitting correlation functions, error due to extrapolation to t
physical light quark masses, uncertainty in fixing charm a
bottom masses, and uncertainty from our determination
the lattice anisotropy.

Spin splittings are discussed in Sec. V. From our resu
along with other published results, we conclude that the s
pression of mass splittings isnot presentin the baryon sector
in the same way as it is in the meson sector. Over the wh
mass range where data are available, quenched lattice Q
simulations yield mass differences between spin-3/2
spin-1/2 baryons that are comparable to or larger than exp
mental values.

II. CHARMED AND BOTTOM BARYONS

Singly and doubly charmed and bottom baryons are su
marized in Tables I and II, respectively. Table II also includ
©2002 The American Physical Society02-1
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doubly heavy states containing two different heavy qua
~charmed and bottom quarks together!. The quark content
the spin parityJP, the isospinI, andsl , which identifies the
total spin of the light quarks~also the spin-flavor symmetry
sl50 is symmetric whilesl51 is antisymmetric!, are shown.
Notice that masses for many singly heavy states are not m
sured yet and there are no data at all on masses for do
heavy states.

To project out heavy baryon states we use the same in
polating operators as were used in Ref.@8#. For S-like bary-
ons we choose

S: eabc@qa
TCg5Qb#qc ~1!

whereq is a light quark field andQ is a heavy quark field.
Here a,b,c are color indices whereas Dirac indices ha

TABLE I. Summary of singly heavy baryons, showing valen
quark content (q[u,d andQ[c,b), spin parity, isospin, and mas
~in GeV!. The quantitysl is the total spin of the light quark pair
The experimental values are from Ref.@1#.

Baryons Quark content JP I sl Mass(c) Mass(b)

LQ udQ 1
2

1 0 0 2.285(1) 5.624(9)

JQ qsQ 1
2

1 1
2 0 2.468(2)

SQ qqQ 1
2

1 1 1 2.453(1)

JQ8 qsQ 1
2

1 1
2 1 2.575(3)

VQ ssQ 1
2

1 0 1 2.704(4)

SQ* qqQ 3
2

1 1 1 2.518(2)

JQ* qsQ 3
2

1 1
2 1 2.645(2)

VQ* ssQ 3
2

1 0 1

TABLE II. Summary of doubly heavy baryons, showing valen
quark content (q[u,d andQ[c,b), spin parity, isospin, andSQQ ,
the total spin of the heavy quark pair.

Baryons Quark content JP I SQQ

JQQ qQQ 1
2

1 1
2 1

VQQ sQQ 1
2

1 0 1

JQQ* qQQ 3
2

1 1
2 1

VQQ* sQQ 3
2

1 0 1

Jbc qbc 1
2

1 1
2 0

Vbc sbc 1
2

1 0 0

Jbc8 qbc 1
2

1 1
2 1

Vbc8 sbc 1
2

1 0 1

Jbc* qbc 3
2

1 1
2 1

Vbc* sbc 3
2

1 0 1
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been suppressed. ForSQ , q is u or d and forVQ , q is s. For
doubly heavyS-like baryons with equal heavy masses, w
interchange the role of light and heavy fields, i.e., to g
JQQ , we changeq→Q andQ→u or d. Similarly, for VQQ ,
the change isq→Q,Q→s.

TheJQ8 is S-like but it contains two different light flavors
so it is considered separately as

J8:
1

A2
$eabc@qa8

TCg5Qb#qc1eabc@qa
TCg5Qb#qc8%, ~2!

with q5u or d andq85s.
The L-like baryons involve three distinct flavors. A

simple choice is theheavy lambda:

L: eabc@qa
TCg5qb8#Qc , ~3!

where, forLQ , q5u, q85d, and forJQ , q5u, q85s. A
more symmetrical choice would be theoctet lambda:

Lo :
1

A6
eabc$2@qa

TCg5qb8#Qc1@qa
TCg5Qb#qc8

2@qa8
TCg5Qb#qc%, ~4!

with the same flavor assignment as for the heavy lamb
One can use either of theseL states as they give consiste
results@8#. We choose the octet lambda (Lo) for this work.
For spin-3/2 baryons we choose the following interpolati
field:

S* : eabc@qa
TCgmqb8#Qc , ~5!

where, forSQ* , q5q8 is u or d and forVQ* , q5q8 is s. To
get JQ* , one needs to considerq5u or d andq85s. Simi-
larly, to get the doubly heavy states with equal heavy mas
one needs to interchange the roles of light and heavy fie
For example, to getSQQ* , one needs to changeq,q8→Q and
Q→u or d, whereasVQ* requiresq,q8→Q andQ→s.

The operator in Eq.~5! has both spin-1/2 and spin-3/
states. At zero momentum the corresponding correla
function can be written as@13#

Ci j ~ t !5S d i j 2
1

3
g ig j DC3/2~ t !1

1

3
g ig jC1/2~ t !, ~6!

where thei , j ’s are spatial Lorentz indices andC3/2(1/2) are
the spin projections for spin-3/2~-1/2! states. By choosing
different Lorentz components the spin-3/2 part,C3/2(t), is
extracted and used to calculate the mass of the spin-3/2 b
ons.

Operators for baryons with two unlike heavy flavors m
be constructed from the above interpolating operators by
terchanging the roles of heavy and light fields. For examp
JQQ8

* andVQQ8
* can be obtained from Eq.~5! by letting q,

q8→Q,Q8 andQ→q with q5u or d andq5s, respectively.
For JQQ8

8 andVQQ8
8 we use the symmetrical form again, a

given by Eq.~3!, making the same replacements, i.e.,q, q8
2-2
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CHARMED AND BOTTOM BARYONS FROM LATTICE . . . PHYSICAL REVIEW D 66, 014502 ~2002!
→Q,Q8 and Q→q with q5u or d and q5s, respectively.
Finally, JQQ8 andVQQ8 are the doubly heavy analogues
L and they can be obtained from Eqs.~3! and ~4! as previ-
ously.

III. NUMERICAL SIMULATION

A. Actions

The gauge action as well as the heavy quark NRQ
action used for this work are described in detail in Ref.@11#.
The gauge action is tadpole improved and the leading c
sical error is quartic in lattice spacing. The Hamiltonian c
responding to the NRQCD action is complete toO(1/M3) in

TABLE III. Summary of lattice parameters. The quantityat
21 is

the inverse of the temporal lattice spacing whileus andut are the
tadpole improvement factors for spatial and temporal links, resp
tively.

b Size Configurations at
21 (GeV) us ut

2.1 123332 720 1.803~42! 0.7858 0.9472
2.3 143338 442 2.210~72! 0.8040 0.9525
01450
D
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the classical continuum limit. For light quarks we use
Dirac-Wilson action of the D234 type@12#, which has been
used previously and detailed in Refs.@7,8#. Its leading clas-
sical errors are cubic in lattice spacing. All these actions
summarized in the Appendix.

B. Simulation details

This work is done with two sets of quenched gauge c
figurations~at b52.1 and 2.3) on anisotropic lattices with
bare aspect ratioas /at52, where the spatial lattice spacin
varies from about 0.22 to 0.15 fm.

The renormalized anisotropy is obtained from

c-

TABLE IV. Hopping parameters and bare masses. Fourk values
were used in simulations at eachb. ks is the hopping parameter fo
the strange quark, andc and b are the charmed and bottom ba
masses, respectively.

b k ks(f) Bare mass
c b

2.1 0.229,0.233,0.237,0.240 0.2338 1.2,1.5 5.0,6
2.3 0.229,0.233,0.237,0.240 0.2371 1.04,1.24 3.7,4
and

FIG. 1. Effective massM (t) versust for singly heavyS-like baryons for different combinations of light and heavy quark mass~denoted

by hopping parameterk and bare massm, respectively!. Open symbols are for calculations with a correlation function with local source
sink; filled symbols are for local source and smeared sink.
2-3
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FIG. 2. Effective massM (t) versust for doubly heavyS-like baryons for different combinations of light and heavy quark mass~denoted
by hopping parameterk and bare massm, respectively!. Open symbols are for calculations with a correlation function with local source
sink; filled symbols are for local source and smeared sink.
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asV~r 2!2asV~r 1!

atV~r 2!2atV~r 1!
, ~7!

whereV(r ) is the potential between a static quark-antiqua
pair with separationr, and is extracted from an exponenti
fit to a sequence of Wilson loops. In the numerator of Eq.~7!
the sequence of Wilson loops extends in a coarsely spa
direction, and in the denominator the sequence extends in
finely spaced direction. The separationr may be along a
lattice axis or off axis, and various possibilities were i
cluded in the calculation. However, the separationr never
includes the finely spaced direction, so thatV(r ) itself is
independent ofas /at . It is convenient to avoid using th
largest values ofr, where the exponential fit becomes nois
and the periodicity of the lattice can affect a determination
the anisotropy. Our results are

j5
as

at
5H 1.96~2! for b52.1,

1.99~3! for b52.3.
~8!

We used fixed time boundaries to construct quark propa
tors, and gauge fields were generated using a pseudo-
bath Monte Carlo algorithm with 400 (b52.1) to 800 (b
52.3) sweeps between saved configurations. Forb52.1, we
01450
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use 720 configurations and forb52.3 the number of con-
figurations is 442. Two sets of bare masses are used for
heavy quark while four sets of hopping parameters are u
for the light one. Bare masses for heavy quarks are chose
surround the physical value so that an interpolation can
used. For example, atb52.1, the charm mass is between 1
and 1.5 and the bottom mass is between 5.0 and 6.0.
charm mass is fixed by setting thehc mass to its experimen
tal value, whereas theB0 mass is used to fix the bottom
mass. The hopping parameter corresponding to the stra
quark is fixed from theDs meson mass. The temporal lattic
spacing and correspondingly the scale is fixed by setting
r-meson mass to its experimental value. Summaries of
tice parameters as well as hopping parameters for heavy
light fields are given in Tables III and IV, respectively.

Correlation functions are calculated using interpolati
operators in local form at both source and sink. In addition
that we use a gauge invariant smearing for quark propaga
at the sink using the smearing function from Eq.~13! of Ref.
@14#. These local and sink-smeared correlators are fitted
multaneously to obtain hadron masses. The required corr
tions among different quantities are taken into account
covariant matrices obtained from singular value decomp
tion, and the statistical error is estimated from bootstrapp
2-4
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FIG. 3. Effective massM (t) versust for doubly heavyS* -like baryons for different combinations of light and heavy quark m
~denoted by hopping parameterk and bare massm, respectively!. Open symbols are for calculations with a correlation function with lo
source and sink; filled symbols are for local source and smeared sink.
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the fitting procedure. As in Ref.@8#, local correlators
are fitted with two exponential functions@A exp(2m1x)
1Bexp(2m2x)#, while the sink-smeared correlation functio
is fitted with a single exponential@C exp(2m1x)#. The mass
parameter for the sink-smeared fit is constrained to be
same as the lowest mass of the fit to the local correlator.
time window for the fit is chosen in such a way that t
ending time is large and the fit is stable under variation
both starting and ending time by a few time steps. Lig
quark extrapolation is done by extrapolating the had
masses extracted at four light quark masses with the f
c01c2mp

2 1c3mp
3 , wheremp is the pion mass. In most o

the cases the cubic (mp
3 ) contributions are small and they a

included only to get systematic errors.
Figures 1–3 show some representative examples of

simulation results. We plot the effective mass for differe
heavy baryons versus timet, where the effective mass i
defined to beM (t)5 ln@g(t)/g(t11)# with g(t) being the
zero-momentum time correlation function of baryon field
Open symbols in these figures are for calculations wit
correlation function with local source and sink; filled sym
bols are for local source and smeared sink. There is g
agreement between local and smeared results at large ti

It should be noted that the actual fits to determine
01450
e
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d
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e

masses are performed directly with the correlation functio
and not on the effective masses plotted in Figs. 1–3, but
plots provide an indication of the quality of our data. A
though the sink-smeared results appear to be somew
noisy, they are quite helpful in constraining the tw
exponential fit of the local correlation function.

C. Mass extraction

The kinetic mass of a nonrelativistic state can be extrac
from the usual NRQCD relation@11#

Mkin5
2p2

Ns
2j2at@at~Ep2E0!#

, ~9!

which is derived fromE5p2/2Mkin . HereN5Las , with L
being the lattice size andas the spatial lattice spacing.j
5at /as is the anisotropy whereasE0 andEp are simulation
energies corresponding to the ground state and the state
momentump52p/Las , respectively. Mass differences be
tween two states (H1 andH2! with the same heavy quark ca
be obtained by taking the difference of their zero-moment
simulation energies:
2-5
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MATHUR, LEWIS, AND WOLOSHYN PHYSICAL REVIEW D66, 014502 ~2002!
MH1
2MH2

5Esim
1 ~0!2Esim

2 ~0!, ~10!

which follows from the lattice NRQCD expression for th
hadron mass

MH5Esim~0!1ZMQ2Eshi f t , ~11!

whereEsim is the simulation energy at zero momentum a
the last two terms represent the renormalized heavy qu
mass. The bare quark massMQ has both a multiplicative~Z!
and additive (Eshi f t) renormalization@15#, which should be
independent of the hadronic state. A more precise resu
obtained for heavy hadron masses with the heaviest l
quark (k50.229) rather than with a lighter light quark (k
50.233 and higher!.

Moreover, mass differences@Eq. ~10!# can be calculated
more precisely than masses@Eq. ~9!#. Therefore, for ex-
ample, one can calculate a meson mass from the relatio

M ~ql ,Q!5M ~qh ,H !2DM5M ~qh ,H !2DE, ~12!

where

DM5DE5E~qh ,Q!2E~ql ,Q!. ~13!

Hereqh andql denote the heaviest light quark and a ligh
one, respectively, andM (qh ,H) is extracted by using Eq
~9!. Equation~13! is valid as long asZ in Eq. ~11! is the
same, i.e., both states consist of the same heavy quarkQ.

Similarly, masses of singly and doubly heavy baryons c
be extracted from meson masses by using

M ~q1q2 ,Q!5M ~qh ,Q!2DEsh , ~14!

M ~q1 ,QQ!5M ~QQ!2DEdh , ~15!

where

Esh5E~qh ,Q!2E~q1q2 ,Q!, ~16!

Edh5E~QQ!2E~q1 ,QQ!. ~17!

For example, theSc(b) mass is extracted by taking its diffe
ence~at eachk) from theD (B0) mass~m! at k50.229 and
then subtracting that fromm. Masses extracted by using E
~9! and Eqs.~12!–~17! are consistent with each other. How
ever, errors in the second method are smaller than in
previous one.

IV. RESULTS

The mass spectrum and spin splittings of heavy qu
baryons have been computed on an anisotropic lattice u
the NRQCD heavy quark action. The results are summar
in Table V, where the first error is the statistical error o
tained from a bootstrap analysis with a bootstrap sample
equal to the configuration sample size. The second error i
overall systematic error due to scale and anisotropy un
tainties, the uncertainty due to choosing a time window,
light quark extrapolation error, and the strange quark m
uncertainty. Mesons, singly heavy baryons, and dou
01450
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heavy baryons are separated into different groups by h
zontal lines. In Table VI we compare our results with tho
obtained by using a relativistic~D234! heavy quark action
@8# and experimental numbers~where available!. One can see
that the NRQCD results and D234 results are consistent w
each other. The results are also consistent with a prev
NRQCD calculation@6#. As in Ref. @8#, it is found that the
suppression of spin splittings is not present in the bary

TABLE V. Results for meson and baryon masses and mass s
tings ~in MeV! calculated using the NRQCD action for charm~c!
and bottom~b! quarks. The first error is statistical while the seco
error comprises systematic errors due to scale, time window,
anisotropy. Rows are separated into mesons, singly heavy cha
baryons, doubly heavy charmed baryons, singly heavy bottom b
ons, and doubly heavy bottom baryons, respectively.

b52.1 b52.3

J/C2hc 70(2)(4
5) 76(3)(5

7)
D 1842(28)(31

33) 1850(35)(24
28)

Ds 1980(23)(23
26) 1958(33)(21

23)
D* 2D 98(6)(3

5) 101(6)(5
6)

Ds* 2Ds 94(4)(3
4) 96(4)(5

4)
Bs

0 5380(108)(18
21) 5375(103)(21

20)
B* 2B0 32(4)(2

3) 35(6)(3
3)

Bs* 2Bs
0 29(3)(2

2) 32(4)(2
3)

Sc 2407(32)(37
32) 2452(38)(36

38)
Jc 2440(27)(26

28) 2473(34)(33
34)

Vc 2652(25)(31
27) 2678(33)(31

33)
Sc* 2Sc 75(20)(12

14) 86(18)(13
12)

Jc* 2Jc8 71(18)(9
12) 81(16)(10

11)
Vc* 2Vc 65(13)(8

7) 74(14)(8
8)

Sc2Lc 128(28)(28
39) 162(36)(26

33)
Jc82Jc 104(19)(23

20) 126(21)(22
15)

Jcc 3562(47)(25
27) 3588(66)(27

32)
Vcc 3681(44)(19

17) 3698(60)(23
26)

Jcc* 2Jcc 63(14)(7
9) 70(11)(7

7)
Vcc* 2Vcc 56(8)(6

7) 63(7)(5
5)

Lb 5664(98)(46
33) 5672(102)(41

35)
Jb 5762(83)(38

29) 5788(86)(36
30)

Vb 6021(75)(34
27) 6040(77)(31

25)
Sb* 2Sb 22(10)(6

7) 24(11)(5
7)

Jb* 2Jb8 21(10)(6
7) 23(11)(5

7)
Vb* 2Vb 18(7)(4

6) 20(8)(3
5)

Sb2Lb 141(24)(22
30) 175(27)(24

26)
Jb82Jb 124(22)(18

32) 148(25)(15
24)

Jbb* 2Jbb 22(6)(3
4) 20(6)(4

3)
Vbb* 2Vbb 20(4)(3

3) 19(4)(3
3)

Jcb8 6810(150)(79
62) 6840(228)(72

58)
Vcb8 6935(135)(89

75) 6954(214)(81
62)

Jcb* 2Jcb8 46(8)(6
4) 43(9)(6

6)
Vcb* 2Vcb8 40(6)(5

4) 39(6)(5
5)

Jcb2Jcb8 11(6)(5
4) 9(5)(4

6)
Vcb2Vcb8 10(5)(4

4) 9(4)(4
4)
2-6
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TABLE VI. Results for charmed baryon masses and mass differences~in MeV! compared to experimenta
values. The first row of lattice results~taken from@8#! were calculated using a relativistic action of the D2
type for the charmed quark while for the second row~this work! the NRQCD action was used.

Lattice results Expt.
b52.1 b52.3 b52.5

Sc 2379(31)(18
23) 2490(14)(33

17) 2493(22)(29
21) 2455

2407(32)(37
32) 2452(38)(36

38)
Jc 2455(17)(42

11) 2462(14)(30
5 ) 2481(14)(34

1 ) 2468
2440(27)(26

28) 2473(34)(33
34)

Vc 2671(11)(59
11) 2699(10)(41

8 ) 2700(11)(40
8 ) 2704

2652(25)(31
27) 2678(33)(31

33)
Sc* 2Sc 62(33)(32

19) 82(12)(6
9) 76(19)(4

15) 64
75(20)(12

14) 86(18)(13
12)

Jc* 2Jc8 52(15)(4
8) 82(10)(5

8) 77(9)(5
7) 70

71(18)(9
12) 81(16)(10

11)
Vc* 2Vc 50(17)(6

11) 73(8)(5
7) 69(7)(6

5)
65(13)(8

7) 74(14)(8
8)

Jcc 3608(15)(35
13) 3595(12)(22

21) 3605(12)(19
23)

3562(47)(25
27) 3588(66)(27

32)
Vcc 3747(9)(47

11) 3727(9)(40
16) 3733(9)(38

7 )
3681(44)(19

17) 3698(60)(23
26)

Jcc* 2Jcc 58(14)(10
16) 83(8)(10

7 ) 80(10)(7
3)

63(14)(7
9) 70(11)(7

7)
Vcc* 2Vcc 57(8)(9

10) 72(5)(5
4) 68(5)(5

6)
56(8)(6

7) 63(7)(5
5)
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sector, although such a suppression is known to be cha
teristic of the heavy meson sector. One can also see tha
spin splittings for doubly heavy baryons are as large as t
singly heavy counterparts.

V. DISCUSSION AND SUMMARY

In order to put the results of the present calculation i
perspective it is useful to consider spin splittings over
whole range of available quark masses. We start with mes
where it has been known for a long time that the squa
mass differenceMV

22M P
2 for vector and pseudoscalar m

sons is approximately constant for all mesons of the fo
Qq̄, where q is up or down andQ is any light or heavy
flavor. This relation is illustrated in Fig. 4 for the mass pa
(r,p), (K* ,K), (D* ,D), and (B* ,B). Also shown are the
results of lattice simulations including the present work. T
tendency for quenched lattice QCD to underestimate the
splittings relative to experimental values is clearly visible

In Ref. @8# we showed that it is useful to consider th
behavior of the spin splittings in the baryon sector as a fu
tion of quark mass also in terms of the mesonic average m
(MV1M P)/2. The results for the baryon pairs (D,N),
(S* ,S), (Sc* ,Sc), and (Sb* ,Sb) are shown in Fig. 5. It is a
remarkable empirical fact that the baryon spin splitti
scales almost exactly like the inverse of the average me
mass. The implication is that the ratio of meson to bary
spin splittings is almost constant. This was discussed in R
@8# and was to some extent anticipated by Lipkin@18# from
01450
c-
the
ir

o
e
ns
d

e
in

-
ss

on
n
f.

the point of view of the quark model~see also Lipkin and
O’Donnell @19#!.

The results of quenched lattice calculations are a
shown in Fig. 5. The suppression of spin splittings relative
experiment, visible for mesons, is not seen for baryons. T
results of the present lattice NRQCD calculation support t
conclusion in the charm and bottom sectors. It is clear th
definitive measurement ofSb and Sb* masses would be

FIG. 4. Spin splittings in the meson sector, plotted as (MV

2M P)M̄ versusM̄ whereM̄ is the average vector and pseudosca
meson mass (MV1M P)/2. ‘‘Lattice literature’’ results are from
Refs.@11,16,17# while D234 results are from Ref.@8#.
2-7
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highly desirable to extend the experimental comparison
larger mass values.

From the point of view of lattice NRQCD our resul
present an interesting challenge. As is well known, the s
splittings of both charmonium@20# and heavy-light meson
@9,11# are clearly underestimated by lattice NRQCD simu
tions. Up to now, these simulations have used coupli
modified only by mean-field tadpole factors. It is tempting
speculate that there are additional large perturbative cor
tions to these couplings. In particular, it might seem tha
correction to the quark coupling with the chromomagne
field @the c4 term in Eq.~A5!# has the potential to cure th
spin splitting deficiency for both charmonium and heav
light mesons. However, one has to be cautious in wishing
such a cure as it would upset the already reasonable va
for spin splittings in the baryon sector.

To summarize, we have calculated the masses of bary
containing one or two heavy quarks using quenched lat
QCD. NRQCD is used to describe charm and bottom qua
In the charm sector the results of this work are compat
with those obtained previously where a Dirac-Wilson act
of the D234 type was used for the heavy quark. No supp
sion of the spin splittings observed in lattice NRQCD sim
lations of heavy-light mesons is seen in the heavy bar
sector.

This and our previous work@8# leave a number of difficult
open questions. One would like to be able to improve
lattice calculations of baryons to reduce the uncertaintie
the same level achievable in mesons. Also how~and
whether! the addition of dynamical quarks to the simulatio
will solve the dilemma of spin splittings has yet to be und
stood. A phenomenological issue is to understand the
markable constancy in the meson to baryon spin splitt
ratio over the whole available quark mass range. On the
perimental side it will be a significant challenge to exte
baryon mass measurements in the bottom and doubly h
sectors.

FIG. 5. Spin splittings in the baryon sector plotted as (M3/2

2M1/2)M̄ versusM̄ where M̄ is the average vector and pseud
scalar meson mass (MV1M P)/2. ‘‘Lattice literature’’ results are
from Ref. @16# while ‘‘D234 results’’ are from Ref.@8#. The solid
line is a fit to the experimental data.
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APPENDIX: DETAILS OF ACTIONS

1. NRQCD action

The heavy quark action is nonrelativistic and is d
cretized to give the following Green’s function propagatio

Gt115S 12
atHB

2 D S 12
atHA

2n D n U4
†

ut
S 12

atHA

2n D n

3S 12
atHB

2 DGt , ~A1!

The nonrelativistic Hamiltonian is complete toO(1/M3) in
the classical continuum limit:

H5H01dH, ~A2!

H05
2D (2)

2M
, ~A3!

dH5dH (1)1dH (2)1dH (3)1O~1/M4!, ~A4!

dH (1)52
c4

us
4

g

2M
s•B̃1c5

as
2D (4)

24M
, ~A5!

dH (2)5
c2

us
2ut

2

ig

8M2
~D̃•Ẽ2Ẽ•D̃!

2
c3

us
2ut

2

g

8M2
s•~D̃3Ẽ2Ẽ3D̃!2c6

as~D (2)!2

16njM2
,

~A6!

dH (3)52c1

~D (2)!2

8M3
2

c7

us
4

g

8M3
$D̃ (2),s•B̃%

2
c9ig2

8M3
s•S Ẽ3Ẽ

us
4ut

4
1

B̃3B̃

us
8 D 2

c10g
2

8M3 S Ẽ2

us
4ut

4
1

B̃2

us
8D

2c11

as
2~D (2)!3

192n2j2M3
. ~A7!

Here a tilde signifies that discretization errors have been
moved. In particular,
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Ẽi5F̃4i , ~A8!

B̃i5
1

2
e i jk F̃ jk , ~A9!

F̃mn~x!5
5

6
Fmn~x!2

1

6um
2

Um~x!Fmn~x1m̂ !Um
† ~x!

2
1

6um
2

Um
† ~x2m̂ !Fmn~x2m̂ !Um~x2m̂ !

2~m↔n!. ~A10!

The various spatial lattice derivatives are defined as
lows:

asD iG~x!5
1

2us
@Ui~x!G~x1 ı̂ !2Ui

†~x2 ı̂ !G~x2 ı̂ !#,

~A11!

asD i
(1)G~x!5

Ui~x!

us
G~x1 ı̂ !2G~x!, ~A12!

asD i
(2)G~x!5G~x!2

Ui
†~x2 ı̂ !

us
G~x2 ı̂ !, ~A13!

as
2D i

(2)G~x!5
Ui~x!

us
G~x1 ı̂ !22G~x!

1
Ui

†~x2 ı̂ !

us
G~x2 ı̂ !, ~A14!

D̃ i5D i2
as

2

6
D i

(1)D iD i
(2) , ~A15!

D (2)5(
i

D i
(2) , ~A16!

D̃ (2)5D (2)2
as

2

12
D (4), ~A17!

D (4)5(
i

~D i
(2)!2. ~A18!

2. Gauge field action

The leading classical errors of the gauge field action
quartic in lattice spacing. The action is
01450
l-

e

SG~U !5
5b

3 F 1

us
4j

(
ps

S 12
1

3
Re TrUpsD2

1

20us
6j

3(
rs

S 12
1

3
Re TrU rsD1

j

us
2ut

2

3(
pt

S 12
1

3
Re TrUptD2

j

20us
4ut

2

3(
rst

S 12
1

3
Re TrU rstD2

j

20us
2ut

4

3(
rts

S 12
1

3
Re TrU rtsD G , ~A19!

where the anisotropic ratioj[as /at and b is the lattice
gauge field coupling constant. ps indicates spatial plaque
rs, spatial planar 132 rectangles, pt, plaquettes in th
temporal-spatial plane, and rst~rts! rectangles with the long
side in a spatial~temporal! direction.

3. Light quark action

For light quarks, we used a D234 action@8,12# with pa-
rameters set to their tadpole improved classical values.
leading classical errors are cubic in lattice spacing and
action can be written as

SF~ q̄,q;U !5
4k

3 (
x,i

F 1

usj
2

D1i~x!2
1

8us
2j2

D2i~x!G
1

4k

3 (
x

F 1

ut
D1t~x!2

1

8ut
2

D2t~x!G
1

2k

3us
4j2 (

x,i , j
c̄~x!s i j Fi j ~x!c~x!

1
2k

3us
2ut

2j
(
x,i

c̄~x!s0iF0i~x!c~x!

2(
x

c̄~x!c~x!, ~A20!

where

D1i~x!5c̄~x!~12jg i !Ui~x!c~x1 î !

1c̄~x1 î !~11jg i !Ui
†~x!c~x!, ~A21!
2-9
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D1t~x!5c̄~x!~12g4!U4~x!c~x1 t̂ !

1c̄~x1 t̂ !~11g4!U4
†~x!c~x!, ~A22!

D2i~x!5c̄~x!~12jg i !Ui~x!Ui~x1 î !c~x12 î !

1c̄~x12 î !~11jg i !Ui
†~x1 î !Ui

†~x!c~x!,

~A23!

D2t~x!5c̄~x!~12g4!U4~x!U4~x1 t̂ !c~x12 t̂ !

1c̄~x12 t̂ !~11g4!U4
†~x1 t̂ !U4

†~x!c~x!,

~A24!
h-

v.

ng

01450
gFmn~x!5
1

2i
@Vmn~x!2Vmn

† ~x!#2
1

3
Im@Tr Vmn~x!#,

~A25!

Vmn5
21

4
@Um~x!Un~x1m̂ !Um

† ~x1 n̂ !Un
†~x!

1Un~x!Um
† ~x2m̂1 n̂ !Un

†~x2m̂ !Um~x2m̂ !

1Um
† ~x2m̂ !Un

†~x2m̂2 n̂ !Um~x2m̂2 n̂ !

3Un~x2 n̂ !1Un
†~x2 n̂ !Um~x2 n̂ !

3Un~x1m̂2 n̂ !Um
† ~x!#. ~A26!
ay,
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