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Mass spectra of doubly heavy baryons in the relativistic quark model
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Mass spectra of baryons consisting of two heatyar c) and one light quark are calculated in the
framework of the relativistic quark model. The light-quark—heavy-diquark structure of the baryon is assumed.
Under this assumption the ground and excited states of both the diquark and quark-diquark bound system are
considered. The quark-diquark potential is constructed. The light quark is treated completely relativistically,
while the expansion in the inverse heavy quark mass is used revealing the close similarity with the mass
spectra ofB andD mesons. We find that the relativistic treatment of the light quark plays an important role.
The level inversion of th@-wave excitations of the light quark in doubly heavy baryons is discussed.

DOI: 10.1103/PhysRevD.66.014008 PACS nuni§erl4.20.Lg, 12.39.Ki, 14.20.Mr

[. INTRODUCTION only of the heavy quark massng) but also of the light
quark mass 1fi;) is carried out. The estimates of the light
The description of baryons within the constituent quarkquark velocity in these baryons show that the light quark is
model is a very important problem in quantum chromody-highly relativistic ¢/c~0.7-0.8). Thus the nonrelativistic
namics(QCD). Since the baryon is a three-body systgih approximation is not adequate for the light quark. Here we
its theory is much more complicated compared to the twoPresent a consistent treatment of mass spectra of the doubly
body meson system. Up till now it has not even been cleaf€avy baryons in the framework of the relativistic quark
which of the two main QCD models/ law or A law, cor- model based on the quasipotential wave equation without
rectly describes the nonperturbatifleng-rangg part of the ~ €MPploying the expansion in . Thus the light quark is
quark interaction in the baryof2,3]. The popular quark- treated fully relativistically. F:onpermng the heavy diquark
diquark picture of a baryon is not universal and does nofduark we apply the expansion 'T‘M%Q(llmQ)- We used a
work in all caseg4]. The success of the heavy quark effec- Similar approach for the calculation of the mass spectr@ of

tive th HOET) [5] i dicti ti f the andD mesond14].
ive theory(HQET) [S] in predicting some properties of the The paper is organized as follows. In Sec. Il we describe

heavy-lightqQ mesons B and D) suggests that we apply o relativistic quark model giving special emphasis to the
these methods to heavy-light baryons, too. The simplestynsiruction of the quark-quark interaction potential in the
baryonic systems of this kind are the so-called doubly heavyjiquark and the quark-diquark interaction potential in the
baryons §QQ) [1,6-12. The two heavy quarksh(or ¢)  baryon. In Sec. Ill we apply our model to the investigation of
compose in this case a bound diquark system in the antitriphe heavy diquark properties. Tiee and bb diquark mass
let color state which serves as a localized color source. Thepectra are calculated. We also determine the diquark inter-
light quark is orbiting around this heavy source at a distancection vertex with the gluon using the quasipotential ap-
much larger ¢ 1/mg) than the source size{(2/mg). Thus  proach and calculated diquark wave functions. Thus we take
the doubly heavy baryons look effectively like a two-body into account the internal structure of the diquark which con-
bound system and strongly resemble the heavy-ByabdD  siderably modifies the quark-diquark potential at small dis-
mesons[2,13]. Then the HQET expansion in the inverse tances and removes fictitious singularities. In Sec. IV we
heavy quark mass can be used. The main distinction of theonstruct the quasipotential of the interaction of a light quark
gQQ baryon from thegQ meson is that th©Q color source  With a heavy diquark. The light quark is treated fully relativ-
though being almost localized still is a composite systenistically. We use the expansion in inverse powers of the
bearing integer spin values (0,1 . ). Hence it follows that heavy diquark mass to simplify the construction. First we
the interaction of the heavy diquark with the light quark is consider the infinitely heavy digquark limit and then include
not pointlike but is smeared by the form factor expressedhe 1M dQQ corrections. In Sec. V we present our predictions
through the overlap of the diquark wave functions. Besidegor the mass spectra of the ground and excited states of
this the diquark excitations contribute to the baryon excitedE ¢, Epp . Q¢ andQy, baryons. We consider both the exci-
states. tations of the light quark and the heavy diquark. The mixing
In previous approaches for the calculation of doublybetween excited baryon states with the same total angular
heavy baryon masses the expansion in inverse powers notomentum and parity is discussed. F®g, and Q. bary-
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ons, composed from heavy quarks of different flavors weplayed by the Lorentz structure of the confining interaction.

give predictions only for ground states, since the excitedn our analysis of mesons while constructing the quasipoten-
states of thecb diquark are unstable under the emission oftial of quark-antiquark interaction we adopted that the effec-

soft gluons[11]. Moreover, a detailed comparison of our tive interaction is the sum of the usual one-gluon exchange
predictions with other approaches is given. We reveal theerm with the mixture of long-range vector and scalar linear

close similarity of the excitations of the light quark in a confining potentials, where the vector confining potential

doubly heavy baryon and a heavy-light meson. We also testontains the Pauli terms. We use the same conventions for
the fulfillment of different relations between mass splittingsthe construction of the quark-quark and quark-diquark inter-

of doubly heavy baryons with two or b quarks as well as actions in the baryon. The quasipotential is then defined
the relations between splittings in the doubly heavy baryon$10,17] as follows.

and heavy-light mesons following from the heavy quark (@) For the quark-quark@Q) interaction

symmetry. Section VI contains our conclusions.

V(p,g;M)=uy(p)Us(—p)V(p,q;M)u;(q)ux(—1q), (5)

In the quasipotential approach and quark-diquark picture\zN it
of doubly heavy baryons the interaction of two heavy quarks 2
in a diquark and the light quark interaction with a heavy V(p,q;M)= asD,w(k)Vl Vot = V‘c’on{k)l““(k)l“z u(—K)
diquark in a baryon are described by the diquark wave func-
tion (W) of the bound quark-quark state and by the baryon
wave function @) of the bound quark-diquark state re- + V(?oni(k)
spectively, which satisfy the quasipotential equalfi®f] of
the Schrdinger type[16]

II. RELATIVISTIC QUARK MODEL

(b) For quark-diquark gd) interaction

2 2 3
(b i p_)‘Pd s<p>=f T Vp.aM) ¥ s(a) (d(P)I,[dQ)—
ZILLR 2,U,R ’ (277)3 o ’ ' V(p’q!M) 2 Ed(p)Ed(q ( ) aSDMV(k)y Uq(Q)
oY)
where the relativistic reduced mass is + 1 (P)Uq(P) I, (K)Vconf K Ug(0) #19( Q)
E.E,  M*—(mi-mj)? o + 4§ (P)Uq(P)Veond K)Ug(@) ¥ia(Q), (6)
M ]
R E1+E2 am?3 where ag is the QCD coupling constant, the color factor is
) equal to 2/3 for quark-quark and 4/3 for quark-diquark inter-
andE,,E, are given by actions, and(d(P)|J,|d(Q)) is the vertex of the diquark-
MZ2— m2+ m2 M2— m2+ m2 gluon interaction which is discussed in detail bel¢pw
=y Em——— @) =(Es,=p), Q=(Eq,—0), Eg=(M*—mi+My/(2M)]
D, is the gluon propagator in the Coulomb gauge
here M=E;+E, is the bound state mas&iquark or i
baryon, m, , are the masses of heavy quark3;(and Q) D%(k) = — 4_77 Dii (k)= — 4_77 Si— ﬁ
which form the diquark or of the heavy diqua(d) and light k2’ k2 k2 |’
quark(qg) which form the doubly heavy baryorBj, andp is )
their relative momentum. In the center of mass system the DY =pi®=Q
relative momentum squared on mass shell reads ’
2 29 N2 andk=p—q;y, andu(p) are the Dirac matrices and spinors
» [MZ—(m;+my)?][M?—(m;—my)? ] .
bs(M)= 4
am? 1
v |e(p)+m \ 8
The kernelV(p,q;M) in Eq. (1) is the quasipotential op- ut(p)=1\/ 2ep) | TP X (8)
erator of the quark-quark or quark-diquark interaction. It is e(p)+m

constructed with the help of the off-mass-shell scattering am-

plitude, projected onto the positive energy states. In the folwith e(p) = p?+m?.

lowing analysis we closely follow the similar construction of ~ The diquark state in the confining part of the quark-
the quark-antiquark interaction in mesons which were extendiquark quasipotentigb) is described by the wave functions
sively studied in our relativistic quark model4,17. For the

quark-quark interaction in a diquark we use the relation 1 for scalar diquark,

Vqo=Vqg/2 arising under the assumption about the octet Ya(p)= eq(p) for (axial) vector diquark, ©
structure of the interaction from the difference of Q&)

anan color states. An important role in this construction is where the four vector
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(g4-P)P

_ (&4-P) ot
T4 My(Eg(p)+Mg))

Mg

£q4(P)

(10
gq(p)-p=0,

is the polarization vector of théaxial) vector diquark with
momentump, Eg4(p)=p?+ Mdz, andey(0)=(0,gy) is the
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ation of the heavy quark expansif20] and meson radiative
decayd19]. Finally, the universal Pauli interaction constant
k= —1 has been fixed from the analysis of the fine splitting
of heavy quarkoniaP; stateg17] and also from the heavy
guark expansior{20]. Note that the long-range magnetic
contribution to the potential in our model is proportional to
(1+ k) and thus vanishes for the chosen valuecef—1.

polarization vector in the diquark rest frame. The effective

long-range vector vertex of the diquark can be presented i
the form

f

(P+Q),
2VE4(p)E4(Q)
for scalar diquark,
Jgu= (11)
’ (P+Q),  ipg SV
2VEq(p)Eg(q) 2Ma #"
| for (axial) vector diquark,

wherek=(0k) and we neglected the contribution of the
chromoquadrupole moment of th@xial) vector diquark,
which is suppressed by an additional powelkdfl ;. Here
the antisymmetric tensor

(Ep(r);: —i (g,upﬁ(];-_ g,uo'é;)

and the(axial) vector diquark spirSy is given by Sy

(12

= —igy; . We choose the total chromomagnetic moment of

the (axial) vector diquarkuy=2 [10,18.

The effective long-range vector vertex of the quark is de-

fined by[14,17]

ik - o~
I, (K)=y,+ %ka", k=(0k), (13

where « is the Pauli interaction constant characterizing the
anomalous chromomagnetic moment of quarks. In the con-
figuration space the vector and scalar confining potentials it

the nonrelativistic limit reduce to
Vl/om(r)z(l_s)vcom(r)v
. (14)
Vconf( r=eVeon(r),
with

S
con

V
con

Veon(F) =Veordr) + Veond ) =Ar+B, (15

wheree is the mixing coefficient.

All the parameters of our model like quark masses, pa-

rameters of linear confining potential and B, mixing coef-
ficient ¢ and anomalous chromomagnetic quark moment

fil. DIQUARKS IN THE RELATIVISTIC QUARK MODEL

The quark-quark interaction in the diquark consists of the
sum of the spin-independent and spin-dependent parts

Voo(r) =V3o(r) +Vay(r).

The spin-independent part with the accounvéfc? correc-
tions including retardation effecf®1] is given by

(16)

2adu? 1 11 1
Va(N=—2 ——>+ ~(Ar+B)+ = | — + —
QQ() 3 r 2( 8 mi mg
Zas(ﬂz)
><A[—§ 5 (1=e)(1+20)Ar
1 2 a -1)?
Jr2mm{_§Ts pz (pZ) ]
1My r w
+1 1-¢ el 1 N 1
2 2m1m2 4 mi m%
o arl o2 (p-r)? +1 1-¢
P r2 W 212mym,
el 1 1 Bo? 1
2 Kfm_g [ 17

here{- - - }\y denotes the Weyl ordering of operators and

B 47
BoIn(u?IA?)

with u fixed to be equal to the reduced massjs a number
of flavors andA =85 MeV.

The spin-dependent part of the quark-quark potential can
be presented in our modEl7] as follows:

2

ag(u”) (18

2
y ,80=11—§nf,

Vao(r)=aL-S+b

3
r_Z(Sl'r)(SZ' f)—(Sl'Sz)l

+¢S;-S,+dL-(S,—S)), (19

were fixed from the analysis of heavy quarkonium masses

[17] and radiative decayisl9]. The quark masses,=4.88
GeV, m;=1.55 GeV,ms=0.50 GeV,m, 4=0.33 GeV and
the parameters of the linear potentid=0.18 Ge\f and B

value of the mixing coefficient of vector and scalar confining
potentialse=—1 has been determined from the consider-

—0.30 GeV have standard values of quark models. The

1 . mi+m3\2 ag(u?) 1mi+m3A
&= mm, amim, /3 (3 2 4mim, r
1 (Mg +my)?
+§(1+K) 2mym, 1—8)T ,
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o 1 Zas(,uz) N 1 2 A diq'LIj',:rl?(LE I. Mass spectrum and mean squared radii of tre
= 3mm, 3 51+ (1=e) 1, :
Mass  (r?%2 Mass  (r3)?
2 [(8mag(u® 1 A State (GeV) (fm) State  (GeV) (fm)
c= [ s )a\?(r)+§(1+,<)2(1—a)—],
3mym, 3 r 135, 3.226 056 1P,  3.460 0.82
. ) 233, 3.535 1.02 2P, 3.712 1.22
go L [Mam My 2 adp’) 1A 3%s, 3.782 137 3P, 3.928 1.54
mim, | 4mim, |3 3 2r
1 m5—m2 A and(a),(b),(c),(d) are the appropriate averages over radial
+5(1+x) 2m;m, (1=e)rys (20 wave functions of Eq(20). We use the notations for the
heavy diquark classificatiom?S* L3, wheren=1,2, ... is
whereL is the orbital momentum ar ,,S=S; +S, are the @ radial quantum numbet, is the angular momentun®
spin momenta. =0,1 is the total spin of two heavy quarks, adeé-L

Now we can calculate the mass spectra of heavy diquarksg,LJ_st is the total angular momentumJ€L+7S),
with the account of all relativistic correctiorigicluding re-  \vhich is considered as the spin of diquag) in the fol-
tardation effectsof orderv?/c?. For this purpose we substi- |owing section. The first term on the right-hand side of the
tute the quasipotential which is a sum of the spin-mass formula22) contains all spin-independent contribu-
independent(17) and spin-dependentl9) parts into the tions, the second and the last terms describe the spin-orbit
quasipotential equatiofl). Then we multiply the resulting interaction, the third term is responsible for the tensor inter-
expression from the left by the quasipotential wave functionyction, while the fourth term gives the spin-spin interaction.
of a bound state and integrate with respect to the relativghe results of our numerical calculations of the mass spectra
momentum. Taking into account the accuracy of the calculagf ¢ andbb diquarks are presented in Tables | and II. The
tions, we can use for the resulting matrix elements the wavg,5ss of the ground state of the diquark in the axial vector

functions of Eq.(1) with the static potential (13s)) state is
2 ag(p?)
Vgg(r)=—§ Sr +§(Ar+B). (22) Mp.=6.526 GeV

As a result we obtain the mass formula and in the scalar (151) state is

b2(M) - 3
5 =W-+(a)(L-S)+(b) r—z(S_L-r)(SZ-r) M{.=6.519 GeV.
In order to determine the diquark interaction with the
gluon field, which takes into account the diquark structure, it
—(S,-S)) > (WS- Sy H(d){L-(S;—Sy)), is necessary to calculate the corresponding matrix element of
the quark current between diquark states. This diagonal ma-
(22)  trix element can be parametrized by the following set of
elastic form factors.
where (a) Scalar diquark9
S| <p2> — 2
W= (V8 Y+ 2 (S(P)|3,1S(Q))=h.(K})(P+Q),,. (23
7 2ur

~ 1. . (b) (Axial) vector diquark(V)
(L-S>=E[J(J+1)—L(L+1)—S(S+1)],

TABLE Il. Mass spectrum and mean squared radiibdf di-
quark.

3
<L—2(Sl-r)(5zf)—(3y52)l>

Mass  (r?)12 Mass  (r?)12
State (GeV) (fm) State (GeV) (fm)

CB(L-5)*+3(L-5-25(E+1L(L+1)

= , 185, 9.778 0.37 ir, 9.944 0.57
2(2L-1)(2L+3) 285, 10.015 0.71 P, 10.132 0.87

1 3 3%s, 10.196 0.98 3p, 10.305 1.12

(S,-S)= > §(S+1)— E) , $=5,+5S,, 43s, 10.369 1.22 4p, 10.453 1.34
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g
0.
Q1 Q1 0.
d d 0.
Q2 QQ 0.
FIG. 1. Lowest order vertex functioR® corresponding to Eq. 0 0.2 0.4 0.6 0.8
(26). The gluon interaction only with one heavy quark is shown. r [fm]
. ) FIG. 2. The form factord=(r) for the cc diquark. The solid
(V(P)|3,IV(Q))=—[e5(P)-£4(Q)1h1(k*)(P+Q), curve is for the B state, the dashed curve for thé Istate, the
dashed-dotted curve for theSXstate, and the dotted curve for the
+ho(k){[ 5 (P)- Qleq,(Q) oy
* 2 1 pi pPipi
+[8d(Q)‘P]8d;#(P)}+h3(k )W nOrPy={— & +
v M T ME+M) [
X[eg(P)- € -PJ(P+ ,

(24) We substitute the vertex functidif®) given by Eq.(26) in

the matrix elemen(25 and expand it in Ihg up to the
leading order. Comparing the resulting expressions with the
é‘orm factor decomposition&3) and(24) we find

wherek=P—Q andey(P) is the polarization vector of the
(axial) vector diquark(10).

In the quasipotgntial approach, the matrix element of th
quark currentl = Qy*Q between the diquark statéd) has h.(k?)=h,(k?)=h,(k?) =2F(k?),
the form[22]

hs(k?)=0,
d’pd’a g
<d(P)IJM(O)|d(Q)>=f(ZT)G‘PP(D)FM(p,q)\PQ(q), F() = JEqMy f d3p ‘f(p+ 2m, k)
(25) Eq+Mg| ) (2m3 A7 Egt+My
whereT ,(p,q) is the two-particle vertex function arid?
are the laiquark wave functions projected onto the positive XWa(p)H(1=2) ), @D

energy states of quarks and boosted to the moving reference
frame with momentumP. The leading contribution td" where\PdE\Ifﬁ,j are the diguark wave functions at rest. We
comes from Fig. 1. Other nonleading terms are the consezalculated corresponding form factdegr)/r which are the
quence of the projection onto the positive-energy states anBourier transforms of (k?)/k? using the diquark wave func-
give contributions only at the order of rﬂl?2 for diquarks tions found by numerically solving the quasipotential equa-
composed from two heavy quarks and can be neglectedion. In Fig. 2 the functions=(r) for the cc diquark in
Thus we will limit our analysis only to the contribution com- (1S,1P,2S,2P) states are shown as an example. We see that
ing from Fig. 1. The corresponding vertex function is giventhe slope ofF(r) decreases with the increase of the diquark
by excitation. Our estimates show that this form factor can be
approximated with a high accuracy by the expression

(1) - _
I'M(p,q)=Ugq,(p1) ¥*Uq,(d1)(27)35(p, Q2)+(1<—>2=6) F(r)=1—e & &? 28

which agrees with previously used approximati¢®3]. The
values of parameter&sand{ for differentcc andbb diquark
b 3 states are given in Tables Ill and IV. As we see, the functions
_ i i F(r) vanish in the limitr —0 and become unity for large
P12~ Ell(p)M_dizl nO(P)p' vzglu)es ofr. Such a behavior can be easily understood intu-
itively. At large distances a diquark can be well approxi-
3 mated by a pointlike object and its internal structure cannot
O10= elz(q)gi > nDQ)q', be resolved. When the distance to the diquark decreases the
’ ’ Mg =2 internal structure plays a more important role. As the dis-
tance approaches zero, the interaction weakens and turns to
andn( are three four-vectors defined by zero forr=0 since this point coincides with the center of

where[22]
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TABLE Ill. Parameterst and{ for ground and excited states of TABLE IV. Parameters and{ for ground and excited states of

cc diquark. bb diquark.
13 g 3 g & ¢ 13 ¢
State (GeV) (GeV?) State  (GeV) (GeV?) State (GeV) (GeV?) State  (GeV) (GeV?)
1S 1.30 0.42 P 0.74 0.315 1S 1.30 1.60 P 0.90 0.59
2S 0.67 0.19 P 0.60 0.155 2S 0.85 0.31 P 0.65 0.215
3S 0.57 0.12 P 0.55 0.075 3S 0.66 0.155 P 0.58 0.120
4S 0.56 0.09 P 0.51 0.085

gravity of the two heavy quarks forming the diquark. Thus

the functionF(r) gives an important contribution to the gypstitution makes the Fourier transformation of the potential
short-range part of the interaction of the light quark with the(29) |ocal. In contrast with the heavy-light meson case no
heavy diquark in the baryon and can be neglected for thgpecial consideration of the one-gluon exchange term is nec-
long-range(confining interaction. It is important to note that egsary, since the presence of the diquark structure described
the inclusion of such a function removes a fictitious singu-py an extra functior (k2) in Eq. (29) removes fictitious 1A

larity 1/r® at the origin arising from the one-gluon eXChangesinguIarity at the origin in configuration space.

part of the quark-diquark potential when the expansion in  The resulting local quark-diquark potential fo 4— o
inverse powers of the heavy quark is used. can be presented in configuration space in the following

form:
IV. QUASIPOTENTIAL OF THE INTERACTION OF A

LIGHT QUARK WITH A HEAVY DIQUARK

VCouI( r ) + Vconf( r ) +

m
q "™ Mg
The expression for the quasipotenti@l can, in principle, VMde(r) Y=
be used for arbitrary quark and diquark masses. The substi- d
tution of the Dirac spinor$8) and diquark form factor&23)

(Eq+mg)?

and(24) into Eq. (6) results in an extremely nonlocal poten- X1 P[Veoul 1)+ Veorf 1) = Veord 1) 1P
tial in the configuration space. Clearly, it is very hard to deal

with such potentials without any simplifying expansion. For- Eqtmg v

tunately, in the case of the heavy-diquark—light-quark picture T T2m, AVeondM[1-(1+x)]

of the baryon, one can carry o(fbllowing HQET) the ex-

pansion in inverse powers of the heavy diquark mislss 20, 'S Ry
The leading terms then follow in the limi ;— oo, + 7 Veou) = Vean{ )~ Veon(T)
A. Infinitely heavy diquark limit E E,tm
- y eavy dique _ x| =9~ 2(1+ )3 ﬂ)L%], (30)
In the limit M 4—co the heavy diquark vertice@3) and My 2my

(24) have only the zeroth component, and the diquark mass

and spin decouple from the consideration. As a result we g&inere Veou(r) = — (4/3)asF(r)/r is the smeared Coulomb

in this limit the quasipotential for the light quark similar to potential. The prime denotes differentiation with respeat to
the one in the heavy-light meson in the limit of an infinitely | is the orbital momentum, an, is the spin operator of the
heavy antique;rl{lél]..The only difference consists in the ex- |ight quark. Note that the last term in E@O) is of the same

tra factorF(k?), defined in Eq.(27), in the one-gluon ex- oger as the first two terms and thus cannot be treated per-
change part which accounts for the heavy diquark structurgyrpatively. It is important to note that the quark-diquark po-

The quasipotential in this limit is given by tential Vi ..(r) almost coincides with the quark-antiquark
- 4 . potential in heavy-light B andD) mesons fomg— o [14].
V(p,q;M)zuq(p)[ - §aSF(k2)—2 y2+ VXonf(k)[ 78 The only difference is the presence of the extra fa€tar)

k in Veou(r) which accounts for the internal structure of the

diquark. This is the consequence of the heavy qualik
+V§0nf(k)] ug(q). (29) quark limit in which its spin and mass decouple from the

K o
- 2mg Yal ) consideration.

In the infinitely heavy diquark limit the quasipotential
The resulting interaction is still nonlocal in configuration equation(1) in configuration space becomes
space. However, taking into account that doubly heavy bary-

ons are weakly bound, we can repIaeg(p)—>Eq=(M2 ( 2 2

2
Eq—mq_p_

—MJ3+m3)/(2M) in the Dirac spinorg8) [14]. Such a sim-
2E,  2E,

plifying substitution is widely used in quantum electrody-
namics[24-2€6 and introduces only minor corrections of
order of the ratio of the binding energ)/) to E,. This  and the mass of the baryon is given lly=My+E,.

V(1) =V, (1) ¥g(r), (3D
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TABLE V. The values ofg, in the limit Mg— (in GeV).
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number of degenerated states in accord with the heavy quark
symmetry prediction. This symmetry predicts also almost an

Baryon ccq ccs bbqg bbs equality of corresponding light-quark energigg for bbq
State Eq Es Eq Es andccq baryons and their nearness in the same limit to the
light-quark energie&, of B andD mesong14]. The small
1S1s(1/2) 0.491 0.638 0.492 0641 deviations of the baryon energies from values of the meson
1S1p(3/2) 0.788 0.906 0.785 0.904  energies are connected with the different forms of the singu-
1S1p(1/2) 0.877 0.968 0.880 0.969  |arity smearing at =0 in the baryon and meson cases.
1S2s(1/2) 0.987 1.080 0.993 1.084
1P1s(1/2) 0.484 0.633 0.489 0.636 B. /M corrections
1P1p(3/2) 0.793 0.909 0.789 0.906 The heavy quark symmetry degeneracy of states is broken
1P1p(1/2) 0.873 0.965 0.876 0.967 Ky 1My corrections. The corrections of ordemMy to the
1P2s(1/2) 0.980 1.075 0.984 L1078 photential(30) arise from the spatial components of the heavy
251s(1/2) 0.481 0.631 0.486 0634 diquark vertex. Other contributions at first order iVl
2S1p(3/2) 0.794 0.909 0.791 0.908  come from the one-gluon-exchange potential and the vector
2S1p(1/2) 0.871 0.963 0.874 0.965  confining potential, while the scalar potential gives no con-
282s(1/2) 0.979 1.074 0.982 1.076  tribution at first order. The resulting My correction to the
2P1s(1/2) 0.479 0.630 0.481 0.631  quark-diquark potentia(30) is given by the following ex-
3S1s(1/2) 0.478 0.630 0.480 0.630  pression:

(a) Scalar diquark:

Solving Eq.(31) numerically we get the eigenvalugs, 1 2
and the baryon wave functionig . The obtained results are 5§V, (= EM [p[vcm(r )+ VY1) IP+ Vgu(r )2
presented in Table V. We use the notatigin,l(j) for the r

classification of baryon states in the |nf|n|tely heavy diquark
limit. Here we first give the radial quantum numbey and AV\c’om(r)+ VCOU,(r)
the angular momenturh of the heavy diquark. Then the
radial quantum number,, the angular momentuinand the (1+ v
valuej of the total angular momentunj£ |+ S;) of the light + Veonf() |1 Sy - (32
quark are shown. We see that the heavy diquark spin and
mass decouple in the limiMy —o, and thus we get the (b) (Axial) vector diquark:
|
V |2 V (1+ A%
5Vl/M (r) p[VCoul(r +Vconf(r)]p+VC0ul( )2 Avconf(r)+ VCouI(r)+ Vconf(r) Sq
1 1 , (1+ K) 'V 1 1A n\V
+§ FVCOU,(r)nL V conf(T) I-Sd+ VCOu,(r) Vou() +(1+ k) Vconf(r)—vconf(r)
3
—Sg Syt r—z(Sq-r)(Sd-r t3 [AVcOu|(r)+(1+K)AVcom(r)]Sd-Sq , (33
|
whereS= S, +S; is the total spin, an&; is the diquark spin In order to estimate the matrix elements of spin-dependent

(which is equal to the total angular momentuinof two  terms in the I, corrections to the quark-diquark potential
heavy quarks forming the diquarkThe first three terms in (32 and(33) as well as different mixings of baryon states, it
Eq. (33) represent spin-independent corrections, the fourtds convenient to use the following relations:

and the fifth terms are responsible for the spin-orbit interac-

tion, the sixth one is the tensor interaction, and the last one is

thg spin-spin i_nteractipn. It_is necessary to _note that the con- IJ;J'>=Z (— 1)J+|+Sd+5q\/m

fining vector interaction gives a contribution to the spin- S

dependent part which is proportional to{X). Thus it van-

ishes for the chosen value af=—1, while the confining X[Sd Sy S} 13,9 (34)
vector contribution to the spin-independent part is nonzero. I J
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and

|J;j>=J2 (—1)%" 18" Sa\/(234+ 1) (2] +1)
d
{S" (35)

| 34
X
Sq J J |‘J7Jd>'

whereJ=j+S; is the baryon total angular momentujs; |
+ Sy Is the light quark total angular momentui$s S;+ Sy
is the baryon total spin, an@j=L +S;.

V. RESULTS AND DISCUSSION

For the description of the quantum numbers of baryon

we use the notationsn(,anI)JP, where we first show the
radial quantum number of the diquark4=1,2,3...) and
its orbital momentum by a capital lettet €S,P,D ...),
then the radial quantum number of the light quank, (

=1,2,3...) and itsorbital momentum by a lowercase letter

(I=s,p,d...), and at the end thtetal angular momenturd
and parityP of the baryon.

The presence of the spin-orbit interaction proportional to
|- Sy and of the tensor interaction in the quark-diquark poten-

tial at 1My order (33) results in a mixing of states which
have the same total angular momentdiand parity but dif-
ferent light quark total momentumFor example, the baryon

states with diquark in the ground state and light quark in the

p-wave (1S1p) for J=1/2 or 3/2 have different values of the
light quark angular momenturj=1/2 and 3/2, which mix
between themselves. In the case of tleg baryon we have
the mixing matrix forJ=1/2,

—-556 —-7.3 Moy
~85 -37.9 "oV (36)
with the following eigenvectors:
|(1S2p)1/2' ~)=—0.334j=3/2)+0.943j = 1/2),
|(1S2p)1/27)=0.925j = 3/2)+0.380j = 1/2).
(37)
For theccq baryon withJ=3/2 the mixing matrix is given
by
TABLE VI. Mass spectrum off .. baryons(in GeV).
State Mass State Mass
(nglngl)JP Our  [11]  (ngLng)d”  Our  [11]
(1S1s)1/2* 3.620 3.478 (P1s)1/2- 3.838 3.702
(1S1s)3/2* 3727 361 (P1s)3/2° 3.959 3.834
(1S1p)1/2- 4.053 3.927 (31s)1/2" 3.910 3.812
(1S1p)3/2~  4.101 4.039 (81s)3/2" 4.027 3.944
(1S1p)1/2~ 4.136 4.052 (P1s)1/2~ 4.085 3.972
(1S1p)5/2~  4.155 4.047 (P1s)3/2~ 4.197 4.104
(1S1p)3/2~ 4196 4.034 (B1s)1/2" 4154 4.072

PHYSICAL REVIEW D66, 014008 (2002

—-23.0 18.
213 189 VeV (39
and the eigenvectors are equal to
[(1S2p)3/2' ~)=0.343j=3/2)+0.939j = 1/2),
[(1S2p)3/27)=0.919j = 3/2) — 0.394j = 1/2).
(39
For thebbq baryon we get the mixing matrix far=1/2
-180 -24
—28 —126 M€V (49
Swhich has eigenvalues
[(1S2p)1/2' ~)=0.349) =3/2)+0.937j = 1/2),
[(1S2p)1/27)=0.918) =3/2)+0.402j = 1/2),
(41
and forJ=3/2 the mixing matrix is
-7.4 5. )
71 63 MV 42
so that
[(1S2p)3/2' ~)=0.341j =3/2)+0.940j = 1/2),
[(1S2p)3/27)=0.917j=3/2)+0.400j = 1/2).
(43)

The quasipotential with i, corrections is given by the
sum ofVmQ_,w(r) from Eq. (30) and 6V1,mQ(r) from Eqgs.

(32 and (33). By substituting it in the quasipotential equa-
tion (1) and treating the i, correction term&Vl/mQ(r)

TABLE VII. Mass spectrum ofZ,,,, baryons(in GeV).

State Mass State Mass
(nglngl)JP Our  [11]  (ngkngl)J®  Our  [11]
(1S1s)1/2"  10.202 10.093 (81s)1/2" 10.441 10.373
(1S1s)3/2"  10.237 10.133 (81s)3/2" 10.482 10.413
(1S1p)1/2~ 10.632 10.541 (S81p)1/2- 10.873
(1S1p)3/2~ 10.647 10.567 (31p)3/2~ 10.888
(1S1p)5/2~ 10.661 10.580 (381p)1/2’~ 10.902
(1S1lp)1/2’~ 10.675 10.578 (81p)5/2~ 10.905
(1S1p)3/2°~ 10.694 10.581 (S1p)3/2'~ 10.920
(1S2s)1/2"  10.832 (P1s)1/2~ 10.563 10.493
(1S2s)3/2"  10.860 (P1s)3/2~ 10.607 10.533
(1P1s)1/2- 10.368 10.310 (Sl1s)1/2* 10.630 10.563
(1P1s)3/2~ 10.408 10.343 (Sl1s)3/2* 10.673
(1P1p)1/2*  10.763 (P1s)1/2 10.744
(1P1p)3/2*  10.779 (P1s)3/2~ 10.788
(1P1p)5/2"  10.786 (B1s)1/2¢  10.812
(1P1p)1/2’* 10.838 (81s)3/2"  10.856
(1P1p)3/2'* 10.856 (#£1s)1/2~  10.900
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TABLE VIII. Mass spectrum of() .. baryons(in GeV). 48

P P —3p+
(ngLngl)J Mass Oalngl)d Mass P —n
(1S1s)1/2* 3.778 (PP1s)1/2 4.002 s LW

_ —= 281p(1/2) & /.

(1S1s)3/2* 3.872 (PP1)3/2 4.102 44 — o —%ﬁ A
(1S1p)1/2- 4.208 (S1s)1/2* 4.075 e epom iR
(1S1p)3/2~ 4.252 (S1s)3/2* 4.174 a2] — —»
(1S1p)1/2'~ 4.271 (P1s)1/2” 4.251 Sod/D 12

- - 181p(3/2) Zri——112- 2S1s
(1S1p)5/2 4.303 (P1s)3/2 4.345 aol — P1e e
(1S1p)3/2'~ 4.325 (B1s)1/2" 4321 — =" e

—1p-
38 SIs  _ ap,

using perturbation theory, we are now able to calculate the ;5 N
mass spectra 0 ¢, Epp. Zchr Qec  Qpp.Qcp baryons with

the account of g corrections. In Tables VI-IX we present ) )
mass spectra of ground and excited states of doubly heavy FIG- 3. Masses oE baryons(in GeV). The horizontal dashed
baryons containing both heavy quarks of the same flagor ('n€ shows theA ;D threshold.

andb). The corresponding level orderings are schematicall
show% in Figs. 3_2_ In thgese figures wg first show our pre{{[hree different states with=1/2,3/2 or 5/2. The fine splitting
dictions for doubly heavy baryon spectra in the limit when P€tWeenp levels tmns out to be of the same order of mag-
all 1/M 4 corrections are neglect¢denoting baryon states by mtude as the.ga_\p. betwegr: 1/ 2 andj _.3/ 2 degenerate_mul—
ngLngl(j)]. We see that in this limit the-wave excitations tiplets in the |_nf|n|tely heavy diquark limit. '!'he |nqlu5|on of

of the light quark are inverted. This means that the mass of/Md corrections leads also to the relative shifts of the
the state with higher angular momentujn+3/2 is smaller ~Paryon levels further decreasing this gap. As a result, some
than the mass of the state with lower angular momengum of thep levels from dlfferent(lnltlglly degenerat}amultlplets
=1/2 [13,14,27. The similar p-level inversion was found overlgp;_ however, the hea\_/y d|quark Spin ave_raged (_:enters
previously in the mass spectra of heavy-light mesons in thésmain mvert_ed. The_re_sultmg picture for the d|q_uark in the
infinitely heavy quark limit[14]. Note that the pattern of ground state is very similar to the one for heavy—llght mesons
levels of the light quark and level separation in doubly heav 14). The purely inverted pattern @flevels is observed only

baryons and heavy-light mesons almost coincide in theSP)rtheBmeson andEpy , {2y, baryons, while in other heavy-
limits. Next we switch on W4 corrections. This results in 'ght mesons D,Ds,By) . and .dOUbl.y heavy baryons
splitting of the degenerate states and mixing of states witl=cc:{cc) P levels from differen§ multiplets overlap. The
differentj, which have the same total angular momentum 2Psence of the-level overlap for thel,, baryon in contrast
and parity, as it was discussed above. Since the diquark hd@ the Bs meson(where we predict a very small overlap of

spin one, the states with= 1/2 split into two different states 1€S€ dleyels[14]) is explained by the fact that the ratio
with J=1/2 or 3/2, while the states with=3/2 split into ~ Ms/Mpy IS @pproximately two times smaller tham/m, and
thus it is of ordermy/m;,. As it was argued if14], these

ratios determine the applicability of the heavy quark limit.
In Tables VI and VII we compare our predictions for the
ground and excited state masses=yf, and =, baryons

TABLE IX. Mass spectrum of),,, baryons(in GeV).

(ngLngl)JP Mass QgL ngl)J” Mass

(1S1s)1/2* 10.359 (B1s)1/2* 10.610 .
(1S1s)3/2* 10.389 (B1s)3/2* 10.645 — s g
(1S1p)1/2~ 10.771 (B1p)1/2- 11.011 110 o S0 T
(1S1p)3/2~ 10.785 (B1p)3/2- 11.025 —— o 281p072) =t
(1S1p)5/2~ 10.798 (B1p)1/2' - 11.035 = i T
(1Slp)1/2'~ 10.804 (B1p)5/2- 11.040 108 = ¢ tpip) =30

(1S1p)3/2'~ 10.821 (B1p)3/2' ~ 11.051 151p(1/2) Ezg

(1S2s)1/2* 10.970 (P1s)1/2” 10.738 06l swam &5

(1S2s)3/2* 10.992 (P1s)3/2" 10.775 — 251
(1P1s)1/2~ 10.532 (B1s)1/2° 10.806 1P1s N
(1P1s)3/2" 10.566 (B1s)3/2° 10.843 104 S T
(1P1p)1/2* 10.914 (P1s)1/2” 10.924 sis e

(1P1p)3/2* 10.928 (P1s)3/2° 10.961 T N

(1P1p)5/2* 10.937 (81s)1/2* 10.994 10.2 — 1

(1P1p)1/2'* 10.971 (81s)3/2" 11.031

(1P1p)3/2'* 10.986 (P1s)1/2” 11.083 FIG. 4. Masses OE ,,, baryons(in GeV). The horizontal dashed

line shows the\ ;D threshold.
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4.8 11.2 i
—3p-
1> 282 F
2305 & :
P2s 57
4.6 1 K ) /2
T Aot e . o SRR A=
— 32+ Blp) ) ) = whem S -
251p(3/2) & / 1P1p(1/2) & f g//%I s
4.4 /A 1525 PIpGR) # 12+
152 7 3 —% -
— 108 sian =1
32 —
4.2 181p(1/2) ,,/,«—1/2- 2815 s 1S1p(3/2) &
1S1pG32) & —E ST —_ 251s
IPls . 3p. o3+
o 10.6 e —ie
4.0 — 12 32
N
_ISIs . 3ps 1Sis
38 N 10.4 s
12+ S

FIG. 6. Masses of),;, baryons(in GeV). The horizontal dashed
line shows theA ;D threshold.

FIG. 5. Masses of) .. baryons(in GeV). The horizontal dashed
line shows theA .D4 threshold.

with the predictions of Ref.11]. As we see from these tables than in our model. The other main source of the difference is
our predictions are approximately 50-150 MeV higher tharthe expansion in inverse powers of the light quark mass,
the estimates of Ref11]. One of the reasons for the differ- which was used ih11] but is not applied in our approach,
ence between these two predictions for the masseSf where the light quark is treated fully relativistically.
baryons(which is the largestis the difference in the quark In Table X we compare our model predictions for the
masses. The mass of teequark in[11] is determined from ground state masses of doubly heavy baryons with some
fitting the charmonium spectrum in the quark model whereother prediction$6,9,11,28 as well as our previous predic-

all spin-independent relativistic corrections were ignoredtion [10], where the expansion in inverse powers of the
However, our estimates show that due to the rather largheavy and light quark masses was used. In general we find a
average value of?/c? in charmoniun(33] such corrections reasonable agreement within 100 MeV between different

play an important role and give contributions to the charmo-redictions[6,9—11,28 for the ground state masses of the

nium masses of order of 100 MeV. As a result thguark

doubly heavy baryons. The main advantage of our present

mass found if11] is approximately 70 MeV less than in our approach is the completely relativistic treatment of the light
model. For the calculation of the diquark masses we alsguark and account for the nonlocal composite structure of the

take into account the spin-independent correctidsto the
QQ potential. We find that their contribution is less than in
the case of charmonium sindéso=Vog/2. Thus thecc

diquark.
For theZ ., and (), baryons containing heavy quarks of
different flavors ¢ andb) we calculate only the ground state

diguark masses ifll] are approximately 50 MeV smaller masses. As it was argued in Rgt1], the excited states of

TABLE X. Mass spectrum of ground states of doubly heavy barfon§&eV). Comparison of different
predictions{QQ} denotes the diquark in the axial vector state Q@] denotes diquark in the scalar state.

Quark Present
Baryon content JP work [11] [10] [9] [6] [28]
Hec {cclq 1/2* 3.620 3.478 3.66 3.66 3.61 3.69
=} {cclq 3/2* 3.727 3.61 3.81 3.74 3.68
Qe {cc}s 1/2* 3.778 3.59 3.76 3.74 3.71 3.86
Qr. {cc}s 3/2* 3.872 3.69 3.89 3.82 3.76
Ebb {bb}q 1/2* 10.202 10.093 10.23 10.34 10.16
Ebp {bb}q 3/2* 10.237 10.133 10.28 10.37
Qpp {bb}s 1/2* 10.359 10.18 10.32 10.37 10.34
Q3 {bb}s 3/2* 10.389 10.20 10.36 10.40
= {chlq 1/2* 6.933 6.82 6.95 7.04 6.96
=% [cblg 1/2* 6.963 6.85 7.00 6.99
B {cb}q 3/2* 6.980 6.90 7.02 7.06
Qcp {cb}s 1/2+ 7.088 6.91 7.05 7.09 7.13
QL [cb]s 1/2+ 7.116 6.93 7.09 7.06
QX {cb}s 3/2* 7.130 6.99 7.11 7.12
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TABLE XI. Differences between spin-averaged masses of dou-

bly heavy baryons defined in E¢44) (in GeV). M2=(Myz+ 2Mgot3Ms12)/6

andM ; are the masses of baryons with total angular momen-

V=] NA = v a d
Baryon state AM,(5) AM,(E) AMy(Q) AM,(Q) AM tum J. MdQQ are the masses of diquarks in definite states. The

1S1s 6.534 6.538 6.552 humerical results are presented in Table (¥hly the states
1S1p 6.512 6.532 6519 6552 Pelow threshold are considenetlVe see that the equalities in
1P1s 6.476 6.486 64s4 Ed. (44) are satisfied with good accuracy for the baryons
2S1s 6.480 6.492 6.480 with the heavy diquark and light quark both in ground and

excited states.

It follows from the heavy quark symmetry that the hyper-
heavy diquarks composed of the quarks with different flavordine mass splittings of initially degenerate light quark states
are unstable under the emission of soft gluons, and thus the

calculation of the excited baryorclg andcbs) masses is AM(E o) =Ms(Zqo) ~MuAEqo):
not justified in the quark-diquark scheme. We get the follow- _ B
ing predictions for the masses of the ground stdig bary- AM(QqQ) =Mz Qqq) ~M12(Qqq), s
ons.
(1S1s)1/2" states with the axial vector and scal@b  should scale with the diquark masses:
diquarks respectively:
— _ AM(ECC):RAM(Ebb)a
M(E.,)=6.933 GeV, M(E(,)=6.963 GeV,
AM(Qce) =RAM(Qpp), (46)

(1S1s)3/2" state

where R=M@ /M. is the ratio of diquark masses. Our
model predictions for these splittings are displayed in Table
XIl. Again we see that heavy quark symmetry relations are
satisfied with high accuracy.

The close similarity of the interaction of the light quark

M(E%,)=6.980 GeV,

and forchs baryons:
(1S1s)1/2" states with the axial vector and scalal

diquarks with the heavy quark in the heavy-light mesons and with the
_ Py heavy diquark in the doubly heavy baryons produces very
M(Qcp)=7.088 GeV, M(fcy)=7.116 GeV, simple relations between the meson and baryon mass split-
(1S1s)3/2" state tings [7,29,30. In fact for the ground state hyperfine split-
tings of mesons and baryons we obtain adopting the approxi-
M(Q*)=7.130 GeV. mate relationM $o=2mq
Now we compare our results with the model-independent _ Mg 3
predictions of the heavy quark effective theory. The heavy AM(Eqq = §M_0|AMB,DE ZAMB,D'
quark symmetry predicts simple relations between the spin QQ
averaged masses of doubly heavy baryons with the accuracy 3
of order 1My AM(QQQ)EZAMBS,DS' (47)

AM1Z=Ma(Zpp) = Ma(Zcd) =Ma(Zpp) ~ M Zco) where the factor 3/2 is just the ratio of the baryon and meson
=M 1(Qpp) — M1( Q) = Mo(Qpp) — Mo(Q0) spin matrix elements. The numerical fulfillment of relations
(47) is shown in Table XIII.
=Mp,— Mg =AM, (44)
. VI. CONCLUSIONS
where the spin-averaged masses are
. In this paper we calculated the masses of the ground and
Mi=(Mp+2M3)/3, excited states of the doubly heavy baryons on the basis of the

TABLE XII. Hyperfine splittings(in MeV) of the doubly heavy baryons for the states with the light quark
angular momentum = 1/2.

Baryon state R AM(E,,) RAM(Epy) AM(Eq) AM(Qp,) R AM(Qpp) AM(Qco)
1S1s[3/2—-1/2]  3.03 35 106 107 30 91 94
1S1p[3/2—-1/2] 3.03 19 58 60 17 52 54
1P1s[3/2—-1/2] 2.87 40 115 121 34 98 100
2S1s[3/2—-1/2] 2.83 41 116 117 35 99 99
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TABLE XllI. Comparison of hyperfine splittinggin MeV) in doubly heavy baryons and heavy-light
mesons. Experimental values for the hyperfine splittings in mesons are taken froh3Ref.

AM(Ec)  FAME™  AM(Epy)  FAME®  AM(Qc)  FAMB® AM(Qp)  FAMER

107 106 35 34 94 108 30 35

quark-diquark approximation in the framework of the rela-tential contribution to the spin-orbit term in E(R0) exceeds
tivistic quark model. The orbital and radial excitations boththe one-gluon exchange contribution. Thus the sign before
of the heavy diquark and the light quark were consideredthe spin-orbit term is negative, and the level inversion
The main advantage of the proposed approach consists in tRenerges. However, theNl; corrections, which produce the
fully relativistic treatment of the light quarku(d,s) dynam-  hyperfine splittings of these multiplets, are substantial. As a
@cs and in the account for the internal structure of the diquarkesult the purely inverted pattern pflevels for the heavy

in the short-range quark-diquark interaction. We apply onlygiquark in the ground state occurs only for the doubly heavy
the expansion in inverse powers of the heavy diquark Mas§aryons=,,, and Qyp. For .. and Q.. baryons the levels
(Mg, Mg0), which considerably simplifies calculations. The fom these multiplets overlap. The similar pattern was previ-
infinitely heavy diquark limit as well as the first ordem4 ously found in our model for the heavy-light mesdnd].
spin-independent and spin-dependent contributions were plan to use the found wave functions of doubly heavy

ﬁgrr:tsgjja:ﬁ?inpt\hglcéi)ibsl‘;n;:g% bbaer%izna:é(ﬂteii/c;nﬁgg r:]heebaryons for the calculation of semileptonic and nonleptonic
sons was demonstrated. In the infinitely headj)quark - °° decays t= cp and=ep 10 Z ¢ baryons. The correspond-

limit the only difference originates from the internal structure 9 baryonic Isgur-Wise functior($,32] will be determined.

of the diquark which is important at small distances. The first
order contributions to the heavdi)quark expansion explic-
itly depend on the values of the heavy diquébloson and
heavy quark(fermion) spins and massesh/(‘éQ%ZmQ). This _ . B
results in the different number of levels to which the initially ~ The authors express their gratitude to M. IMu
degenerate states split as well as their ordering. Our modélreussker, V. Savrin and H. Toki for support and discussions.
respects the constraints imposed by heavy quark symmetrwo of us(R.N.F. and V.O.G.were supported in part by the
on the number of levels and their splittings. Deutsche Forschungsgemeinschaftder contract Eb 139/

We find that thep-wave levels of the light quark which 2-1 andRussian Foundation for Basic Reseammder Grant
correspond to heavy diquark spin multiplets wjth1/2 and  No. 00-02-17768. The work of R.N.F., V.O.G. and A.P.M.
j=3/2 are inverted in the infinitely heavy diquark limit. The was supported in part bRRussian Ministry of Educationon-
origin of this inversion is the following. The confining po- der Grant No. E00-3.3-45.
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