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Mass spectra of doubly heavy baryons in the relativistic quark model
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Mass spectra of baryons consisting of two heavy (b or c) and one light quark are calculated in the
framework of the relativistic quark model. The light-quark–heavy-diquark structure of the baryon is assumed.
Under this assumption the ground and excited states of both the diquark and quark-diquark bound system are
considered. The quark-diquark potential is constructed. The light quark is treated completely relativistically,
while the expansion in the inverse heavy quark mass is used revealing the close similarity with the mass
spectra ofB andD mesons. We find that the relativistic treatment of the light quark plays an important role.
The level inversion of thep-wave excitations of the light quark in doubly heavy baryons is discussed.
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I. INTRODUCTION

The description of baryons within the constituent qua
model is a very important problem in quantum chromod
namics~QCD!. Since the baryon is a three-body system@1#,
its theory is much more complicated compared to the tw
body meson system. Up till now it has not even been cl
which of the two main QCD models,Y law or D law, cor-
rectly describes the nonperturbative~long-range! part of the
quark interaction in the baryon@2,3#. The popular quark-
diquark picture of a baryon is not universal and does
work in all cases@4#. The success of the heavy quark effe
tive theory~HQET! @5# in predicting some properties of th

heavy-lightqQ̄ mesons (B and D) suggests that we appl
these methods to heavy-light baryons, too. The simp
baryonic systems of this kind are the so-called doubly he
baryons (qQQ) @1,6–12#. The two heavy quarks (b or c)
compose in this case a bound diquark system in the anti
let color state which serves as a localized color source.
light quark is orbiting around this heavy source at a dista
much larger (;1/mq) than the source size (;2/mQ). Thus
the doubly heavy baryons look effectively like a two-bo
bound system and strongly resemble the heavy-lightB andD
mesons@2,13#. Then the HQET expansion in the invers
heavy quark mass can be used. The main distinction of
qQQ baryon from theqQ̄ meson is that theQQ color source
though being almost localized still is a composite syst
bearing integer spin values (0,1, . . . ). Hence it follows that
the interaction of the heavy diquark with the light quark
not pointlike but is smeared by the form factor express
through the overlap of the diquark wave functions. Besid
this the diquark excitations contribute to the baryon exci
states.

In previous approaches for the calculation of doub
heavy baryon masses the expansion in inverse powers
0556-2821/2002/66~1!/014008~13!/$20.00 66 0140
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only of the heavy quark mass (mQ) but also of the light
quark mass (mq) is carried out. The estimates of the ligh
quark velocity in these baryons show that the light quark
highly relativistic (v/c;0.7–0.8). Thus the nonrelativisti
approximation is not adequate for the light quark. Here
present a consistent treatment of mass spectra of the do
heavy baryons in the framework of the relativistic qua
model based on the quasipotential wave equation with
employing the expansion in 1/mq . Thus the light quark is
treated fully relativistically. Concerning the heavy diqua
~quark! we apply the expansion in 1/MQQ

d (1/mQ). We used a
similar approach for the calculation of the mass spectra oB
andD mesons@14#.

The paper is organized as follows. In Sec. II we descr
our relativistic quark model giving special emphasis to t
construction of the quark-quark interaction potential in t
diquark and the quark-diquark interaction potential in t
baryon. In Sec. III we apply our model to the investigation
the heavy diquark properties. Thecc and bb diquark mass
spectra are calculated. We also determine the diquark in
action vertex with the gluon using the quasipotential a
proach and calculated diquark wave functions. Thus we t
into account the internal structure of the diquark which co
siderably modifies the quark-diquark potential at small d
tances and removes fictitious singularities. In Sec. IV
construct the quasipotential of the interaction of a light qu
with a heavy diquark. The light quark is treated fully relati
istically. We use the expansion in inverse powers of
heavy diquark mass to simplify the construction. First w
consider the infinitely heavy diquark limit and then includ
the 1/MQQ

d corrections. In Sec. V we present our predictio
for the mass spectra of the ground and excited state
Jcc ,Jbb ,Vcc andVbb baryons. We consider both the exc
tations of the light quark and the heavy diquark. The mixi
between excited baryon states with the same total ang
momentum and parity is discussed. ForJcb and Vcb bary-
©2002 The American Physical Society08-1
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EBERT, FAUSTOV, GALKIN, AND MARTYNENKO PHYSICAL REVIEW D66, 014008 ~2002!
ons, composed from heavy quarks of different flavors
give predictions only for ground states, since the exci
states of thecb diquark are unstable under the emission
soft gluons @11#. Moreover, a detailed comparison of o
predictions with other approaches is given. We reveal
close similarity of the excitations of the light quark in
doubly heavy baryon and a heavy-light meson. We also
the fulfillment of different relations between mass splittin
of doubly heavy baryons with twoc or b quarks as well as
the relations between splittings in the doubly heavy bary
and heavy-light mesons following from the heavy qua
symmetry. Section VI contains our conclusions.

II. RELATIVISTIC QUARK MODEL

In the quasipotential approach and quark-diquark pict
of doubly heavy baryons the interaction of two heavy qua
in a diquark and the light quark interaction with a hea
diquark in a baryon are described by the diquark wave fu
tion (Cd) of the bound quark-quark state and by the bary
wave function (CB) of the bound quark-diquark state re
spectively, which satisfy the quasipotential equation@15# of
the Schro¨dinger type@16#

S b2~M !

2mR
2

p2

2mR
DCd,B~p!5E d3q

~2p!3
V~p,q;M !Cd,B~q!,

~1!

where the relativistic reduced mass is

mR5
E1E2

E11E2
5

M42~m1
22m2

2!2

4M3
, ~2!

andE1 ,E2 are given by

E15
M22m2

21m1
2

2M
, E25

M22m1
21m2

2

2M
; ~3!

here M5E11E2 is the bound state mass~diquark or
baryon!, m1,2 are the masses of heavy quarks (Q1 and Q2)
which form the diquark or of the heavy diquark~d! and light
quark~q! which form the doubly heavy baryon (B), andp is
their relative momentum. In the center of mass system
relative momentum squared on mass shell reads

b2~M !5
@M22~m11m2!2#@M22~m12m2!2#

4M2
. ~4!

The kernelV(p,q;M ) in Eq. ~1! is the quasipotential op
erator of the quark-quark or quark-diquark interaction. It
constructed with the help of the off-mass-shell scattering a
plitude, projected onto the positive energy states. In the
lowing analysis we closely follow the similar construction
the quark-antiquark interaction in mesons which were ext
sively studied in our relativistic quark model@14,17#. For the
quark-quark interaction in a diquark we use the relat
VQQ5VQQ̄/2 arising under the assumption about the oc
structure of the interaction from the difference of theQQ

andQQ̄ color states. An important role in this construction
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played by the Lorentz structure of the confining interactio
In our analysis of mesons while constructing the quasipot
tial of quark-antiquark interaction we adopted that the eff
tive interaction is the sum of the usual one-gluon excha
term with the mixture of long-range vector and scalar line
confining potentials, where the vector confining potent
contains the Pauli terms. We use the same conventions
the construction of the quark-quark and quark-diquark int
actions in the baryon. The quasipotential is then defin
@10,17# as follows.

~a! For the quark-quark (QQ) interaction

V~p,q;M !5ū1~p!ū2~2p!V~p,q;M !u1~q!u2~2q!, ~5!

with

V~p,q;M !5
2

3
aSDmn~k!g1

mg2
n1

1

2
Vconf

V ~k!G1
m~k!G2;m~2k!

1
1

2
Vconf

S ~k!.

~b! For quark-diquark (qd) interaction

V~p,q;M !5
^d~P!uJmud~Q!&

2AEd~p!Ed~q!
ūq~p!

4

3
aSDmn~k!gnuq~q!

1cd* ~P!ūq~p!Jd;mGq
m~k!Vconf

V ~k!uq~q!cd~Q!

1cd* ~P!ūq~p!Vconf
S ~k!uq~q!cd~Q!, ~6!

whereaS is the QCD coupling constant, the color factor
equal to 2/3 for quark-quark and 4/3 for quark-diquark int
actions, and̂ d(P)uJmud(Q)& is the vertex of the diquark-
gluon interaction which is discussed in detail below@P
5(Ed ,2p), Q5(Ed ,2q), Ed5(M22mq

21Md
2)/(2M )#.

Dmn is the gluon propagator in the Coulomb gauge

D00~k!52
4p

k2
, Di j ~k!52

4p

k2 S d i j 2
kikj

k2 D ,

~7!
D0i5Di050,

andk5p2q;gm andu(p) are the Dirac matrices and spino

ul~p!5Ae~p!1m

2e~p! S 1

s•p

e~p!1m
D xl, ~8!

with e(p)5Ap21m2.
The diquark state in the confining part of the quar

diquark quasipotential~6! is described by the wave function

cd~p!5H 1 for scalar diquark,

«d~p! for ~axial! vector diquark,
~9!

where the four vector
8-2
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«d~p!5S ~«d•p!

Md
,«d1

~«d•p!p

Md~Ed~p!1Md! D ,

~10!
«d~p!•p50,

is the polarization vector of the~axial! vector diquark with
momentump, Ed(p)5Ap21Md

2, and«d(0)5(0,«d) is the
polarization vector in the diquark rest frame. The effect
long-range vector vertex of the diquark can be presente
the form

Jd;m55
~P1Q!m

2AEd~p!Ed~q!

for scalar diquark,

~P1Q!m

2AEd~p!Ed~q!
2

imd

2Md
Sm

n k̃n

for ~axial! vector diquark,

~11!

where k̃5(0,k) and we neglected the contribution of th
chromoquadrupole moment of the~axial! vector diquark,
which is suppressed by an additional power ofk/Md . Here
the antisymmetric tensor

~Srs!m
n 52 i ~gmrds

n 2gmsdr
n! ~12!

and the~axial! vector diquark spinSd is given by (Sd;k) i l
52 i«kil . We choose the total chromomagnetic moment
the ~axial! vector diquarkmd52 @10,18#.

The effective long-range vector vertex of the quark is d
fined by @14,17#

Gm~k!5gm1
ik

2m
smnk̃n, k̃5~0,k!, ~13!

wherek is the Pauli interaction constant characterizing
anomalous chromomagnetic moment of quarks. In the c
figuration space the vector and scalar confining potential
the nonrelativistic limit reduce to

Vconf
V ~r !5~12«!Vconf~r !,

~14!
Vconf

S ~r !5«Vconf~r !,

with

Vconf~r !5Vconf
S ~r !1Vconf

V ~r !5Ar1B, ~15!

where« is the mixing coefficient.
All the parameters of our model like quark masses,

rameters of linear confining potentialA andB, mixing coef-
ficient « and anomalous chromomagnetic quark momenk
were fixed from the analysis of heavy quarkonium mas
@17# and radiative decays@19#. The quark massesmb54.88
GeV, mc51.55 GeV,ms50.50 GeV,mu,d50.33 GeV and
the parameters of the linear potentialA50.18 GeV2 and B
520.30 GeV have standard values of quark models. T
value of the mixing coefficient of vector and scalar confini
potentials«521 has been determined from the consid
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ation of the heavy quark expansion@20# and meson radiative
decays@19#. Finally, the universal Pauli interaction consta
k521 has been fixed from the analysis of the fine splitti
of heavy quarkonia3PJ states@17# and also from the heavy
quark expansion@20#. Note that the long-range magnet
contribution to the potential in our model is proportional
(11k) and thus vanishes for the chosen value ofk521.

III. DIQUARKS IN THE RELATIVISTIC QUARK MODEL

The quark-quark interaction in the diquark consists of
sum of the spin-independent and spin-dependent parts

VQQ~r !5VQQ
SI ~r !1VQQ

SD ~r !. ~16!

The spin-independent part with the account ofv2/c2 correc-
tions including retardation effects@21# is given by

VQQ
SI ~r !52

2

3

as~m2!

r
1

1

2
~Ar1B!1

1

8 S 1

m1
2

1
1

m2
2D

3DF2
2

3

as~m2!

r
1

1

2
~12«!~112k!ArG

1
1

2m1m2
H 2

2

3

as

r Fp21
~p•r !2

r 2 G J
W

1
1

2 F 12«

2m1m2
2

«

4 S 1

m1
2

1
1

m2
2D G

3H ArFp22
~p•r !2

r 2 G J
W

1
1

2 F 12«

2m1m2

2
«

4 S 1

m1
2

1
1

m2
2D GBp2, ~17!

where$•••%W denotes the Weyl ordering of operators and

as~m2!5
4p

b0 ln~m2/L2!
, b05112

2

3
nf , ~18!

with m fixed to be equal to the reduced mass,nf is a number
of flavors andL585 MeV.

The spin-dependent part of the quark-quark potential
be presented in our model@17# as follows:

VQQ
SD ~r !5aL•S̃1bF 3

r 2
~S1•r !~S2•r !2~S1•S2!G

1cS1•S21dL•~S12S2!, ~19!

a5
1

m1m2
H S 11

m1
21m2

2

4m1m2
D2

3

as~m2!

r 3
2

1

2

m1
21m2

2

4m1m2

A

r

1
1

2
~11k!

~m11m2!2

2m1m2
~12«!

A

r J ,
8-3
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b5
1

3m1m2
H 2as~m2!

r 3
1

1

2
~11k!2~12«!

A

r J ,

c5
2

3m1m2
H 8pas~m2!

3
d3~r !1

1

2
~11k!2~12«!

A

r J ,

d5
1

m1m2
H m2

22m1
2

4m1m2
F2

3

as~m2!

r 3
2

1

2

A

r G
1

1

2
~11k!

m2
22m1

2

2m1m2
~12«!

A

r J , ~20!

whereL is the orbital momentum andS1,2,S̃5S11S2 are the
spin momenta.

Now we can calculate the mass spectra of heavy diqu
with the account of all relativistic corrections~including re-
tardation effects! of orderv2/c2. For this purpose we subst
tute the quasipotential which is a sum of the sp
independent~17! and spin-dependent~19! parts into the
quasipotential equation~1!. Then we multiply the resulting
expression from the left by the quasipotential wave funct
of a bound state and integrate with respect to the rela
momentum. Taking into account the accuracy of the calcu
tions, we can use for the resulting matrix elements the w
functions of Eq.~1! with the static potential

VQQ
NR ~r !52

2

3

as~m2!

r
1

1

2
~Ar1B!. ~21!

As a result we obtain the mass formula

b2~M !

2mR
5W1^a&^L•S̃&1^b&K F 3

r 2
~S1•r !~S2•r !

2~S1•S2!G L 1^c&^S1•S2&1^d&^L•~S12S2!&,

~22!

where

W5^VQQ
SI &1

^p2&
2mR

,

^L•S̃&5
1

2
@ J̃~ J̃11!2L~L11!2S̃~S̃11!#,

K F 3

r 2
~S1•r !~S2•r !2~S1•S2!G L

52
6~^L•S̃&!213^L•S̃&22S̃~S̃11!L~L11!

2~2L21!~2L13!
,

^S1•S2&5
1

2 S S̃~S̃11!2
3

2D , S̃5S11S2 ,
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and^a&,^b&,^c&,^d& are the appropriate averages over rad
wave functions of Eq.~20!. We use the notations for th
heavy diquark classification:n2S̃11LJ̃ , wheren51,2, . . . is
a radial quantum number,L is the angular momentum,S̃
50,1 is the total spin of two heavy quarks, andJ̃5L

2S̃,L,L1S̃ is the total angular momentum (J̃5L1S̃),
which is considered as the spin of diquark (Sd) in the fol-
lowing section. The first term on the right-hand side of t
mass formula~22! contains all spin-independent contribu
tions, the second and the last terms describe the spin-o
interaction, the third term is responsible for the tensor int
action, while the fourth term gives the spin-spin interactio
The results of our numerical calculations of the mass spe
of cc andbb diquarks are presented in Tables I and II. T
mass of the ground state of thebc diquark in the axial vector
(1 3S1) state is

Mbc
A 56.526 GeV

and in the scalar (11S1) state is

Mbc
S 56.519 GeV.

In order to determine the diquark interaction with th
gluon field, which takes into account the diquark structure
is necessary to calculate the corresponding matrix elemen
the quark current between diquark states. This diagonal
trix element can be parametrized by the following set
elastic form factors.

~a! Scalar diquark~S!

^S~P!uJmuS~Q!&5h1~k2!~P1Q!m . ~23!

~b! ~Axial! vector diquark~V!

TABLE I. Mass spectrum and mean squared radii of thecc
diquark.

Mass ^r 2&1/2 Mass ^r 2&1/2

State ~GeV! ~fm! State ~GeV! ~fm!

13S1 3.226 0.56 11P1 3.460 0.82
23S1 3.535 1.02 21P1 3.712 1.22
33S1 3.782 1.37 31P1 3.928 1.54

TABLE II. Mass spectrum and mean squared radii ofbb di-
quark.

Mass ^r 2&1/2 Mass ^r 2&1/2

State ~GeV! ~fm! State ~GeV! ~fm!

13S1 9.778 0.37 11P1 9.944 0.57
23S1 10.015 0.71 21P1 10.132 0.87
33S1 10.196 0.98 31P1 10.305 1.12
43S1 10.369 1.22 41P1 10.453 1.34
8-4
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^V~P!uJmuV~Q!&52@«d* ~P!•«d~Q!#h1~k2!~P1Q!m

1h2~k2!$@«d* ~P!•Q#«d;m~Q!

1@«d~Q!•P#«d;m* ~P!%1h3~k2!
1

MV
2

3@«d* ~P!•Q#@«d~Q!•P#~P1Q!m ,

~24!

wherek5P2Q and«d(P) is the polarization vector of the
~axial! vector diquark~10!.

In the quasipotential approach, the matrix element of
quark currentJm5Q̄gmQ between the diquark states~d! has
the form @22#

^d~P!uJm~0!ud~Q!&5E d3pd3q

~2p!6
C̄P

d ~p!Gm~p,q!CQ
d ~q!,

~25!

whereGm(p,q) is the two-particle vertex function andCP
d

are the diquark wave functions projected onto the posi
energy states of quarks and boosted to the moving refer
frame with momentumP. The leading contribution toG
comes from Fig. 1. Other nonleading terms are the con
quence of the projection onto the positive-energy states
give contributions only at the order of 1/mQ

2 for diquarks
composed from two heavy quarks and can be neglec
Thus we will limit our analysis only to the contribution com
ing from Fig. 1. The corresponding vertex function is giv
by

Gm
(1)~p,q!5ūQ1

~p1!gmuQ1
~q1!~2p!3d~p22q2!1~1↔2!,

~26!

where@22#

p1,25e1,2~p!
P

Md
6(

i 51

3

n( i )~P!pi ,

q1,25e1,2~q!
Q

Md
6(

i 51

3

n( i )~Q!qi ,

andn( i ) are three four-vectors defined by

FIG. 1. Lowest order vertex functionG (1) corresponding to Eq.
~26!. The gluon interaction only with one heavy quark is shown
01400
e

e
ce

e-
nd

d.

n( i )m~P!5H Pi

M
,d i j 1

Pi Pj

M ~E1M !J ,

E5AP21M2.
We substitute the vertex functionG (1) given by Eq.~26! in

the matrix element~25! and expand it in 1/mQ up to the
leading order. Comparing the resulting expressions with
form factor decompositions~23! and ~24! we find

h1~k2!5h1~k2!5h2~k2!52F~k2!,

h3~k2!50,

F~k2!5
AEdMd

Ed1Md
F E d3p

~2p!3
C̄dS p1

2m2

Ed1Md
kD

3Cd~p!1~1↔2!G , ~27!

whereCd[C0
d are the diquark wave functions at rest. W

calculated corresponding form factorsF(r )/r which are the
Fourier transforms ofF(k2)/k2 using the diquark wave func
tions found by numerically solving the quasipotential equ
tion. In Fig. 2 the functionsF(r ) for the cc diquark in
(1S,1P,2S,2P) states are shown as an example. We see
the slope ofF(r ) decreases with the increase of the diqua
excitation. Our estimates show that this form factor can
approximated with a high accuracy by the expression

F~r !512e2jr 2zr 2
, ~28!

which agrees with previously used approximations@23#. The
values of parametersj andz for differentcc andbb diquark
states are given in Tables III and IV. As we see, the functio
F(r ) vanish in the limitr→0 and become unity for large
values ofr. Such a behavior can be easily understood in
itively. At large distances a diquark can be well appro
mated by a pointlike object and its internal structure can
be resolved. When the distance to the diquark decrease
internal structure plays a more important role. As the d
tance approaches zero, the interaction weakens and tur
zero for r 50 since this point coincides with the center

FIG. 2. The form factorsF(r ) for the cc diquark. The solid
curve is for the 1S state, the dashed curve for the 1P state, the
dashed-dotted curve for the 2S state, and the dotted curve for th
2P state.
8-5
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gravity of the two heavy quarks forming the diquark. Th
the function F(r ) gives an important contribution to th
short-range part of the interaction of the light quark with t
heavy diquark in the baryon and can be neglected for
long-range~confining! interaction. It is important to note tha
the inclusion of such a function removes a fictitious sing
larity 1/r 3 at the origin arising from the one-gluon exchan
part of the quark-diquark potential when the expansion
inverse powers of the heavy quark is used.

IV. QUASIPOTENTIAL OF THE INTERACTION OF A
LIGHT QUARK WITH A HEAVY DIQUARK

The expression for the quasipotential~6! can, in principle,
be used for arbitrary quark and diquark masses. The su
tution of the Dirac spinors~8! and diquark form factors~23!
and~24! into Eq. ~6! results in an extremely nonlocal pote
tial in the configuration space. Clearly, it is very hard to d
with such potentials without any simplifying expansion. Fo
tunately, in the case of the heavy-diquark–light-quark pict
of the baryon, one can carry out~following HQET! the ex-
pansion in inverse powers of the heavy diquark massMd .
The leading terms then follow in the limitMd→`.

A. Infinitely heavy diquark limit

In the limit Md→` the heavy diquark vertices~23! and
~24! have only the zeroth component, and the diquark m
and spin decouple from the consideration. As a result we
in this limit the quasipotential for the light quark similar t
the one in the heavy-light meson in the limit of an infinite
heavy antiquark@14#. The only difference consists in the ex
tra factorF(k2), defined in Eq.~27!, in the one-gluon ex-
change part which accounts for the heavy diquark struct
The quasipotential in this limit is given by

V~p,q;M !5ūq~p!H 2
4

3
asF~k2!

4p

k2
gq

01Vconf
V ~k!Fgq

0

1
k

2mq
gq

0~gk!G1Vconf
S ~k!J uq~q!. ~29!

The resulting interaction is still nonlocal in configuratio
space. However, taking into account that doubly heavy ba
ons are weakly bound, we can replaceeq(p)→Eq5(M2

2Md
21mq

2)/(2M ) in the Dirac spinors~8! @14#. Such a sim-
plifying substitution is widely used in quantum electrod
namics @24–26# and introduces only minor corrections o
order of the ratio of the binding energŷV& to Eq . This

TABLE III. Parametersj andz for ground and excited states o
cc diquark.

j z j z
State ~GeV! (GeV2) State ~GeV! (GeV2)

1S 1.30 0.42 1P 0.74 0.315
2S 0.67 0.19 2P 0.60 0.155
3S 0.57 0.12 3P 0.55 0.075
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substitution makes the Fourier transformation of the poten
~29! local. In contrast with the heavy-light meson case
special consideration of the one-gluon exchange term is n
essary, since the presence of the diquark structure desc
by an extra functionF(k2) in Eq. ~29! removes fictitious 1/r 3

singularity at the origin in configuration space.
The resulting local quark-diquark potential forMd→`

can be presented in configuration space in the follow
form:

VMd→`~r !5
Eq1mq

2Eq
FVCoul~r !1Vconf~r !1

1

~Eq1mq!2

3H p@VCoul~r !1Vconf
V ~r !2Vconf

S ~r !#p

2
Eq1mq

2mq
DVconf

V ~r !@12~11k!#

1
2

r S VCoul8 ~r !2Vconf8S ~r !2Vconf8V ~r !

3F Eq

mq
22~11k!

Eq1mq

2mq
G D l•SqJ G , ~30!

where VCoul(r )52(4/3)asF(r )/r is the smeared Coulomb
potential. The prime denotes differentiation with respect tor,
l is the orbital momentum, andSq is the spin operator of the
light quark. Note that the last term in Eq.~30! is of the same
order as the first two terms and thus cannot be treated
turbatively. It is important to note that the quark-diquark p
tential VMd→`(r ) almost coincides with the quark-antiqua

potential in heavy-light (B andD) mesons formQ→` @14#.
The only difference is the presence of the extra factorF(r )
in VCoul(r ) which accounts for the internal structure of th
diquark. This is the consequence of the heavy quark~di-
quark! limit in which its spin and mass decouple from th
consideration.

In the infinitely heavy diquark limit the quasipotentia
equation~1! in configuration space becomes

S Eq
22mq

2

2Eq
2

p2

2Eq
DCB~r !5VMd→`~r !CB~r !, ~31!

and the mass of the baryon is given byM5Md1Eq .

TABLE IV. Parametersj andz for ground and excited states o
bb diquark.

j z j z
State ~GeV! (GeV2) State ~GeV! (GeV2)

1S 1.30 1.60 1P 0.90 0.59
2S 0.85 0.31 2P 0.65 0.215
3S 0.66 0.155 3P 0.58 0.120
4S 0.56 0.09 4P 0.51 0.085
8-6
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Solving Eq.~31! numerically we get the eigenvaluesEq
and the baryon wave functionsCB . The obtained results ar
presented in Table V. We use the notationndLnql ( j ) for the
classification of baryon states in the infinitely heavy diqua
limit. Here we first give the radial quantum numbernd and
the angular momentumL of the heavy diquark. Then th
radial quantum numbernq , the angular momentuml and the
valuej of the total angular momentum (j5 l1Sq) of the light
quark are shown. We see that the heavy diquark spin
mass decouple in the limitMd→`, and thus we get the

TABLE V. The values ofEq in the limit Md→` ~in GeV!.

Baryon ccq ccs bbq bbs
State Eq Es Eq Es

1S1s(1/2) 0.491 0.638 0.492 0.641
1S1p(3/2) 0.788 0.906 0.785 0.904
1S1p(1/2) 0.877 0.968 0.880 0.969
1S2s(1/2) 0.987 1.080 0.993 1.084
1P1s(1/2) 0.484 0.633 0.489 0.636
1P1p(3/2) 0.793 0.909 0.789 0.906
1P1p(1/2) 0.873 0.965 0.876 0.967
1P2s(1/2) 0.980 1.075 0.984 1.078
2S1s(1/2) 0.481 0.631 0.486 0.634
2S1p(3/2) 0.794 0.909 0.791 0.908
2S1p(1/2) 0.871 0.963 0.874 0.965
2S2s(1/2) 0.979 1.074 0.982 1.076
2P1s(1/2) 0.479 0.630 0.481 0.631
3S1s(1/2) 0.478 0.630 0.480 0.630
rt
ac
e
o

in-

ro
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number of degenerated states in accord with the heavy q
symmetry prediction. This symmetry predicts also almost
equality of corresponding light-quark energiesEq for bbq
andccq baryons and their nearness in the same limit to
light-quark energiesEq of B andD mesons@14#. The small
deviations of the baryon energies from values of the me
energies are connected with the different forms of the sin
larity smearing atr 50 in the baryon and meson cases.

B. 1ÕM d corrections

The heavy quark symmetry degeneracy of states is bro
by 1/Md corrections. The corrections of order 1/Md to the
potential~30! arise from the spatial components of the hea
diquark vertex. Other contributions at first order in 1/Md
come from the one-gluon-exchange potential and the ve
confining potential, while the scalar potential gives no co
tribution at first order. The resulting 1/Md correction to the
quark-diquark potential~30! is given by the following ex-
pression:

~a! Scalar diquark:

dV1/Md
~r !5

1

EqMd
H p@VCoul~r !1Vconf

V ~r !#p1VCoul8 ~r !
l2

2r

2
1

4
DVconf

V ~r !1F1

r
VCoul8 ~r !

1
~11k!

r
Vconf8V ~r !G l•SqJ . ~32!

~b! ~Axial! vector diquark:
dV1/Md
~r !5

1

EqMd
H p@VCoul~r !1Vconf

V ~r !#p1VCoul8 ~r !
l2

2r
2

1

4
DVconf

V ~r !1F1

r
VCoul8 ~r !1

~11k!

r
Vconf8V ~r !G l•Sq

1
1

2 F1

r
VCoul8 ~r !1

~11k!

r
V8conf

V
~r !G l•Sd1

1

3 S 1

r
VCoul8 ~r !2VCoul9 ~r !1~11k!F1

r
Vconf8V ~r !2Vconf9V ~r !G D

3F2Sq•Sd1
3

r 2
~Sq•r !~Sd•r !G1

2

3
@DVCoul~r !1~11k!DVconf

V ~r !#Sd•SqJ , ~33!
ent
al
it
whereS5Sq1Sd is the total spin, andSd is the diquark spin

~which is equal to the total angular momentumJ̃ of two
heavy quarks forming the diquark!. The first three terms in
Eq. ~33! represent spin-independent corrections, the fou
and the fifth terms are responsible for the spin-orbit inter
tion, the sixth one is the tensor interaction, and the last on
the spin-spin interaction. It is necessary to note that the c
fining vector interaction gives a contribution to the sp
dependent part which is proportional to (11k). Thus it van-
ishes for the chosen value ofk521, while the confining
vector contribution to the spin-independent part is nonze
h
-
is
n-

.

In order to estimate the matrix elements of spin-depend
terms in the 1/Md corrections to the quark-diquark potenti
~32! and~33! as well as different mixings of baryon states,
is convenient to use the following relations:

uJ; j &5(
S

~21!J1 l 1Sd1SqA~2S11!~2 j 11!

3H Sd Sq S

l J j J uJ,S& ~34!
8-7
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and

uJ; j &5(
Jd

~21!J1 l 1Sd1SqA~2Jd11!~2 j 11!

3H Sd l Jd

Sq J j J uJ,Jd&, ~35!

whereJ5 j1Sd is the baryon total angular momentum,j5 l
1Sq is the light quark total angular momentum,S5Sq1Sd
is the baryon total spin, andJd5L1Sd .

V. RESULTS AND DISCUSSION

For the description of the quantum numbers of baryo
we use the notations (ndLnql )JP, where we first show the
radial quantum number of the diquark (nd51,2,3. . . ) and
its orbital momentum by a capital letter (L5S,P,D . . . ),
then the radial quantum number of the light quark (nq
51,2,3. . . ) and itsorbital momentum by a lowercase lett
( l 5s,p,d . . . ), and at the end thetotal angular momentumJ
and parityP of the baryon.

The presence of the spin-orbit interaction proportiona
l•Sd and of the tensor interaction in the quark-diquark pot
tial at 1/Md order ~33! results in a mixing of states whic
have the same total angular momentumJ and parity but dif-
ferent light quark total momentumj. For example, the baryon
states with diquark in the ground state and light quark in
p-wave (1S1p) for J51/2 or 3/2 have different values of th
light quark angular momentumj 51/2 and 3/2, which mix
between themselves. In the case of theccq baryon we have
the mixing matrix forJ51/2,

S 255.6 27.3

28.5 237.9D MeV, ~36!

with the following eigenvectors:

u~1S2p!1/282&520.334u j 53/2&10.943u j 51/2&,

u~1S2p!1/22&50.925u j 53/2&10.380u j 51/2&.
~37!

For theccq baryon withJ53/2 the mixing matrix is given
by

TABLE VI. Mass spectrum ofJcc baryons~in GeV!.

State Mass State Mass
(ndLnql )JP Our @11# (ndLnql )JP Our @11#

(1S1s)1/21 3.620 3.478 (1P1s)1/22 3.838 3.702
(1S1s)3/21 3.727 3.61 (1P1s)3/22 3.959 3.834
(1S1p)1/22 4.053 3.927 (2S1s)1/21 3.910 3.812
(1S1p)3/22 4.101 4.039 (2S1s)3/21 4.027 3.944
(1S1p)1/282 4.136 4.052 (2P1s)1/22 4.085 3.972
(1S1p)5/22 4.155 4.047 (2P1s)3/22 4.197 4.104
(1S1p)3/282 4.196 4.034 (3S1s)1/21 4.154 4.072
01400
s

o
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S 223.0 18.1

21.3 18.9D MeV, ~38!

and the eigenvectors are equal to

u~1S2p!3/282&50.343u j 53/2&10.939u j 51/2&,

u~1S2p!3/22&50.919u j 53/2&20.394u j 51/2&.
~39!

For thebbq baryon we get the mixing matrix forJ51/2

S 218.0 22.4

22.8 212.6D MeV, ~40!

which has eigenvalues

u~1S2p!1/282&50.349u j 53/2&10.937u j 51/2&,

u~1S2p!1/22&50.915u j 53/2&10.402u j 51/2&,
~41!

and forJ53/2 the mixing matrix is

S 27.4 5.9

7.1 6.3D MeV, ~42!

so that

u~1S2p!3/282&50.341u j 53/2&10.940u j 51/2&,

u~1S2p!3/22&50.917u j 53/2&10.400u j 51/2&.
~43!

The quasipotential with 1/mQ corrections is given by the
sum of VmQ→`(r ) from Eq. ~30! and dV1/mQ

(r ) from Eqs.
~32! and ~33!. By substituting it in the quasipotential equa
tion ~1! and treating the 1/mQ correction termdV1/mQ

(r )

TABLE VII. Mass spectrum ofJbb baryons~in GeV!.

State Mass State Mass
(ndLnql )JP Our @11# (ndLnql )JP Our @11#

(1S1s)1/21 10.202 10.093 (2S1s)1/21 10.441 10.373
(1S1s)3/21 10.237 10.133 (2S1s)3/21 10.482 10.413
(1S1p)1/22 10.632 10.541 (2S1p)1/22 10.873
(1S1p)3/22 10.647 10.567 (2S1p)3/22 10.888
(1S1p)5/22 10.661 10.580 (2S1p)1/282 10.902
(1S1p)1/282 10.675 10.578 (2S1p)5/22 10.905
(1S1p)3/282 10.694 10.581 (2S1p)3/282 10.920
(1S2s)1/21 10.832 (2P1s)1/22 10.563 10.493
(1S2s)3/21 10.860 (2P1s)3/22 10.607 10.533
(1P1s)1/22 10.368 10.310 (3S1s)1/21 10.630 10.563
(1P1s)3/22 10.408 10.343 (3S1s)3/21 10.673
(1P1p)1/21 10.763 (3P1s)1/22 10.744
(1P1p)3/21 10.779 (3P1s)3/22 10.788
(1P1p)5/21 10.786 (4S1s)1/21 10.812
(1P1p)1/281 10.838 (4S1s)3/21 10.856
(1P1p)3/281 10.856 (4P1s)1/22 10.900
8-8
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using perturbation theory, we are now able to calculate
mass spectra ofJcc ,Jbb ,Jcb ,Vcc ,Vbb ,Vcb baryons with
the account of 1/mQ corrections. In Tables VI–IX we presen
mass spectra of ground and excited states of doubly he
baryons containing both heavy quarks of the same flavoc
andb). The corresponding level orderings are schematic
shown in Figs. 3–6. In these figures we first show our p
dictions for doubly heavy baryon spectra in the limit wh
all 1/Md corrections are neglected@denoting baryon states b
ndLnql ( j )#. We see that in this limit thep-wave excitations
of the light quark are inverted. This means that the mas
the state with higher angular momentumj 53/2 is smaller
than the mass of the state with lower angular momentuj
51/2 @13,14,27#. The similar p-level inversion was found
previously in the mass spectra of heavy-light mesons in
infinitely heavy quark limit@14#. Note that the pattern o
levels of the light quark and level separation in doubly hea
baryons and heavy-light mesons almost coincide in th
limits. Next we switch on 1/Md corrections. This results in
splitting of the degenerate states and mixing of states w
different j, which have the same total angular momentumJ
and parity, as it was discussed above. Since the diquark
spin one, the states withj 51/2 split into two different states
with J51/2 or 3/2, while the states withj 53/2 split into

TABLE VIII. Mass spectrum ofVcc baryons~in GeV!.

(ndLnql )JP Mass (ndLnql )JP Mass

(1S1s)1/21 3.778 (1P1s)1/22 4.002
(1S1s)3/21 3.872 (1P1s)3/22 4.102
(1S1p)1/22 4.208 (2S1s)1/21 4.075
(1S1p)3/22 4.252 (2S1s)3/21 4.174
(1S1p)1/282 4.271 (2P1s)1/22 4.251
(1S1p)5/22 4.303 (2P1s)3/22 4.345
(1S1p)3/282 4.325 (3S1s)1/21 4.321

TABLE IX. Mass spectrum ofVbb baryons~in GeV!.

(ndLnql )JP Mass (ndLnql )JP Mass

(1S1s)1/21 10.359 (2S1s)1/21 10.610
(1S1s)3/21 10.389 (2S1s)3/21 10.645
(1S1p)1/22 10.771 (2S1p)1/22 11.011
(1S1p)3/22 10.785 (2S1p)3/22 11.025
(1S1p)5/22 10.798 (2S1p)1/282 11.035
(1S1p)1/282 10.804 (2S1p)5/22 11.040
(1S1p)3/282 10.821 (2S1p)3/282 11.051
(1S2s)1/21 10.970 (2P1s)1/22 10.738
(1S2s)3/21 10.992 (2P1s)3/22 10.775
(1P1s)1/22 10.532 (3S1s)1/21 10.806
(1P1s)3/22 10.566 (3S1s)3/21 10.843
(1P1p)1/21 10.914 (3P1s)1/22 10.924
(1P1p)3/21 10.928 (3P1s)3/22 10.961
(1P1p)5/21 10.937 (4S1s)1/21 10.994
(1P1p)1/281 10.971 (4S1s)3/21 11.031
(1P1p)3/281 10.986 (4P1s)1/22 11.083
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three different states withJ51/2,3/2 or 5/2. The fine splitting
betweenp levels turns out to be of the same order of ma
nitude as the gap betweenj 51/2 andj 53/2 degenerate mul
tiplets in the infinitely heavy diquark limit. The inclusion o
1/Md corrections leads also to the relative shifts of t
baryon levels further decreasing this gap. As a result, so
of thep levels from different~initially degenerate! multiplets
overlap; however, the heavy diquark spin averaged cen
remain inverted. The resulting picture for the diquark in t
ground state is very similar to the one for heavy-light meso
@14#. The purely inverted pattern ofp levels is observed only
for theB meson andJbb ,Vbb baryons, while in other heavy
light mesons (D,Ds ,Bs) and doubly heavy baryon
(Jcc ,Vcc) p levels from differentj multiplets overlap. The
absence of thep-level overlap for theVbb baryon in contrast
to the Bs meson~where we predict a very small overlap o
these levels@14#! is explained by the fact that the rati
ms /Mbb

d is approximately two times smaller thanms /mb and
thus it is of ordermq /mb . As it was argued in@14#, these
ratios determine the applicability of the heavy quark limit

In Tables VI and VII we compare our predictions for th
ground and excited state masses ofJcc and Jbb baryons

FIG. 3. Masses ofJcc baryons~in GeV!. The horizontal dashed
line shows theLcD threshold.

FIG. 4. Masses ofJbb baryons~in GeV!. The horizontal dashed
line shows theLbD threshold.
8-9
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with the predictions of Ref.@11#. As we see from these table
our predictions are approximately 50–150 MeV higher th
the estimates of Ref.@11#. One of the reasons for the diffe
ence between these two predictions for the masses ofJcc
baryons~which is the largest! is the difference in thec quark
masses. The mass of thec quark in @11# is determined from
fitting the charmonium spectrum in the quark model wh
all spin-independent relativistic corrections were ignor
However, our estimates show that due to the rather la
average value ofv2/c2 in charmonium@33# such corrections
play an important role and give contributions to the charm
nium masses of order of 100 MeV. As a result thec quark
mass found in@11# is approximately 70 MeV less than in ou
model. For the calculation of the diquark masses we a
take into account the spin-independent corrections~17! to the
QQ potential. We find that their contribution is less than
the case of charmonium sinceVQQ5VQQ̄/2. Thus thecc
diquark masses in@11# are approximately 50 MeV smalle

FIG. 5. Masses ofVcc baryons~in GeV!. The horizontal dashed
line shows theLcDs threshold.
01400
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than in our model. The other main source of the difference
the expansion in inverse powers of the light quark ma
which was used in@11# but is not applied in our approach
where the light quark is treated fully relativistically.

In Table X we compare our model predictions for th
ground state masses of doubly heavy baryons with so
other predictions@6,9,11,28# as well as our previous predic
tion @10#, where the expansion in inverse powers of t
heavy and light quark masses was used. In general we fi
reasonable agreement within 100 MeV between differ
predictions@6,9–11,28# for the ground state masses of th
doubly heavy baryons. The main advantage of our pres
approach is the completely relativistic treatment of the lig
quark and account for the nonlocal composite structure of
diquark.

For theJcb andVcb baryons containing heavy quarks o
different flavors (c andb) we calculate only the ground stat
masses. As it was argued in Ref.@11#, the excited states o

FIG. 6. Masses ofVbb baryons~in GeV!. The horizontal dashed
line shows theLbDs threshold.
e.

TABLE X. Mass spectrum of ground states of doubly heavy baryons~in GeV!. Comparison of different

predictions.$QQ% denotes the diquark in the axial vector state and@QQ# denotes diquark in the scalar stat

Quark Present
Baryon content JP work @11# @10# @9# @6# @28#

Jcc $cc%q 1/21 3.620 3.478 3.66 3.66 3.61 3.69
Jcc* $cc%q 3/21 3.727 3.61 3.81 3.74 3.68
Vcc $cc%s 1/21 3.778 3.59 3.76 3.74 3.71 3.86
Vcc* $cc%s 3/21 3.872 3.69 3.89 3.82 3.76
Jbb $bb%q 1/21 10.202 10.093 10.23 10.34 10.16
Jbb* $bb%q 3/21 10.237 10.133 10.28 10.37
Vbb $bb%s 1/21 10.359 10.18 10.32 10.37 10.34
Vbb* $bb%s 3/21 10.389 10.20 10.36 10.40
Jcb $cb%q 1/21 6.933 6.82 6.95 7.04 6.96
Jcb8 @cb#q 1/21 6.963 6.85 7.00 6.99
Jcb* $cb%q 3/21 6.980 6.90 7.02 7.06
Vcb $cb%s 1/21 7.088 6.91 7.05 7.09 7.13
Vcb8 @cb#s 1/21 7.116 6.93 7.09 7.06
Vcb* $cb%s 3/21 7.130 6.99 7.11 7.12
8-10
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heavy diquarks composed of the quarks with different flav
are unstable under the emission of soft gluons, and thus
calculation of the excited baryon (cbq and cbs) masses is
not justified in the quark-diquark scheme. We get the follo
ing predictions for the masses of the ground statecbq bary-
ons.

(1S1s)1/21 states with the axial vector and scalarcb
diquarks respectively:

M ~Jcb!56.933 GeV, M ~Jcb8 !56.963 GeV,

(1S1s)3/21 state

M ~Jcb* !56.980 GeV,

and forcbs baryons:
(1S1s)1/21 states with the axial vector and scalarcb

diquarks

M ~Vcb!57.088 GeV, M ~Vcb8 !57.116 GeV,

(1S1s)3/21 state

M ~Vcb* !57.130 GeV.

Now we compare our results with the model-independ
predictions of the heavy quark effective theory. The hea
quark symmetry predicts simple relations between the s
averaged masses of doubly heavy baryons with the accu
of order 1/Md

DM̄1,2[M̄1~Jbb!2M̄1~Jcc!5M̄2~Jbb!2M̄2~Jcc!

5M̄1~Vbb!2M̄1~Vcc!5M̄2~Vbb!2M̄2~Vcc!

5Mbb
d 2Mcc

d [DMd, ~44!

where the spin-averaged masses are

M̄15~M1/212M3/2!/3,

TABLE XI. Differences between spin-averaged masses of d
bly heavy baryons defined in Eq.~44! ~in GeV!.

Baryon state DM̄1(J) DM̄2(J) DM̄1(V) DM̄2(V) DMd

1S1s 6.534 6.538 6.552
1S1p 6.512 6.532 6.519 6.552
1P1s 6.476 6.486 6.484
2S1s 6.480 6.492 6.480
01400
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M̄25~M1/212M3/213M5/2!/6

andMJ are the masses of baryons with total angular mom
tum J. MQQ

d are the masses of diquarks in definite states. T
numerical results are presented in Table XI~only the states
below threshold are considered!. We see that the equalities i
Eq. ~44! are satisfied with good accuracy for the baryo
with the heavy diquark and light quark both in ground a
excited states.

It follows from the heavy quark symmetry that the hype
fine mass splittings of initially degenerate light quark stat

DM ~JQQ![M3/2~JQQ!2M1/2~JQQ!,

DM ~VQQ![M3/2~VQQ!2M1/2~VQQ!,
~45!

should scale with the diquark masses:

DM ~Jcc!5RDM ~Jbb!,

DM ~Vcc!5RDM ~Vbb!, ~46!

where R5Mbb
d /Mcc

d is the ratio of diquark masses. Ou
model predictions for these splittings are displayed in Ta
XII. Again we see that heavy quark symmetry relations a
satisfied with high accuracy.

The close similarity of the interaction of the light qua
with the heavy quark in the heavy-light mesons and with
heavy diquark in the doubly heavy baryons produces v
simple relations between the meson and baryon mass s
tings @7,29,30#. In fact for the ground state hyperfine spli
tings of mesons and baryons we obtain adopting the appr
mate relationMQQ

d >2mQ

DM ~JQQ!5
3

2

mQ

MQQ
d

DMB,D>
3

4
DMB,D ,

DM ~VQQ!>
3

4
DMBs ,Ds

, ~47!

where the factor 3/2 is just the ratio of the baryon and me
spin matrix elements. The numerical fulfillment of relatio
~47! is shown in Table XIII.

VI. CONCLUSIONS

In this paper we calculated the masses of the ground
excited states of the doubly heavy baryons on the basis o

-

ark
TABLE XII. Hyperfine splittings~in MeV! of the doubly heavy baryons for the states with the light qu
angular momentumj 51/2.

Baryon state R DM (Jbb) RDM (Jbb) DM (Jcc) DM (Vbb) R DM (Vbb) DM (Vcc)

1S1s@3/221/2# 3.03 35 106 107 30 91 94
1S1p@3/221/2# 3.03 19 58 60 17 52 54
1P1s@3/221/2# 2.87 40 115 121 34 98 100
2S1s@3/221/2# 2.83 41 116 117 35 99 99
8-11
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TABLE XIII. Comparison of hyperfine splittings~in MeV! in doubly heavy baryons and heavy-ligh
mesons. Experimental values for the hyperfine splittings in mesons are taken from Ref.@31#.

DM (Jcc)
3
4 DMD

expt DM (Jbb)
3
4 DMB

expt DM (Vcc)
3
4 DMDs

expt DM (Vbb)
3
4 DMBs

expt

107 106 35 34 94 108 30 35
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.

quark-diquark approximation in the framework of the re
tivistic quark model. The orbital and radial excitations bo
of the heavy diquark and the light quark were consider
The main advantage of the proposed approach consists i
fully relativistic treatment of the light quark (u,d,s) dynam-
ics and in the account for the internal structure of the diqu
in the short-range quark-diquark interaction. We apply o
the expansion in inverse powers of the heavy diquark m
(Mbb

d ,Mcc
d ), which considerably simplifies calculations. Th

infinitely heavy diquark limit as well as the first order 1/Md
spin-independent and spin-dependent contributions w
considered. A close similarity between excitations of t
light quark in the doubly heavy baryons and heavy-light m
sons was demonstrated. In the infinitely heavy~di!quark
limit the only difference originates from the internal structu
of the diquark which is important at small distances. The fi
order contributions to the heavy~di!quark expansion explic
itly depend on the values of the heavy diquark~boson! and
heavy quark~fermion! spins and masses (MQQ

d '2mQ). This
results in the different number of levels to which the initia
degenerate states split as well as their ordering. Our m
respects the constraints imposed by heavy quark symm
on the number of levels and their splittings.

We find that thep-wave levels of the light quark which
correspond to heavy diquark spin multiplets withj 51/2 and
j 53/2 are inverted in the infinitely heavy diquark limit. Th
origin of this inversion is the following. The confining po
.B

s.

Z

z
,

nd

h-

01400
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.
the
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ss
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-

t
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try

tential contribution to the spin-orbit term in Eq.~30! exceeds
the one-gluon exchange contribution. Thus the sign bef
the spin-orbit term is negative, and the level inversi
emerges. However, the 1/Md corrections, which produce th
hyperfine splittings of these multiplets, are substantial. A
result the purely inverted pattern ofp levels for the heavy
diquark in the ground state occurs only for the doubly hea
baryonsJbb andVbb . For Jcc andVcc baryons the levels
from these multiplets overlap. The similar pattern was pre
ously found in our model for the heavy-light mesons@14#.

We plan to use the found wave functions of doubly hea
baryons for the calculation of semileptonic and nonlepto
Jbb decays toJcb andJcb to Jcc baryons. The correspond
ing baryonic Isgur-Wise functions@6,32# will be determined.
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