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QCD vacuum structure in strong magnetic fields
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We study the response of the QCD vacuum to strong magnetic fields, using a potential model for the
quark-antiquark interaction. We find that production of spin-polarizadairs is energetically favorable for

fieldsB>B;~10 Ge\?. We contrast the resultinchondensate with the quark condensate which is present
at zero magnetic field, and we estimate the corresponding magnetization as a fun@&ion of
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I. INTRODUCTION This regime will be the main focus of this paper. We will
argue that the perturbative QCD vacuum becomes unstable
Strong magnetic fields are interesting from several perwith respect to the formation of a quark-antiquark conden-
spectives. From a theoretical point of view, an external magsate. The basic physics is easy to understand: the strong mag-
netic field allows one to probe the vacuum structure and€tic field restricts quarks and antiquarks to move in one
correlation functions of a quantum field theory. Strong mag-dimension, and the strongly attractive QCD potential then
netic fields are also of interest in astrophysics. There may bi¢ads to the formation of a bound state with negative energy.
neutron stars with fields of up to ¥6-10'° G [1], while it We vvﬂl argue _that at sufficiently large magnetl_c fields the
has been suggested that much larger fields existed in tHgffective coupling becomes weak and perturbative QCD can
early universg?2]. be used. , , ,
With increasing magnetic field, the first place one might The next interesting regime starts at the electroweak
expect something interesting to happen is at the scale set [Ffal€:
the electron mass:

B=m2/\Ja~10* G. (3)
Bzmgl\/E:4.4>< 108 G, 1) A field of this magnitude has been argued to drive elec-

troweak symmetry restoratiofs]. Finally, a grand unified
theory with magnetic monopoles of mabk,,,, could pro-
At this scale an electron’s Landau energy equals its rest envide an absolute upper bound on a possible magnetic field.
ergy. Magnetic fields of this strength have a significant effecExtrapolation of semiclassical calculatiof suggests that
on atomic and molecular physics, as revieweddh How-  monopole pair production would become copious and short
ever, the structure of the QED vacuum does not change dr@ut any existing magnetic field when
matically in fields of this magnitude. Corrections to the en-
ergy of a free electron in the lowest Landau level are small, BN\/EMZ ~1052( M mon (4)
. , . mon
proportional to the electron’s anomalous magnetic moment, 10Y GeV
so it is not energetically favorable to produeée™ pairs. o ) ) )
The binding energy of positronium is small and does notAlthough the approximations underlying the semiclassical

change this conclusion, so the QED vacuum is sthble. calculation break down before such fields are reached, this is
The next place one might expect something interesting t@robably an overestimate of the maximum possible field. Ar-
happen is at the QCD scale, guments similar to those leading to K8) indicate that there

should be a local restoration of the grand unified theory
(GUT) symmetry wherB~ a®?M2 . (The resulting regions

B=Adco/ Va~10" G. (2)  of symmetric vacuum can be viewed as condensed monopole
and antimonopole corgswith the unbroken symmetry en-
larged to a simple non-Abelian group, magnetic flux is not

*Electronic mail: kabat@phys.columbia.edu conserved and a coherent long-range magnetic field can no
TElectronic mail: klee@kias.re.kr longer be sustained.
*Electronic mail: ejw@phys.columbia.edu There are several approaches one could adopt for studying

This is discussed in more detail [jB]. Exponentially large mag- QCD in a strong magnetic field. At the hadronic level, one
netic fields, in contrast, have been shown to catalyze chiral symmesan study the effect of a magnetic field on hadron spg@ra
try breaking in QED{4]. and the nuclear equation of stdi@], based on the large

0556-2821/2002/68)/0140046)/$20.00 66 014004-1 ©2002 The American Physical Society



DANIEL KABAT, KIMYEONG LEE, AND ERICK WEINBERG PHYSICAL REVIEW D 66, 014004 (2002

anomalous magnetic moments of hadrons. Alternatively, one H=2pZ+m2+V(r). (6)
can take a diagrammatic approach and compute the quark

condensate in a large magnetic field by resumming diagrama wide variety of potentials have been discussed in the lit-
[9]. The effect of a magnetic field has also been investigatedrature; we will use the Cornell potentidl4]

in the Nambu-Jona-Lasinio moddgl10-12 and in an

instanton-inspired model for chiral symmetry breakjid]. K

In contrast, we study the problem using the quark model. The V(r)=Ar——+C. (7)
advantages of this approach are simplicity and a clear physi-

cal picture of the QCD vacuum.

Throughout this paper we sét=c=1. The conversion
factor is 1 GeV/(#c)%?=1.44x10'° G. In the Introduc-
tion we have used Gaussian units, but in the remainder of A=0.203 GeV}
this paper we will exclusively use Heaviside-Lorentz units:

We will be focusing oruu or dd states, and so use param-
eters[15]

BGaussian: \/EBHeaviside—Lorentzand Ucaussiai™ quaviside—Lorent£ k=0.437 (8)
V4. Thus, for example, in the remainder of this paper the
charge of an up quark is=3- J47a. m=0.150 GeV
An outline of this paper is as follows. In Sec. Il we study
the behavior of &g pair in a strong magnetic field, with the C=-0.599 GeV

help of a potential model for the quark-antiquark interaction.

In Section 11l we estimate the strength of thg condensate chosen to fit the the spectrum of light mesons.
in magnetic fields somewhat above the QCD scale. In Sec. In a strong magnetic field this three-dimensional model
IV we study the condensate in the regime of large fie|ds§hOU|d reduce to an effective one-dimensional problem.
where perturbative QCD is applicable. Section V contains d1owever, at distances shorter than the magnetic leRgtie
summary and some concluding comments. For complete?roblem again becomes three dimensional. We can take this
ness, in the Appendix we compute the response of the Qc[mto account by cutting off our one-dimensional potential at
vacuum to weak magnetic fields by performing a pion |00pShO|’t distances. Thus we StUdy the one-dimensional problem
calculation.

H=2\pi+m?+V(2)

II. MESONS IN A STRONG MAGNETIC FIELD

In a strong magnetic field quarks follow Landau orbits in AR— %‘FC, |zZ|<R,
the directions transverse to the magnetic field. These have a V(z)= )
characteristic radiuR=1/\/qB, so that forB=1 Ge\? the
qguarks can be localized in the two transverse directions to
distances shorter than the QCD scale.

Moreover, there is no energy cost associated with thiBy considering a Gaussian trial wave function, one can eas-
localization. Intuitively, this is because the quark kinetic en-jily see that asR—0 the spectrum of this Hamiltonian is
ergy is canceled when the magnetic moment of the quarkinbounded from below.
lines up with the magnetic field. More precisely, the energy To estimate the energy levels of the Hamiltoni@h we
levels for a Dirac particle in a background magnetic field areuse a WKB approximatiofl6]. The classical turning points
s are atz= £ L, whereV(L) =E—2m. The WKB quantization
E(n,o.p,)==V|aB[(2n+o+1)+pi+m’  (5) condition$p,dz=2m(n+3) becomes

K
AZ—E+C, |z|>R.

Heren=0,1,2 ... labels the Landau levelg;}=+1 speci- L 1

fies the spin orientation, angl, is the momentum in the j dz\/[V(z)—E]2—4m2=ﬂ-( n+ -

direction. Thus in the lowest Landau level, with an appropri- 0 2

ate spin orientation, the quark behaves just like a relativistic

particle in 1+ 1 dimensions. n=012.... (10
One might expect that this localization enhances the at- ) ) S

traction between a color-singlet quark and antiquark to thd he resulting ground state energy is shown in Fig. 1. Note

point where the energy of @q state becomes negative. This that the energy is negative fgB=2 GeV". We expect the

would signal an instability with respect to the formation of a WKB approximation to give a.reasonable estimate for the
— ground state energy in this regime.

spin-polarizedyq condensate. _ The semiclassical turning poiltis shown in Fig. 2. Our
To address this issue, we wish to estimate the energy of g q,ction to one dimension only makes sense it large

qq state in a strong magnetic field. We do this by adopting aompared toR. As can be seen in Fig. 3 this condition is
potential model for theyq interaction[13]. That is, we will  reasonably well satisfied in the regime of interest. Note that
take the Hamiltonian for @q state to be given by the qua- L decreases as the magnetic field gets bigger. This means that
sirelativistic expression at sufficiently large magnetic fields thpg bound state is
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FIG. 1. Ground state energy as a functiomg®. E is in units of
GeV, gB is in units of Ge\%. FIG. 3. L/R as a function ofgB (measured in units of

GeV?).

driven into a short-distance regime where perturbative QCD ) _ )
can be applied. This regime is discussed in more detail ifience, forB>B;; pair production should proceed unim-

Sec. IV. peded until the density m‘Upairs reaches a value of roughly
1 qB
I1l. MESON CONDENSATION L
P= R ™ oL (12

When the magnetic field is sufficiently larggq pairs will
start to condense. We first consider a single flavor, and disOnce this density is attained, QCD interactions between pairs
cuss condensation afu pairs. Condensation occurs when W!” tend to suppress furth(_ar growth in the condensate. We
. — . will use Eqg.(12) as our estimate fop, although the actual
qB=2 GeV, which for auu composite means value that emerges from the interplay of magnetic and QCD
2 effects will presumably have a somewhat more complicated
2 Ge dependence oB.
B>Berir™ 2. [Ara ~10 GeV. (1D) Treating the quark and antiquark as elementary Dirac fer-
s mions, the magnetic moment of a pair gs=q/m and the

. . . . magnetization is
The quark magnetic moments line up with the magnetic 9

field, soB is increased by the formation of the condensate. 9B

This would seem to make the vacuum unstable, but eventu- M=pup= L (13
ally theuu pairs will start to interact, and this effect presum-

ably stabilizes the system. To evaluate this, note that Fig. 2 shows that Boz B, the

Because theiu pairs are color singlets, they will not in- lengthL is slowly varying, withL~2 GeV !. The question
teract strongly until their wavefunctions begin to overlap.of what value to use for the mass is a bit more subtle. At zero
magnetic field one uses constituent quark masses
4 ~300 MeV to estimate magnetic moments, although for ex-
tremely large magnetic fields, whekReis very small, a cur-
rent quark mass may be more appropriate. Usingithaark
3 charge in Eq(13) gives

L 300 MeW, (2 GeVv'!
M =0.02 - 3 B. (14)

Hence, we expect that in the regirBez B,; the magnetiza-
tion will be small compared t® so that we are justified in
1 ignoring the back reaction of the magnetization on the
strength of the condensate.

We now consider the effects of the other quark flavors. If
there were no interaction between quarks of different flavors,

0 5 10 15 20

9B extension of the above analysis doquarks would predict
FIG. 2. Turning pointL as a function ofgB. L is in units of  that add condensate forms at a critical field which is twice
GeV!, gB is in units of GeVt. as large as fouu pairs, and with a magnetization that is
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one-quarter as large for a givé® However, the different the WKB estimate of Eq(16) gets worse as the magnetic
condensates will interact with each other, so that an increadeld increases, since the condition for the validity of WKB,
in the condensate of one flavor will tend to cause a comperjdp, */9z|<1, is violated nearz=R. (The left-hand side
sating decrease in the other condensates. Because of the raj@ews logarithmically aR—0.) A more serious concern is

tively largeu quark elegtric (i\arge, @u condensate is ener- that asR—0 we should really treat thgg composite in a
getically favored ovedd or ss, while the heavier quarks are fully relativistic manner, e.g., by solving a Bethe-Salpeter
suppressed by their mass. Hence we expect the condensateeg@uation.
be dominated by'U pairs. Furthermore, at sufficiently high fields the nonlinearities
become important enough that we must take into account the
back reaction of the magnetization on the condensate. These
nonlinearities can arise from several sources. First, there is
When the magnetic field is far above the QCD scale théhe explicit nonlinearity in Eq(17), which shows thaM/B
qq composite is driven into a short-distance regime wherdncludes a factor that grows as a small power of the magnetic
perturbative QCD can be applied. In this section we discusi€ld- Next, we expect the effective mass of the quarks to

IV. CONDENSATION IN THE PERTURBATIVE REGIME

the magnetization in this perturbative regime. decrease aB grows, also leading to an increaseM/B. A
At short distances we should replace the Cornell potentiaflird possible source is the corrections to our estimate Eq.
of Eq. (7) with the potential from one-gluon exchange: (12) for the density of condensed pairs; these should also
give an increase iM/B at stronger fields.
4 ag(r) A
V()= = 3 == " Flog(T/AT) V. CONCLUSIONS
8o 8o In this paper we have used a quark model approach to

- " (15) study the behavior of QCD in the presence of a strong mag-
3bp  1IN—2Ng netic field. In the presence of such a field the quarks can be
o - ) o _ localized in the two transverse directions with no cost in

The WKB quantization condition for this potential is still energy. This enhances the quark-antiquark attraction to such
given by Eq.(10). an extent that the binding energy can compensate for the

If one makes the approximation of neglecting the quar - : : : )
mass, the WKB integral can be evaluated analytically to oblﬁ—nass’ thus makingiu pair production energetically favor

. . . . able if B is greater than a critical value of about 10 GeV
?lf/a_qrgl.atlon between the turning poinand the radiuk In the language of field theory, this pair production corre-

sponds to the formation of a chiral symmetry break'tnTg
A 1 condensate. Of course, even in the absence of a magnetic
m+Alog Iogm field, nonperturbative QCD dynamics produce a nonzero
9 quark condensate that breaks chiral symmetry. However, the
A 1 zero-field and the high field condensates differ in some sig-
= ————+Aloglog——- =. (16)  nificant aspects.
log(1/RA) RA- 2 At zero field the condensate is Lorentz invariant. In par-

For R—0 this, together with Eq(13), gives a magnetization ticular, {EU“V(D:O- By contrast, the quark pairs produced
by a critical magnetic field are polarized along the direction

a°B  g°BA [ qB)\ (M2expCml2A) of the magnetic field. For a field directed along thdirec-
(P) : (A7 tion, this corresponds to a condensate i) ~(qo2).

The flavor properties of the two condensates are also quite

To evaluate the exponent in the last factor weMgt 3 and  different. The zero temperature, zero field condensate is, to a
take N¢ to be the number of quark flavors that are lightergood approximation, flavor SB8) symmetric, with (Uu)

than the mass scale set ByThe dependence di is actu- gy~ (ss). This is not the case in the presence of a super-
ally rather weak, with any value between 2 and 6 yielding an

exponent of about 0.1 critical magnetic field, since the_produc_tion ofi pairs is
Of course these calculations are only valid if the turning@nergetically favored over that ofd andss pairs. o
pointL is small enough to trust the potential of Eg5). This F|n'ally, the zero field and.hlgh field condensates c31|ffer in
requires magnetic fields that are far larger than those we havgagnitude. The former is of the order of\qcp
considered so far. For example<i A~ for auUcompos- ~(.25 GeVY. This should be compared with our estimate,
ite requiresB>5x 1012 A 2; although several orders of mag- Eqg. (12), for the density of quark pairs. This density in-

nitude above the electroweak scale, this is still far below th&"€2ses faster than linearly wi but even at the critical
upper limit of Eq.(4). field for uu production we have~ (0.7 GeV).

We expect that our approxima’[ions give the right qua“ta- We would like to understand the transition between the
tive behavior of the magnetization at strong fields. However,
an accurate quantitative calculation calls for more sophisti-
cated techniques than we have employed here. For one thing?The possibility of a(qo*"q) condensate was raised [i1].

“mal  mw
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zero field and high field regimes. AB is increased from Schwinger’s classic calculatidi7] for a uniform magnetic
zero, its initial effect is to gradually polarize the QCD chiral field then gives
condensate. For weak fields, the relevant degrees of freedom

are the Goldstone modes of the condensate. These can be S =i log det —D,D*+m?) (A2)
studied by using a low-energy chiral effective Lagrangian.
This leads to a pion-loop calculation, which we review in the . wd_ST _is(—D, DH+m?) A3
Appendix, that gives a magnetization - 2S re g (A3)
7e'B® 1 = ds esB
— o for |eBl<mZ, - J 4 J —sn?__=2°
" 14407°m? e8] 16 1672) 9% 2% SinhesB (A4)
e’B  eB (18) . . , -
——log— for leB|>m?2. Expanding this in powers d8, one finds both a quartic and
48m mz a logarithmic divergence. The former is a contribution to the

_ o o ~_ vacuum energy, while the latter is the one pion loop contri-
Using a similar approach and working in the chiral limit, hution to the renormalization of the electric charge. Subtract-
Shushpanov and Smild®] find that the overall magnitude ing these divergences gives the renormalized matter effective

of the quark condensate is enhanced by a factor action
3 (B) eBIn2 1
=1+ + ..., 19 matter_ 4
>(0) 16m2F2 (19 Sef 16772,[ d'
As the field increases, higher order terms in the chiral « wd_sefst esB —1+£e23282
Lagrangian become important. In any case, the chiral La- 0 S sinhesB 6
grangian must be abandoned in favor of a description in (A5)
terms of quarks foreB=(47F,)?~1 Ge\2. It would be
desirable to understand this transition region between th@neree is the renormalized electric charge.
weak and strong field regimes. The magnetizatioM =B—H is given by
Within the strong field regime, our quark model calcula-
tions give an estimate for the magnetization, given in Egs. 5Seft 552}?“”
(14) and(17). One would like a clearer understanding of how M=B+ 5B B (AB)

the interplay of electromagnetic and QCD effects determines

the density of quark pairs, thus leading to an improveme”éubstituting the result from EGA5) then leads to

upon these estimates. The development of improved tech-

niques for performing precise calculations in this regime is gLmater

clearly needed. Finally, the relation between our methods and M = 7B

the more field-theoretic approaches to strong field chiral

symmetry breaking of9] should be better understood. e2B [ 7e2B2 )
6.2 W+o((e|3/m2)4) for |eBl<m?,
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The effects of higher order terms in the chiral Lagrangian
have been studied18]. These become large foeB
APPENDIX: WEAK-FIELD RESULTS ~(47F )2~1 Ge\?, at which point the chiral Lagrangian
@pproximation breaks down. For such fields the effective

The response of the QCD vacuum to a weak magneti .
hoton coupling

field can be computed by using a chiral effective Lagrangiarp

[9]. One can integrate out the matter fields to obtain an ef- 5 matter
: : - - 1 1 L
fective electromagnetic actio8.(B). At leading order the St eff (A8)
matter contribution to this effective actioBg"*(B), arises e © 9B?
from a single pion loop. Thus, we consider a complex scalar
field coupled to electromagnetism with action 1 1 eB
~ 2 18209 for |eB|>m? (A9)

1 wv ; 2 2| 412

S= j d*x

is still small, thus justifying our neglect of the quantum fluc-
(A1) tuations in the electromagnetic field.
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