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’t Hooft loops, electric flux sectors, and confinement inSU„2… Yang-Mills theory
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We use ’t Hooft loops of maximal size on finite lattices to calculate the free energy in the sectors ofSU(2)
Yang-Mills theory with fixed electric flux, as a function of temperature and~spatial! volume. Our results
provide evidence for the mass gap. The confinement of electric fluxes in the low temperature phase and their
condensation in the high temperature phase are demonstrated. In a surprisingly large scaling window around
criticality, the transition is quantitatively well described by universal exponents and amplitude ratios relating
the properties of the two phases.
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Center symmetry is widely believed to play a key role f
confinement. InSU(N) Yang-Mills theory at finite tempera
ture, the Polyakov loop is commonly used in lattice stud
to illustrate this role. Its correlations are short range at l
temperature and acquire a nonzero disconnected part ab
critical temperatureTc , signaling deconfinement. The role o
the low ~high! temperature phase as the center symme
~broken! one is thereby opposite from that in the correspo
ing ZN-spin model. This suggests that we consider dual v
ables, whose behavior as a function of temperature is
versed. That point of view was emphasized by ’t Hooft w
the introduction of the dual to the Wilson loop@1#. Temporal
’t Hooft loops inSU(2) show screening for the interaction o
a static pair of center monopoles in both phases, forT,Tc
and for T.Tc @2,3#, just as spatial Wilson loops exhibit a
area law in either case. The expectation values of~suffi-
ciently large! spatial ’t Hooft loopsW̃(C), on the other hand
change from screening behavior belowTc to a confined one
@4# with a dual string tensions̃ and an area law in the ‘‘elec
trically’’ deconfined phase aboveTc @3#,

^W̃~C!& ; exp$2s̃~T! LR% at T.Tc , ~1!

for a rectangular curveC spanning a spatial surface of siz
L3R on a 1/T3L3 lattice. Reference@3# also confirmed
numerically a perimeter law for ’t Hooft loops atT50.

The qualitative behavior of the spatial ’t Hooft loops
thus the same as that of the Wilson loops in t
3-dimensionalZ2 gauge theory@5#. Furthermore, as the
phase transition is approached~from above!, the temperature
dependence of theSU(2) dual string tension obeys the sam
scaling law as that of the interface tension in t
3-dimensional Ising model~belowTc). This similarity is ex-
pected, since the 3DZ2 gauge theory, its dual the
3-dimensional Ising model, andSU(2) at finite temperature
all belong to the same universality class.

To introduce a spatial ’t Hooft loop of maximal siz
L3L, living in, say, the (x,y) plane of the dual lattice, one
multiplies one plaquette in every (z,t) plane of the original
lattice by a nontrivial element of the center ofSU(N) in such
0556-2821/2002/66~1!/011504~5!/$20.00 66 0115
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a way that the modified plaquettes form a coclosed set. T
creates aZN interface which is equivalent to enforcin
boundary conditions with twist in the (z,t) directions. Com-
bining two and three maximalL3L ’t Hooft loops in or-
thogonal spatial planes yields the partition functions
SU(N) Yang-Mills theory on finite lattices for all possibl
combinations of temporal twists. From these, one obtains
free energies in the presence of fixed units of electric fl
eWPZN

3 via a ZN Fourier transform as shown by ’t Hooft@6#.
This leads to the respective electric-flux superselection s
tors of the theory in the thermodynamic limit. In the prese
paper, we verify forSU(2) that the partition functions o
electric fluxeseWÞ0 vanish exponentially with the spatial siz
L of the system forT,Tc in the magnetic Higgs phase wit
electric confinement, whereas forT.Tc they become equa
to that of the neutraleW50 sector. Describing the transition b
critical exponents of the 3D-Ising class, we discuss how u
versal amplitude ratios quantitatively relate the two phas
in particular, the string tension below and the dual~vortex!
string tension aboveTc .

As expected, the free energyFq of a static fundamenta
charge jumps from1` to 0 atTc . One might expect to see
this also in measuring the Polyakov loopP directly on the
lattice. If ^P&[e2(1/T)Fq, an infinite free energy amounts to
center symmetric distribution, while a nonzero expectat
value^P& is obtained for finiteFq . However, the presence o
a single charge is incompatible with periodic boundary co
ditions to measurêP&. And, like any Wilson loop,̂ P& is
subject to UV-divergent perimeter terms, such that^P&50 at
all T as the lattice spacinga→0. Here, we measure th
gauge-invariant, UV-regular free energy of a static fund
mental charge inSU(2), andshow that it has the expecte
behavior, dual to that of a certain type of center vortex. B
provide a well-defined order parameter for the transition@7#.

Twisted boundary conditions and electric fluxes

For the finite-volume partition functions of the pur
SU(N) gauge theory, ’t Hooft’s twisted boundary condition
fix the total number ofZN-vortices moduloN that pierce
planes of a given orientation. Thus, on the 4-dimensio
©2002 The American Physical Society04-1
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torus there areN6 differentZN-flux sectors corresponding t
the 6 possible orientations for the planes of the twists. Th
label the inequivalent choices for imposing boundary con
tions on the gauge potentialsA, which are invariant under the
centerZN of SU(N). One first choosesA(x) to be periodic
with the lengthsLm of the system in each directionm up to
gauge transformationsVm(x')PSU(N) which can depend
on the componentsx' transverse to that direction,

A~x1Lm!5Vm~x'!S A~x!2
i

g
] DVm

21~x'!. ~2!

Then, compatibility of two successive translations in
(m,n)-plane entails that~no summation of indices!

Vm~x'1Ln!Vn~x'!5ZmnVn~x'1Lm!Vm~x'!

with Zmn5e2p inmn /N, nmn52nnmPZN . ~3!

The total number modN of center vortices in a (m,n) plane
is specified in each sector by the corresponding compo
of the twist tensornmn . The spatial ones are given by th
conserved,ZN-valued and gauge-invariant magnetic fluxmW
through the box,ni j [e i jkmk . The time componentsn0i

[ki define temporal twistkWPZN
3 .

With the inequivalent choices of boundary conditions, t
finite-volume theory decomposes into sectors of fractio
Chern-Simons number (n1kW•mW /N) @8# and states labeled b
ukW ,mW ,n&, wherenPZ is the usual instanton winding numbe
However, these sectors are not invariant under homotopic
non-trivial gauge transformationsV@kW ,n# which can change
kW andn,

V@kW8,n8#ukW ,mW ,n&5ukW1kW8,mW ,n1n8&. ~4!

A Fourier transform of the twist sectorsZ(kW ,mW ,n) which
generalizes the construction ofu vacua as Bloch waves from
n-vacua in two ways, by replacingn→(n1kW•mW /N) for frac-
tional winding numbers and with an additionalZN-Fourier
transform with respect to the temporal twistkW ,

e2(1/T)F(eW ,mW ,u)5
1

N3 (
kW ,n

e2 iv(kW ,n)Z~kW ,mW ,n!, ~5!

yields the free energyF(eW ,mW ,u) in an ensemble of state
invariant, up to a geometric phasev(kW ,n)52peW•kW /N
1u(n1kW•mW /N), under the non-trivialV@kW ,n# also,

V@kW ,n#ueW ,mW ,u&5exp$ iv~kW ,n!%ueW ,mW ,u&. ~6!

These states are then classified, in addition to their magn
flux mW and vacuum angleu, by their ZN-valued gauge-

invariant electric fluxin the eW direction @6#.
To createnmn twist in SU(2), on thelattice, one intro-

duces couplings with reversed signs into the usual Wil
action by replacingb→2b for one plaquette in every (m,n)
plane,
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S~b,kW ,mW !52(
P

b~P! 1
2 Tr~UP!. ~7!

Herein, the sum extends over all plaquettesP with UP de-
noting the path-ordered product of the links aroundP and we
introduced a plaquette-dependent coupling,

b~P!5H 2b, PPP~nmn!,

b, PP” P~nmn!,
~8!

whereP(nmn) denotes the coclosed stacks of plaquettes d
to the planes of the maximal ’t Hooft loops. These stacks
flipped plaquettes force theZ2 interfaces corresponding t
twist in the (m,n) directions. Equivalently, they create
’t Hooft loop of maximal size in the orthogonal plane. F
the various combinations of temporal twist the coclosed s
P(kW ), when put between two time slices, can be chosen d
to the spatial planes shown in Fig. 1.

The partition functions of the twist sectors, relative to t
untwistedZb @such thatZb(0W ,0W )51#, are then

Zb~kW ,mW !5Zb
21E @dU#exp$2S~b,kW ,mW !%. ~9!

Similarly, flipping the couplings of plaquettes dual to som
surface subtended by a closed curveC yields the expectation
value of a finite ’t Hooft loopW̃(C). An entirely analogous
procedure can be used for Wilson loops in the 3-dimensio
Z2 gauge theory. Through duality, their expectation valu
can be expressed as ratios of Ising model partition functi
with and without antiferromagnetic bonds at those links
the Ising-model that are dual~in 3 dimensions! to some sur-
face spanned by theZ2-Wilson loop @5#. In both cases the
surface is arbitrary except for its boundary. The ’t Hooft lo
can thus be viewed as a gauge-invariant operator which
ates a fluctuating center-vortex surface with pinned bou
ary.

In this paper, we first calculateZk(kW )[Zb(kW ,0) for mW
50 ~and u50) on a 1/T3L3 lattice in SU(2) ~with ki in
$0,1%). The expectation values of maximal-size ’t Hoo
loops, given by the partition functions of the twist secto
are then used to calculate the free energies of electric flu
as per Eq.~5!. For purely temporal twists in particular, th
free energies of the electric fluxes through theL3 box at
temperature T, Fe(eW ;L,T)[F(eW ,mW 50,u50)2F(eW50,mW
50,u50), are given by

FIG. 1. Cubes with one, two, and threeL3L planes dual to the

stacks of flipped plaquettes, sketched for temporal twistkW

5(0,0,1), kW5(0,1,1), andkW5(1,1,1) from left to right.
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Ze~eW ![e2(1/T)Fe(eW ;L,T)5
S$ki50%

N21 e22p i eW•kW /N Zk~kW !

S$ki50%
N21 Zk~kW !

~10!

with Ze(0W )5Zk(0W )51. Because of the invariance under sp
tial p/2 rotations, we can write forSU(2): Zk(1) if kW

5$(1,0,0),(0,1,0),(0,0,1)%; Zk(2) if kW5$(1,1,0),
(1,0,1),(0,1,1)%; and Zk(3)5Zk(1,1,1), for the partition
functions with one, two and three maximal ’t Hooft loops
orthogonal spatial planes, respectively. With analogous n
tions for theZe(eW ) one thus obtains

Ze~1!5
1

Ne
„11Zk~1!2Zk~2!2Zk~3!…, ~11!

Ze~2!5
1

Ne
„12Zk~1!2Zk~2!1Zk~3!…, ~12!

Ze~3!5
1

Ne
„123Zk~1!13Zk~2!2Zk~3!…, ~13!

with Ne5113Zk~1!13Zk~2!1Zk~3!.

Equations~11!–~13! are readily inverted via inverseZ2 Fou-
rier transform, which in effect interchangesZe( i )↔Zk( i ).

We now establish the connection with Polyakov loop
First, recall that the gauge invariant definition of the latter
the presence of temporal twists is given by@9#

P~xW !5
1

N
tr„Peig*0

1/TA0(xW ,t)dtV t~xW !…. ~14!

Successively transforming the path-ordered exponentia
the various spatial transition functions which accompany
possibly nontrivialV t(xW ) for the transition in the time direc
tion, we derive from Eqs.~2! and ~3! that

P~xW1LeW !5e2p ieW•kW /NP~xW !, or

P~xW !P†~xW1LeW !5e22p ieW•kW /N 1. ~15!

This is proportional to the unit operator when acting on
states in a sector of definitekW twist. Therefore, the electric
flux partition functions of Eq.~10! are in fact the expectation
values of Polyakov loop correlators in the ensemble aver
over all these temporal twists,

Ze~eW !5e2(1/T)Fe(eW ;L,T)5^P~xW !P†~xW1LeW !&L,T . ~16!

This expectation value is taken in the no-flux ensemble, w
enlarged partition functionZ5($ki50%

N21 Zk(kW ), which is mani-

festly different, in a finite volume, from the periodic en
semble. Also note that the operator in Eq.~16! has no perim-
eter, is UV regular, and we will see that there is no Coulo
term for small volumes either.

Equation~10! thus yields a dual relation between Poly
kov loops and temporal twists of the general pattern,
01150
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^P~xW !P†~xW1LeW !& →
L→`H 0 for Zk~kW !→1, T,Tc ,

1 for Zk~kW !→0, T.Tc ,

reflecting the different realizations of the electricZN center
symmetry in the respective phases.

Finite size scaling and universal amplitude ratios

We compute the three partition functionsZk( i ) for SU(2)
near Tc by Monte Carlo simulations, using the method
Ref. @3#, with 20k–50k measurements per simulation. F
pioneering related work atT50, see Ref.@10#. TheZk( i ) are
the analogues of ratios of 3D-Ising model partition functio
with different boundary conditions. As for the latter@11#, we
assume theirL, T dependence to be governed by simp
finite-size scaling laws,

Zk~ i !5 f 6
( i )~x!, i 51, . . . 3. ~17!

The f 6
( i ) are functions of the finite-size scaling variable

x56LTcutun}L/j6~ t ! for T:Tc , ~18!

where t5T/Tc21 andj6(t)5j6
0 utun are the reduced tem

perature and the correlation lengths, respectively, and we
the exponentn50.63 from the Ising model.

In our calculations we keep the number of pointsNt in the
time direction fixed and control the temperature by varyi
the lattice couplingb around the critical value for the phas
transitionbc . The results presented here are obtained w
Nt54 for which bc52.29895(10)@12#. We employ cou-
plings b between 2.19 and 2.5 for various lattices rangi
from Nl56 up toNl520 points in the spatial directions. Ou
method to calculate a partition function for one tempo
twist amounts toNl

2 independent Monte Carlo simulation
@3#. For a fixed statistical accuracy, which introduces anot
factor Nl

2 , the cost of the calculation roughly increases
Nl

7 .
For the temperatureT51/(Nta), where the lattice spacing

a[a(b) depends on the coupling, we adopt the leading sc
ing behavior around criticality of the form,

T/Tc5exp$b~b2bc!%. ~19!

The nonperturbative coefficient herein, we useb53.26, is
determined so as to reproduce the published values
bc(Nt) also forNt56 and 8@13#.

We can see in Fig. 3 that all our curves intersect at
same pointT5Tc , which is consistent with the known valu
of bc , even for our smallest lattice size. In fact, this inte
section point is known to provide a quite accurate deter
nation of the critical couplingbc already on very small lat-
tices in the Ising model@11#.

Away from criticality, corrections to Eq.~19! will become
important if one is interested in a more precise definition
the physical temperature forSU(2), as inRef. @13#. Espe-
cially at our lowestb values, where such corrections a
noticeable, scaling violations become important also. A m
refined definition of the reduced temperaturet is therefore
4-3
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beyond the scope of our scaling analysis which concerns
dominant behavior nearTc . It has no effect on the qualita
tive conclusions emphasized here.

That our results for all different lattice sizes nicely co
lapse on a single curve can be seen for one (i 51) spatial ’t
Hooft loop in Fig. 2, with analogous results fori 52 and 3.
We fit the free energies by an ansatz for each phase, w
the two leading terms obey the expected thermodynamic
havior, while the others represent anad hoc modeling of
small-size corrections~with a6

( i );c6
( i ),b6

( i ) ;d6
( i ),1),

Fk
( i )~x!55 expH b2

( i )x1a2
( i )2

c2
( i )

~d2
( i )2x!2J , x,0,

b1
( i )x22a1

( i )1
c1

( i )

d1
( i )1x2

, x.0,

~20!

and 2 ln f6
(i)(x)[Fk

(i)(x) for x:0. Plotted over temperature
the data of Fig. 2 and the unique functionFk

(1)(x) lead to the
family of curves shown in Fig. 3~top! in which the phase
transition is exhibited most clearly. The amplitudes relev
to the large size behavior of the free energy near critica
come out asb2

(1)53.8760.5 and b1
(1)5s̃0

(1)55.3660.1,
with some additional systematic uncertainty inherent in
form of our ansatz~20!. With analogous data and fits fo
Zk(2) andZk(3), from Eq. ~11!, we obtainZe(1) as shown
in Fig. 3 ~bottom!. Corrections to scaling do not becom
appreciable up toT;2Tc indicating a surprisingly large
scaling window.

Above Tc , the dual string tension is~with s̃0
(1)5b1

(1)!,

s̃~T!5s̃0
(1)Tc

2utu2n5R/j1
2 ~ t !, ~21!

where the universal ratioR.0.104 @14,15# is known from
the 3D-Ising model. There,R5j2

2 s I relates the correlation
length and the interface tensions I for T,Tc . Here, Eq.~21!
determines the screening length for the Polyakov lo

above Tc , j1(t)5AR/s̃(T). In addition, the universality
hypothesis relates the ratio of the correlation lengths for

FIG. 2. The free energy of one temporal twist as a function
the finite size scaling variablex ~with x,0 for T,Tc).
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Polyakov loops inSU(2) to that of their dual analogue, th
correlation lengths of the spins in the 3D-Ising model,
measured in Ref.@15#,

j2
SU(2)/j1

SU(2)5
!

j1
Ising/j2

Ising.1.96. ~22!

Together with Eq.~21! this relates the string tension ampl
tude below to its dual counterpart aboveTc , as follows.
From the linear part of the electric-flux free energy,

^P~xW !P†~xW1LeW i !&→e2s(T)L/T5e2L/j2(t), T,Tc

⇒2 ln„Ze~1!…→2x/~j2
(0)Tc!,

2x5LTcutun, ~23!

for largeL @or (2x) large#. Thus, from Eqs.~21!, ~22!,

s~T!

T
5

1

j2~ t !
5TcutunAs̃0

(1)/R1, R15
j2

2

j1
2

R.0.4.

A value of abouts̃0
(1).5.36 then implies for the string

tension amplitude 1/(j2
(0)Tc).3.66. This value was used i

the fit for the slope of the linear part of2 ln„Ze(1)… shown in
Fig. 4. Fitting the slope to the data yields the consistent va

f

FIG. 3. The partition functions of one temporal twist~top! and
one electric flux~bottom! over T for the various lattices.
4-4
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1/(j2
(0)Tc)53.5860.5. This is the linear potential betwee

static charges without a Coulomb part.
The insert of Fig. 4 shows the quality of the finite siz

scaling from the more accurate data for the free energy
one electric flux in the high temperature phase.

Similar results are obtained from Eqs.~12!, ~13! also for 2
and 3 orthogonal electric fluxes which we verify to be su
pressed more strongly in the confined pha
Ze(2)/Ze(1),Ze(3)/Ze(1)→0 for L→`. Then, inverting
Eqs.~11!–~13! one therefore deduces

2 ln„Zk~1!…→2 ln„122Ze~1!…;Ze~1!, T,Tc

⇒1/~j2
(0)Tc!5b2

(1)53.8760.5 ~24!

for the string tension, which is again consistent with t
value .3.66 implied by the universal amplitude ratio. B
cause of similar relations forZk(2) and Zk(3), we expect
b2

(1)5b2
(2)5b2

(3) in our fits ~20! for 2 and 3 spatial ’t Hooft
loops belowTc , which is verified well within ourO(10%)
accuracy on these amplitudes. AboveTc on the other hand,
we expect for the dual string tension amplitudes

s̃0
(1) :s̃0

(2) :s̃0
(3);1:A2:A3, ~25!

according to the effective area of diagonal loops. In Fig

FIG. 4. Free energy of one unit of electric flux from Eq.~11! as
a function ofx in the confined phase, and aboveTc ~inset!.
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such a square-root behavior is successfully enforced on
fits ~20! of the spatial ’t Hooft loops aboveTc . We obtain the
same ratios, with less accuracy, for the slopes of the elec
flux free energies belowTc , as expected for diagonal fluxe
with string formation.

To summarize, we have shown that, belowTc , the free
energy of electric fluxes diverges linearly with the lengthL
of the system. Because spatial twists share their qualita
low-temperature behavior with the temporal ones conside
here, the free energy of the magnetic fluxes must van
This is the magnetic Higgs phase with electric confinem
of SU(2) Yang-Mills theory.

At criticality all free energies rapidly approach their fini
L→` limits indicative of massless excitations. We obta
e.g.,Zk(1)50.54(1) forT5Tc , which agrees with the cor
responding ratio in the 3D-Ising model@15#.

AboveTc , the free energy of electric charges vanishes
the thermodynamic limit. The dual area law prevents m
netic charges from propagating in spatial directions.

The transition is well described by exponents and am
tude ratios of the 3D-Ising class, see also@16#.

We are grateful to P. van Baal, M. Garcı´a Pérez, F.
Gliozzi, C. Korthals-Altes, A. Kovner, J. Pawlowski, M
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the CERN Theory Division for his visiting appointment du
ing which this project was initiated.

FIG. 5. Free energy of 1, 2 and 3 ’t Hooft loops atT.Tc .
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