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NÄ3 warped compactifications
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Orientifolds with three-form flux provide some of the simplest string examples of warped compactification.
In this paper we show that some models of this type have the unusual feature ofD54, N53 spacetime
supersymmetry. We discuss their construction and low energy physics. Although the local form of the moduli
space is fully determined by supersymmetry, to find its global form requires a careful study of the
Bogomol’nyi-Prasad-Sommerfield spectrum.
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I. INTRODUCTION

Warped compactifications are of great interest, due to
observation of Randall and Sundrum that warping in a hig
dimensional space can produce a hierarchy of fo
dimensional scales@1,2#. Becker and Becker@3# described a
large class of warped three-dimensionalM theory compacti-
fications, in which four-form flux is the source for the wa
factor. By duality these give rise to warped four-dimensio
IIB compactifications, with three-form fluxes as the sour
@4,5#.

In this paper we study some particularly simple examp
of this type, which as we will show haveD54, N53 su-
persymmetry. These are of interest in part because of
rarity of N53 supersymmetry, but also because the sup
symmetry strongly constrains their moduli spaces. T
small-radius behavior of warped compactifications is like
to be quite complicated forN<2, as the warping become
large in this limit and the application ofT duality ~or mirror
symmetry! is complicated by the warping and fluxes. Als
such compactifications are intrinsically nonperturbative,
that the dilaton is fixed at a nonzero value. However, w
N53 supersymmetry the local form of the moduli space
completely determined, and we can hope to deduce the
bal structure.

In Sec. II we describe these solutions, all of which a
based on theT6/Z2 orientifold, and discuss their supersym
metry. An interesting subtlety arises with the flux quantiz
tion. In Sec. III we study various aspects of the low ene
physics—the massless spectrum, and the metric on mo
space—and show that it is consistent with the constraint
N53 supersymmetry. We argue that the breaking ofN54 to
N53 should appear to be spontaneous in the large ra
limit. In Sec. IV we consider the duality groups. Because
theH (3) flux and the finitegs, we have no tools to determin
these directly, and so must try to deduce their form based
the spectrum of Bogomol’nyi-Prasad-Sommerfield~BPS!
states. We find that, even though it may be possible to v
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the duality group as a spontaneous breaking of theN54
dualities, the symmetry breaking is not straightforward.

While this work was in progress we learned of relat
work on T6/Z2 orientifolds with flux @6#. We are grateful to
those authors for communications.

II. NÄ3 ORIENTIFOLDS

In this section we describe the specific orientifold so
tions with three-form flux, and determine their supersymm
try. This overlaps the discussion in Ref.@4#; the T6/Z2 ori-
entifold was discussed briefly there, in itsM theory avatar
T8/Z2.

In Sec. II A we determine the action of theT6/Z2 orien-
tifold projection on the fields. In Sec. II B we discuss th
quantization of three-form flux, which has an interesti
subtlety. In Sec. II C we describe the solution to the Bian
identities and equations of motion. In Sec. II D we identify
particularly simple class of models, in which only one com
plex component of the flux is nonvanishing. In Sec. II E w
study the supersymmetry of these models and show
there areN53 unbroken supersymmetries.

A. Orientifold projection

All examples that we consider are based on theT6/Z2
orientifold. Greek indices denote the noncompact directio
0, . . . ,3,lower case roman indices denote the compact dir
tions 4, . . . ,9, andcapital roman indices denote all direction
0, . . . ,9. Thecoordinatesxm are each taken to be period
with period 2p, and theZ2 is a simultaneous reflection of a
compact coordinatesxm,

R: ~x4,x5,x6,x7,x8,x9!

→~2x4,2x5,2x6,2x7,2x8,2x9!. ~2.1!

For now we take the toroidal metric to be rectangular,

ds̃25 (
m54

9

r m
2 dxmdxm; ~2.2!

we will relax this in Sec. III.
©2002 The American Physical Society09-1
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The action of the orientifoldZ2 can be derived by usingT
duality to the type I theory, wheregMN , C(2) , and F are
even under world-sheet parityV and B(2) , C[C(0) , and
C(4) are odd. Alternately, one may derive it by noting that t
orientifold Z2 must include a factor of (21)FL, whereFL is
the spacetime fermion number carried by the left-move
R[VR(21)FL @7,8#. This is necessary in order that
square to unity:

R 25V2R2~21!FL1FR51. ~2.3!

Note thatV251, asV acts as61 on all fields.R is equiva-
lent to a rotation byp in each of three planes, soR2 is a
rotation by 2p in an odd number of planes and therefo
equal to (21)F.

By either means one finds thatZ2 acts on the various
fields as follows:

even: gmn ,gmn ,Bmm ,Cmm ,Cmnpq,Cmnmn ,Cmnlr ,F,C;

odd: gmm ,Bmn ,Bmn ,Cmn ,Cmn ,Cmmnp,Cmnlm . ~2.4!

It follows that the fluxesHmnp and Fmnp are even, and so
constant three-form fluxes are allowed.

B. Flux quantization

The three-form fluxes must be appropriately quantiz
The usual quantization conditions are1

1

2pa8
E

C
H (3)P2pZ,

1

2pa8
E

C
F (3)P2pZ ~2.5!

for every three-cycleC. However, the orientifold present
some subtleties.

Consider firstT6 compactification. LettingC run over all
T3’s, one finds that constant fluxes

Hmnp5
a8

2p
hmnp, Fmnp5

a8

2p
f mnp; hmnp, f mnpPZ

~2.6!

are allowed. Any cycle on the covering spaceT6 descends to
a cycle onT6/Z2, so the conditions~2.6! are still necessary
In addition, there are new 3-cycles on the coset space,
as

0<x4<2p, 0<x5<2p,

0<x6<p, x75x85x950. ~2.7!

The conditions~2.5! on this cycle2 would appear to require
that h456 and f 456 be even, and similarly for all other com
ponents. However, we claim thathmnp and f mnp can still be
arbitrary odd or even integers.

1We follow the conventions of Ref.@9#.
2The cycle~2.7! is unoriented, but the three-form fluxes can

integrated on it because they have odd intrinsic parity.
12600
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To understand this, consider first the reduced problem
charge moving in a constant magnetic fieldF565F on a
torus 0<x5,6<2p. Let us work in the gauge

A550, A65Fx5. ~2.8!

The gauge field is periodic up to a gauge transformation

Am~x512p,x6!5Am~x5,x6!1]ml5 ,

Am~x5,x612p!5Am~x5,x6!1]ml6 , ~2.9!

with l552pFx6 andl650. Similarly a field of unit charge
satisfies

c~x512p,x6!5eil5c~x5,x6!,

c~x5,x612p!5eil6c~x5,x6!. ~2.10!

The consistency of definingc(x512p,x612p) implies the
Dirac quantization

F5 f /2p, f PZ. ~2.11!

In other words,

E
T2

F5652p f P2pZ. ~2.12!

Now let us form the orbifoldT2/Z25S2 by identifying
(x5,x6) with (2x5,2x6). For any value off we can define
the quantum mechanics for the charged particle on the c
space simply by restricting to wave functions such that3

c~2x5,2x6!51c~x5,x6!. ~2.13!

However, the integral ofF56 over S2 is half of the integral
over T2, so for f odd the flux is not quantized.

To see how this can make sense, note that there are
fixed points (x5,x6)5(0,0),(p,0),(0,p),(p,p). At the first
three, the periodicities~2.10! and ~2.13! are compatible, but
at (p,p) they are incompatible and the wave function mu
vanish. If we circle this fixed point, from (p2e,p) to the
identified point (p1e,p), the wave function is required to
change sign: there is a half-unit of magnetic flux at the fix
point (p,p). Thus the Dirac quantization condition is in fa
satisfied.

Of course, the fixed point (p,p) is not special: the quan
tization condition is satisfied if there is a half-unit of flux
any one fixed point, or at any three. Similarly forf even there
can be half-integer flux at zero, two, or four fixed points.
each case there are eight configurations, which can be
tained in the orbifold construction by including discrete W
son lines on the torus, and a discrete gauge transformatio
the orientifold projection.

This analysis extends directly to the quantum mechan
of an F-string or D-string wrapped in the 4-direction, movin

3We have chosen a gauge in whichAm is explicitly Z2 symmetric,
so no gauge transformation is needed.
9-2
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N53 WARPED COMPACTIFICATIONS PHYSICAL REVIEW D 65 126009
in the fluxesH456 andF456. This is consistent for any inte
gersh456 and f 456, but if either of these is odd then ther
must be Neveu-Schwarz–Neveu-Schwarz~NS-NS! or
Ramond-Ramond~R-R! flux at some fixed points, for ex
ample all those withx45x55x65p. Indeed, there are fou
kinds of O3 plane, distinguished by the presence or abse
of discrete NS-NS and R-R fluxes@10#; for recent reviews
see Refs.@11,12#. The cycle~2.7!, and each of the other
obtained from it by a rotation of the torus, contains four fix
points. If the NS-NS flux through the cycle is even~odd!
then an even~odd! number of the fixed points must hav
discrete NS-NS flux, and correspondingly for the R-R flu

C. Bianchi identities and field equations

The Bianchi identities for the three-form flux,dH(3)
5dF(3)50, are trivially satisfied by constant fluxes. The B
anchi identity for the five-form flux is

dF̃(5)5~2p!4a82r3
locdV'1H (3)`F (3) , ~2.14!

where v3
loc is the D3-brane density from localized sourc

and dV' is the transverse volume form. The localize
sources that we will consider are D3-branes and the var
types of O3-plane. An O3-plane without discrete flux has
charge2 1

4 @13#, while an O3-plane with either discrete flu
or with both, has D3 charge1 1

4 @10–12#. The integrated
Bianchi identity then gives the tadpole cancellation condit

N1
1

2
Ñ1

1

2•3!•3!
êmnpqrshmnpf qrs516. ~2.15!

HereN is the total number of D3-branes,Ñ is the total num-
ber of O3 planes with any discrete flux, andê45678951. The
factor of 1

2 in the flux term arises because the orientifold h
half the volume of the original torus.

We are interested in compactifications to four-dimensio
Minkowski space with supergravity fields plus D3-bran
and O3-planes. In Ref.@14# it is shown that all such solution
must be of ‘‘smeared D3’’ form@15,16#, which is dual to the
M theory ansatz of Ref.@3#. That is, the flux

G(3)5F (3)2tH (3) , t5C1 ie2F, ~2.16!

must be imaginary self-dual,

1

3!
emnp

qrsGqrs5 iGmnp. ~2.17!

This flux behaves as an effective D3-brane source for
remaining fields, which are therefore of black 3-brane fo
@17#

t5const[C1
i

gs
,

dsstring
2 5Z21/2hmndxmdxn1Z1/2g̃mndxmdxn,

F̃ (5)5~11* !dx (4) , x (4)5
1

gsZ
dx0`dx1`dx2`dx3.

~2.18!
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The warp factorZ is determined by

2¹̃2Z5~2p!4a82gs r̃31
gs

12
GmnpḠ

mnp̃, ~2.19!

where a tilde denotes the use of the unwarped metric~2.2!.
This is consistent provided that the net D3 charge~2.15!
vanishes, and the Bianchi identity~2.14! and the field equa-
tions are then satisfied.

As discussed in@18#, the warp factor can be obtaine
from Eq.~2.19! by the method of images. Under rescaling
the unwarped transverse metric,g̃mn→l2g̃mn , the right-
hand side of Eq.~2.19! scales asl26 ~there is a factor of

g̃21/2 in r3), while ¹̃2 scales asl22. It follows that in the
large radius limitZ511O(l24) and the warping become
negligible. On the other hand, at small radius the warping
significant. Thus we might expect that in general the sm
radius region of moduli space is significantly modified—f
example, the AdS radius of the warped region remains fin
even as the radius of the unwarped manifold is taken to z
Note also that due to the negative charge of the orientif
planes, the warp factor becomes negative and unphys
near theZ2 fixed points. Since the region of unphysical b
havior is smaller than the string scale, the geometry can
be taken literally, but it again suggests that the small-rad
limit may be complicated.4 However, for the highly super-
symmetric cases that we consider the small-radius limi
highly constrained.

D. Examples

There are many solutions based on theT6/Z2 orientifold,
distinguished by the three-form flux quanta and the discr
fluxes at orientifold points. Even with vanishing three-for
fluxes there are many solutions to the tadpole cancella
condition ~2.15! and the three-form flux quantization cond
tions. One extreme is to have 16 D3-branes and no disc
flux @19#, which is the familiarT dual to the type I theory on
T6. The other extreme is to have no D3-branes and 32 fi
points with discrete flux. For example, the configuration w
discrete R-R flux at all fixed points in the planex450 satis-
fies the quantization conditions and isT-dual to a type I
compactification without vector structure@20#. In these cases
the supersymmetry isD54, N54.

For simplicity we will restrict attention to a limited set o
three-form flux configurations, where the nonzero fluxes

h45652h48952h75952h786[h1 ,

f 45652 f 48952 f 75952 f 786[ f 1 ,

h78952h75652h48652h459[h2 ,

f 78952 f 75652 f 48652 f 459[ f 2 ,
~2.20!

4This remark is due to S. Sethi.
9-3
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ANDREW R. FREY AND JOSEPH POLCHINSKI PHYSICAL REVIEW D65 126009
and f 1,2 and h1,2 are integers. The duality condition~2.17!
implies that theT6 is the product of three squareT2’s,

r 45r 7 , r 55r 8 , r 65r 9 , ~2.21!

and that the string coupling is fixed in terms of the integ
fluxes,

t5
f 22 i f 1

h22 ih1
. ~2.22!

This is therefore an intrinsically nonperturbative solution
type IIB string theory. It can be studied at large radius us
supergravity, which becomes classical at low energy, bu
understand the physics at small radius a high degree of
persymmetry will be essential. The tadpole cancellation c
dition is

N1
1

2
Ñ51622~h1f 22h2f 1!<16. ~2.23!

The last inequality follows from the duality condition~2.22!.
This configuration of fluxes has the simple feature tha

terms of the complex coordinates

w15
x41 ix7

A2
, w25

x51 ix8

A2
, w35

x61 ix9

A2
,

~2.24!

there is a single component

G1̄2̄3̄5
A2a8

p
~ f 12th1!. ~2.25!

That is, Gmnp is a (0,3)-form. Such solutions will be th
focus of the remainder of this paper. The unwarped metri

ds̃252(
i 51

3

r i 13
2 dwidw̄ı̄ , g̃i ̄5r i 13

2 d i ̄ . ~2.26!

If we restrict to evenf 1,2 andh1,2, and to O3-planes with-
out flux, then it is easy to list all solutions, up to rotatio
and dualities:

~A! h15 f 252, h25 f 150: N58, gs51, C50;

~B! h152, f 254, h25 f 150: N50, gs5
1
2 , C50;

~2.27!

~C! h152h25 f 15 f 252: N50, gs51, C50.

For example, the solutionh15 f 252, h250, f 152m, with
N58 andt5 i 1m, is S-dual to case~A!.

With odd fluxes and discrete flux on the O3-planes
number of solutions is large. One example ish151, f 2
54, h25 f 150, N50, gs5

1
4 , C50, with discrete NS-NS

flux at the 16 fixed points at which exactly one of the fo
lowing four conditions holds:@x45x55x650#, @x45x8

5x950#, @x75x55x950#, @x75x85x650#.
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In the notation of Ref.@4# @Eqs.~3.18! and ~3.19! of ver-
sion 3#, the ansatz~2.20!, ~2.25! corresponds to solution
with only A nonvanishing; in particular, case~C! is the solu-
tion A511 i . The condition~3.18! in Ref. @4# is equivalent
to f mnp andhmnp being even in our notation.

E. Supersymmetry counting

The supersymmetry of this class of type IIB solutions w
discussed in Refs.@15,16#. Aside from the three-form fluxes
the background is a distribution of black 3-branes. Theref
the supersymmetries of the black or D3-brane,

SO~3,1!3SO~6!:

«5z ^ x, G (4)z51z, G (6)x52x, ~2.28!

are broken only by terms that are linear in the three-fo
fluxes. Using the supersymmetry transformations from R
@21–23#, the unbroken supersymmetries are those that sa

Gx5Gx* 5Ggmx* 50,

G[
1

6
Gmnpg

mnp5G1̄2̄3̄g 1̄2̄3̄. ~2.29!

A spinor x of chirality ~2.28! is eitherx0, where

g ı̄x050 ~all i !, ~2.30!

or one of the three spinorsg i j x0. One readily verifies that for
the latter three spinors the conditions~2.29! are satisfied and
so the unbroken supersymmetry isD54, N53. The number
N of solutions to the conditions~2.29! can be any of 0, 1, 2,
3, and 4~the last is for vanishing fluxes!; all but the case
N53 have been discussed in the previous work.

The N53 supersymmetry can be understood simply
follows. The condition for an unbroken supersymmetry
that the fluxG(3) be of type (2,1) and primitive@15,16#. The
orientifold has several complex structures. If we choose
coordinates

~z1,z2,z3!5~w1,w̄2̄,w̄3̄! ~2.31!

then the nonzero fluxGz̄1̄z2z3 is indeed (2,1) and primitive
There are obviously two other such choices,

~z1,z2,z3!85~w̄1̄,w2,w̄3̄!,

~z1,z2,z3!95~w̄1̄,w̄2̄,w3!. ~2.32!

Each of these three complex structures leads to an unbro
supersymmetry.

N53 supersymmetry is unfamiliar but not unknown. Pr
vious examples have been constructed as asymmetric
folds in type II theory@24#, breaking half of the supersym
metry on one side and three-fourths on the other. TheN
53 matter multiplet~helicities 1,12

3,03,2 1
2 ) plus its CPT

conjugate form anN54 matter multiplet, but the supergrav

ity multiplet ~helicities 2,32
3,13, 1

2 plus CPT conjugates! is
9-4
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N53 WARPED COMPACTIFICATIONS PHYSICAL REVIEW D 65 126009
distinct. In the global case the renormalizable interactions
the same as forN54, but there are presumably highe
dimension operators allowed byN53 but not N54. The
N53 supergravity was constructed in Ref.@25#. Like N
54, the moduli space is a coset and its local form is co
pletely determined,

U~3,n!

U~3!3U~n!
, ~2.33!

where n is the number of matter multiplets. Including th
vectors in the supergravity multiplet, the gauge symmetry
U(1)n13.

III. LOW ENERGY EFFECTIVE THEORY

In this section we analyze the massless spectra of
models described in the previous section, to verify the str
ture required byN53 supergravity: with the supergravit
multiplet plusn matter multiplets, there must be 6n moduli
and n13 vectors. We also verify, in the large-radius lim
that the metric on moduli space has the expected form~2.33!.
Note that, becausegs is fixed to be of order 1, we cannot us
string perturbation theory to study these models. The
tool we have is low energy supergravity, which is valid in t
large-radius limit. In thisN53 case there is enough supe
symmetry to extrapolate to the full moduli space, but forN
<2 it will be very difficult to analyze the full moduli space

A. Moduli

The massless scalars arise from the zero modes of
Z2-even scalars in Eq.~2.4!, namelygmn , Cmnpq, F andC.
However, not all of these are moduli, as the fluxes lift so
of the directions of moduli space@4,5,18#. For example, we
have already seen that the dilaton and R-R scalar are fi
Their potential arises from the three-form flux and the res
ing mass-squared is of order

GmnpG
mnp;

a82

R6
. ~3.1!

We have assumed that all radii of the torus are of orderR, so
that gmn;R2, and have used the quantization conditio
~2.5!.

Now consider the scalarsgmn . These are partly fixed by
the self-duality condition~2.17!, through the dependence o
thee-tensor ongmn . The zero mode of the three-form flux
fixed by the quantization conditions, soGmnp remains a
(0,3)-form in thew coordinates. The metricgmn must there-
fore be Hermitean in these coordinates, otherwise there
be nonzero componentse ı̄ ̄k

ı̄ 8 ̄8k̄8. The self-duality condition
is satisfied for any Hermitean metricgi ̄ . Thus, in terms of
the w coordinates, the complex structure moduli are froz
while the Kähler moduli remain free. In terms of any of th
supersymmetric complex structures~2.31!, ~2.32! these are a
mix of Kähler and complex structure moduli.

The remaining bulk scalars are those from the four-fo
potentialCmnpq. The periodicity conditions on this potentia
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are slightly involved, and so the analysis is set aside bel
The conclusion is that there is a fieldc̃mnpq which is periodic
and which appears in the field strength only through its
terior derivative. A constant shift of this field is then a ne
solution to the equations of motion. However, some of th
are gauge-equivalent to the unshifted solution. It is sho
below that the gauge variation around a given backgroun

d c̃(4)5dx̃1 i ~ l̄A`Ĝ(3)2lA` Ĝ̄(3)!/2 Im~t!, ~3.2!

with x̃ periodic andlA a complex one-form. Since the back
groundĜ(3) is a (0,3) form, the (1,3) and (3,1) parts ofc̃(4)

can be gauged away. The (2,2) partsc̃i j k̄ l̄ are the moduli.
Finally, there is no restriction on the positions of any D

branes that might be present, so their world-volume sca
are also moduli. It will be convenient to write these in com

plex form, asWI
i , W̄I

̄ where I labels the D3-brane~pertur-
batively speaking, it would be a Chan-Paton factor diago
on the two end points!.

Periodicities of forms

The gauge transformations of the various potentials a

dC(2)5dlC

dB(2)5dlB

dC(4)5dx2lC`H (3) , ~3.3!

in terms of one-formslC and lB and three-formx. The
gauge transformation ofC(4) corresponds to the field defini
tion F̃ (5)5dC(4)1C(2)`H (3) . OnT6 these must be periodic
up to a gauge transformation,

C(2)~x1em!5C(2)~x!1dlC
m~x!

B(2)~x1em!5B(2)~x!1dlB
m~x!

C(4)~x1em!5C(4)~x!1dxm~x!2lC
m~x!`H (3)~x!.

~3.4!

Here em is the lattice vector in them-direction, (em)n

52pdmn, andlC
m , lB

m , andxm are specified gauge transfo
mations. To analyze these it is convenient to write each fi
as its background value plus a shift, for exampleC(4)(x)
5Ĉ(4)(x)1c(4)(x). The three-form flux backgrounds ar
constant, and so for the corresponding potentials we
choose a gauge

Ĉmn5
1
3 F̂mnpx

p, B̂mn5
1
3 Ĥmnpx

p. ~3.5!

It follows that

lC
m5 1

6 F̂mnpx
ndxp, lB

m5 1
6 Ĥmnpx

ndxp. ~3.6!

The quantized fluxes cannot fluctuate, and so thelB,C
m are

fixed. It then follows that the two-form fluctuations are pe
odic,
9-5
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c(2)~x1em!5c(2)~x!, b(2)~x1em!5b(2)~x!. ~3.7!

The four-form must satisfy a more complicated bound
condition. This can be deduced from the condition th
C(4)(x1em1en) be consistently defined, giving

dxm~x1en!2dxm~x!2dxn~x1em!1dxn~x!

5 1
3 F̂nmqdxq`H (3)~x!. ~3.8!

Note that it is the fullH (3) that appears on the right-han
side, so thatxm has both a background piece and a fie
dependent piece,xm5x̂m1zm. Rather than solve directly fo
xm we first shift the four-form to one with a simpler period
icity. Define

c̃(4)5c(4)1Ĉ(2)`b(2)1
1
2 c(2)`b(2) , ~3.9!

so that

f̃ (5)5dc̃(4)2~ F̂ (3)1
1
2 f (3)!`b(2)

1c(2)`~Ĥ (3)1
1
2 h(3)!. ~3.10!

Then

c̃(4)~x1em!5 c̃(4)~x!1dz̃m~x!, ~3.11!

wherez̃m5zm1lC
m`b(2) . It is consistent to takez̃m50, and

we choose a gauge in which this is so. Az̃m that could not be
gauged away would correspond to a quantized five-form
on T6, which is inconsistent with theZ2 projection~2.4!.

The gauge variation ofc̃(4) is

d c̃(4)5dx2lC`H (3)1Ĉ(2)`dlB

1 1
2 ~c(2)`dlB1dlC`b(2)!

5dx̃2lC`~Ĥ (3)1
1
2 h(3)!1lB`~ F̂ (3)1

1
2 f (3)!

5dx̃2
1

2i Im~t!
$l̄A`~Ĝ(3)1

1
2 g(3)!

2lA`~ Ĝ̄(3)1
1
2 ḡ(3)!%, ~3.12!

where x̃5x1C(2)`lB and lA5lC2tlB . ~Note that the
hatted background is defined to be fixed, so the gauge tr
formation goes entirely into the fluctuation.! The gauge
transformationx̃ must be periodic. A nonperiodic gaug
transformation would act on the periodic identification
conjugation, z̃m8(x)5 z̃m(x)1x̃(x1em)2x̃(x), so with
fixed identification the gauge transformation must be p
odic.

B. Gauge fields

The bulk vector fields that survive the orientifold proje
tion ~2.4! arecmn andbmn . Form the complex linear combi
nations
12600
y
t

-

x

s-

i-

Amm5Cmn2tBmn . ~3.13!

The gauge transformation isdAmm5]mlAm , where the one-
form gauge parameterlA is as in Eqs.~3.2!, ~3.12!. It fol-
lows from the transformation~3.2! that the (1,0) parts oflA
leave the background invariant, so the unbroken gauge fi
areAm i . This is also evident from the linearized gauge fie
strength

f̃ (5)5dc̃(4)2~a(2)` Ĝ̄(3)2ā(2)`Ĝ(3)!/2i Im~t!.
~3.14!

The field am ı̄ appears in them ı̄ jkl component. Comparing
with the nonlinear Higgs covariant derivative]mf2Am , we
see thatam ı̄ is broken through the Higgs mechanism b
cı̄ jkl , so thatam i andcı̄ ̄kl remain as massless fields.

The real and imaginary parts ofam i give six gauge fields;
for example whent5 i , these are

Cm42Bm7

A2
,

Bm41Cm7

A2
,

Cm52Bm8

A2
,

Bm51Cm8

A2
,

Cm62Bm9

A2
,

Bm61Cm9

A2
. ~3.15!

In addition each D3-brane adds aU(1) gauge field, for total
gauge groupU(1)61N. The total number of moduli is nine
from the metric, nine fromc̃(4) , and 6N from the D3-branes,
for 6(31N) in all. The counting matchesN53 supergravity
with 31N matter multiplets; note that this agreement r
quires exactly six of theU(1)’s to bebroken.

Massless vector solutions

It is an interesting exercise, though somewhat aside fr
our main point, to identify the massless vector solutions
the field equations, taking into account the warping of t
internal space. We consider solutions without D3-branes.
take as an ansatz that the only nontrivial components of
fluctuations are the tensors,gmnm and f̃ mnmnp. The nontrivial
field and Bianchi equations are

dg(3)50, d* g(3)52 igs~g(3)` F̂̃ (5)1Ĝ(3)` f̃ (5)!,

f̃ (5)5* f̃ (5) , d f̃55
igs

2
~Ĝ(3)`ḡ(3)1g(3)` Ĝ̄(3)!.

~3.16!

We further take

gmnm~x,y!5 f mn~x!um~y!1~* 4f !mn~x!vm~y!,

f̃ mnmnp5 f mn~x!gmnp~y!1~* 4f !mn~x!

3~* 6g!mnp~y!. ~3.17!

Hereum andvm are complex, andgm and f mn are real. In this
subsection and the next we usex for the noncompact coor
dinates andy for the compact coordinates. Subscripts of 4~6!
9-6
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on the Hodge star indicate that it is taken with respect to
spacetime~internal! indices only. Note that on two-forms *4
is the same as the flat spacetime Hodge star.

Inserting this ansatz into the field equations gives
four-dimensional equations

d* 4f (2)5d f (2)50 ~3.18!

and the internal equations

du(1)5dv (1)50,

d* 6u(1)52 igsv (1)` F̂̃ (5)2 igsĜ(3)`* 6g (3) ,

d* 6v (1)5 igsu(1)` F̂̃ (5)1 igsĜ(3)`g (3) ,

dg (3)5
igs

2
~Ĝ(3)`ū(1)1u(1)` Ĝ̄(3)!,

d* 6g (3)5
igs

2
~Ĝ(3)` v̄ (1)1v (1)` Ĝ̄(3)!.

~3.19!

The Bianchi identities foru(1) andv (1) are solved by

u(1)~y!5v (1)1da~y!, v (1)~y!5n (1)1db~y!
~3.20!

wherev (1) and n (1) are constant one-forms on the intern
space anda(y) andb(y) are periodic. The equations forg (3)
are then solved by

g (3)5
igs

2
~aĜ̄(3)2āĜ(3)!, ~3.21!

if

b~y!52 ia~y!, v ı̄5n ı̄50. ~3.22!

Finally, the field equations foru(1) andv (1) both become

Z]m]ma12]mZ]ma1]mZ~vm1 inm!5
gs

2

12
aĜmnpĜ̄mnp,

~3.23!

where all contractions are with the flat internal metric. The
are then two solutions for each complex direction:

v (1)52 in (1)5dyi , a5g (3)50; v (1)5 iu (1) ,

v (1)5 in (1)5dyi , aÞ0,

g (3)Þ0; v (1)52 iu (1) . ~3.24!

For the second solution we do not have a closed form,
can show by a variational argument that it exists. Thus
have the expected six internal solutions. Note that we do
get distinct solutions by choosingv (1)5 idyi , because the
ansatz is invariant underu→v, v→2u, f (2)→* 4f (2) .
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C. Metric on moduli space

In this section, we will find the low-energy action for th
scalars and verify that it takes the form of aU(3,n)/U(3)
3U(n) coset. We only consider the large-radius limit, whe
the warp factorZ becomes unity as discussed in Sec. II
Thus we will drop the tildes on the internal metric. Fou
dimensional geometric quantities will be denoted by a ‘‘4
or by ‘‘E’’ in the four-dimensional Einstein frame; interna
indices will always be raised with the string metric.

Let us first find the action for the metric moduli. Th
dimensional reduction of the ten-dimensional string fra
Hilbert action gives

Sg5
1

4pa8gs
2E d4xA2g4DFR41D22]mD]mD

2
1

2
g̄ igl̄ k]mgk̄]

mgi l̄ G ~3.25!

whereD5a823detgi ̄ . The dimensional reduction include
a factor1

2 (2p)6 from the volume ofT6/Z2. Switching to the
four-dimensional Einstein frame, 2gsgmn

E 5Dgmn
4 , the action

becomes

Sg5
1

2pa8gs
E d4xA2gEFRE2

1

2
D22]mD]mD

2
1

2
g̄ igl̄ k]mgk̄]

mgi l̄ G
5

1

2pa8gs
E d4xA2gEFRE2

1

2
g ̄ ig l̄ k]mgk̄]

mg i l̄ G ,
~3.26!

where all spacetime indices are raised with the Einstein m
ric. We have defined

g i ̄5
2gs

a8

gi ̄

D
~3.27!

in order to eliminate double trace terms from the derivativ
of D; thea8 is included in order to make the moduli dimen
sionless.

The other bulk moduli are the R-R scalars, contained
the field strength fluctuationf̃ (5) . The moduli kinetic terms
arise from f̃ mnpqr and in Hodge dual form fromf̃ mnlqr ; in
order to avoid the problems of self-dual actions we inclu
only the former, in terms of which

SRR52
gs

8pa8
E d4xA2gEu f̃ (5)u2. ~3.28!

In the absence of D3-branes, we havef m i j k̄ l̄ 5]mci j k̄ l̄ , and
the action is simply
9-7
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SRR52
gs

32pa8
E d4xA2gEgi ı̄ 8gj ̄8gkk̄8gl l̄ 8

3]mci j k̄ l̄ ]
mcı̄ 8 ̄8k8 l 8 . ~3.29!

To exhibit the coset structure we put these moduli in a tw
index form,

a8ci j k̄ l̄ 52D21e i j k̄ l̄ ab̄b
ab̄. ~3.30!

The action for all the bulk supergravity moduli is then

Smod52
1

4pa8gs
E d4xA2gEgk̄g i l̄ ~]mg i ̄]mgk l̄

2]mb i ̄]mbk l̄ !. ~3.31!

This is just theU(3,3)/U(3)3U(3) moduli space metric
familiar from the untwisted moduli of theZ3 orbifold @26#,
with upper and lower indices exchanged.

We now consider D3-branes. Expanding the Dirac-Bo
Infeld ~DBI! action gives the kinetic term

SDBI52
1

~2p!3a8gs
E d4xA2gEg i ̄]mWI

i ]mW̄I
̄ ,

~3.32!

with an implicit sum onI. In addition there is a dependenc
on the collective coordinates from the coupling of the D
brane toC(4) , which appears through a nontrivial five-form
Bianchi identity. In the D3-brane rest frame,

dF̃(5)5~2p!4a82d6~y!d6y→ a82

2p2
d6y, ~3.33!

where we have projected onto the zero mode; we omit
flux term in the Bianchi identity, which makes no contrib
tion to the moduli kinetic terms. Boosting this gives

~d f̃ !mn i j k̄ l̄ 5
1

2p2a8D
e i j k̄ l̄ ab̄~]mWI

b̄]nWI
a2]mWI

a]nWI
b̄!,

f n i j k̄ l̄ 5]nci j k̄ l̄ 1
1

4p2a8D
e i j k̄ l̄ ab̄~WI

b̄]nWI
a2WI

a]nWI
b̄!.

~3.34!

The moduli space action is then

Sbulk52
1

4pa8gs
E d4xA2gEH gk̄g i l̄ ~]mg i ̄]mgk l̄

2D mb i ̄D mbk l̄ !1
1

2p2
g i ̄]mWI

i ]mW̄I
̄J , ~3.35!

where
12600
-
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e

D mb i ̄5]mb i ̄1
1

8p2
~WI

̄]mWI
i 2WI

i ]mWI
̄!. ~3.36!

With a bit of algebra, it is possible to show that the ent
action on moduli space takes the form

S5
1

4

1

2pa8gs
E d4xA2gETr~]mMh]mMh! ~3.37!

whereh is theU(3,31N) invariant metric (h5V†hV) and
M is a HermiteanU(3,31N) matrix that behaves asM
→VMV† underU(3,31N). We work in a basis with block
diagonal form

h5F I 3

I 3

I N

G ,

M5F g21 2g21B 2g21a†

2B †g21 g1B †g21B1a†a B †g21a†1a†

2ag21 ag21B1a I N1ag21a†
G

~3.38!

with matrix notation g5g ̄ i , a5WI
i /2p, and B5b

1(1/2)a†a. To verify that this takes the appropriate cos
form, note that we can write

M5V†V, V5F e 2eB 2ea†

0 e21 0

0 a I N

G ~3.39!

where e is the vielbeine†e5g21. Following @27#, we see
that M indeed belongs to the cosetU(3,31N)/U(3)3U(3
1N), precisely as we expected based onN53 supersymme-
try.

D. Comparison toNÄ4 heterotic string

The results of Sec. III C are notably similar to work don
by Maharana and Schwarz on theO(6,22) duality of the
heterotic string onT6 @27#. This is not an accident. Startin
from the heterotic string,Sduality maps to type I strings, an
a furtherT duality on all six dimensions takes the theory
the type IIB model of@19#. Our N53 models are then ob
tained by nonperturbatively transforming D3-branes in
self-dual G(3) flux, so we expect that our moduli spac
should simply be a subspace of the heterotic moduli spa

To make this more precise, we can follow the action
the S and T dualities on the moduli of the heterotic theor
For ease of comparison, we will use coordinates of ra
equal to the string lengthAa8. We will also choose duality
conventions such thata8 is the same in the heterotic, type
and type IIB string theories. To get the normalization corr
including numerical factors, we must be careful~see@28# for
some factors in the type I theory, for example!.
9-8
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We start by considering the heterotic–type IS duality.
Under this duality, the heterotic fundamental string maps
the type I D-string; in particular the actions must be equ
Since the D-string tension and charge are reduced by a fa
of A2 by the orientifold projection in the type I theory, w
therefore must have

1

2pa8A2
E d2je2F~ I!A2detg~ I!

5
1

2pa8
E d2jA2detg~het!

⇒gMN~het!5
e2F~ I!

A2
gMN~ I! ~3.40!

and likewiseB2(het)5C2(I)/A2. The 10D supergravity ac
tions then map into each other if we take the gauge the
potentials to be equal.

In the T duality between type I onT6 and IIB onT6/Z2,
the dilaton picks up a well-known factor ofA2 @28#, so theT
duality is

eF~ I!5
A2

det1/2gmn

eF~ IIB !,

gmn~ I!5gmn~ IIB !, gmn~ I!5gmn~ IIB !. ~3.41!

There is an additional factor in the RR sector, as follow
Taking the prefactor of the 10D action to be the same in
two theories,T duality tells us that we should have the sam
dimensionally reduced actions, or

~2p!6a8 3

2•2 E d4xA2g4D]mCmn]
mCmn~ I!

5
~2p!6a8 3

2•2•4! E d4xA2g4D]mCmnpq]
mCmnpq~ IIB !

~3.42!

for the moduli. Here,D5det1/2gmn andg4 is the string frame
metric. The additional factor of 2 in the type IIB case aga
comes from the volume. This equality holds if we take

Cmn~ I!5
1

A2•4!
DemnpqrsCpqrs . ~3.43!

Then the heterotic moduli~using the notation of@27#! map to
the type IIBN54 moduli as follows:

gmn→gEmn , gmn→g21 mn,

Bmn→bmn, am
I →a I

m , ~3.44!

following the notation of Sec. III C for the type IIB side, u
to factors ofa8 from coordinate rescaling. TheN53 moduli
12600
o
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tor
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are then clearly the~anti-!Hermitean subset of the gravita
tional and R-R moduli along with all the D-brane positio
in complex form.

There is an additional complex modulus in theN54 case
which corresponds on the heterotic side to the fo
dimensional dilaton andBmn axion, and on the type IIB side
to the ten-dimensional dilaton and R-R scalar. In theN53
theories this modulus is fixed.

Consider theN54 states which become massive due
the fluxes. These include one gravitino, so we must hav
massive spin-3/2 multiplet. This must be a large represe
tion because these supergravity states are all neutral u
the U(1) central charges, and so the helicities are

3
2 , 16, 1

2
15, 020, 2 1

2
15, 216, 2 3

2 .
~3.45!

This agrees with the finding that six gauge symmetries
broken. The twenty spin-zero components are the dilat
axion, the six zero-helicity components of the massive v
tors ~from C(4)), and the twelve real components ofgwiwj .
Note that at large radius these states, with massesa82/R6, lie
parametrically below the Kaluza-Klein scale ofR22. Thus
we can truncate to an effective field theory in which on
these and the massless states survive. Since the mass sc
parametrically below the Planck scale as well, the SU
breaking fromN54 to N53 must be spontaneous. The
has been some discussion of such breaking in supergra
@29–31#.

IV. DUALITIES

In this section, we discuss the stringy duality group
these compactifications. In particular, we are interested in
dual description that governs the physics when the radii
come small.

A. Dualities of theNÄ4 theory with 16 D3-branes

As a warmup, let us first consider the dualities of theN
54 theory with 16 D3-branes, which is theT dual of type I
on T6 and theTS dual of the heterotic theory onT6. The
duality of the latter theory isSO(22,6,Z)3SU(1,1,Z) @32#.
Consider first the perturbativeSO(22,6,Z) factor. This group
is generated by discrete shifts of the Wilson lines, Weyl
flections in the gauge group, discrete shifts ofBmn , large
coordinate transformations on the torus, and the inversio
one or more directions on the torus~this is not meant to be a
minimal set of generators!. We will call this last operationR
duality to distinguish it from the full perturbativeT duality.
The first four operations are manifest in the type IIB descr
tion, as the periodicities of the D3-brane collective coor
nates, permutations of the D3-branes, discrete shifts of
Cmnpq, and large coordinate transformations respective
The R duality is not manifest in the type IIB description
Note that this is not the same as type IIBR duality, because
it leaves fixed the ten-dimensional type IIB coupling and n
the four-dimensional coupling. Rather, it is the image of t
heteroticR duality; therefore we will henceforth designate
Rhet.
9-9
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To seeRhet in the type IIB description it is useful to focu
on its action on the BPS states. In the heterotic descrip
Rhet interchanges Kaluza-Klein~KK ! states and winding
F-strings. In the type I description these become KK sta
and winding D-strings, and then in type IIB they becom
winding F-strings and D5-branes. Similarly it interchang
winding D-strings and NS5-branes.

To analyze the duality carefully we need the masses
these objects, taking for simplicity a rectangular torusds2

5r m
2 dxmdxm, and vanishing R-R backgrounds. We take t

F- and D-strings to be wound in the 4-direction, and the D
and NS5-branes to be wound in the 56789-directions. T
~in the string frame!

mF15
r 4

a8
, mD15

r 4

a8gs

,

mD55
v

2r 4a83gs

, mNS55
v

2r 4a83gs
2

, ~4.1!

wherev5)mr m . The factors of 2 come about because t
strings must be wound on cycles ofT6, while the 5-branes
can be wound on the fixed cyclex450 whose volume is
halved. For the F-string this represents the fact that in
orientifold the closed strings are obtained by projection;
the NS5-brane it is simply theZ2 reduction of an NS 5-brane
solution atx450 on the originalT6. For the D1- and D5-
branes, these statements areT-dual to the fact that in the type
I string the D5-brane has two Chan-Paton values while
D1-brane has one@33,28#: thus, the IIB D1-brane can mov
off the fixed plane, while the D5-brane is fixed. For futu
reference let us also give the masses in the type I descrip
where r m8 5a8/r m ; the couplings are related byv8/g8

s2
5v/2gs

2 , the factor of 2 being from the orientifold volume
Then

mKK85
1

r 48
, mD585

v8A2

r 48a83gs8
, mD185

r 48

v8gs8A2
.

~4.2!

The factors ofA2 are as found in Ref.@28#.
In units of the four-dimensional Planck massm4

5(v/2)1/2a822gs
21 the BPS masses are

mF1

m4
5

r 4a8gsA2

v1/2
5

gs
1/2

r4
,

mD1

m4
5

r 4a8A2

v1/2
5

1

r4gs
1/2

,

~4.3!
mD5

m4
5

v1/2

r 4a8A2
5r4gs

1/2,

mNS5

m4
5

v1/2

r 4a8gsA2
5

r4

gs
1/2

.
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We have definedr45v1/2/r 4a8gs
1/2A2, which is just the ra-

dius in the heterotic string picture, in heterotic string uni
The masses of strings and 5-branes interchange under in
sion of r4, as expected.

The SU(1,1,Z) of the heterotic theory maps to th
SU(1,1,Z) of the ten-dimensional type IIB theory. In pa
ticular, gs→gs

21 interchanges strings with strings an
5-branes with 5-branes.

B. Dualities of theNÄ3 theories

We expect that the duality group will be an integer ve
sion of the continuous low energy symmetryU(3,31N).
The simplest guess would be that it is the intersection of
continuous group with the discrete symmetrySO(6,22,Z)
3SU(1,1,Z) of the N54 theory. In other words, the fluxe
break the duality symmetry to a subgroup, just as they
with the supersymmetry. However, we will see that th
guess is incorrect.

Let us consider the BPS states discussed in Sec. IV
Note that these do not have a perturbative description,
causegs is of order 1, but we can study them using th
effective low energy description when the radii are large.
theN54 theory, these states are invariant under eight su
symmetries; one finds that four of these supersymmetries
in the N53 subalgebra of interest.5 Thus these are ‘‘1/3-
BPS’’ states, in agreement with the result that BPS partic
in N53 preserve four supersymmetries@34#.

When the torus is rectangular, the R-R backgrounds z
and all D3-brane coincident, the central charges are from
bulk U(1)’s Am i . For simplicity let us focus on the case i
which gs51. The unbroken gauge fields associated with
4-7 torus are

Bm41Cm7

A2
,

Cm42Bm7

A2
, ~4.4!

while the broken symmetries are

Bm42Cm7

A2
,

Cm41Bm7

A2
. ~4.5!

Thus a D-string in the 4-direction, or an F-string in th
7-direction, have the same BPS charge, electric charge in
first U(1). A D5-brane in the 56789-directions, and an NS
brane in the 89456-directions, carry the analogous magn
charge.6

There is, however, an important subtlety: not all of the
states actually appear in the spectrum. Each of these ob
couples both to a massless and a massive vector. The dis
sion of Eq. ~3.14! shows that the vector mass arises fro
electric breaking through the Higgs mechanism. For the e

5More details, and further analysis, will be presented in futu
work.

6More generally we can consider (p,q)-strings and 5-branes, a
various angles—a full accounting of the BPS states is an interes
exercise.
9-10
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N53 WARPED COMPACTIFICATIONS PHYSICAL REVIEW D 65 126009
trically charged 1-branes the massive charge is screened
there is no great effect. However, the 5-branes carry the
responding magnetic charge and so must be confined:
Higgs mechanism breaks the symmetry between these
sets of states. We can understand this in two other way
well. First, the breaking through Higgs mechanism redu
the long-ranged interaction between the electric and m
netic objects by a factor of 2. Since they had the minim
relative Dirac quantum in theN54 theory, they are no
longer correctly quantized. Second, the gauge invariant
on the D5-brane isF(2)5F (2)2B(2)/2pa8, which satisfies

dF(2)52H (3)/2pa8. ~4.6!

The integral of this over any 3-cycle should then vanish,
this is inconsistent because our background includes at
one ofH678 or H567, among others. In order for the Bianc
identity to be consistent, there must be another source.
would be a D3-brane, which is localized in the 3-cycle
question and extended in the other two compact directi
and one noncompact direction: this is a confining flux tub

It follows that the dualityRhet that interchanges the bas
1- and 5-branes does not survive in theN53 theory.7 There
are magnetic objects in this theory, but they are bound sta
For example, a 56789 D5-brane and a 89456 NS5-br
have the same BPSU(1) charge and the opposite broke
charge, and so their bound state is unconfined and is a
state of twice the minimumN54 mass. In a perturbative
description, the D5-brane ends twice on the NS5-brane, a
the (p,q)-5-brane webs of@35,36#.

The simplest conjecture would then be that the dua
group interchanges the objects of minimum electric a
magnetic charge. With the D5-brane masses~4.3! doubled,
this would now mean thatrm8 51/2rm ; it is not clear whether
this symmetry could be inherited from theN54 theory.8 To
be precise, this symmetry can act independently on any s
paired indices, 4-7, 5-8, or 6-9: it must preserve Eq.~2.21!.
This conjectured symmetry relates rather different obje
and so for example the total number of BPS states o
D-string in the 4-direction and an F-string in the 7-directi
must equal that of the D5-NS5 bound states. It is an inter
ing exercise, to be studied in future work, to determine
BPS spectra of these objects as a function of the backgro
fluxes. It is possible that this will reveal a more intrica
pattern of dualities, in which the variousN53 models mix.
It is conceivable that the dualities might involve other typ

7Note that this duality interchanges electric and magnetic obje
while the SO(6,22,Z) of the heterotic theory acts separately
each. This is because the unbroken gauge fields~4.4! are a linear
combination of electric and magnetic gauge fields in the heter
picture: the nonlinear Higgs field has both electric and magn
charges.

8Such a duality does exist in the heterotic string for a nonz
axion @20#, but it has not been determined if it can be combin
with the heterotic strong-weak coupling duality@37# to generate the
proper action on the BPS states. This possibility also requires
the axion of the ‘‘heterotic’’ description of theN53 theory be
shifted by half a unit, and it is not immediately clear that this is
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of N53 construction, such as those of Ref.@24#, though we
have no particular reason to expect this. Note also that th
is no reason to expect an effective heterotic description a
where in the moduli space. For theN54 theories such a
description holds when the type IIB radii are small and t
ten-dimensional IIB coupling is large, but in theN53 mod-
els the latter coupling is always of order 1.

The remainder of the duality group would be generated
large coordinate transformations mixing the holomorphic
ordinates, periodicities of the D3-brane coordinates, perm
tations of the D3-branes, and shifts of the R-R backgroun
We conclude this section with a few remarks about these

When discussing large coordinate transformations on
torus, we should distinguish betweenU dualities, which
leave the background invariant, and ‘‘string-string’’-like du
alities, which take one background into a different b
equivalent background. The transformations that g
‘‘string-string’’ dualities are discussed in@6#; here we are
interested in finding those that giveU dualities.

A large coordinate transformation will leave the bac
groundG1̄2̄3̄ invariant if its determinant is unity. Neverthe
less, the duality also includes elements of nontrivial deter
nant. For example, att5 i , rotation of a single coordinate
w1→ iw1 changes the background 3-formG1̄2̄3̄→ iG 1̄2̄3̄ , but
this can be undone by one of the brokenSL(2;Z) dualities
of the type IIB string,t→21/t. Note that this combined
operation leaves the background invariant and so does
act on the moduli space, but it does mix the BPS states
so is a nontrivial duality. Also, if the fluxes are chosen so t
tÞ i , this duality is not aU duality, so we find that different
N53 backgrounds have slightly differentU-duality groups.
Note that in models with fluxes on the orientifold planes, w
must restrict ourselves to transformations that take O3-pla
of a given type into the same type. If we insist that all t
fixed points map to themselves under dualities, then the
diagonal elements of the linear transformation must be e
and the diagonal elements must be unity~or 21 with a trans-
lation!. Again, different backgrounds will have differen
U-duality groups.

The D3-brane gauge charges do not appear in the type
superalgebra, and a zero-length F- or D-string stretched
tween coincident D3-branes is massless, giving an enhan
gauge symmetry. When the D3-branes are separated
stretched string begins to couple to the bulk gauge fields,
acquires a BPS mass and charge. When the D3-branes
fully around the 1-cycles of the torus, the attached F- a
D-strings acquire integer winding charges. Since the elec
charges on the D3-branes are the end points of F-strings,
duality shifts the bulk electric charges by the D3-brane el
tric charges. Note that since the magnetic D3-brane cha
are D-string end points, the shift also depends on the
brane magnetic charges: as noted in footnote 7, the du
group is nontrivially embedded in the low energy electr
magnetic duality group.

In order to understand the R-R shift dualities in detail o
needs to consider two other classes of BPS objects. The
are Euclidean D3-branes wrapped entirely on the inter
torus. These are instantons under the unbroken gauge
metries, and their phases depend on the R-R moduli.
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magnetic analogs to these are spacetime strings, D3-br
wrapped on the appropriate 2-cycles of the torus and
tended in one direction of the external space; we have
ready encountered these above, as confining flux tubes
one circles such a string one traces a closed loop in mo
space. The discrete shift dualities must leave all instan
amplitudes invariant, and one expects that all such shifts
be generated by the dual strings. Note that the instan
wrap enough directions for the identity~4.6! to be relevant,
so their spectrum will be subject to restrictions.

There are two physically distinct cases of these instant
and strings. The simpler case couples to the diagonalb ı̄ i ( i
5 ı̄ ) moduli, as these moduli correspond to a single r
component ofc̃(4) . For example,b 1̄1 couples to an instan
tonic D3-brane wrapped on the 5689 directions and a st
D3-brane partially wrapped on the 47 directions. Notice t
these instantons do not wrap any 3-cycle includingH (3) or
F (3) flux. Additionally, we have checked that these strin
preserve supersymmetry; in fact, they preserve 6 su
charges in common with the background. The other case
responds to the off-diagonal moduli, which have real a
imaginary parts constructed from two components ofc̃(4)
each. The instantons do wrap 3-cycles with flux, so th
must come in bound states, much as the magnetic B
charges discussed above, and the corresponding st
would then fill half a supermultiplet each. These strings p
serve four supersymmetries in common with the backgrou

We consider here just the diagonal case. In theN54
theory the wrapped D3-branes are dual to type I instanto
D-strings. These have a single Chan-Paton index, so t
exist D3-brane instantons wrapping one of the special h
volume 4-cycles. Their action is given by

1

~2p!3a82E c̃5689dx5dx6dx8dx95
p

a82
c̃5689. ~4.7!
.

rg
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This implies thatc̃5689 can shift by even integral multiples o
a82 without changing the path integral. As this shiftsb 1̄1 by
i /2 times that integer, we see that the shift duality has b
broken by the instantons toZ for each axion.

Let us check that this is consistent with the spaceti
strings. A D3-brane wrapped on 47 is dual to a D5-brane
theN54 type I theory. Since the type I D5-brane must ha
two Chan-Paton indices, these D3-branes can only w
2-cycles of volume (2p)2. Using the relative coefficients o
terms in the action, the 10-dimensional Bianchi identity f
the 5-form integrates to

1

~2p!7a84 RM
F̃ (5)5

1

~2p!3a82
. ~4.8!

The surface surrounding the string isM5S13T 4/Z2. Inte-
grating over the latter factor gives

R
S1

dc̃568952a82, ~4.9!

which is the minimum shift consistent with the instanto
amplitude.

A complete analysis of the duality group is left for futu
work.

In conclusion, we see that although supersymme
strongly constrains theseN53 models, there remain inter
esting dynamical issues. Thus these models may be a u
preliminary to the study of less symmetric and more realis
warped compactifications.
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