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We examine the late-timéucleosynthesis and lajecosmological implications of brane-world scenarios
having large(millimeter sized extra dimensions. In particular, recent proposals for understanding why the
extra dimensions are so large in these models indicate that moduli such as the radion (apfear-
dimensional observerso be extremely light, with a mass of order T eV, allowing them to play the role
of the light scalar of quintessence models. The radion-as-quintessence solves a long-standing problem since its
small mass is technically natural, in that it is stable against radiative corrections. Its challenges are to explain
why such a light particle has not been seen in precision tests of gravity, and why Newton’s constant has not
appreciably evolved since nucleosynthesis. We find the couplings suggested by stabilization models can pro-
vide explanations for both of these questions. We identify the features which must be required of any earlier
epochs of cosmology in order for these explanations to hold.
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[. INTRODUCTION ing in a cosmologically interesting way at present. So far,
essentially all quintessence models present the following
If current experimental indications are to be believed, thechallenges or puzzld$]. Problem 1: Why do radiative cor-
universe is composed of islands of luminous material embedrections not destabilize the fantastic hierarchy betweehe
ded among darker baryonic matter, wrapped in the riddle ocalar masses which are requirad~v?/M,~10 ** eV)
nonbaryonic dark matter inside the enigma of dark energyand the other known scales of physi¢€hly the first quin-
Best fits to cosmological models give the last three of thesgessence model attempts to address this profm Prob-
in the rough relative proportions of few%:30%:7Q%. Itis  |em 2: Why is the very long-range force mediated by the new
staggering that essentially nothing is known abeititer of  |ight scalar not detected in precision tests of gravity within
the two dominant components of the universe’s present enthe solar system?
ergy density. We here report on a class of quintessence models that is
The very existence of dark energy presents seriougnotivated by recent efforts to understand the hierarchy prob-
puzzles. The simplest account of the cosmic acceleratioem, in which all observed particles except gravitqasd
seems to be a nonzero cosmological constanHowever their supersymmetric partn@rs are trapped on a
the energy scale of the cosmological constant is problemati¢3+ 1)-dimensional surface, or brane, in a higher-
requiring an energy density,~v* with v~10"° eV. The  dimensional “bulk” spacg7,8]. It turns out that within this
long-standing cosmological constant problgdhstems from  framework the above two puzzles are resolved in a natural
the fact that vacuum fluctuations contribute to the cosmoway. We believe ours is the only quintessence model to suc-
logical constant, and simple estimates calculated by assungessfully addresboth these particular challengés.
ing a Planck-mass cutoff givé a value 120 orders of mag- A great virtue of the class of models which we explore is
nitude greater than is consistent with observations. Thighat they generally arise in the low-energy limit of theories
discrepancy is reduced somewhat in models where the natwhich were originally proposed to solve the gauge hierarchy
ral cutoff is the supersymmetry breaking scale, but even iproblem, without any cosmological applications in mind. As
that case there is a very serious problem. we shall see, the generic low-energy limit of these models
Many physicists are attracted by the idea that the cosmdooks like scalar-tensor gravity{10], with the four-
logical constant problem could eventually be solved by somejimensional scalars of relevance to cosmology coming from
symmetry argument that would sét precisely to zerqal-  some of the extra-dimensional modes of the six-dimensional
though very interesting alternative views do eXi8)). The  metric. We show here that although these models were not
observed cosmic acceleration creates problems with that lingroposed with cosmology in mind, the couplings they predict
of reasoning, since it appears to indicate thatactually is  for these scalars have the following properties.
nonzero. One way out is to assume thateally is zero, and
that something else is causing the cosmic acceleration. This——
“something else” is usually called “dark energy” or “quin-  'Reference[9] discusses another type of quantum correction
tessence’4,5]. which corrects classical rolling of the quintessence field off a local
For quintessence, typically one proposes the existence @fiaximum. Those calculations do not apply to the type of potentials
a scalar field whose mass is small enough for it to be evolveonsidered here.
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(1) Good newsThey can predict a late-time cosmology are then described numerically. We close in Sec. IV with a
that provides a quintessence-style description of the dark emliscussion of our results.
ergy. And they do so with scalars whose masses are ex-
tremely small, yet technically natural.
(2) Good news They can evade the constraints on the II. THE MODEL
existence of very long-ranged forces because the couplings

of ordinary matter to the the very light scalars are predicted QOur point of departure is the brane-world scenario in
to befield dependeniand so evolve over cosmological time which all observed particles except the graviton are trapped
scales. As has been observed elsewli¢lg, once free to  on a (3+1)-dimensional surface, or brane, in a higher-
evolve, such couplings often like to evolve toward zero, im-gimensional “bulk” space. In particular, we imagine the
pIymg acceptably small deviations from general relativity g-51e of physics on the brane ié,~1 TeV and the bulk
within the solar system at the present epoch. . space is approximately six dimensional, comprising the usual
(3) Good newsThe expectation values of the scalar f'eldsfour, plus two which are compact but with radius as large as

wh?se cosmology we explore detern_wme the value of New-1/r~10_3 eV [7.8]. The large ratioM ,r ~10'5 is phenom-
ton’s constant, and the success of big-bang nucleosynthesis

(BBN) implies strong limits on how much this can have enplogically requireq o reprod.uce an acceptably We‘i'i,g"a"i'
changed between then and now. We find the evolution O}atlogal cogpllng infour dimensionsM,=(87G)
Newton’s constant changes very little over cosmologicallyMMMNlol_ Gev. o
long times, for a reasonably wide range of initial conditions ~ These kinds of models face two main difficulties, one
when we enter the BBN epoch: Newton’s constant tends notlheoretical and one phenomenological. Theoretically, these
to change once the motion of the scalar field is either kinetignodels trade the large hierarcM, /M ,=10"*° for the hi-
or potential dominated. erarchyMr = 10%, but an explanation of this last value ul-
(4) Bad news The previous two cosmological successestimately must be provided. Recently progress toward provid-
arenotcompletely generic, in the following sense. First, theying this explanation has been made, by proposing energetic
depend on dimensionless couplings taking values which areeasons why the extra-dimensional radii might prefer to take
of ordere~1/50 or so.(Although couplings of this order of large valueg12,13. Our quintessence model does not rely
magnitude naturally do arise in the models of interest, weon the details of these mechanisms, but our choice for the
require some modest coincidences in their values to ensukgalar field couplings is strongly motivated by the mecha-
sufficiently small evolution in Newton’s constanSecond, nism of Ref.[13].
although many initial conditions do produce an acceptable phenomenologically, there are strong upper limits on how

cosmology, this success is not completely generic. AttractorargeMbr can be. These limits come from supern¢¥d, 15

solutions exist that would cause too much variation in New-5nq cosmological observatiofs] which preclude the exis-

ton’s constant if they described the cosmology between BBN

d today. Furth btaining h d | gnce of Kaluza-KleifKK) partners of the bulk-space gravi-
and today. Furthermore, obtaining thé present-cday valué qf,, 5 jtg superpartners. We believe the present-day obser-

g(ravr\)/g;gstigtl)nstant requires adjusting the features of the S‘C'ri‘/'ational constraints on KK modes can be accommodated if

i i -1
We present our results here as an example of a viablOnly two dimensions have as large as (10° eV) *, but

cosmology, based on using the brane-world's eXtra_‘Sreventr from being taken any larger. Although the cosmo-

. ) e . ! . logical constraints generally impose stronger upper limits on
dimensional “radion” mode as a quintessence field. Our abil- 9 9 y Imp ger upp

) . . : . r they depend more on the details of the assumed cosmology,
ity to do so may itself be considered something of a surprise ) R
) . ; . . - and can be evaded under certain conditionkich we de-
since extra-dimensional aficionados had earlier examined the_ ., ~". :
; ; ; . .~ scribe in more detail later
radion as a quintessence candidate, and found it wanting.
Our conclusion here differs, because of our recognition that
the radion couplings tend to be field dependent, in a way we

make precise below.

_ We regard this work as a first exploration of the condi- \yg start by sketching the brane world scenario, and its
tions that a successful cosmology must assume. We beliey§, energy action. Our discussion closely follows that of
our results to be sufficiently promising to justify further ex- ¢ [13].

ploration of this class of models, to see to what extent the The couplings of the brane-world model relevant to cos-
unattractive features can be improved upon, and to ascerta'mmogy are those of the six-dimensional metdy . (Six
what observations can test whether the universe indeed Preimensions are required in order to allow the extra dimen-

ceeods as we (:etsrc”t?e here. 4 as foll nth ¢ secSions to have radii as large as we nedthe leading terms in
ur presentation IS organized as 10llows. In the€ next S€Cqyq gerjyative expansion for the six-dimensional action have

tion we briefly describe the brane models we use, and thei} . ¢5rms=s +5,, where the bulk action describing the
motivations and problems. The low-energy action relevan}netriC degreeE; of fr'eedom is

for cosmology is also presented in this section. Section Il

describes some of the cosmological solutions of the theory, 4

focusing in particular on analytic expressions on which intu- o My

o . o . Sg=—— | d**d?yJGR+---,
ition can be based. More complicated, and realistic, solutions 2

A. The low-energy action

()
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where R denotes the scalar curvature built from the six-and with these choices E@5) describes a Jordan-Brans-
dimensional metric, and we write no cosmological constanDicke theory with coupling parameter= — 1/2[18]. Notice

for the bulk?

that the matter Lagrangiat,,, describes the couplings of

_ The dependence of the brane action on its various mattgf of the known particles, and depends only @y, but not
fields is not crucial for our purposes, but what is important ispn r, (Ordinary matter does not couple directly tdn the
that it depends only on the metric evaluated at the brane’srane-world picture because it is trapped on the brane, and

position:

5= [ a5 8Lu(g,n ) @)

where the ellipses denote all of the other fields on whigh
could depend.

The tree-level dimensional reduction of this action using

the metric

; 0
9un(X) ) | .

0 pZ(X) hmn(y)

with p=Myr, gives the leading contribution to the effective

four-dimensional Lagrangian:

Mpr? o . or\? R(h
Lin=——3 ng(g)—z(T) *M(gr_)} @

does not carry stress energy in the extra dimensjions.

Notice that if the scale of)(r) is completely set by, as
is true for the cases discussed 8], then the mass which is
predicted for this scalar is incredibly small: of order
~v%M,~10"% eV. It is the existence of such a small
mass that allows to potentially play a cosmologically inter-
esting role right up to the present epoch, and so to be a
candidate for a quintessence field.

Since the predictions foA,B andU depend crucially on
the approximation made in their derivation, in general we
expect them to be given by more complicated functions. This
turns out to be true, in particular, within the hierarchy-
generating mechanism described in Héf3]. Since we use
this proposal to motivate our choices for these functions, we
briefly pause here to summarize its implications.

The proposal supposes that the spectrum of bulk states
includes a six-dimensional scala#, which counts amongst
its interactions a renormalizable cubic self-couplings®.
Since the couplingy of this interaction is dimensionless, it

where we have adopted the conventional normalizatioan introduce corrections to the low-energy action that are

M2fd?y yh=1. HereR(g) and R(h) denote the curvature

scalars computed from the metri{:ﬁw and h,,, respec-
tively.

logarithmic in r. Since all other couplings have negative
mass dimension in 6D, their quantum contributions are sup-
pressed by powers ofrl/implying the couplingg can domi-

Quantum corrections modify this action in several impor-nate at large. _ o .
tant ways. First, the kinetic terms can become renormalized, The bottom line of this scenario is that the dominant cor-
introducing the possibility that their coefficients can acquirerections to A, B and U are of the form 1c;a(r)

a dependence on Second, terms not written in E¢4) can

+¢,a?(r)+-- -, where the running loop-counting param-

be generated, including in particular a no-derivative poten€ter is given by a(r)=ag+aajlog(r/ro)+---, with aq

tial, U(r). At larger, U(r) can typically be expanded in
powers of 17, with the leading term falling off as 47, for

=g§/(47-r)3. In this scenario the potential(r) is plausibly
minimized for a(r)~1, implying a minimum for which

somep=0. For instance, for toroidal compactifications, the there is the desired large hierarchly,r ~exq +1/ag]>1. It
leading contribution can arise due to the Casimir energyis generic in this scenario that the quantum corrections to the

which produces the potentigl(r)=Uq/r*+ - - ..

other low-energy functionsiA and B, are also likely to be

We are in this way led to consider a scalar-tensor theoryarge.

[10,11], for the couplings of and the four-dimensional met-
ric, which we write as follows:

L Mgr?

\/—_é

R ar\?
A(r)R(g)—ZB(r)( )}—U(f)

T
L(9)

'

(5

For illustrative purposes when exploring cosmology, we
choose the functiond, B andU which are suggested by this
picture in the perturbative regime, for whichA~1
+alogMyr), B~1+blogMy) and U=~(Ug/rH)[1
+clog(Myr)]. Herea,b andc are small, since they are pro-
portional to the dimensionless coupling constard,
~g?/(4m)®, and higher orders i give higher powers of
log(M,r) although these have not been written explicitly. In
the spirit of this picture we supposgeto be of order 1/50, as
required in order to ensure thiak is minimized whenM yr
~10%. For cosmological purposes, we shall be interested in

As just described, the tree-level dimensional reduction othe regime for which elogM,r)<1 is negligible, but

the 6D Einstein-Hilbert action predicss=B=1 andU=0,

2This can be ensured by symmetries, such as in a supersymmetric
compactificatior{ 17]. Like everyone else we assume the vanishing
of the effective four-dimensional cosmological constant, and our
ideas do not add to the understanding of why this should be so.

elog?(Myr) is not. We takeU, to be generic in sizet,
~0O(Mp).

B. Naturalness

Since naturalness is one of our motivations, we briefly
summarize the arguments presented in IREB] as to why
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radiative corrections do not destabilize the scalar mass. Thehoice of variables is called the Einstein frame, to distin-
argument takes a different form for the contribution due toguish it from the Jordan frame, as defined by E5.2

the integrating out of scales above, or belows 1/r In the Einstein frame the action, E(), becomes
~1073 eV.

For scales below, the effective theory consists of a four- £ M—ﬁR— E(a 12—V — Ln(9,x) o
dimensional scalar-tensor theory coupled to itself, and to or- \/5 2 29X X \/5 '

dinary matter with couplingsg, of gravitational strength
~1/M,. Radiative corrections to the scalar mass within thiswhere
effective theory are then generically acceptably small, being
of order sm?~ x?A*, with ultraviolet cutoffA ~v. These are Viy)= Ulr(x)]
therefore the same size as the tree-level mass, as is required X (Mbr)“A2
if they are to be technically natural. nn
Radiative corrections to the masses coming from higher =Vo[1+(v—2a)ax+---]
scales, between andM,, are the dangerous ones. Generi- ~ ~n
cally, these are too large and it is the integrating out of these X exi = hox(1=by)l, ®

scales that introduces the naturalness problem to most quig—nd)\ —8a [Even thougkﬁ—O(e) we do not expand the
o—oa. =

te_sse_nce models. Within the framework of R&g], the con- s?cond term in the exponent in this expression because such
tributions from these scales are suppressed by 6D general . 221 which i t true f
covariance and by supersymmetry, the latter of which is prof’m expansion presupposeg » Which IS not true for our
. applications]
posed to be broken at the scdll, on the brane on which : _— B 9
. ) : For cosmological applications we takes’=—dt

observable particles existThis ensures acceptably large 242 - . . . _ )
splittings between the masses of ordinary particles and thel7a_ dxl_ In trr']e E'nStT'E frz(ijme, n Wh|ch_cas? the Lagrangian
superpartners. ) implies the usual Friedmann equations:

These symmetries suppress corrections to the radion mass o2 a2
because they relateto the four dimensional graviton, which 3H™Mp=p,  2HM}=—(p*p), ©)
is massless. Indeed, above the secatke bulk space is really where both the energy density, and pressurep,

o ) LT receive
six dimensional, and the radion is simply a component of the‘contributions fromy and the radiation and matter secters
six-dimensional metric. Since the metric and its superpart-

=p,+pmtp, and p=p,+pnt+p,, Wherep,~3p, and
ners only couple to the supersymmetry breaking with gravi- p;opm Px P=Pr Pm™ Py Pr=3 pr

tational strength, supersymmetry-breaking effects in the bulk " the Einstein frame the matter contributions also depend

sector are suppressed to be of orNhj/Mp~ 1hr~v. explicitly on y:
Since the scalar potential for the radion cannot arise until

these symmetries break, it is naturally of ordetF (o)

where ¢ is the dimensionless component of the six- Pm=3 o Pr=.» (10

dimensional metric which defines the radiog’s kinetic a*(Mpr) a

term, on the other hand, comes from the 6D Einstein-Hilber{,  ore the quantitiep,, andp, o, may be related to the den-

action (which is allowed by unbroken supersymmetnjt sity of matter and radiation at the present epéwhich we
tree level it is of ordeM f,(&p)z, and the coefficienM} is  choose to ba=1).

much larger than the contributions produced by integrating Equations(9) must be supplemented with the evolution
out physics at scales smaller théh,<M,. Again we are equation fory, which is
led on dimensional grounds to a mass that is of onger
2
~vIM,.
P

Pmo Pro

70 1 —o, (11)

x+3Hx+V'(x)+
x+3Hx+V'(x) M, |~

C. Cosmological equations whereT,, is the stress energy of the radiation and matter,

The cosmology of the radion is most easily described byand 7(x)=—a(1+a/2—2by). The successful comparison
passing to the Einstein frame, for which the radion and metof general relativity with precision tests of gravity within the
ric are canonically normalized. For the choices &1  solar system requires”(yo)=10"° when evaluated at the
+alog(Myr) andB=1+b log(M,r) the canonically normal- Present epochy= x, [11,19. Notice that since radiation sat-
ized variables are

~ ~n ~n 3A note on numerics: In the Jordan fran\,~M?2r, ordinary
9= 04, /[(Mpr)?A%] - and  logMyr) =ax(1-by), particle masses aren,~M,, and Kaluza-Klein masses amy
(6) ~1/r, while in the Einstein frameM ,~My, my~1/r and myg
~1/(Mgr?). Clearly, ratios of masses likea /mp=1/(Myr) are
. R ~ the same in either frame, bit,=1 corresponds to using TeV units
with a=(1—3a/4)/2, b=(a—b)/16 and y=x/M. This in the Jordan frame, but Planck units in the Einstein frame.
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isfies T#,=0, only matter contributes to this last coupling, true is to ensure thakl,r has not evolved by more than
which is proportional tol'* , = pp, . about 10% of its present value between BBN and the present
epoch. This constraint is much stronger than what is required
by garden-variety quintessence models. It is very strong be-
cause it requires that the fiefdcannot have rolled signifi-
We now show that cosmologically reasonable solutionszantly over cosmologically long times. A special property of
may be found to Eqs(9) and (11), which satisfy all of the  the cosmological solutions we shall examine is that they of-
bounds to which the theory must be subject. Since our goal ifen have the property thatbecomes fixed over cosmologi-
to demonstrate the existence and illustrate some of the fegg|ly large time scales. Motivated by the BBN constraints we
tures of these solutions, our analysis is not systematic angre particularly interested in those cosmological solutions for
should bp regarded as only a preliminary exploration of modyynich r does not strongly vary after BBN. We shall see that
els of this type. such solutions can arise for reasonably generic initial condi-
tions for the functions/(y) and »(x) we are using.
A. Constraints Next, we must demand agreement with present-day obser-

Our main assumption is that the universe enters into aH?tionS' which come in seve.rallimportant types_. First, preci-
effectively four-dimensional radiation-dominated evolution SN Measurements of gravitational forces indicate that the

at some temperatufg, higher than a few MeV, and so be- COUPIing 7(x) must be<0.03 in order not to be in conflict
fore big bang nucleosynthesis. This assumption is a preredVith the success of general relativity. Secondy ifs to pro-
uisite for describing cosmology in terms of four-dimensionalVvide an explanation of the dark energy, then its energy den-
fields, and seems likely to be required if the success of starfity must now be beginning to dominate that of matter, with
dard BBN is not to be forsaken. w=p,/p,< — 1 if this energy density is to be currently ac-
There is a limit to how highT, may be chosen, since the celerating the universe.
four-dimensional picture requires the extra-dimensional KK  Finally, we requirey not to ruin the success of scale-
modes to be cold. I, is too high, then these KK modes invariant fluctuations in describing present-day observations
can be thermally excited too efficiently through their cou-of the cosmic microwave background radiatig@MB).
plings with ordinary particles. If these modes are too abunSince a detailed analysis of the CMB in these models is
dant they can overclose the universe or decay too frequentlyeyond the scope of the present paper, we instead apply a
into photons after recombination, and so contribute unacpoor-man’s bound by requiring cosmological properties not
ceptably to the diffuse gamma ray backgrouidlé]. If the  to be too different from the standard picture near the epochs
KK modes all decay into observable daughters, then thesef radiation/matter crossover and recombination.
constraints requird, not to be larger than the TeV scale,
and can preclude havingrt+ 1072 eV. B. Approximate cosmological solutions
As the authors of Ref$7,16] themselves point out, these Bef lavi | h i he ab
constraints may be evaded, depending on the cosmology that efore laying out a cosmology that satisties the above
constraints, it is worth building intuition by outlining several

is assumed at earlier times in the universe’s history. For in- . . . )
’g‘pproxmate analytical solutions to the cosmological equa-

IIl. COSMOLOGY

stance, contributions to the diffuse gamma ray backgroun : :
are suppressed if the KK modes decay quickly enough int lons Whlch turn out to cpntrol the features.that are seen in
unobserved modes to be no longer present after the reco € numerlcal_results. Smcﬁe&he mlcrophy3|cs motivates us-
bination epoch, when photons decouple from matter. SucH'Y thg potentlal\/(){)zvpe » With Vip(x), A(x) and 'the
oupling 7(x) varying much more slowly agpolynomia)

fast decays can be arranged, for instance, if the KK mode "  than d th tiaht |
decay more frequently into particles on other branes. Suc nctions ot y than does he exponental”, we explore

decays may, in fact, be likely in cosmological scenarios forS!utions to the equations whanV,, and » are all constants.
which the very early universe is dominated by a gas OfThe cosmological evolutl_on of such fields in the limjt
branes and antibrang20]. (Another escape is possible if the —0 has been much studig@2], and our results go over to
extra-dimensional space is hyperbolic instead of toroidaltN€se in the appropriate limits.
with its volume much greater than the appropriate power of _|N€re are two types of solutions in this limit which are of
its radius of curvature\/»rﬁ [21]. In this case KK modes _prlnmpal |_nterest. These_ solu'qons may b? classified accord-
can be very heavyme~1/r., even though the hierarchy ing to which terms dominate in the equation, Eq(11).
problem is solved by haviny large) Although our present
interest is forT, <1 TeV, we have no difficulty imagining
some variation on these themes being invoked if scenarios The first class of approximate solutions we consider are
requiringT, >1 TeV were of interest. the scaling, or tracker, solutions, of which there are two dif-
Our second major constraint is the requirement that théerent types. These solutions are characterized by having all
quintessence fieldy, not destroy the successes of BBN. This €nergy densities scaling as a power of the scale factor, and
constraint arises because the success of BBN may be reither (i) y~3Hx~V'>np,, or (i) x~3Hx~7pm=>V'.
garded as indicating that the hierarch\M,,/M, Both types of solutions can arise regardless of whether it is
*(Gyn/Gg) ¥2is not much different at the epoch of nucleo- the scalar, radiation or matter which is dominating the evo-
synthesis than it is today. A sufficient condition for this to belution of the universe.

1. Scaling solutions

123507-5



A. ALBRECHT, C. P. BURGESS, F. RAVNDAL, AND C. SKORDIS PHYSICAL REVIEW b5 123507

Assume, therefore, that the scale factor scales with timeninimum of the potential. It happens, even though the radi-

asalay= (t/to)¥, and soH=a/a=k/t. From the Friedmann ©0n's kinetic energy dominates its potential energy, because

equation,H2xp, we see that if the dominant energy densitythe amount of roll is limited by the Hubble damping gener-
scales ap>a ", then we must havk=2/n. ated by the dominant energy component of the universe.

(i) x~3Hx~V'>75p. In this regime we assume 2 Transient solutions
1 What is perhaps even more striking than the trackers for
as’ 12 \whichr slowly varies is the behavior efduring the transient
evolution as the tracker—which is an attractor—is ap-
and we find from they field equation, Eq(11), thats=n. proached. Since the tracker solution may be approached from
If radiation or matter dominate the energy density, theninitial conditions for whichK>V or K<V, we consider each
n=3 or n=4. In this case we find solutions for whidk  of these in turn.
=3x?=V(x)=*1/a", and sor=a™® Equation(11) also im- K<V (slow roll). If K<V then itis a good approximation
plies that these scaling solutions are trackers in the sense thatneglecty in Eq. (11) relative to the other terms. lp,, is
p, tracks at precisely the fractiom'\? of the dominant en- also negligible relative t&/’, then the evolution is described
ergy density as the universe expands. Solutions of this typpy 3Hj(+V’ =0, which has as solutions
are possible only ih>>n. For\?<n the scalar energy den-
sity tends toward scalar domination of the universal expan- AVARELS
sion. V(a)= Lex't, (14
If it is y itself that dominates the energy density, then aP+ag

exit
=2/\? and a scaling solution of the type we seek exists so . .
| \2<6. | th'g botlK dvyp | #2 and wherep=n for radiation =4) and matterif=3) domina-
ong aizls - [N IS case botik and Vv scale as »an tion, andp=\? for scalar domination. Along this trajectory
sorocat ',

_ _ N the kinetic energy grows as/V=X\2V/(6p).
These are the tracker solutions which are familiar from  Thjs solution impliesV~V.,; is a constantand so also

stan_dard discussions of scalars evolving vyith e_xponential POmust ber) until a~agy, after which point the solution joins

tentials[22,23. Clearly these tracker solutions imply a rela- the tracker solution. for whicp = 1/aP and p, /p=p/\2

. . . . . L X X -

tlve_ly rapid variation ofr as the universe evolves. K>V (kinetic domination)If K dominates the scalar evo-
(ii) x~3Hx~npy>V'. We next consider the case where sion, thenVv’ and 7p,,, may be dropped relative tp and

the »T#, term dominates the scalar potential term in Eq.3H)-( In this case the, equation may again be solved ana-
(11). Notice that this can hold even if bot and p, are lytically, with solution y=C,—C,(ap/a)® ™, where

much larger thapy,, so the tracker sqlgthn we obtain here C,,C, are integration constants with, related to the initial
can be relevant even when nonrelativistic matter makes ueelocity by C,=(3— 1/p)ag(dy/da),. Here, as usualp
2_ 0 0' il

only a very small part of the universe’s total energy budget. e L 5
Under these assumptions, because the last term of E—2/n for radiation/matter domination, aru= 2/~ for sca-

. . " Fhir domination.
(113 :c_)mmates the potential term, we agk; to scale as This solution implies that the kinetic enerdy= 3 x? var-
andHy,

ies as

Vg Mo 5o
r

6
o) (15)

Pm* 3% —5 (13 K(a)=Kq

which, when inserted into Eq11) implies s=n and soK regardless of the value @t
“pm>pe1/a”. As usual, if the universe is radiation or matter “The eyolution of the potential energy is more interesting
dominated them=4 orn=3. (Interestingly, both matteand i these solutions. Consider first the case of radiation/matter
radiation fall as 1d* within this kind of tracker solution in a domination, for whichp=2/n so
radiation-dominated univerge. Alternatively, Kep,cp
«1/aM’, if the universe isy dominated. ag|3 "2

Although the scaling of scalar kinetic energy is the same V(a)=Vo exp:c (g) _1H' (16)
for tracker solutions of typdi) and type(ii), they differ
markedly in the scaling that they imply for In the present  with c=(3— 1/p)\ay(dy/da),.
solution the scaling of vs a follows from the known scaling As the universe expands according to this solutjpar-
of p,,. For radiation/matter domination, whepe<1/a” we  ries an ever-smaller fraction of the energy density since
find raxa” and sorxa" 2 Clearly ra for radiation K(a)x1/a® falls faster than does the dominant matter or ra-
domination, butr only varies logarithmically during matter diation, p=1/a". EventuallyK becomes comparable in size
domination. During a scalar-dominated phase, on the otheg V(a), which for largea asymptotes to a constant value
hand, we havexa*“~3. Again,r does not vary if\2=3. V(a)—V..=Vee . At this point the approximation of drop-
What is striking about these solutions wherehanges so  ping the scalar potential in Eq11) breaks down, and we
slowly is that this happens in spite of its not being at thematch onto the slow-roll solution discussed above. The
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amount of expansion that occurs bef&f@andK are compa- time scales is also slow, and the above approximate solutions

rable is determined bg/a,=(e°K,/V,)YC. provide a good description for most of the universe’s history.
What is remarkable about this solution is that the constantVe have found that thejy dependence can nevertheless play

¢ cannot be made arbitrarily large. To see this, notice that an important role when constructing viable cosmologies, by

can be related to the initial kinetic energy by usiKkg allowing important deviations from the approximate solu-

=1H?a?(dy/da)?. Using the upper limiK<3H?, whichis  tions, including the following:

dictated by the inequaliti{ < p and the Friedmann equation,  The y dependence 0¥, becomes important for those

we see that<6\(3—1/p). For \=4 andp=1/2 (radia- satisfyingV,/V,~\, since the potentia/ can acquire sta-

tion domination we havec<4./6~9.6. tionary points near such points. These kinds of stationary
This upper limit onc implies thatV cannot fall by more points can slow or trap the cosmologigakoll, in much the

than a factor ofe °<e ™% during a radiation dominated Same way as was exploited in Rg25].

epoch, despite the fact theis evolution is being dominated ~ The x dependence of can cause transitions between the

by its kinetic energy. SinceVx1/r® we see thatr/r,  domains of attraction of the various attractor solutions. For

< eMB/B— 0.3 \aries hardly at all during the entire kinetic instance, in a scalar dominated era, the evolutiory afan

roll. Physically the paradoxical upper limit onduring a  drive \ across the dividing point*=6, forcing a transition
kinetic dominated roll arises due to the Hubble dampingPetween the scaling and kinetic-dominated attractor solu-
which increases with the kinetic energy, if the kinetic energytions.

gets large. This observation has also been made in another The x dependence of is crucial for evading the bounds
context in Ref[24]. on long-range forces during the present epoch, because it

A similar result holds for the kinetic roll in the scalar- allows # to vanish for some choices gf The bounds can be
dominated phase, although with results which differ stronglyevaded provided the current valueyofs sufficiently close to
depending on the value of. If A\><6, the above analysis such a zero of;. Furthermore, as described in detail in Ref.

applies directly, witho=2/\2. As beforeK«1/a® and [11], in many circumstanceg’s cosmological evolution is
naturally attracted to the zeros gfas the universe expands.
PRI Because of the natural hierarchy satisfied by the coeffi-
V(a)=Vgex <—) —1]f. (17 cients of these functions, the consequenceg dépendence

generically occur fory~O(1/€), corresponding to close to
Provided\?<6, V(a) again asymptotes t¥oe ¢, with ¢ its present value.

once more subject to a very general upper bound. Ghce
falls to be of ordew, this solution matches onto a slow roll

solution, and approaches the tracker solution, which exists ) o .
for \2<6. We next describe a realistic cosmology that exploits some

If A\2>6, however, the large-limit of V(a) is very dif-  Of these properties. We present this model as an existence
proof that cosmologically interesting evolution can really be
found using the scalar properties which are suggested by the
microphysics. We find that the main constraint which gov-
erns the construction of such solutions is the requirement that
r not vary appreciably between BBN and the present epoch.
In order to fix ideas, we imagine starting the universe off
atT,=1 MeV, perhaps after an epoch of earlier inflation, in
Although these solutions describe well most features of kinetic-dominated roll. We note that such a state is the
the numerical evolution we describe below, there are alsgeneric end point if we start with~ 4> /6, as is motivated
important deviations. These deviations arise becaps®id  py the tree-level expression for the radion potential, and as-
the quantities\ andV/, (of the potentiaV=V,e™*Y) used  syme the scalar dominates the energy density of the universe.

C. A realistic cosmological evolution

ferent. In this casev(a)=exy —|c|(a/ag)® 2], implying
thatV(a) falls very quickly to zero as the roll proceeds. This
solution describes the attractor for the cage-6, which is a
kinetic-dominated roll rather than a tracker solution.

3. Realistic complications

in the numerical evolution are all polynomials jn Moti-  (As we will discuss briefly later, one might chose to make
vated by the microphysical discussion given in Sec. Il wegther assumptions about the initial conditions.
choose With this assumption the scalar energy density must even-
. . tually fall below the density of radiation, thus initiating the
n=mnot 71X, MX)=Not Ay, (18)  radiation-dominated era. We assume that this radiation domi-

nation begins shortly before BBN, so that nucleosynthesis
occurs during radiation domination.

Our second assumption is dictated by the requirement that
r does not change appreciably between BBN and now. Al-
with 7y, \g andV, all taken to beO(1), n¢, \; andV;, though the kinetic-dominated roll before radiation domina-
assumed to b®(e) andV, taken O(€?), wheree~1/50.  tion will automatically ensure tha¥ <K, we ask thatv be
(The second-order quantity, is included here in order to within an order of magnitude of its present value as radiation
ensure tha¥ does not change sign for any value xaf domination begins. This ensures thawill have an initial

Because these quantities vary more slowly wittthan  value at the onset of radiation domination which is very
does the exponential i, their evolution over cosmological close to its present-day value. We make ttfairly ugly)

. Vs,
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FIG. 1. The logarithnibase 10 of the energy densityin Planck FIG. 3. The logarithmbase 10 of the dimensionless quantity

units). of various componen?s of.the universe, plotted against they of, plotted against the logarithiibase 10 of the Einstein frame
logarithm (base 10 of the Einstein frame scale facta (with a  scale factora (with a=1 at present showing how the radion has

=1 at present The various curves show the energy density of hot evolved appreciably between nucleosynthesis and the present
matter (dashed, radiation (dotted and scalar energysolid). The  epoch.

dot-dashed curve shows the scakémetic energy density, which
coincides with the total scalar density except at late times. described above. With the given initial conditions the scalar

_ o enters radiation domination in a kinetic-dominated roll, and
assumption to demonstrate the feasibility of models along tries to approach a tracker solution by first damping its
the lines we are presenting, but hope to be able to eventuallyjnetic energy in a continued kinetic-dominated roll, and
identify a more natural framework in which such a conditionthen performing a slow roll at fixed We have seen that the
could be ensured by the system’s dynamics rather than as gpjverse expands by an amount/ §,)%~ K, /V, during the
initial condition. _ o _ transient phase, before the tracker solution is reached, so

For\~4, once the universe becomes radiation dominategjyen the low values 0¥, assumed at the onset of radiation
the scalar is in the domain of validity of the tracker 50|Uti0n5domination,Ko/VO is very large, and so the transient evolu-

tion to the tracker can easily take the entire time from BBN
S to the present epoch.
\ We have seen on general grounds that the valuedoles
I not change by more than a factor ©{1) during this tran-
sient phase, including both the transient’s kinetic-dominated
and slow-rolling parts. The challenge in making this scenario
realistic is to have this transient evolution survive right up to
- the present day, without first being intercepted by a tracker
] solution.

We have been able to find initial conditions and plausible
couplings for which this is accomplished. One such is illus-
. trated in Figs. 1—4, which plot the evolution of various quan-
. tities from the onset of radiation domination to the present.
. The evolution described by this simulation uses the values
suggested by the lowest-order microscopic actigps=1,
No=4 andV,=1, plus the following correction termsj,;

- =-0.015,\,=0, V,;=—0.030 andv,=0.00046.
R T e e e B s e o I S Figure 1 shows how the energy density in the universe is
-1z -0 -8 . 6 -4 -2 0 distributed between radiation, matter and the kinetic and po-
og(@) tential energy of the scalar field, as a function of the univer-

FIG. 2. The same plot as Fig. 1, but with the energy densitiessal scale factora, in the Einstein frame. Figure 2 plots the
given as fractions of the critical density. The various curves showsame information, but normalized as a fraction of the total
the energy density of matté},,, (dashed] radiationQ), (dotted and  universal energy density, and also plotting the scalar
total scalar energf), (solid), while the dash-dotted curve gives the equation-of-state parametey=p,/p,. Figure 3 gives a
equation of state parametev=p/p, for the scalar field. plot of r vs the scale factor, showing thatdoes not vary

1

0.5

-0.5

123507-8



NATURAL QUINTESSENCE AND LARGE EXTRA DIMENSIONS PHYSICAL REVIEW D65 123507

(LR e L e I L L B L satisfies all current bounds that constrain the existence of
long-range scalar-mediated forde§).

The success of the radion in filling the quintessence role is
somewhat of a surprise, since radion models have long been
believed to have phenomenologically unacceptable cou-
plings. The model evades these problems because the cou-
plings are predicted to be weakly field dependent, allowing
the scalar couplings to evolve over cosmological timescales.
The model evades all present-day bounds on new forces be-
cause the relevant couplings evolve toward small values at
0.004 - . late times.

Although most of the parameters and initial conditions
chosen were natural in size, the model does have two fea-
0.002 |- . tures that we believe need further improvement. First, al-
- 1 though all scalar couplings were chosen with natural sizes,
the precise values chosen were adjusted to arrange the scalar
P I S I BN AP B potential to have a minimum close to a zerozpfWe would
-12  -10 -8 -6 -4 -2 0 prefer to find an attractor solution, like that of Damour and

log(a) Nordtvedt[11], which more naturally draws to small val-
ues in the present epoch.

A second unsatisfactory feature of the cosmology pre-
sented is its reliance on the entering of radiation domination
with r close to its present value. Although large values of
are naturally generated by kinetic-dominated rolls during
scalar dominated epochs, there is no natural reason why they
Yshould have precisely the current value. This problem might

be resolved by a more developed understanding of radion
initial conditions. Perhaps one could argue that there ai@ no

. : ' : . - priori constraints on the initial conditions far In that pic-

As is evident from the figures, this solution satisfies all Ofture, it may be the case that the largest amount of phase

?ﬁscsvzgoiggfﬂ ﬁ:ﬁegrsseggfoagnbogndrsoV\:ieatléslte?hgacrgﬁ%pace that matches the observation that Newton’s constant is
omp y cr g approp v constant and nonzero today would be one whehas the
stants governing the scalar interactions, by ensukintp

- : : current value throughout the cosmic evolutigim that rea-
have a minimum relatively near to a zero gf This was

. ~  soning, the constancy @ is not a prediction, but an input.
required because althoughnaturally does not evolve sig- 9 y P ’ bu

nificantly for most of the universe’s historfafter the onset A natural way to alleviate both of these problems would
"y L . . °~.  be to consider more moduli than just the radion, since other
of radiation dominatio)) for pure exponential potentials it

enerically tends to join a tracker solution near the onset o oduli would be less constrained by the requirement that
9 y tend J . . ewton’s constant not appreciably change since nucleosyn-
matter domination. Becauseevolves too far once in this

tracker solution, it must be avoided. The solution iIIustratedthESIS' We believe work along these lines to be worthwhile,

in the fi d by having b d by th given the model’s successful addressing of the naturalness
In € TIgurés does so by having become snagged by e ;4 o of guintessence models, and the promising cosmology
minimum of V before entering into the matter-dominated

h to which it leads despite its being devised to solve purely
phase. microphysical problems such as the hierarchy problem.

0.008 —

0.006 —

FIG. 4. The scalar coupling functiorny, plotted against the
logarithm (base 10 of the Einstein frame scale facta, (with a
=1 at present showing how is small enough to satisfy the
present-day bounds on the existence of long-range scalar forces.

appreciably between BBN and the present epoch. Finall
Fig. 4 shows the evolution of; against the scale factor,
showing that# evolves to sufficiently small values at the
present epoch.

IV. DISCUSSION
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