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Natural quintessence and large extra dimensions
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We examine the late-time~nucleosynthesis and later! cosmological implications of brane-world scenarios
having large~millimeter sized! extra dimensions. In particular, recent proposals for understanding why the
extra dimensions are so large in these models indicate that moduli such as the radion appear~to four-
dimensional observers! to be extremely light, with a mass of order 10233 eV, allowing them to play the role
of the light scalar of quintessence models. The radion-as-quintessence solves a long-standing problem since its
small mass is technically natural, in that it is stable against radiative corrections. Its challenges are to explain
why such a light particle has not been seen in precision tests of gravity, and why Newton’s constant has not
appreciably evolved since nucleosynthesis. We find the couplings suggested by stabilization models can pro-
vide explanations for both of these questions. We identify the features which must be required of any earlier
epochs of cosmology in order for these explanations to hold.

DOI: 10.1103/PhysRevD.65.123507 PACS number~s!: 98.80.Cq, 11.10.Kk
th
e
o

rg
es

e

ou
tio

at

o
u
-
h
a

m
m

li

Th

e
olv

ar,
ing
-

ew
in

at is
ob-

r-

ural
uc-

is
es
hy
s

els

om
nal
not
ict

ion
cal
ials
I. INTRODUCTION

If current experimental indications are to be believed,
universe is composed of islands of luminous material emb
ded among darker baryonic matter, wrapped in the riddle
nonbaryonic dark matter inside the enigma of dark ene
Best fits to cosmological models give the last three of th
in the rough relative proportions of few%:30%:70%@1#. It is
staggering that essentially nothing is known abouteither of
the two dominant components of the universe’s present
ergy density.

The very existence of dark energy presents seri
puzzles. The simplest account of the cosmic accelera
seems to be a nonzero cosmological constantL. However
the energy scale of the cosmological constant is problem
requiring an energy densityrL'v4 with v;1023 eV. The
long-standing cosmological constant problem@2# stems from
the fact that vacuum fluctuations contribute to the cosm
logical constant, and simple estimates calculated by ass
ing a Planck-mass cutoff giveL a value 120 orders of mag
nitude greater than is consistent with observations. T
discrepancy is reduced somewhat in models where the n
ral cutoff is the supersymmetry breaking scale, but even
that case there is a very serious problem.

Many physicists are attracted by the idea that the cos
logical constant problem could eventually be solved by so
symmetry argument that would setL precisely to zero~al-
though very interesting alternative views do exist@3#!. The
observed cosmic acceleration creates problems with that
of reasoning, since it appears to indicate thatL actually is
nonzero. One way out is to assume thatL really is zero, and
that something else is causing the cosmic acceleration.
‘‘something else’’ is usually called ‘‘dark energy’’ or ‘‘quin-
tessence’’@4,5#.

For quintessence, typically one proposes the existenc
a scalar field whose mass is small enough for it to be ev
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ing in a cosmologically interesting way at present. So f
essentially all quintessence models present the follow
challenges or puzzles@6#. Problem 1: Why do radiative cor
rections not destabilize the fantastic hierarchy betweenv, the
scalar masses which are required (m;v2/M p;10233 eV)
and the other known scales of physics?~Only the first quin-
tessence model attempts to address this problem@4#.! Prob-
lem 2: Why is the very long-range force mediated by the n
light scalar not detected in precision tests of gravity with
the solar system?

We here report on a class of quintessence models th
motivated by recent efforts to understand the hierarchy pr
lem, in which all observed particles except gravitons~and
their supersymmetric partners! are trapped on a
(311)-dimensional surface, or brane, in a highe
dimensional ‘‘bulk’’ space@7,8#. It turns out that within this
framework the above two puzzles are resolved in a nat
way. We believe ours is the only quintessence model to s
cessfully addressboth these particular challenges.1

A great virtue of the class of models which we explore
that they generally arise in the low-energy limit of theori
which were originally proposed to solve the gauge hierarc
problem, without any cosmological applications in mind. A
we shall see, the generic low-energy limit of these mod
looks like scalar-tensor gravity@10#, with the four-
dimensional scalars of relevance to cosmology coming fr
some of the extra-dimensional modes of the six-dimensio
metric. We show here that although these models were
proposed with cosmology in mind, the couplings they pred
for these scalars have the following properties.

1Reference@9# discusses another type of quantum correct
which corrects classical rolling of the quintessence field off a lo
maximum. Those calculations do not apply to the type of potent
considered here.
©2002 The American Physical Society07-1
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~1! Good news. They can predict a late-time cosmolog
that provides a quintessence-style description of the dark
ergy. And they do so with scalars whose masses are
tremely small, yet technically natural.

~2! Good news. They can evade the constraints on t
existence of very long-ranged forces because the coupl
of ordinary matter to the the very light scalars are predic
to befield dependent, and so evolve over cosmological tim
scales. As has been observed elsewhere@11#, once free to
evolve, such couplings often like to evolve toward zero, i
plying acceptably small deviations from general relativ
within the solar system at the present epoch.

~3! Good news. The expectation values of the scalar fiel
whose cosmology we explore determine the value of Ne
ton’s constant, and the success of big-bang nucleosynth
~BBN! implies strong limits on how much this can hav
changed between then and now. We find the evolution
Newton’s constant changes very little over cosmologica
long times, for a reasonably wide range of initial conditio
when we enter the BBN epoch: Newton’s constant tends
to change once the motion of the scalar field is either kin
or potential dominated.

~4! Bad news. The previous two cosmological success
arenot completely generic, in the following sense. First, th
depend on dimensionless couplings taking values which
of ordere;1/50 or so.~Although couplings of this order o
magnitude naturally do arise in the models of interest,
require some modest coincidences in their values to en
sufficiently small evolution in Newton’s constant.! Second,
although many initial conditions do produce an accepta
cosmology, this success is not completely generic. Attra
solutions exist that would cause too much variation in Ne
ton’s constant if they described the cosmology between B
and today. Furthermore, obtaining the present-day valu
Newton’s constant requires adjusting the features of the
lar potential.

We present our results here as an example of a via
cosmology, based on using the brane-world’s ext
dimensional ‘‘radion’’ mode as a quintessence field. Our a
ity to do so may itself be considered something of a surpr
since extra-dimensional aficionados had earlier examined
radion as a quintessence candidate, and found it wan
Our conclusion here differs, because of our recognition t
the radion couplings tend to be field dependent, in a way
make precise below.

We regard this work as a first exploration of the con
tions that a successful cosmology must assume. We be
our results to be sufficiently promising to justify further e
ploration of this class of models, to see to what extent
unattractive features can be improved upon, and to asce
what observations can test whether the universe indeed
ceeds as we describe here.

Our presentation is organized as follows. In the next s
tion we briefly describe the brane models we use, and t
motivations and problems. The low-energy action relev
for cosmology is also presented in this section. Section
describes some of the cosmological solutions of the the
focusing in particular on analytic expressions on which in
ition can be based. More complicated, and realistic, soluti
12350
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are then described numerically. We close in Sec. IV with
discussion of our results.

II. THE MODEL

Our point of departure is the brane-world scenario
which all observed particles except the graviton are trap
on a (311)-dimensional surface, or brane, in a highe
dimensional ‘‘bulk’’ space. In particular, we imagine th
scale of physics on the brane isMb;1 TeV and the bulk
space is approximately six dimensional, comprising the us
four, plus two which are compact but with radius as large
1/r;1023 eV @7,8#. The large ratioMbr;1015 is phenom-
enologically required to reproduce an acceptably weak gr
tational coupling in four dimensions,M p5(8pG)21/2

;Mb
2r;1018 GeV.

These kinds of models face two main difficulties, o
theoretical and one phenomenological. Theoretically, th
models trade the large hierarchyMb /M p510215 for the hi-
erarchyMbr 51015, but an explanation of this last value u
timately must be provided. Recently progress toward prov
ing this explanation has been made, by proposing energ
reasons why the extra-dimensional radii might prefer to ta
large values@12,13#. Our quintessence model does not re
on the details of these mechanisms, but our choice for
scalar field couplings is strongly motivated by the mech
nism of Ref.@13#.

Phenomenologically, there are strong upper limits on h
largeMbr can be. These limits come from supernova@14,15#
and cosmological observations@16# which preclude the exis-
tence of Kaluza-Klein~KK ! partners of the bulk-space grav
ton and its superpartners. We believe the present-day ob
vational constraints on KK modes can be accommodate
only two dimensions haver as large as (1023 eV)21, but
preventr from being taken any larger. Although the cosm
logical constraints generally impose stronger upper limits
r they depend more on the details of the assumed cosmol
and can be evaded under certain conditions~which we de-
scribe in more detail later!.

A. The low-energy action

We start by sketching the brane world scenario, and
low energy action. Our discussion closely follows that
Ref. @13#.

The couplings of the brane-world model relevant to co
mology are those of the six-dimensional metric,GMN . ~Six
dimensions are required in order to allow the extra dim
sions to have radii as large as we need.! The leading terms in
the derivative expansion for the six-dimensional action ha
the form S5SB1Sb , where the bulk action describing th
metric degrees of freedom is

SB52
Mb

4

2 E d4xd2yAG R1•••, ~1!
7-2
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NATURAL QUINTESSENCE AND LARGE EXTRA DIMENSIONS PHYSICAL REVIEW D65 123507
where R denotes the scalar curvature built from the s
dimensional metric, and we write no cosmological const
for the bulk.2

The dependence of the brane action on its various ma
fields is not crucial for our purposes, but what is importan
that it depends only on the metric evaluated at the bra
position:

Sb5E d4xAgLb~gmn , . . . !, ~2!

where the ellipses denote all of the other fields on whichLb
could depend.

The tree-level dimensional reduction of this action us
the metric

GMN5S ĝmn~x! 0

0 r2~x! hmn~y!
D , ~3!

with r5Mb r , gives the leading contribution to the effectiv
four-dimensional Lagrangian:

Lkin52
Mb

4r 2

2
AĝFR~ ĝ!22S ]r

r D 2

1
R~h!

Mb
2r 2G , ~4!

where we have adopted the conventional normaliza
Mb

2*d2y Ah51. HereR(ĝ) and R(h) denote the curvature

scalars computed from the metricsĝmn and hmn , respec-
tively.

Quantum corrections modify this action in several imp
tant ways. First, the kinetic terms can become renormaliz
introducing the possibility that their coefficients can acqu
a dependence onr. Second, terms not written in Eq.~4! can
be generated, including in particular a no-derivative pot
tial, U(r ). At large r, U(r ) can typically be expanded in
powers of 1/r , with the leading term falling off as 1/r p, for
somep>0. For instance, for toroidal compactifications, t
leading contribution can arise due to the Casimir ene
which produces the potentialU(r )5U0 /r 41•••.

We are in this way led to consider a scalar-tensor the
@10,11#, for the couplings ofr and the four-dimensional met
ric, which we write as follows:

L
A2ĝ

52
Mb

4r 2

2
FA~r !R~ ĝ!22B~r !S ]r

r
D 2G2U~r !

2
Lm~ ĝ!

A2ĝ
. ~5!

As just described, the tree-level dimensional reduction
the 6D Einstein-Hilbert action predictsA5B51 andU50,

2This can be ensured by symmetries, such as in a supersymm
compactification@17#. Like everyone else we assume the vanish
of the effective four-dimensional cosmological constant, and
ideas do not add to the understanding of why this should be so
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and with these choices Eq.~5! describes a Jordan-Brans
Dicke theory with coupling parameterv521/2 @18#. Notice
that the matter Lagrangian,Lm , describes the couplings o
all of the known particles, and depends only onĝmn but not
on r. ~Ordinary matter does not couple directly tor in the
brane-world picture because it is trapped on the brane,
does not carry stress energy in the extra dimensions.!

Notice that if the scale ofU(r ) is completely set byr, as
is true for the cases discussed in@13#, then the mass which is
predicted for this scalar is incredibly small: of orderm
;v2/M p;10233 eV. It is the existence of such a sma
mass that allowsr to potentially play a cosmologically inter
esting role right up to the present epoch, and so to b
candidate for a quintessence field.

Since the predictions forA,B andU depend crucially on
the approximation made in their derivation, in general
expect them to be given by more complicated functions. T
turns out to be true, in particular, within the hierarch
generating mechanism described in Ref.@13#. Since we use
this proposal to motivate our choices for these functions,
briefly pause here to summarize its implications.

The proposal supposes that the spectrum of bulk st
includes a six-dimensional scalar,f, which counts amongs
its interactions a renormalizable cubic self-coupling,gf3.
Since the couplingg of this interaction is dimensionless,
can introduce corrections to the low-energy action that
logarithmic in r. Since all other couplings have negativ
mass dimension in 6D, their quantum contributions are s
pressed by powers of 1/r , implying the couplingg can domi-
nate at larger.

The bottom line of this scenario is that the dominant c
rections to A, B and U are of the form 11c1 a(r )
1c2 a2(r )1•••, where the running loop-counting param
eter is given by a(r )5a01aa0

2 log(r/r0)1•••, with a0

5g0
2/(4p)3. In this scenario the potentialU(r ) is plausibly

minimized for a(r );1, implying a minimum for which
there is the desired large hierarchyMbr;exp@11/a0#@1. It
is generic in this scenario that the quantum corrections to
other low-energy functions,A and B, are also likely to be
large.

For illustrative purposes when exploring cosmology, w
choose the functionsA, B andU which are suggested by thi
picture in the perturbative regime, for whichA'1
1a log(Mbr), B'11b log(Mbr) and U'(U0 /r 4)@1
1c log(Mbr)#. Herea,b andc are small, since they are pro
portional to the dimensionless coupling constant,e
;g2/(4p)3, and higher orders ine give higher powers of
log(Mbr) although these have not been written explicitly.
the spirit of this picture we supposee to be of order 1/50, as
required in order to ensure thatU is minimized whenMbr
;1015. For cosmological purposes, we shall be interested
the regime for which e log(Mbr)&1 is negligible, but
e log2(Mbr) is not. We takeU0 to be generic in size:U0

;O(Mb
4).

B. Naturalness

Since naturalness is one of our motivations, we brie
summarize the arguments presented in Ref.@13# as to why

tric

r
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radiative corrections do not destabilize the scalar mass.
argument takes a different form for the contribution due
the integrating out of scales above, or below,v;1/r
;1023 eV.

For scales belowv, the effective theory consists of a fou
dimensional scalar-tensor theory coupled to itself, and to
dinary matter with couplings,k, of gravitational strengthk
;1/M p . Radiative corrections to the scalar mass within t
effective theory are then generically acceptably small, be
of orderdm2;k2L4, with ultraviolet cutoffL;v. These are
therefore the same size as the tree-level mass, as is req
if they are to be technically natural.

Radiative corrections to the masses coming from hig
scales, betweenv andMb , are the dangerous ones. Gene
cally, these are too large and it is the integrating out of th
scales that introduces the naturalness problem to most q
tessence models. Within the framework of Ref.@13#, the con-
tributions from these scales are suppressed by 6D gen
covariance and by supersymmetry, the latter of which is p
posed to be broken at the scaleMb on the brane on which
observable particles exist.~This ensures acceptably larg
splittings between the masses of ordinary particles and t
superpartners.!

These symmetries suppress corrections to the radion m
because they relater to the four dimensional graviton, whic
is massless. Indeed, above the scalev the bulk space is really
six dimensional, and the radion is simply a component of
six-dimensional metric. Since the metric and its superp
ners only couple to the supersymmetry breaking with gra
tational strength, supersymmetry-breaking effects in the b
sector are suppressed to be of orderMb

2/M p;1/r;v.
Since the scalar potential for the radion cannot arise u

these symmetries break, it is naturally of orderv4F(w)
where w is the dimensionless component of the s
dimensional metric which defines the radion.w ’s kinetic
term, on the other hand, comes from the 6D Einstein-Hilb
action ~which is allowed by unbroken supersymmetry!. At
tree level it is of orderM p

2(]w)2, and the coefficientM p
2 is

much larger than the contributions produced by integrat
out physics at scales smaller thanMb!M p . Again we are
led on dimensional grounds to a mass that is of orderm
;v2/M p .

C. Cosmological equations

The cosmology of the radion is most easily described
passing to the Einstein frame, for which the radion and m
ric are canonically normalized. For the choices ofA51
1a log(Mbr) andB511b log(Mbr) the canonically normal-
ized variables are

ĝmn5gmn /@~Mbr !2A2# and log~Mbr !5âx̂~12b̂x̂ !,
~6!

with â5(123a/4)/2, b̂5(a2b)/16 and x̂5x/Mb . This
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choice of variables is called the Einstein frame, to dist
guish it from the Jordan frame, as defined by Eq.~5!.3

In the Einstein frame the action, Eq.~5!, becomes

L
Ag

52
Mb

2

2
R2

1

2
~]x!22V~x!2

Lm~g,x!

Ag
, ~7!

where

V~x!5
U@r ~x!#

~Mbr !4A2

5V0@11~v22a!âx̂1•••#

3exp@2l0x̂~12b̂x̂ !#, ~8!

and l058â. @Even thoughb̂5O(e) we do not expand the
second term in the exponent in this expression because
an expansion presupposesex̂2!1, which is not true for our
applications.#

For cosmological applications we takeds252dt2

1a2dxW2 in the Einstein frame, in which case the Lagrangi
~7! implies the usual Friedmann equations:

3H2Mb
25r, 2ḢMb

252~r1p!, ~9!

where both the energy density,r, and pressure,p, receive
contributions fromx and the radiation and matter sectorsr
5r r1rm1rx and p5pr1pm1px , where pr'

1
3 r r and

pm'0.
In the Einstein frame the matter contributions also depe

explicitly on x:

rm5
rm0

a3~Mbr !
, r r5

r r0

a4
, ~10!

where the quantitiesrm0 andr r0, may be related to the den
sity of matter and radiation at the present epoch~which we
choose to bea51).

Equations~9! must be supplemented with the evolutio
equation forx, which is

ẍ13Hẋ1V8~x!1
h~x!

Mb
Tm

m50, ~11!

whereTmn is the stress energy of the radiation and mat
and h(x)52â(11a/222b̂x̂). The successful compariso
of general relativity with precision tests of gravity within th
solar system requiresh2(x0)&1023 when evaluated at the
present epoch,x5x0 @11,19#. Notice that since radiation sat

3A note on numerics: In the Jordan frameM p;Mb
2r , ordinary

particle masses aremp;Mb and Kaluza-Klein masses aremKK

;1/r , while in the Einstein frameM p;Mb , mp;1/r and mKK

;1/(Mbr 2). Clearly, ratios of masses likemKK /mp51/(Mbr ) are
the same in either frame, butMb51 corresponds to using TeV unit
in the Jordan frame, but Planck units in the Einstein frame.
7-4
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isfies Tm
m50, only matter contributes to this last couplin

which is proportional toTm
m5rm .

III. COSMOLOGY

We now show that cosmologically reasonable solutio
may be found to Eqs.~9! and ~11!, which satisfy all of the
bounds to which the theory must be subject. Since our go
to demonstrate the existence and illustrate some of the
tures of these solutions, our analysis is not systematic
should be regarded as only a preliminary exploration of m
els of this type.

A. Constraints

Our main assumption is that the universe enters into
effectively four-dimensional radiation-dominated evoluti
at some temperatureT* higher than a few MeV, and so be
fore big bang nucleosynthesis. This assumption is a pre
uisite for describing cosmology in terms of four-dimension
fields, and seems likely to be required if the success of s
dard BBN is not to be forsaken.

There is a limit to how highT* may be chosen, since th
four-dimensional picture requires the extra-dimensional
modes to be cold. IfT* is too high, then these KK mode
can be thermally excited too efficiently through their co
plings with ordinary particles. If these modes are too ab
dant they can overclose the universe or decay too freque
into photons after recombination, and so contribute un
ceptably to the diffuse gamma ray background@7,16#. If the
KK modes all decay into observable daughters, then th
constraints requireT* not to be larger than the TeV scal
and can preclude having 1/r;1023 eV.

As the authors of Refs.@7,16# themselves point out, thes
constraints may be evaded, depending on the cosmology
is assumed at earlier times in the universe’s history. For
stance, contributions to the diffuse gamma ray backgro
are suppressed if the KK modes decay quickly enough
unobserved modes to be no longer present after the rec
bination epoch, when photons decouple from matter. S
fast decays can be arranged, for instance, if the KK mo
decay more frequently into particles on other branes. S
decays may, in fact, be likely in cosmological scenarios
which the very early universe is dominated by a gas
branes and antibranes@20#. ~Another escape is possible if th
extra-dimensional space is hyperbolic instead of toroid
with its volume much greater than the appropriate powe
its radius of curvature:V@r c

2 @21#. In this case KK modes
can be very heavy,mKK;1/r c , even though the hierarch
problem is solved by havingV large.! Although our present
interest is forT* ,1 TeV, we have no difficulty imagining
some variation on these themes being invoked if scena
requiringT* .1 TeV were of interest.

Our second major constraint is the requirement that
quintessence field,x, not destroy the successes of BBN. Th
constraint arises because the success of BBN may be
garded as indicating that the hierarchyMw /M p
}(GN /GF)21/2 is not much different at the epoch of nucle
synthesis than it is today. A sufficient condition for this to
12350
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true is to ensure thatMbr has not evolved by more tha
about 10% of its present value between BBN and the pre
epoch. This constraint is much stronger than what is requ
by garden-variety quintessence models. It is very strong
cause it requires that the fieldr cannot have rolled signifi-
cantly over cosmologically long times. A special property
the cosmological solutions we shall examine is that they
ten have the property thatr becomes fixed over cosmolog
cally large time scales. Motivated by the BBN constraints
are particularly interested in those cosmological solutions
which r does not strongly vary after BBN. We shall see th
such solutions can arise for reasonably generic initial con
tions for the functionsV(x) andh(x) we are using.

Next, we must demand agreement with present-day ob
vations, which come in several important types. First, pre
sion measurements of gravitational forces indicate that
couplingh(x) must be&0.03 in order not to be in conflic
with the success of general relativity. Second, ifx is to pro-
vide an explanation of the dark energy, then its energy d
sity must now be beginning to dominate that of matter, w
w5px /rx,2 1

3 if this energy density is to be currently ac
celerating the universe.

Finally, we requirex not to ruin the success of scale
invariant fluctuations in describing present-day observati
of the cosmic microwave background radiation~CMB!.
Since a detailed analysis of the CMB in these models
beyond the scope of the present paper, we instead app
poor-man’s bound by requiring cosmological properties
to be too different from the standard picture near the epo
of radiation/matter crossover and recombination.

B. Approximate cosmological solutions

Before laying out a cosmology that satisfies the abo
constraints, it is worth building intuition by outlining sever
approximate analytical solutions to the cosmological eq
tions which turn out to control the features that are seen
the numerical results. Since the microphysics motivates
ing the potentialV(x)5Vp e2lx, with Vp(x), l(x) and the
coupling h(x) varying much more slowly as~polynomial!
functions of x than does the exponentialelx, we explore
solutions to the equations whenl,Vp andh are all constants.
The cosmological evolution of such fields in the limith
→0 has been much studied@22#, and our results go over to
these in the appropriate limits.

There are two types of solutions in this limit which are
principal interest. These solutions may be classified acco
ing to which terms dominate in thex equation, Eq.~11!.

1. Scaling solutions

The first class of approximate solutions we consider
the scaling, or tracker, solutions, of which there are two d
ferent types. These solutions are characterized by having
energy densities scaling as a power of the scale factor,
either ~i! ẍ;3Hẋ;V8@hrm or ~ii ! ẍ;3Hẋ;hrm@V8.
Both types of solutions can arise regardless of whether
the scalar, radiation or matter which is dominating the e
lution of the universe.
7-5
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Assume, therefore, that the scale factor scales with t
asa/a05(t/t0)k, and soH5ȧ/a5k/t. From the Friedmann
equation,H2}r, we see that if the dominant energy dens
scales asr}a2n, then we must havek52/n.

~i! ẍ;3Hẋ;V8@hrm . In this regime we assume

V}e2lx̂}
1

r 8 }
1

as , ~12!

and we find from thex field equation, Eq.~11!, thats5n.
If radiation or matter dominate the energy density, th

n53 or n54. In this case we find solutions for whichK
5 1

2 ẋ2}V(x)}1/an, and sor}an/8. Equation~11! also im-
plies that these scaling solutions are trackers in the sense
rx tracks at precisely the fractionn/l2 of the dominant en-
ergy density as the universe expands. Solutions of this t
are possible only ifl2.n. For l2,n the scalar energy den
sity tends toward scalar domination of the universal exp
sion.

If it is x itself that dominates the energy density, thenk
52/l2 and a scaling solution of the type we seek exists
long asl2,6. In this case bothK andV scale as 1/al2

, and
so r}al2/8.

These are the tracker solutions which are familiar fro
standard discussions of scalars evolving with exponential
tentials@22,23#. Clearly these tracker solutions imply a rel
tively rapid variation ofr as the universe evolves.

~ii ! ẍ;3Hẋ;hrm@V8. We next consider the case whe
the hTm

m term dominates the scalar potential term in E
~11!. Notice that this can hold even if bothr r and rx are
much larger thanrm , so the tracker solution we obtain he
can be relevant even when nonrelativistic matter makes
only a very small part of the universe’s total energy budg

Under these assumptions, because the last term of
~11! dominates the potential term, we askrm to scale asẍ
andHẋ,

rm}
1

a3r
}

1

as , ~13!

which, when inserted into Eq.~11! implies s5n and soK
}rm}r}1/an. As usual, if the universe is radiation or matt
dominated thenn54 or n53. ~Interestingly, both matterand
radiation fall as 1/a4 within this kind of tracker solution in a
radiation-dominated universe.! Alternatively, K}rm}r

}1/al2
, if the universe isx dominated.

Although the scaling of scalar kinetic energy is the sa
for tracker solutions of type~i! and type ~ii !, they differ
markedly in the scaling that they imply forr. In the present
solution the scaling ofr vs a follows from the known scaling
of rm . For radiation/matter domination, wherer}1/an we
find ra3}an and so r}an23. Clearly r}a for radiation
domination, butr only varies logarithmically during matte
domination. During a scalar-dominated phase, on the o
hand, we haver}al223. Again, r does not vary ifl253.

What is striking about these solutions wherer changes so
slowly is that this happens in spite of its not being at t
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minimum of the potential. It happens, even though the ra
on’s kinetic energy dominates its potential energy, beca
the amount of roll is limited by the Hubble damping gene
ated by the dominant energy component of the universe

2. Transient solutions

What is perhaps even more striking than the trackers
which r slowly varies is the behavior ofr during the transient
evolution as the tracker—which is an attractor—is a
proached. Since the tracker solution may be approached f
initial conditions for whichK@V or K!V, we consider each
of these in turn.

K!V (slow roll). If K!V then it is a good approximation
to neglectẍ in Eq. ~11! relative to the other terms. Ifhrm is
also negligible relative toV8, then the evolution is describe
by 3Hẋ1V850, which has as solutions

V~a!5
2Vexitaexit

p

ap1aexit
p

, ~14!

wherep5n for radiation (n54) and matter (n53) domina-
tion, andp5l2 for scalar domination. Along this trajector
the kinetic energy grows asK/V5l2V/(6r).

This solution impliesV'Vexit is a constant~and so also
must ber ) until a;aexit , after which point the solution joins
the tracker solution, for whichrx}1/ap andrx /r5p/l2.

K@V (kinetic domination). If K dominates the scalar evo
lution, thenV8 and hrm may be dropped relative toẍ and
3Hẋ. In this case thex equation may again be solved an
lytically, with solution x5C12C2(a0 /a)321/p, where
C1 ,C2 are integration constants withC2 related to the initial
velocity by C25(321/p)a0(dx/da)0. Here, as usual,p
52/n for radiation/matter domination, andp52/l2 for sca-
lar domination.

This solution implies that the kinetic energy,K5 1
2 ẋ2 var-

ies as

K~a!5K0S a0

a D 6

, ~15!

regardless of the value ofp.
The evolution of the potential energy is more interesti

in these solutions. Consider first the case of radiation/ma
domination, for whichp52/n so

V~a!5V0 expH cF S a0

a D 32n/2

21G J , ~16!

with c5(321/p)la0(dx/da)0.
As the universe expands according to this solution,x car-

ries an ever-smaller fraction of the energy density sin
K(a)}1/a6 falls faster than does the dominant matter or
diation, r}1/an. EventuallyK becomes comparable in siz
to V(a), which for largea asymptotes to a constant valu
V(a)→V`5V0e2c. At this point the approximation of drop
ping the scalar potential in Eq.~11! breaks down, and we
match onto the slow-roll solution discussed above. T
7-6
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amount of expansion that occurs beforeV andK are compa-
rable is determined bya/a05(ecK0 /V0)1/6.

What is remarkable about this solution is that the cons
c cannot be made arbitrarily large. To see this, notice thc
can be related to the initial kinetic energy by usingK
5 1

2 H2a2(dx/da)2. Using the upper limitK<3H2, which is
dictated by the inequalityK<r and the Friedmann equation
we see thatc<A6l(321/p). For l54 andp51/2 ~radia-
tion domination! we havec<4A6;9.6.

This upper limit onc implies thatV cannot fall by more
than a factor ofe2c<e2lA6 during a radiation dominated
epoch, despite the fact thatr ’s evolution is being dominated
by its kinetic energy. SinceV}1/r 8 we see thatr /r 0

,elA6/85e0.3l varies hardly at all during the entire kinet
roll. Physically the paradoxical upper limit onr during a
kinetic dominated roll arises due to the Hubble dampi
which increases with the kinetic energy, if the kinetic ene
gets large. This observation has also been made in ano
context in Ref.@24#.

A similar result holds for the kinetic roll in the scala
dominated phase, although with results which differ stron
depending on the value ofl. If l2,6, the above analysis
applies directly, withp52/l2. As beforeK}1/a6 and

V~a!5V0 expH cF S a0

a D 32l2/2

21G J . ~17!

Providedl2,6, V(a) again asymptotes toV0e2c, with c
once more subject to a very general upper bound. OncK
falls to be of orderV, this solution matches onto a slow ro
solution, and approaches the tracker solution, which ex
for l2,6.

If l2.6, however, the large-a limit of V(a) is very dif-
ferent. In this caseV(a)}exp@2ucu(a/a0)

(l226)/2#, implying
thatV(a) falls very quickly to zero as the roll proceeds. Th
solution describes the attractor for the casel2.6, which is a
kinetic-dominated roll rather than a tracker solution.

3. Realistic complications

Although these solutions describe well most features
the numerical evolution we describe below, there are a
important deviations. These deviations arise becauseh and
the quantitiesl andVp ~of the potentialV5Vp e2lx) used
in the numerical evolution are all polynomials inx. Moti-
vated by the microphysical discussion given in Sec. II
choose

h5h01h1x̂, l~x!5l01l1x̂, ~18!

and Vp5V01V1x̂1
V2

2
x̂2, ~19!

with h0 , l0 and V0 all taken to beO(1), h1 , l1 and V1
assumed to beO(e) and V2 taken O(e2), wheree;1/50.
~The second-order quantityV2 is included here in order to
ensure thatV does not change sign for any value ofx.!

Because these quantities vary more slowly withx than
does the exponential inV, their evolution over cosmologica
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time scales is also slow, and the above approximate solut
provide a good description for most of the universe’s histo
We have found that theirx dependence can nevertheless p
an important role when constructing viable cosmologies,
allowing important deviations from the approximate so
tions, including the following:

The x dependence ofVp becomes important for thosex
satisfyingVp8/Vp'l, since the potentialV can acquire sta-
tionary points near such points. These kinds of station
points can slow or trap the cosmologicalx roll, in much the
same way as was exploited in Ref.@25#.

Thex dependence ofl can cause transitions between t
domains of attraction of the various attractor solutions. F
instance, in a scalar dominated era, the evolution ofx can
drive l across the dividing point,l256, forcing a transition
between the scaling and kinetic-dominated attractor so
tions.

The x dependence ofh is crucial for evading the bound
on long-range forces during the present epoch, becaus
allowsh to vanish for some choices ofx. The bounds can be
evaded provided the current value ofx is sufficiently close to
such a zero ofh. Furthermore, as described in detail in Re
@11#, in many circumstancesx ’s cosmological evolution is
naturally attracted to the zeros ofh as the universe expands

Because of the natural hierarchy satisfied by the coe
cients of these functions, the consequences ofx dependence
generically occur forx;O(1/e), corresponding tor close to
its present value.

C. A realistic cosmological evolution

We next describe a realistic cosmology that exploits so
of these properties. We present this model as an existe
proof that cosmologically interesting evolution can really
found using the scalar properties which are suggested by
microphysics. We find that the main constraint which go
erns the construction of such solutions is the requirement
r not vary appreciably between BBN and the present epo

In order to fix ideas, we imagine starting the universe
at T* *1 MeV, perhaps after an epoch of earlier inflation,
a kinetic-dominated roll. We note that such a state is
generic end point if we start withl;4.A6, as is motivated
by the tree-level expression for the radion potential, and
sume the scalar dominates the energy density of the unive
~As we will discuss briefly later, one might chose to ma
other assumptions about the initial conditions.!

With this assumption the scalar energy density must ev
tually fall below the density of radiation, thus initiating th
radiation-dominated era. We assume that this radiation do
nation begins shortly before BBN, so that nucleosynthe
occurs during radiation domination.

Our second assumption is dictated by the requirement
r does not change appreciably between BBN and now.
though the kinetic-dominated roll before radiation domin
tion will automatically ensure thatV!K, we ask thatV be
within an order of magnitude of its present value as radiat
domination begins. This ensures thatr will have an initial
value at the onset of radiation domination which is ve
close to its present-day value. We make this~fairly ugly!
7-7
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assumption to demonstrate the feasibility of models alo
the lines we are presenting, but hope to be able to eventu
identify a more natural framework in which such a conditi
could be ensured by the system’s dynamics rather than a
initial condition.

For l;4, once the universe becomes radiation domina
the scalar is in the domain of validity of the tracker solutio

FIG. 1. The logarithm~base 10! of the energy density~in Planck
units! of various components of the universe, plotted against
logarithm ~base 10! of the Einstein frame scale factor,a ~with a
51 at present!. The various curves show the energy density
matter ~dashed!, radiation ~dotted! and scalar energy~solid!. The
dot-dashed curve shows the scalarkinetic energy density, which
coincides with the total scalar density except at late times.

FIG. 2. The same plot as Fig. 1, but with the energy densi
given as fractions of the critical density. The various curves sh
the energy density of matterVm ~dashed!, radiationV r ~dotted! and
total scalar energyVx ~solid!, while the dash-dotted curve gives th
equation of state parameter,w5p/r, for the scalar field.
12350
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described above. With the given initial conditions the sca
enters radiation domination in a kinetic-dominated roll, a
so tries to approach a tracker solution by first damping
kinetic energy in a continued kinetic-dominated roll, a
then performing a slow roll at fixedr. We have seen that th
universe expands by an amount (a/a0)2;K0 /V0 during the
transient phase, before the tracker solution is reached
given the low values ofV0 assumed at the onset of radiatio
domination,K0 /V0 is very large, and so the transient evol
tion to the tracker can easily take the entire time from BB
to the present epoch.

We have seen on general grounds that the value ofr does
not change by more than a factor ofO(1) during this tran-
sient phase, including both the transient’s kinetic-domina
and slow-rolling parts. The challenge in making this scena
realistic is to have this transient evolution survive right up
the present day, without first being intercepted by a trac
solution.

We have been able to find initial conditions and plausi
couplings for which this is accomplished. One such is illu
trated in Figs. 1–4, which plot the evolution of various qua
tities from the onset of radiation domination to the prese
The evolution described by this simulation uses the val
suggested by the lowest-order microscopic action,h051,
l054 andV051, plus the following correction terms:h1
520.015,l150, V1520.030 andV250.00046.

Figure 1 shows how the energy density in the universe
distributed between radiation, matter and the kinetic and
tential energy of the scalar field, as a function of the univ
sal scale factor,a, in the Einstein frame. Figure 2 plots th
same information, but normalized as a fraction of the to
universal energy density, and also plotting the sca
equation-of-state parameter,w5px /rx . Figure 3 gives a
plot of r vs the scale factor, showing thatr does not vary

e

f

s
w

FIG. 3. The logarithm~base 10! of the dimensionless quantity
Mbr , plotted against the logarithm~base 10! of the Einstein frame
scale factor,a ~with a51 at present!, showing how the radion has
not evolved appreciably between nucleosynthesis and the pre
epoch.
7-8
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appreciably between BBN and the present epoch. Fina
Fig. 4 shows the evolution ofh against the scale facto
showing thath evolves to sufficiently small values at th
present epoch.

As is evident from the figures, this solution satisfies all
the cosmological and present-day bounds we listed ear
This was accomplished by choosing appropriately the c
stants governing the scalar interactions, by ensuringV to
have a minimum relatively near to a zero ofh. This was
required because althoughr naturally does not evolve sig
nificantly for most of the universe’s history~after the onset
of radiation domination!, for pure exponential potentials
generically tends to join a tracker solution near the onse
matter domination. Becauser evolves too far once in this
tracker solution, it must be avoided. The solution illustra
in the figures does so by havingx become snagged by th
minimum of V before entering into the matter-dominate
phase.

IV. DISCUSSION

We have shown that viable cosmologies may be built
ing the radion as the quintessence field. We use radion in
actions which were suggested by a microphysical model
was recently proposed to naturally solve the hierarchy pr
lem within a brane-world framework. The radion in th
model is naturally light enough to play a role in late-tim
cosmology, and this small mass is technically natural in t
it is not destabilized by radiative corrections. The model a

FIG. 4. The scalar coupling function,h, plotted against the
logarithm ~base 10! of the Einstein frame scale factor,a ~with a
51 at present!, showing howh is small enough to satisfy the
present-day bounds on the existence of long-range scalar forc
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satisfies all current bounds that constrain the existence
long-range scalar-mediated forces@26#.

The success of the radion in filling the quintessence rol
somewhat of a surprise, since radion models have long b
believed to have phenomenologically unacceptable c
plings. The model evades these problems because the
plings are predicted to be weakly field dependent, allow
the scalar couplings to evolve over cosmological timesca
The model evades all present-day bounds on new forces
cause the relevant couplings evolve toward small value
late times.

Although most of the parameters and initial conditio
chosen were natural in size, the model does have two
tures that we believe need further improvement. First,
though all scalar couplings were chosen with natural siz
the precise values chosen were adjusted to arrange the s
potential to have a minimum close to a zero ofh. We would
prefer to find an attractor solution, like that of Damour a
Nordtvedt@11#, which more naturally drawsh to small val-
ues in the present epoch.

A second unsatisfactory feature of the cosmology p
sented is its reliance on the entering of radiation dominat
with r close to its present value. Although large values or
are naturally generated by kinetic-dominated rolls dur
scalar dominated epochs, there is no natural reason why
should have precisely the current value. This problem mi
be resolved by a more developed understanding of rad
initial conditions. Perhaps one could argue that there are na
priori constraints on the initial conditions forr. In that pic-
ture, it may be the case that the largest amount of ph
space that matches the observation that Newton’s consta
constant and nonzero today would be one wherer has the
current value throughout the cosmic evolution.~In that rea-
soning, the constancy ofG is not a prediction, but an input.!

A natural way to alleviate both of these problems wou
be to consider more moduli than just the radion, since ot
moduli would be less constrained by the requirement t
Newton’s constant not appreciably change since nucleos
thesis. We believe work along these lines to be worthwh
given the model’s successful addressing of the naturaln
issues of quintessence models, and the promising cosmo
to which it leads despite its being devised to solve pur
microphysical problems such as the hierarchy problem.
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