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Experimental tests of curvature couplings of fermions in general relativity
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Spin-12 particles in geodesic trajectories experience no gravitational potential but they still have nonzero
couplings to the curvature tensor. The effect of space-time curvature on fermions can be parametrized by a
vector and a pseudovector potential. These apparentCPT-violating terms can be measured with satellite-based
spin-polarized torsion balance and clock comparison experiments. The Earth’s curvature effect is of the order
of 10237 GeV, which is not far from the present bounds of;10229 GeV on suchCPT-violating couplings.
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The effect of the gravitational potential on the quantu
mechanics of elementary particles was observed in the c
sic Colella-Overhauser-Werner~COW! experiment@1# using
neutron interferometry. In general relativity, it is possible
choose a local inertial~free fall! frame where the gravita
tional potential on an elementary particle is zero. The cur
ture tensor in such frames, however, cannot be made to
ish even locally. The experimental tests of this curvat
coupling would be an important test of general relativity. T
couplings of spin-12 particles to a curved space backgrou
have been studied by many authors@2–9#. Parker@2# studied
the effect of the Riemann curvature of the Schwarschild m
ric on the energy levels of hydrogen atoms. It was found t
the energy-level shift on the surface of the Sun is of the or
of GM( /(R3me);10251 GeV, which is too tiny to have
any observational consequence. The effect of rotation in
curved space metric on spin-1

2 particles has been studied
@3–9#.

In this paper, we show that the gravitational curvatu
couplings can be parametrized as an external vectorc̄gmamc

and a pseudovectorc̄g5gmbmc interaction term in the La-
grangian. In a rotating inertial frame~such as in the frame o
a satellite orbiting the Earth!, both am and bm have some
nonzero components, while in a nonrotating free fall fra
only am is nonzero. From the phenomenological point
view, a nonzerobm is of interest as it can be measured
various experiments@11–18# discussed below. The magn
tude of ubW u in Earth orbiting satellites is of the order of 6.
310237 GeV. This can be compared with the sensitivity
experiments@12–14# such as spin-polarized torsion balan
and spin magnetization measurements, which can mea
up to ubW u;10229 GeV. The best prospects for measuri
curvature effects on fermions is by using macroscopic sp
polarized substances in Earth orbit satellites.

The general invariant coupling of spin-1
2 particles to grav-

ity is described by the Lagrangian@2–9#

L5A2g~ c̄ igaDac2mc̄c!, ~1!

where
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wherea,b,c, etc., denote flat space indices, anda,b,g, etc.,
are the curved space indices. We use coordinates which
locally inertial along the entire geodesic trajectory of t
particles ~called the Fermi normal coordinates@10#!. The
metric in these coordinates to second order takes the for

g005212R0l0mXlXm, ~3a!

g0i5g0i5 2
3 R0l imXlXm, ~3b!

gi j 5d i j 2
1
3 Ril jmXlXm, ~3c!

whereXi are the spatial coordinates of an event occurring
time X0. The corresponding vierbeins are given by

ea
05da

02 1
2 Ra

l0mXlXm, ~4a!

ea
i5da

i2
1
6 Ra

l imXlXm. ~4b!

In this coordinate system, Christoffel connectionsGm
a

n50,
on a geodesic, but their first derivatives are nonzero and
related to the Riemann tensor as given by

Gm
a

0,n5Rm
a

n0 , ~5a!

G i
m

j ,k52 1
3 ~Ri

m
jk1Rj

m
ik! ~5b!

on any point along the geodesic. Using the coordinates
scribed in Eqs.~3!–~5!, it can be shown, after some algebr
that the Dirac Lagrangian~1! can be written in the form

L5 i ~dete!c̄@g0]01g i] i2a0g02aig
i

2b0g5g02big5g i1 im#c ~6!

~wherei 51,2,3), the vector (a0 ,aW ) is given by

a05 1
4 R0

i
imXm, ~7a!

ai5
1
2 Ri00mXm2 1

4 Ri
j
jmXm, ~7b!

and the pseudovector (b0 ,bW i) is given by
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b05 1
8 e0i jkRjki

mXm, ~8a!

bi5
1
4 e0k j iR

k j
0mXm1 1

4 e0k j iR
0 jk

mXm. ~8b!

From Eq.~6!, we see that the effect of space-time curvatu
appears as an external vector couplinggmam and pseudovec
tor couplingg5gmbm and is formally similar to the effective
CPT- and Lorentz-violating Lagrangian@11–18#.

Although the terms arising from gravitational curvatu
couplings in Eq. ~6! are the same as in the explic
CPT-violating interactions studied in@11–18#, there is a fun-
damental difference between the two, in that, for the cas
gravitational couplings, there is noCPT of Lorentz symme-
try violation. If one treats the vectorsam and bm as fixed
external vectors which do not transform underCPT ~as is
done in Refs.@11–18#!, then since bothc̄gmc andc̄g5gmc

are odd underCPT @19#, the interaction termsamc̄gmc and
bmc̄g5gmc explicitly violate CPT. Similarly, the existence
of preferred external four-vectorsam and bm explicitly vio-
lates the Lorentz invariance of vacuum. In the case of gra
tational couplings~6!, however, it can be checked explicitl
that if one transforms the source currents which generateam
and bm correctly underCPT, then the interaction terms in
Eq. ~6! do not violateCPT. One can check this explicitly
from the expressions foram and bm given in Eqs.~10! and
~12!, respectively, for the case of a satellite orbiting a cen
body with angular velocityv. Under time reversal operatio
T:v→2v and under parityP, the spatial three-vecto
(X,Y,Z)→(2X,2Y,2Z). One can see explicitly from the
expressions foram @Eq. ~10!# and bm @Eq. ~12!# that under
CPT, botham andbm pick up negative signs which compen
sate for the negative signs picked up by the fermion biline
c̄gmc and c̄g5gmc under CPT transformation, and the
gravitational curvature terms~6! do not violateCPT. Simi-
larly, since botham andbm transform as four-vectors unde
Lorentz transformation, the interaction terms in Eq.~6! are
Lorentz-invariant. If one considers the dynamics of fermio
in a background gravitational field and neglects the back
action of the fermions to the gravitating sources, then
phenomenological effects of gravitational curvature co
plings in Eq.~6! will be the same as that of an external fixe
vector field as studied in Refs.@11–18#, and the experiments
which can be used for testingCPT violation using fermions
as test particles can also be used in principle for looking
gravitational curvature couplings.

We consider a coordinate system in a free fall or
around a gravitating body. Such a system of coordina
would ideally describe satellite-based experiments.
Earth-based experiments, the gravitational source would
the Sun. Choosing without loss of generality orbital angu
momentum around theZ axis,vW 5(0,0,v), we can write the
nonzero components of the Riemann tensor in the orbital
fall coordinates as follows:
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R02025R030352
GM

R3
,

R12125
GM

R3
@11v2~2Y212X2!#,

R13135
GM

R3
~12v2Y2!,

R232352
GM

R3
~21v2X2!, ~9!

R12025R130352
GM

R3
vY,

R210152
2GM

R3
vX,

R23035
GM

R3
vX,

R23135
GM

R3
v2XY,

where we have chosenX along the radial direction andY
along the tangential direction of the orbit. Using the curv
ture components~9!, we can compute the vectoram and
pseudovectorbm given in Eqs.~7! and ~8! for a free fall
coordinate rotating with angular velocityv around theZ axis
as follows. The vector couplingsc̄gmamc of fermions is
given byam :

a05
3

4

GMv

R3
XY,

a152
GMX

2R3
1

GMv2X

4R3
~2X22Y2!,

~10!

a25
GMY

4R3
@11v2~2X22Y2!#,

a35
GMZ

4R3
@12v2~X21Y2!#.

The vector fieldam can arise in a Schwarzschild metric@2#.
In a solar mass star it can split the 2P3/2 levels of a hydrogen
atom by the amounts@2#

DE~2P!.
GM

R3 S 1

me
D . ~11!
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On the surface of the Sun, this level split is 3
310251 GeV, and on the surface of the Earth, the hydrog
3P3/2 levels will split by 1.2310251 GeV. This energy is
unobservably small and at present there are no known
periments which can hope to measure the gravity-indu
vector potentialam .

The effective pseudovector couplingsc̄g5gmbmc are de-
scribed by components ofbm :

~b0 ,b1 ,b2 ,b3!5S 0,0,0,
GMv

R3
X2D . ~12!

Much more stringent bounds can be put on the pseudove
bm from CPT- and Lorentz-violation tests@11–18#. The
pseudovector term in the nonrelativistic limit is equivalent
the interaction energy

HI52sW•bW ~13!

due to the interaction of the fermion spinsW with the external
field bW . In experiments where a macroscopic number of f
mions can be polarized in the same direction, this interac
energy may be measurable. In the Eot-Wash II experim
@12#, the spin-polarized torsion balance hasN5831022

aligned spins~with negligible net magnetic moment!. There
will be a torque on such a torsion balance of the magnit
t5(N/p)DE, whereDE5ubW u is the energy difference be
tween the fermion spins polarized parallel and antiparalle
the externalbW field. From the results of this experiment@12#,
it is possible to measure up toubW u;10228 GeV @13#.

Another method of probingbW is to measure the net mag
netization in a paramagnetic material using a squid@14#. An
external bW field appears as an effective magnetic field
strengthBW eff5(bW /mB). The magnitude of the effective mag
ev
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s.
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netic field which can be probed in this experiment isBeff

510212 G, which translates to a measurement of thebW field
at the level of 10229 GeV @13,14#.

Bounds on spatial components ofbm can also be put from
muon properties@15#, tests of QED in Penning traps@16#,
spectroscopy of hydrogen and antihydrogen@17#, and in fu-
ture clock-comparison tests with satellite-based atom clo
@18#.

We have shown above that a nonzerobm arises due to
curvature couplings of fermions in a rotating frame. On
satellite orbiting the Earth with a typical velocity of 7.5 km
sec, the value ofb35(GM% /R% )v56.5310237 GeV. This
is a factor of 1026 smaller than the best available bounds
present, but it may be possible to measure curvature eff
in future satellite-based experiments. If one considers
Earth’s motion around the Sun,b35(GM% /RES)v51.2
310240 GeV is much smaller. On the Mercury orbit aroun
the Sun, taking the Mercury-Sun distance;553106 km
and the period of Mercury orbit;0.24 years,b352.1
310239 GeV. These estimates show that the best prosp
for observing the curvature effects on fermions is proba
by spin-polarized torsion balance experiments in low or
Earth satellites.

There can be some interesting cosmological applicati
of gravitational curvature couplings in the early univer
where curvature effects of the expanding universe are lik
to be large. It has been shown by Bertolamiet al. @20# that
explicit CPT-violating terms in the Lagrangian can give ris
to a net chemical potential for baryon number and genera
net baryon asymmetry in the presence of baryon-numb
violating processes. In a separate paper@21#, we show thatT
violation induced by the expanding universeR-W metric
gives rise to aCP-violating interaction term in the Lagrang
ian which can give rise to net baryon asymmetry in t
present universe.
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