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Experimental tests of curvature couplings of fermions in general relativity
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Spin-% particles in geodesic trajectories experience no gravitational potential but they still have nonzero
couplings to the curvature tensor. The effect of space-time curvature on fermions can be parametrized by a
vector and a pseudovector potential. These app&&-violating terms can be measured with satellite-based
spin-polarized torsion balance and clock comparison experiments. The Earth’s curvature effect is of the order
of 10737 GeV, which is not far from the present bounds-e10 2° GeV on suchC P T-violating couplings.

DOI: 10.1103/PhysRevD.65.122001 PACS nunt$er04.80.Cc, 11.30.Er

The effect of the gravitational potential on the quantum i
mechanics of elementary particles was observed in the clas- o= E[Yb.vc], (2b)
sic Colella-Overhauser-Wern€€OW) experimen{1] using
neutron interferometry. In general relativity, it is possible to
choose a local inertiaffree fall frame where the gravita-
tional potential on an elementary particle is zero. The CUNVay harea b.c, etc., denote flat space indices, ang, v, etc.,

ture tensor in such frames, however, cannot be made 10 valize the curved space indices. We use coordinates which are

ish even locally. The experimental tests of this curvaturg,q, )y inertial along the entire geodesic trajectory of the
coupling would be an important test of general relativity. Theparticles (called the Fermi normal coordinaté40]). The

couplings of spin; particles to a curved space background i in these coordinates to second order takes the form
have been studied by many authfizs-9]. Parker{ 2] studied
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Wpep™ eb)\(a,ue et F’yﬂe’yc)’

the effect of the Riemann curvature of the Schwarschild met- Joo= — 1— RojomX'X™, (3a)

ric on the energy levels of hydrogen atoms. It was found that

the energy-lgvel shiftiot_[]l the surfaqe of.the Sur_n is of the order 90i=9% = ZRgimX'X™, (3b)

of GMg/(R°mg)~10">* GeV, which is too tiny to have

any observational consequence. _The effect of rotatlo.n in the gij= 8 — %R”jmxlxm, (30)
curved space metric on spinparticles has been studied in _

[3-9 whereX' are the spatial coordinates of an event occurring at

In this paper, we show that the gravitational curvaturetime X°. The corresponding vierbeins are given by
couplings can be parametrized as an external vegjdia , i

and a pseudovectopyf’y/*bﬂ(// interaction term in the La-
grangian. In a rotating inertial fram@uch as in the frame of
a satellite orbiting the Earthbotha, andb, have some
nonzero components, while in a nonrotating free fall frame,
only a, is nonzero. From the phenomenological point of
view, a nonzerd,, is of interest as it can be measured in

various experiment$l1-18 discussed below. The magni-

e%= 8%~ 3R omX'X™, (43
e%= 6% — gRYmX'X™. (4b)
this coordinate system, Christoffel connectidng®,=0,

on a geodesic, but their first derivatives are nonzero and are
related to the Riemann tensor as given by

tude of |b| in Earth orbiting satellites is of the order of 6.5 T,%,=R.%0., (5a)
%10 %7 GeV. This can be compared with the sensitivity of
experimentg§ 12—14 such as spin-polarized torsion balance Lif =~ %(Ri“jk+ Ri*ik) (5h)

and spin magnetization measurements, which can measure

up to |5|~10—29 GeV. The best prospects for measuring on any point along the geodesic. Using the coordinates de-

curvature effects on fermions is by using macroscopic spinS¢tiPed in Eqs(3)—(5), it can be shown, after some algebra,

polarized substances in Earth orbit satellites. that the Dirac Lagrangia(l) can be written in the form
The general invariant coupling of spinparticles to grav-

o —— 0 H 0 .
ity is described by the Lagrangid@—9] L=i(dete)y{y do+ ¥ di—aoy —ay

—boysy°—biysy +im]y (6)
£= \/—_g( YY" Da=myy), @ (wherei=1,2,3), the vectorz(o,é) is given by
where ap=7Ro'imX™, (78
i ;= 3RigomX™— 1R jmX™, (7b)
Da:eg( I~ Zwbcﬂabc)’ (29 and the pseudovectobg,b;) is given by

0556-2821/2002/64.2)/1220013)/$20.00 65 122001-1 ©2002 The American Physical Society



S. MOHANTY, B. MUKHOPADHYAY, AND A. R. PRASANNA
bo= § €0ijk RN mX™, (83
bi: %EijiRijme+ %GijiROjkmxm. (8b)

From Eq.(6), we see that the effect of space-time curvature
appears as an external vector couplirt@,, and pseudovec-
tor coupling y5y“bM and is formally similar to the effective
CPT- and Lorentz-violating Lagrangigril-18.

Although the terms arising from gravitational curvature
couplings in Eq.(6) are the same as in the explicit
CPT-violating interactions studied ii11-18, there is a fun-
damental difference between the two, in that, for the case of
gravitational couplings, there is MOP T of Lorentz symme-
try violation. If one treats the vectos, andb, as fixed
external vectors which do not transform undePT (as is

done in Refs[11-18), then since bothyy*y andZyg,ysz
are odd undeCPT[19], the interaction terma,, s y* and

b, ¢ysy" explicitly violate CPT. Similarly, the existence

of preferred external four-vectows, andb,, explicitly vio-
lates the Lorentz invariance of vacuum. In the case of gravi-
tational couplingg6), however, it can be checked explicitly
that if one transforms the source currents which genexate
andb,, correctly underCPT, then the interaction terms in
Eqg. (6) do not violateCPT. One can check this explicitly
from the expressions faa, andb, given in Egs.(10) and
(12), respectively, for the case of a satellite orbiting a central
body with angular velocityw. Under time reversal operation
T:wo——w and under parityP, the spatial three-vector
(X,Y,Z2)—(—X,=Y,—Z). One can see explicitly from the
expressions fom, [Eq. (10)] andb, [Eq. (12)] that under
CPT, botha, andb,, pick up negative signs which compen-
sate for the negative signs picked up by the fermion biIinearg

yy*y and Yysy, under CPT transformation, and the
gravitational curvature term@) do not violateCPT. Simi-
larly, since botha, andb, transform as four-vectors under
Lorentz transformation, the interaction terms in Kg). are
Lorentz-invariant. If one considers the dynamics of fermions
in a background gravitational field and neglects the backre-
action of the fermions to the gravitating sources, then the
phenomenological effects of gravitational curvature cou-
plings in Eq.(6) will be the same as that of an external fixed
vector field as studied in Refgl1-1§, and the experiments
which can be used for testingP T violation using fermions

as test particles can also be used in principle for looking for
gravitational curvature couplings.

We consider a coordinate system in a free fall orbit
around a gravitating body. Such a system of coordinates
would ideally describe satellite-based experiments. For
Earth-based experiments, the gravitational source would be
the Sun. Choosing without loss of generality orbital angular

momentum around th2 axis, o= (0,0), we can write the
nonzero components of the Riemann tensor in the orbital fre
fall coordinates as follows:

2GM

Ri010= R

122001-2
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GM
Ro202= Rozoz= — ?l

R =%[1+w2(—Y2+ 2X%)]
1212 R3 )

GM 202
Rmfg(l—w Y?),

GM oy
R2323:—¥(2+w X9), €)
GM
R1202= Ri303= — _3le
R
2GM

Ra101= R3 wX,

GM
Ras0s= ?wx,

GM

_ 2
Ros1s= = ¢ XY,

where we have choseX along the radial direction and
along the tangential direction of the orbit. Using the curva-
ture componentg9), we can compute the vecta, and
seudovectob,, given in Egs.(7) and (8) for a free fall
oordinate rotating with angular velocity around theZ axis

as follows. The vector couplinggy"aﬂw of fermions is
given bya,,:

_3GMw
aO—Z R3 XY,
GMX+GMw2X(2X2 v?)
a;=-— -Y?),
YO2RY T 4RS
(10

GMY

a= ——[1+w?(2X*-Y?)],

= IR [ ( ]
GMZ

ag= 1-w?(X*+Y?)].

3T IR [ ( ]

The vector fielda,, can arise in a Schwarzschild metf&].
fh a solar mass star it can split th& 2, levels of a hydrogen
atom by the amount<2]

GM[ 1
AE(ZP):E(E) (11)
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On the surface of the Sun, this level split is 3.8 netic field which can be probed in this experimentBis;
X10"°' GeV, and on the surface of the Earth, the hydrogen_ 15-12 s \which translates to a measurement of field
3P, levels will split by 1.2<10 °! GeV. This energy is at the level of 102° GeV[13.14

unobservably small and at present there are no known ex- o

. . o Bounds on spatial componentsiof can also be put from
\eggtrgr?ggstevr\]l:?:; can hope to measure the grawty-mducegnuon propertieg15], tests of QED in Penning trag46],
-

The effecti d ; lingeSvb q spectroscopy of hydrogen and antihydrod&id], and in fu-
e efiective pseudovector couplings”y”b,,i are de- e clock-comparison tests with satellite-based atom clocks

scribed by components &, : [18].

We have shown above that a nonzdrp arises due to
(12) curvature couplings of fermions in a rotating frame. On a

satellite orbiting the Earth with a typical velocity of 7.5 km/

, sec, the value di;=(GM,, /R;)w=6.5x10 %" GeV. This
Much more stringent bounds can be put on the pseudovectgg 5 factor of 10°¢ smaller than the best available bounds at
b, from CPT- and Lorentz-violation test§11-18. The  nyresent, but it may be possible to measure curvature effects
pseudovector term in the nonrelativistic limit is equivalent tojn fyture satellite-based experiments. If one considers the

GMw
(bo,bl,bz,bg): ( O,O,OFX2 .

the interaction energy Earth’s motion around the Sur);=(GM,/Rggdw=1.2
. X104 GeV is much smaller. On the Mercury orbit around
Hi=-s-b 13 the Sun, taking the Mercury-Sun distanees5x 10° km

. . . - and the period of Mercury orbit~-0.24 years,b;=2.1
due t9 the interaction of the fermion spsrwith the external | 1439 5oy These estimates show that the best prospect
field b. In experiments where a macroscopic number of ferfor observing the curvature effects on fermions is probably
mions can be pOIarized in the same direction, this interactio%y Spin-p0|arized torsion balance experiments in low orbit
energy may be measurable. In the Eot-Wash Il experimentarth satellites.
[12], the spin-polarized torsion balance hak=8x 1072 There can be some interesting cosmological applications
aligned spingwith negligible net magnetic momen{There  of gravitational curvature couplings in the early universe
will be a torque on such a torsion balance of the magnitudgyhere curvature effects of the expanding universe are likely
7=(N/m)AE, whereAE=|b| is the energy difference be- to be large. It has been shown by Bertolagnial. [20] that
tween the fermion spins polarized parallel and antiparallel t@xplicit C P T-violating terms in the Lagrangian can give rise
the externab field. From the results of this experimeii2], ~ t0 @ net chemical potential for baryon number and generate a
it is possible to measure up t6|~10728 GeV[13] net b_aryon asymmetry in the presence of baryon-number-
L violating processes. In a separate pd2di, we show thafl
Another method of probing is to measure the net mag-

RN . il usi il A violation induced by the expanding univer&&W metric
netization in a paramagnetic material using a sqai. An gives rise to &C P-violating interaction term in the Lagrang-

external§ fielda appears as an effective magnetic field ofjan which can give rise to net baryon asymmetry in the
strengthBq«= (b/ug). The magnitude of the effective mag- present universe.
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