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Correlations betweenŠpT‹ and jet multiplicities from the Balitskiiˇ-Fadin-Kuraev-Lipatov chain
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Strong correlations between the number of emitted jets and their average transverse momentum are found for
the events resulting from the exchange of a single Balitskiiˇ-Fadin-Kuraev-Lipatov Pomeron.
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As is well known, strong correlations are observed exp
mentally between the averagepT and multiplicities of par-
ticles produced in high-energy hadronic collisions@1#. Aver-
agepT grows with multiplicity. This fact can be interprete
as a consequence of multiple hard collisions, which resu
a larger number of particles produced and a broadenin
the pT spectrum@2#. An alternative interpretation can b
given in terms of color strings which are stretched betwe
the colliding hadrons during the collision. Here larger mu
plicities correspond to a larger number of strings, wh
again leads to a broadening of thepT spectrum either be
cause of the accumulation of more transverse momen
from the parent partons or because of the interaction betw
strings@3#. In both cases it is tacitly assumed that with on
one hard collision or, alternatively, with only one pair
noninteracting strings there are no correlations between^pT&
and multiplicity. Theoretically this assumption can only
tested within the Balitskiiˇ-Fadin-Kuraev-Lipatov dynamics
which presents a detailed description of particle~actually jet!
production at high energies under certain simplifying
sumptions~a fixed small coupling constant!. The present cal-
culation is aimed to see whether there exist correlations
tween ^pT& and the number of produced jets in the ha
Pomeron described by the BFKL chain of interacti
Reggeized gluons.

Note that our definition of a jet is a purely theoretical on
As conventionally assumed in the BFKL model, a jet is
gluon with a large enough transverse momentumpT.m. It is
believed that it will eventually emerge as an observable je
hadrons due to parton-hadron duality. The exact manne
its hadronization and experimental observation are bey
the scope of this study.

We shall limit ourselves with the leading order BFK
model both for theoretical and technical reasons. On the
oretical side, the situation with the nonleading terms is
from clear. Their magnitude strongly depends on the ren
malization scheme@4#. Their energy behavior does not co
respond to the Regge picture@5#. Technically the BFKL
equation with the nonleading terms taken into accoun
untractable for our purpose. Finally it is most improbab
that the correlations we study, once present with only
leading terms retained, will vanish when the nonlead
terms are taken into account. For the latter reason, we
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neglect the nonleading effects due to energy-momentum c
servation, which by themselves introduce kinematical cor
lations between̂pT& and the number of jets. In addition, a
we find the averagepT result to be very small, of the orde
10 GeV/c, their transverse energy can well be neglect
except at the smallest values ofQ2 and 1/x.

Our study is closely related to the paper by Kwiecins
Lewis, and Martin, who calculated the exclusive probab
ties to observe a given number of jets from the exchan
hard Pomeron@6#. We shall extensively use both the
method of calculation and some of their parametrizations

The results we present in this paper demonstrate tha
fact, at realistic energies in the BFKL chain there are stro
correlations between the numbern of produced jets and the
average^pT&n for these events. We find that^pT&n grows
roughly linearly withn with a slope independent ofQ2 in
deep inelastic scattering~DIS! and of the same value fo
purely hadronic collisions. The slope diminishes with rap
ity y. So in the limity→` the correlations are expected
disappear. However, aty515 (x;1027) the value of the
slope is still ;0.8 GeV/c. These results leave open th
question of correlations between̂pT&n and n in the soft
Pomeron and in the color string at the currently availa
energies.

We start by recalling the main points of the formalis
employed in@6# to calculate the exclusive probabilities fo
the production of a given number of jets. To facilitate com
parison with @6# we shall borrow their notations. Let th
amputated BFKL amplitude bef (y,k), wheny is the rapidity
and k is the two-dimensional transverse momentum of
virtual ~Reggeized! gluon. Functionf (y,k)/k2 is interpreted
as an unintegrated gluon distribution, related to the conv
tional gluon distribution by

xG~x,Q2!5EQ2 dk2

k2
f S ln

1

x
,kD . ~1!

The BFKL equation forf may be written in the form

f ~y,k!5 f (0)~y,k!1āsE
0

y

dy1E d2k1

pq2

3S k2

k1
2

f ~y1 ,k1!2 f ~y,k!u~k22q2!D . ~2!

Here ās53as /p, q5k2k1 is the transverse momentum
of the emitted~real! gluon, and it was assumed in@6# that the
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driving term f (0) ~the impact factor of the target! may also
depend on rapidity. To suppress the physically unknown
frared domain and make the equation numerically tracta
the integration overk1 was constrained in@6# to the interval

Q0
2,k1

2,Qf
2 , ~3!

with Q051 GeV/c andQf5100 GeV/c. We shall also im-
pose this constraint, implicit in the following equations.

Defining as an observable jet a real gluon withq2>m2,
one splits the integration over momenta in Eq.~2! into two
parts by introducing

u~q22m2!1u~m22q2!51 ~4!

inside the integral. The whole integration kernel is thus s
into two parts: a resolved one,KR , corresponding to emitted
gluons with q2.m2, and an unresolved one,KUV , which
combines emission of gluons withq2,m2 and the subtrac-
tion term in Eq.~2!. Explicitly, the action in the momentum
space of the two kernels is described by

~KRf !~k!5āsk
2E d2k1

pq2k1
2
u~q22m2! f ~k1!, ~5!

~KUVf !~k!5āsk
2E d2k1

pq2k1
2 S u~m22q2! f ~k1!

2
k1

2

k2
u~k22q2! f ~k!D . ~6!

Exclusive probabilities to producen jets are obviously
obtained by introducingn operatorsKR between the Green’s
functions of the BFKL equations with kernelKUV . If one
presents the full gluon distributionf as a sum of contribu-
tions f n from the production ofn jets

f ~y!5 (
n50

f n~y!, ~7!

then one gets a recursive relation

f n~y!5E
0

y

dy1K~y2y1! f n21~y1!, ~8!

whereK(y) is a y-dependent operator in the transverse m
mentum space

K~y!5eyKUVKR . ~9!

Equation~8! allows one to successively calculate the relat
probabilities to producen50,1,2, . . . jets starting from the
no-jet contribution determined by

f 0~y!5eyKUVf (0)~0!1E
0

y

dy1e(y2y1)KUV
d f (0)~y1!

dy1
.

~10!

In @4# the driving term was chosen to vanish aty50:
11400
-
e,

it

-

f (0)~y,k!5A~12e2y!5e2k2/Q0
2

~11!

~its normalization factor is irrelevant for our purpose!.
Distributionsf n(y,k) themselves are not observable qua

tities. Physical probabilities are obtained by convolutingf n
with the gluon distribution in the projectile~the projectile
impact factor!. For the perturbative QCD to be applicable,
reasonable choice is to take the virtual photon as a projec
as done in@6#. Having in mind that the BFKL picture may
only be applied to low values ofx, in our calculations we
used a simplified expression for the virtual photon imp
factor, independent of rapidity, which can be found in@7#. To
have some qualitative idea of the situation in purely hadro
collisions, we have also made our calculations for a hadro
projectile with an unperturbative impact factor. For collisio
of two identical hadrons it should be identical to the targ
impact factor which appears as ay-independent driving term
f (0)(k) in Eq. ~2!.

In both cases the exclusive probabilities to observen jets
are given by

Pn~y!5

E ~d2k/k4!h~k! f n~y,k!

E ~d2k/k4!h~k! f ~y,k!

, ~12!

whereh(k) is the impact factor of the projectile. Both impa
factors, f (0)(k) of the target andh(k) of the projectile,
should vanish ask→0. This condition is satisfied by the
virtual photon impact factor of@7#. As to the hadronic impac
factor f (0)(k), we have chosen it in close similarity with Eq
~11!:

f (0)~k!5k2e2k2/Q0
2
. ~13!

As with Eq. ~11!, the overall normalization is irrelevant.
We are interested in the average values of^q&n in the

observed jets, provided their numbern is fixed. At this point
one has to remember that the momentumk which serves as
an argument off (y,k) refers to the virtual gluon, and not t
the emitted one, whose momentumq is hidden inside the
kernel KR . Therefore to find an average of any quant
f(q) depending on the emitted real jet momentum, one
to introduce the functionf(q) into the integral~5!, thus
changing the kernelKR to the kernelKav defined by

~Kav f !~k!5āsk
2E d2k1

pq2k1
2
u~q22m2!f~q! f ~k1!. ~14!

With n jets, one has to substitute one of then operatorsKR
which generate the jets byKav , take a sum of all such sub
stitutions, and divide byn. One has further to integrate ove
all momenta of the virtual gluonk multiplied by the projec-
tile impact factor, and normalize the result to the total pro
ability to haven jets.

This recipe can be formalized in the following way. Intro
duce a generalized operator in the virtual gluon moment
space
1-2
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K1~y!5eyKUV@KR1Kav#. ~15!

Let the functionF(y,k) obey the equation

F~y!5 f 0~y!1E
0

y

dy1K1~y2y1!F~y1!. ~16!

One can split the functionF into a sum of contributionsFnm
corresponding to the action ofn operatorsK1, out of which
m50,1, . . . ,n, are operatorsKav :

F~y!5 (
n50

(
m50

n

Fnm~y!. ~17!

Evidently Fn05 f n . We are interested in the contributio
Fn1[gn which contains a single operatorKav . The average
value of interest is determined by

^f~q!&n5
1

n

E ~dk2/k4!h~k!gn~y,k!

E ~dk2/k4!h~k! f n~y,k!

. ~18!

In analogy with Eq.~8!, one easily sets up a recursio
relation forgn :

gn5E
0

y

dy1K~y2y1!gn21~y1!

1E
0

y

dy1e(y2y1)KUVKav f n21~y1!, ~19!

with the initial conditiong0(y)50. Together with Eq.~8!,
this relation allows one to calculate the functiongn for n
51,2, . . . , andthen to use Eq.~18! to find the desired aver
ages.

The concrete choice off(q) is restricted by the condition
of convergence at largeq: f(q),q2, asq→`. To facili-
tate our calculation we make a natural choicef(q)5q:

~Kav f !~k!5āsk
2E d2k1

pk1
2q

u~q22m2! f ~k1!. ~20!

With this choice the angular integration in Eq.~20! can be
done analytically. With differentf(q) the magnitude of av-
erages will obviously be different~and growing witha for
^q2a&). However, we do not expect that this will qualita
tively change theirn-dependence.

We defined our jets by takingm52 GeV/c. As for the
cutoffs, we used Eq.~3!. To see the influence of the cutoff
we also repeated our calculations withQ050.5 GeV/c and
Qf51000 GeV/c. The results slightly change in their abs
lute values~by no more than 1%–6%! but both then andy
dependences remain the same.

We have calculated the functionsf n andgn from Eqs.~8!
and~19! up ton55 andy515. Following@6# we have used
the expansion inN Chebyshev polynomials to discretize th
kernels in a simple way. The results we present have b
11400
en

obtained withN580, although, as pointed out in@6#, already
N520 gives a reasonable approximation.

In Figs. 1–3 we present the averages^q&n for n51 –5 and
x5e2y5331027–0.1, for theg* -hadron collisions atQ2

510, 100, and 1000 (GeV/c)2. In Fig. 4 we show these
averages for the collisions of two identical hadrons with t
impact factor ~13!. As one observes, in all cases^q&n
strongly grows withn at all rapidities. The growth is ap
proximately linear

^pT&n.a~y,Q2!1b~y!n, ~21!

where botha andb depend on rapidityy, but, at fixedy, b is
universal in the sense that it does not depend onQ2 in DIS
and has the same value for pure hadronic collisions. T
slope b(y) falls with y: it is equal to 1.25 GeV/c at y
57.5 and 0.8 GeV/c at y515, so that one may expect tha
at ultrahigh energieŝq&n will become independent ofn. The
dependence onQ2 results is rather weak. We attribute it t
the fact that in the BFKL model at lowx the bulk of theQ2

FIG. 1. Averagê pT&n for a fixed numbern of jets produced in
g*-hadron collisions, as a function ofx at Q2510 (GeV/c)2.
Curves from bottom to top correspond ton51,2, . . . ,5.

FIG. 2. Averagê pT&n for a fixed numbern of jets produced in
g*-hadron collisions, as a function ofx at Q25100 (GeV/c)2.
Curves from bottom to top correspond ton51,2, . . . ,5.
1-3



ct
to

he

p

d

e
de
ro

O
el
,
at
ng
se

is
ion

of
ng

in
s

ll

n

in

e
ive

s-

ns

al-

we

ief

M. A. BRAUN, C. MERINO, AND G. RODRI´GUEZ PHYSICAL REVIEW D65 114001
dependence is separated in the form of the overall fa
~linear in Q at x→0), which cancels between the numera
and denominator in Eq.~18!.

As an interesting by-product of our study we find that t
averageŝ q&n go down with rapidity for alln>2. This is
quite unexpected, since, as is well-known, in the BFKL a
proach an overall average^q& rapidly grows withy @ @8# and
Eq. ~25! below#. It seems that this growth is totally explaine
by the growth of the average number of jets^n&.

Passing to discussion, we first point out that it is an op
question as to which kinematical conditions and to what
gree the BFKL Pomeron may describe realistic hadronic p
cesses. Emissions of high-pT jets in g* -hadron collisions
seem to be a suitable place to see the BFKL signatures.
results show that in such emissions strong positive corr
tions are predicted between̂pT& and the number of jets
already for a single Pomeron exchange. This indicates th
fact such correlations do not require multiple rescatteri
nor Pomeronic interactions, but that they are already pre

FIG. 3. Averagê pT&n for a fixed numbern of jets produced in
g*-hadron collisions, as a function ofx at Q251000 (GeV/c)2.
Curves from bottom to top correspond ton51,2, . . . ,5.

FIG. 4. Averagê pT&n for a fixed numbern of jets produced in
hadronic collisions, as a function ofy. Curves from bottom to top
correspond ton51,2, . . . ,5.
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in the basic mechanism of jet production. Obviously, th
conclusion cannot be directly applied to particle product
in the soft region, and so the empirically invoked absence
such correlations for particle production from the color stri
does not really contradict our results. It can only be tested
its own framework by confronting color string prediction
with the experimental data.

Our result~21! has been obtained for a relatively sma
number of jets and at energies corresponding toy<15. If
extrapolated to alln and energies it would lead to a relatio
between the overall averages

^pT&}^n&. ~22!

However, it is well-known that this relation does not hold
the BFKL model at asymptotic energies, when^pT& grows
much faster than̂n&. This more or less known fact can b
demonstrated by a simple calculation. Indeed the inclus
cross-sectionI (y,y1 ,q) to produce a jet at rapidityy1 and
with a transverse momentumq, in a collison with an overall
rapidity y@1, is given by@9#

I ~y,y1 ,q!5
ās

4p
s~y!

1

q2
@12F~z!#, ~23!

where

z5b ln q, b5A y

ay1~y2y1!
, a514āsz~3!. ~24!

Here F is the error function ands(y) is the total cross
section. Sinceb;1/Ay!1, the term withF is actually im-
portant only at large lnq when it cuts the distribution inq at
ln q;Ay. For this reason the scale ofq is unimportant, so
that one may safely fix it by settingm51. The average value
of any positive powerb of the transverse momentum is ea
ily found to be

^pT
b&5

E
0

y

dy1E d2qqbI ~y,y1 ,q!

E
0

y

dy1E d2qI~y,y1 ,q!

5
1

l2
el2

F~l!,

l5~1/2!bAay. ~25!

Evidently ^pT
b& grows exponentially withy for any b.0.

Thus our results cannot be valid for alln and energies and
refer precisely to the values ofn and energies for which the
calculations were done. It is interesting to note that relatio
similar to Eq.~22!, with ^pT& substituted bŷ pT

2&, were ear-
lier obtained from gluon saturation@10#, and in the percola-
tion approach@11#.

As mentioned, an unexpected result obtained in our c
culation is that̂ pT&n at fixedn>2 fall with energy. As seen
in Figs. 1–4 this fall is not dramatic at energies at which
can expect the BFKL Pomeron to be relevant (y.10). Still,
it is quite appreciable, especially in view of the naive bel
1-4
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that the average transverse momentum should grow with
ergy. At present we do not see any plausible explanation
this phenomenon. Certainly it deserves further investiga
including highery and/orn. We hope that it can be teste
experimentally as a possible signature of the BF
Pomeron.
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