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Is the truncated SU(N) non-Abelian gauge theory in extra dimensions renormalizable?

Qi-Shu Yart
Institute of High Energy Physics of the Chinese Academy of Science, P. O. Box 918(4), Beijing 100039, People’s Republic of China

Dong-Sheng DU
CCAST (World Laboratory), P. O. Box 8730, Beijing 100080, People’s Republic of China
and Institute of High Energy Physics of the Chinese Academy of Science, P. O. Box 918(4), Beijing 100039, People's Republic of China
(Received 3 December 2001; revised manuscript received 22 January 2002; published 29 April 2002

In this article we show that, in the extra dimension model, contrary to the widely accepted conception, the
simply truncatedp* and non-Abelian SW) Kaluza-Klein theories are not renormalizable; i.e., the tree level
relations of the effective theories cannot sustain the quantum corrections. The breaking down of the tree level
relations of the effective theories can be traced back to several factors: the breaking of the higher dimension
Lorentz symmetry and higher dimension gauge symmetry, interactions assumed in the underlying Lagrangians,
and the dimension reduction and rescaling procedure.
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Renormalization holds a quite special role in the developafter taking into account the quantum corrections, in other
ment of the quantum field theofit]. As we know, quantum words, whether the counterterm determined by, say, the three
corrections of the 4D quantum field theory are generally inpoint Green function, is enough to eliminate the ultraviolet
finite, and only in a renormalizable theory is it possible divergences of the four point Green function of the vector
through the standard renormalization procedure to removBoson and the ghost-ghost-vector interaction. As we know,
the uI_trgvioIet divergences in the theory by introduci.ng 9”|Ythe Becchi-Rouet-Stora-TyutiiBRST) symmetry{5] and the
few finite counterterms and to make loop contributionsg|aynoy-Taylor identitie§6] guarantee the tree level gauge
(quantum correctiondinite and meaningful. -~ structure of the theory order by order, and the pure Yang-

B_y cons_lderlng t_he degrees of_ _superf|C|aI dlv_ergence Wills gauge theory is renormalizab[@]. When more par-
the irreducible vertices of a specified quantum field theoryiq|eq are added to a non-Abelian gauge theory, if there is no
ggf'sr}?ndp:n %E&ngﬁgéﬁr‘:f”te”on of renormalizability can anomaly, we know the theory is still renormalizable, even in

y ' the case when the gauge symmetry is spontaneously broken.
n D—1 D—2 The extra dimension theory is a fast developing topic in
Q=D—2 di———Ei— ——E,;, (1) recent years, and two kinds of extra dimensions can be
=1 2 2 roughly divided: large extra dimensions where gravity is
where Q) is the superficial divergence of any a FeynmanconSidered' and small eXtTa dir_nensi(_)ns where the standard
integral determined by the theord, is the mass dimension m_odel is extended to the high dimensions. We are concerned
of couplings of the theory, an&; (E,) is the number of with the latter case here, an_d there are many papers on both
external fermions(boson$. This equation tells us that a models and phenomenqlogle_s of[8,9]. But, the_re IS an.
theory with couplings of positive or vanishing mass dimen-i'ksome problem about it which is that theoretical predic-
sion is (supejrenormalizable, while a theory with couplings tions are explicitly cutoff dependent even in tree level calcu-
of negative mass dimension is nonrenormalizable. And théations due to the sum of infinite Kaluza-KleiKK) excita-
nonrenormalizability of a quantum field theory in extra di- tions. Such a fact can be traced back to the intrinsic
mensions becomes a straightforward inference due to the fagenrenormalizability of the higher dimension quantum
that any couplings in the theofgxcept thep® in 5D and 6D  theory. Furthermore, the trouble becomes even more serious
[4]) will have a negative mass dimension. for the loop processes.

In non-Abelian gauge theory, we meet another kind of There are papers to regularize the divergent contribution
problem of renormalizability. The theory is unquestionablyof KK excitations[10], and it seems only the string regular-
renormalizable if only judged from the power law given in ization can provide a solid solution to the probl¢hi]. Re-
Eqg.(1). But it is not sufficient. In the pure Yang-Mills theory, cently, the renormalizable effective theory of the extra di-
for instance, there is only one coupling constant in the theorynension is constructed in referenf®?], where the mass
which determines both the trilinear and quartic couplings ofgeneration mechanism of the compactification of extra di-
vector bosons and the ghost-ghost-vector coupling, as renension is nonlinearly realized in a technicolor way or in the
quired by the quantum gauge covariance. A subtle probleratticed extra dimension. Thele)constructing way only pro-
arises: whether the tree-level gauge structure is preserveddes an effective description of the extra dimension theory,

but does not prove that an extra dimension thgorya sim-

ply truncated theoryis renormalizable.
*Email address: yangs@mail.ihep.ac.cn To evaluate the contribution of KK excitations, a widely
"Email address: dsdu@mail.ihnep.ac.cn accepted and practical conception indicated in the literature
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is to truncate the infinite KK towers to finite. With the belief use the 5D Lorentz symmetry and 5D gauge symmetry to
that the truncated KK theories are always renormalizable, theestrict operators which might appear in its effective La-
tree-level relations among couplings are always used tgrangian.
make theoretical predictions, both in the tree level and one- For the small extra dimension scenarios, the extra dimen-
loop level. However in this paper we will show that the treesions are always assumed to by compactified and diseji
level relations of the effective theory might be broken by theTeV sizg. In order to match with the low energy regions
quantum corrections. Considering the characteristic powewhere the observed world is 4D, the standard dimension re-
running of extra dimension models, a large deviation fromduction method and the matching procedure are used to de-
the tree level relations might be caused. Therefore, from eirive the effective 4D quantum field theory. For example, by
ther the theoretical respect or the numerical and practicassuming that the vacuum manifold haMax S'/Z, struc-
respect, this conception is quite questionable. Below we wilture (the 5D Lorentz space-time symmetry is broken by the
detail this problem in two cases: thg# theory and the non- vacuum while the (L) symmetry should also be modified
Abelian SUN) gauge theory defined in 5D. In order to con- and by requiring that the Lagrangian is invariant under the
trast and compare, we will also examine the QED affd  orbifold transformatiornks— — Xs, we can assign a boundary
theory in 5D. condition for the ¢sp: Ps5p(X,X5) = — P5p(X,—Xs5). Then

We examine they* theory first. The Lagrangian of thg*  the ¢sp field can be Fourier expanded as

theory in 5D is defined as x
Po0(X,Xe) = 5 COS ®
C
L=(9 T ﬁl\/l _m2 T
(Fusp) (97 dsp) (¢50) Psp Substituting Eq(3) into the Lagrangian given in E¢2) and

integrating out the fifth component of the space-time, we get

5D
- T[(¢5D)T¢SD]2v @ the following reduced effective 4D theofRE4DT)
Leff Lk|n+|-|ntr (4)
where M=0,1,2,3,5. The complex singlet fielgh;5 and n2
quartic poupllng?\SD have the mass dimensions 3/2 and, . Lin= E ¢n‘r< — 99, — _2_m2) ", (5)
respectively. This Lagrangian owns a 5D Lorentz space-time n=0 Rg
symmetry and global (1) inner symmetry with the universal .
phase defined in 5D. B 0t 0
And according to the power law given in E{L), this Lim_—Z (¢7¢7) +kI§m:=l Ra(k,1,m)
theory is nonrenormalizable. However, it is helpful to under- o
stand the Lagrangian given in E@) in Wilson’s renormal-
ization method3], which is valid for quantum field theories X (T p Tp™ +H.c)+ X [44°Tp0p" @
defined in any dimension of space-time. In this method, the =t
principle of renormalizability is not necessary. The price paid +2Rg ¢%Tp"pT M) ]
for the sacrifice of this restrictive principle is that one has to
include all interactions in the effective Lagrangian permitted Kt ol it an
by the 5D space-time Lorentz and 5D gauge symmetry, and +k| %7 Ro(k,lmn) ¢ ™ "1, ®)

the number of these operators is infinite. In #& case we

consider here, besides the minimal interaction tegth¢)2, ~ whereR;,i=1, 2 are normalization factors and can be un-
interactions like ¢'¢)3, #'0%¢, etc. should also be added derstood as the requirement of the momentum conservation
to the Lagrangian given in EqR). According to the effective  of the fifth dimension. Here we omit the subscript 5D for all
theory[13], at low energy region the interaction terms with quantities. To get the RE4DT, the following rescaling rela-
lower dimensions dominate the behavior of the system. Stions have been used:

the Lagrangian given in Eq2) can only be understood as

being valid below a given ultraviolet cutoff 3y, where op- 40 . \27R ¢, &l —VTRSY, A4 SR
erators with higher dimensions have been greatly suppressed. c
Therefore the Lagranglan given in E@®) should be only @)
valid for |Psp|<AyYy, otherwise the unitarity of the The theory owns a 4D space-time symmetry and the reduced
Smatrix will be violated if|P5p| is much greater thaﬁuv global U1) symmetry. The RE4DT is invariant under the
(Here |Pgp| = p?,M=0,1,2,3,5, and the metric of space- following transformation:

time is taken as that of a Eucludian one. .

The Lagrangian given in Eq2) also has an infrared cut- ¢ —explia) " ®)
off A7} in the compactified extra dimension theories when |t is remarkable that there is an infinite KK towers in the
AFF? approaches the compactification scalRJ(Rc is the  theory, and the zero modes have a different normalization
compactification size The reason for this infrared cutoff is factor than the other KK excitations. Another remarkable fact
that near the energy regionRy it would be not appropriate is that the infinite interactions among KK modes are con-
any longer to regard the fifth dimension as infinite large androlled by only one parametex.
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Now the effects of high dimension are effectively re- The RE4DT is only a special case of the interaction and
flected by the infinite KK towers that appeared in the RE4DTgives
given in Eq.(6). There is no coupling which has a negative
mass dimension in the theory, and from the power law, it

seems that the theory should be renormalizable and the di;pare R=3/2. Now we determine the counterterms of the
mension reduction procedure makes a higher dimension1eory The countertermsihgy, Shoy, and Shy; Of Ao

the<_)ry_to a renorr_nallzable one. But, due to the infinite KK o1, and\y;, can be directly constructed from the one-loop
excitations, even if the contribution to a process of each KK . . . o
diagrams. In the dimension regularization ai& renormal-

excitation is finite, the total result might still be infinite. In 72 X

this sense, the RE4DT is still nonrenormalizable. ization scheme, théhgo, Sho1, andshy, are simply deter-
To effectively describe the 5D theory given in Bg), we ~ Mined as

must match its RE4ADT with the underlying 5D theory at a 3

given scaleA’, which should be in the rangd;® <A O\ o= EKAG()\30+ A3, (11

<AJY. Therefore, the infinite KK excitations are truncated

by requiringN’/Rc~A" (N'/R¢ is the heaviest KK excita- 1

tion included in the RE4DT},) and only finite KK excita- Nor= 7 KA Nothoot Motk 11+ aN2), (12)

tions are kept in the RE4D[[1[,’ . Then finite results could be

obtained even for loop processes. It is in this sense the trun- 3 5 5

cated KK theory is renormalizable. Oh11= 5KA (N1 + Noy), (13
But is that all? Since the couplings among KK modes are

controlled by only one parametar,p, then it is natural to  where x=1/(1672), A =2/e— ye+log4m, and e=4—D.

ask whether it is enough to introduce just only one counteryyjth these counterterms, the consistent solution can be easily

term to eliminate all ultraviolet divergences in the effectivefound. If the RE4DT is renormalizable, we hope that the
theory? Or in other words, can the tree level structure sustaifp|lowing relation should hold:

the quantum corrections? The problem is quite similar to the

case for the non-Abelian gauge theory in 4D. ONogo= ONg1= O\ 11. (14
In the underlying 5D theory, the answer to this problem is

affirmative. To demonstrate the reason, let us considefhen the consistent solution for this equation requires

matching the RE4DT with the underlying 5D theory at an-

other scale\”, and for the sake of convenience, we assume

thatAF,E<A”<A’<43?,. So aitgr invoking the matching p,  the tree level relation given in the EG.0) obviously is
procedure af\”, we will get thel ,, with N" KK excitations  not satisfying Eq.(15). Therefore it is impossible to just
(N" is determined byN"/Rc~A"). There are two differ- introduce one counterterd\ to make the quantum correc-
ences between thbi[,’ and L4A[,f: (1) the numbers of KK tions of the theory finite, and the tree-level relation ELf)
excitations are different, thbi? can be obtained by succes- breaks down. And it is in this sense that the RE4DT is still
sively integrating ouN’ —N” KK excitations;(2) the values nonrenormalizable. For the truncated theory with more than

of couplingsAsp(A”) and Asp(A') are different, but are ©N€ I_(K excitations, we have the same conclusion.
related with each other by the renormalization group equa- 't IS remarkable that from Eqg11)—(13) we know the
tion (RGE) of A5y, . However, these two RE4DTs have some-tree Ievel_ relgtlomooz)\m will algo be brpken down due to
thing in common: the tree-level relations among KK excita-the contribution fromA,,, so it is questionable to use the
tions seem to be hold. Since the RGE is valid in the loop/€lation at low energy regions when evaluating the contribu-
level, then it might tantalize one to expect that these treelions of KK excitations to the effective potential ¢f’. _
level relations would also hold in the RE4DTs in the loop  Of course, if we forget the dimension reduction and adjust
level. However, we will show that is not the case. the normalization factoR to be just one, then it is enough to
To simplify consideration, we truncate the infinite KK ex- Just introduce one counterterd to make the quantum cor--
citations and keep only the 0 and 1 modes in the RE4DT. Iféctions of the theory finite, at least up to one loop. Obvi-

order to find the consistent solution to the requirement ofUsly, the procedure of normalizing and rescaling in the stan-
renormalizability, we rewrite the interaction part of the La- dard dimension reduction, which makes zero modes different

grangian in a more general form, from other KK excitations and produces the normalization
factor R;, is blamed for the nonrenormalizability of the
theory. So we conclude here that the nonrenormalizability of
Moo Ny the high dimensionp” theory leaves its trace not only in
_Li”‘:T(¢OT¢O)2+T(¢H¢1)2 appearing the infinite KK excitations but in breaking down
the tree level relations among couplings with quantum cor-
Moy rections. We also see here that the reducéd) Bymmetry of
+ T[4(¢°T¢O)(¢”¢l)+2Re( PTpt T ph)]. the theory is not much help for the problem at hand.
Equipped with this experience, it is natural to ask whether
(9)  the tree level relations of the truncated @ gauge theory

RA=RAgo=RAo1=A11, (10

Noo=ANo1=MN11s (15
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can sustain the quantum corrections. Now we consider the The vacuum manifold is assumed to have the structure
case of non-Abelian S() gauge theory. The Lagrangian in M,XxS'/Z, and the Lorentz symmetry of 5D is spontane-

5D is given as ously broken. Considering the fact that the 5D space-time
symmetry is broken to 4D space-time symmetry, and the 5D
fme EF EMN_ iFZ(A )+36F(AM) ¢, (1e 9auge symmetry is broken to 4D gauge symmetry, below we
4 MN 2¢ M Sa will choose the gauge fixing term
whereF yn=duAn— InvAu+ FAyAN, andf is the structure F(AM)=8MA”—&75A5. (18)

constant of the Lie algebr#&.(A,,) is the gauge fixing term

and can be assumed] to have the form The advantage of choosing this gauge fixing term rather than

F(Ay)=duAM. (17)  the one given in Eq(17) is that physical observables are

gauge parameter independént.

The theory has the Lorentz symmetry of 5D space-time and By assigning a boundary condition for the vector gauge

BRST symmetry in 5D. But the theory is nonrenormalizablefield

even if we only judge from the naive power law, since the

gauge coupling owns a negative mass dimension. So for- A, (X,Xs)=A (X, —Xs), (19)

mally, even though the theory owns a gauge symmetry a .

(BRST symmetry in 5D it is still nonrenormalizable.

Similar to the argument in the* theory in 5D, the La-
grangian given in Eq(16) can only be understood as being
valid below the ultraviolet cutoff\ 7y,, otherwise effects of
other higher dimension operators will be important or the

and decomposing quantum fields in 5D witA ,(x)
=A](x)cosfixs/R), we get the RE4DT in the following
orm:

. . . . . . ff_ _
unitarity condition of theS matrix will be violated. Lep=L%+LEP,  LEP=Lin+LEY, (20)
Linc=Lko+Lkr: Lko=Lkowi*Lkoquas (22)

Lkin=A% A

MY Ay ,uvnz AV 1
9“r3%,+9 E—aa 1—3

o2]
0 0 0 n
+ — M —+ —
A,+c(—d*d,)c n§:1 2A“

1
g9, ~ aﬂa“( 1- E)

C

n2

1 o n?2
+ —Al —9*9,— AL+ c"| —o*9,— c", 22
2,34 sl 5 o e #

1 - - n
LE(?,tri _ 59 fabcnzl (\A/OauvAszr;c+ 2A2aAr;anCMV) + gfabcnzl AzOAgb( aﬂAgc+ R_CAncM)

©

TgfPe, AR, (23

whereL% represents terms of pure zero modegﬁ?’qua represents the quartic coupling between the zero and KK modes, and
LER represents couplings among KK excitations. Here we omit those interactions among KK excitations. The Lagrangian has
a 4D Lorentz space-time symmetry and the reduced BRST symmetry. There is a conservation law of the fifth momentum,
which can be viewed as the result from the compactification of the fifth dimension space. Again, it is remarkable that there is
an infinite KK tower in the theory, and the zero modes have a different normalization factor than the other KK excitations. And
the infinite interactions among KK modes are controlled by only one parametlke gauge coupling constant.

The matching procedure will truncate the infinite KK excitations to finite. And the tree level relations among couplings of
KK modes are expected to hold if one judges from the underlying theory with the 5D Lorentz space-time symmetry and 5D
gauge symmetry.

In order to examine the renormalizability of the truncated theory, as done i‘toase, we truncate the infinite KK towers
and keep only the 0 and 1 modes in the Lagrangian. And the Lagrangian has the following form:

‘Referencd14] also used this gauge fixing term.
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L=LkintLint, Lint:Ltri+Lqua1 (24)
0| quv 9y oL AV 1 0, -0 Y 0 1 1| quv oy v 1 Y% 1 1
Lkin:AM g*%9%d,—d"a 1_E A,+c(—4 ﬂ#)C +§AM g*%9%d,+g ;—(9 J 1_E A,
c
+1A1 — 99 —g—lz Al+cl — oo —g—lz ct (25)
2°° rOSRE)TS R

1 1 1
|_tri :gfabc[ _ E([?;LA?/a_ (7VA2a)AObMAOCV_ E([?;LA?/a_ (7VA2a)A1bMAlcV_ E([?,uAil;a_ (7VAIZLI.La)(AObMAlcV+AObMA1CV)

_ _ _ _ 1 _
+ g1c0BAPCO%+ grclaACIC 4 gHCOAATPCIC+ g CIAATP O+ R_cAlaMAszéCJ’ RicclaAébcoch FAPAPAL
1 1 1 1 9
Lqua: QZfabefcde[ _ ZA,?LaAIO;bAOCMAOdV_ EA,?LaASbAchAldV_ EA,?LaAIJ;bAOCMAldV_ EA,?LaAibAchAOdV
1 Oap1bpOcu pdl Ry laplaplcupdl Ro laplbplcupldy
+ SANASACEAGHE S ATASATHACT - S ALSAPAL AT (27)
|
WherE'JRl.z 1/.2.andR2=3/2. . ' V=g g*"(p—q)?+g"(q—k)*
This simplified RE4ADT has five particles, where massless , ,
zero modes includé?, andc® and the massive first KK +9°"(k=p)"], (32)
excitation includesﬁx,ﬁ, ct, andAs. There are nine trilinear o cabercde; wpupre e up
and five quartic couplings, all are controlled by just one cou- Va=—igT (9" 9" — g"7g™")
pling constantg. Generally, in the framework of effective + facefdbe( gurgpo _ guogre)
theory, we have only 4D spacetime Lorentz symmetry and
4D SUN) gauge symmetry of zero mode to restrict permit- + fadegbeg grrgro— grrgroy]
ted operators in the Lagrangian, and each of these couplings
might be treated as a free parameter, as we do igthease. =—ig?[grrg* 3 as+grog P 2l
Besides, there might be some extra interactions like b
ALIAIAIAL which is still renormalizable in 4D and is ex- +9""9" % ¢4l (32

pected to play an important role in the low energy region. ab._ cacesbde . cadesbce ab -
However, for the sake of simplicity, we use these tree levelVhereX¢q=f22%e+ F292% andX. g is unchangedsym-
relations to calculate and check whether these relations af8etric when the indices(c) andb(d), and @b) and (cd)
consistent with the requirement of renormalizability. interchange with each other. _

In order to simplify the discussion, we omit the renormal-  And if the tree level relations among vertices were pre-
ization of mass and gauge terms, and only consider the couserved after considering the quantum corrections, the follow-

terterm of the relevant vertices given below ing relations should also hold:
SLint= 8ZooALPAPA + 57, A%ALPALC Zn
’ ' Oa Opb OcpOd . ’;a Obplcpld 2(2)00: ZAOZOOOO' ZOll:Z_ZOOO’ (33)
+ 0ZooodA A ASCAS + 8Zao1 ALCALACA A0
laplbplcpld
+ 5lel]A,u,aAV APCAO. . (28) ZAl Zil
. _ Zoo11= =—Zoooor  Z11117= =3~ R2Zoooos (34
If the theory were renormalizablghe tree level relations Zpo Zyo
held), these counterterms should have their structures as
given below whereZ 5o andZ 51 are the renormalization constants of wave
functions andZyg, Zo11, Zoooo» Zoo11,» @nd Zqq144 are the
6Zoo0(0117 Cooo(011) V3> (29 renormalization constants of the corresponding vertices.
However, if those counterterms do not have the expected
0Z 0000, (0011,11117 C0000,(0011,1111) V4, (300  structures or the above expected relations do not hold, we

can necessarily conclude that the theory is not consistent
wherec; should be number, and; andV, have the follow-  with the requirement of renormalizability, i.e., the theory is
ing forms nonrenormalizable.
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1 g 2

— Q@ X

FIG. 1. The topologies of -2 processes.

p is the incoming momentum ok

tion constant of the trilinear coupling of zero modes can be
given as

Before starting to extract those counterterms of vertices,
we write down[here we use the Feynman and 't Hooft gauge
and work in the dimension regularization and modified mini-
mal subtraction ¥S) renormalization schenpethe wave
function renormalization oA, A, andAs:

10 Ng
ZAO: 1+ NVBX§_ ? Cdiv y (35)
9
ZAl:1+§ Cdiv! (36)
ZA5:1+4 Cdiv! (37)

whereCygj, =g%kA .C,(G). TheNyg is to count the number
of adjoint representations of vector bosons and their ghosts
Ng is to count the number of adjoint representation of the
scalar, and in our casiyg=2, Ng=1. C,(G) is the Ca-
simir operator of the adjoint representation of gauge group
G. It is remarkable that the above result gies = Z po.

Now we start to construct the relevant counterterms up to
the one-loop level through the corresponding five processes,
AP AOAC ADATAT AOAC L AOAC  ACAD L ATAT and
A'Al - AAL respectively. The relevant topologies of Feyn-
man diagrams are given in Figs. 1 and 2, respectively.

The counterterms of the relevant trilinear couplings are
given below:

4 Ng
6Zoo0= stxg_? Cav V3, (39

2 - 2

O OO
N XA AKX
=L

T TI0 ™ T2

FIG. 2. The topologies of 2:2 processes.
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4 9 b
0Zg17=2X7 Cyqj, V3t > Cgip f®

3
x[g"*pP—g"*p"].

y

z —1+(N & Ns
000— VB § 3

)Cdlv'

2 Ng
6Zo0o0= — NVBX3+ 3 Cuiy Va,

4
2 Caiv Vat+ (Ro—

6Zgo11= — 3 D)Tos,
4
0Z1111= — 3 Caip Vat+ RIS+ (Ry—1)Tyy
+(RE—1)Uyy,

whereTy;, Sq1, T11 @andU4, are given as

KQZAE UV PO
To1= 4 |99~

+ g;LpQUV[4fabefcde+ 2feagfgchfhdifibe]

—23302<G>—5823}

+ gp.ong[ _4fabefcde+ 2feagfgbhfhcifide]} ’

1
Si= ngAs{ 9””9”0[523302(6)4‘5?3

1
+gILPgV(r[§ ggCZ(G)+ ac

+9"7g ”p[ 25 Cz(G)+SZ‘§“,

ngAE

Ty=-— {g#7gP[23535C,(G) + 30S35]

+gHPg o 23525C,(G) + 30528
+g17g"P[23539C,(G) + 30550}

7
U11=K92{g“”gp“[zzié’Cz(GHsS?S}
V(r7 ac ac
+9“’g 5 bdC2(G)+ 354

7
+g"7g ””[523202( G)+ 3532“ :

(R~ 1)

(39

% Then the renormaliza-

(40)

The counterterms of the relevant quartic couplings are
given as follows:

(41)

(42)

(43)

(44)

(45

(46)

(47)
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where S3§= feaffcofabhhde, geaffdgggbhghee g, s the

contribution of scalalAé in the two-point one loopT4; is L=- ETr[FwFW]_ ETr[FwFW]_ MéTr[A#A“]
from the three-point one loop with on&*A*AA® vertex,

andUy; is from the diagrams with twé\*A*A'A® vertices. — Ny Tr[A,D#D"A,]— A3y T F , A*A¥]

And the convention of indices is given &§—Al’Al° and .

ARAP—AISAlY - Substituting R into the sum of RiS;; — N TTA*AYITIA LA, ]

— 2_ o e

HR DR e oo — g TILA*AITILAYA,] - T D#ALD ,A¢]

2N WUV PO 132 abC G)+ 1 Sab -M %Tr[A:})AFl;] - Agng[A”A#A%]
Kg"A ) 97g g ~ed 2( ) 4 cd _ )\43Tr[K"K#]Tr[A51)A})]

13 1 - re
+gtrg m[ggggcz(e) +Z$3} - MJr[A“Aé]Tr[AMAé]
: . —NasTARAIALALT+ - - -, (50)
+g“"g”ﬁ[§2§é’cz<e>+ ZSﬁ?H. (48 o | _
where F#"=D*A"—D"A¥, D#=g*—ig[A*,.], A

=3 ,A1T3 T2 are the generators of the gauge group, the Tr
means to sum over the generators of the gauge group, and
structure the omitted terms are related with gauge fixing and ghost

The quartic coupling of the zero modes can be formulate({lerms' The eﬁecti\(e Lagrangian is invariant under the fol-
as owing transformation:

So neitheréZ,411 NOr 6Zyg11 NOr 6Zy11 has the expected

i
r— -1_ _ -1
2 Ne A—A’'=UAU g(aU)u ,
Zoooo:]._ NVBX§+ —3 Cdiv' (49)

A—A'=UAU 1,

The renormalizability of the zero modes part can be easily )
checked, since the relatid,,=Z0Zoo00 indeed hold. The Al—Al =UAIU"L. (51)
nonrenormalizability of the KK excitations is obvious from
the results given above. The differenceZgf, andZy,; can  After matching this generic effective Lagrangian with the
be explained by two facts: the first one is that there is naruncated RE4DT at the matching scalg the ultraviolet
interaction term of the fornﬁ“A5AfLA5, since this term is  boundary condition of couplings; in Eq. (50) is fixed. Be-
forbidden by the requirement of the conservation of the fifthlow the matching scalé\, these couplings will develop in
momentum and is eliminated in the procedure of integratingerms of their RGES, respectively.
out the fifth space. There is indeed one diagram in wiiigh Comparing the extra dimension model with the renormal-
contributes superficially divergently, but it is finite. So the izable SU5) unification model in 4D, there is a similarity
scalar contributes to th&%— A*A® convergently. The second between these two theories: the breaking of the tree level
one is related with the normalization factor of the quarticrelations. In the SI5) unification model, the SM is the ef-
interactionA*A*A*A®, which provides the terms related with fective theory of SWB) GUT theory for the energy scale
the normalization factorR; . The differences betweai¥yyy,  below the GUT scale\gyr. At the Agyt, there are tree-
and 6Zq011(1111) can also be explained by these two facts. level relations among the couplings of gauge groups

So, we see here that more than one counterterm is neceSU(3) X SU(2) X U(1). Below theA g7, due to the decou-
sarily needed in order to eliminate all ultraviolet divergencespling of Higgs multiplets and the SB) gauge symmetry
for the processes we consider. In other words, the tree levdireaking, the gauge couplings develop, respectively, and the
relations among couplings given by simply truncating thetree level relations of them are broken by the quantum cor-
infinite KK tower are not consistent with the requirement of rections.
a renormalizable theory. And it is in this sense that the sim- There is a difference between these two theories: there are
ply truncated theory is nonrenormalizable. As explainedextra operators in the extra dimension model generated by
above, in the non-Abelian SN) gauge theory case, it is the quantum corrections. Compared with the renormalizable
R; and the forbidden trilinear couplin@“ASA;A5 that con- SU(5) where all renormalizable terms of the subgroup
spire to make the truncated theory nonrenormalizable. Theré8U(3) X SU(2) < U(1) have been contained in the Lagrang-
fore, in order to eliminate all divergences in the theory, theian of SU5) theory, the extra dimension $N) theory is
more generic effective Lagrangian with one KK excitation unlucky in this respect, since the extra interaction terms, like
which respects the 4D Lorentz space-time symmetry, the 40T ALALAZAL], although not permitted by the 5D Lorentz
zero mode gauge symmetry and the fifth momentum conseend 5D SUN) gauge symmetry, have to be introduced in
vation law should have the following form: order to remove divergences from the theory.
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In order to pinpoint the reasons for the breaking down oftions among couplings in these two cases, not as ingthe
tree level relations and the appearance of extra operators, veand non-Abelian SIN) gauge theories where the normaliza-
consider the dimension reduction and rescaling procedurtion factors of quartic couplings or forbidden terms break
of the renormalizablep* theory defined in 4D. Assuming down the tree level relations. We also examined the real sca-
that thez direction is compactified, by using the dimension lar ¢° theory in 5D, and this theory is superrenormalizable
reduction and matching procedure, we will get its RE3DTaccording to the power law. The Lagrangian is given by
defined at a scale\¥y. Since the RE3DT is a super-
renormalizable theory, vertex corrections are finite and there | — E((; M _Le 2_Nso 3
: : ’ . = 5 (Im#sp) (9" ¢sp) — 5 M (sp) 31 (ésp)”.
is no need to introduce any counterterm for the couplings of
the KK modes. However, after considering the quantum cor- (53

rectipns, the finite Ioop contributions still break .the tree—leve_IAnd again we find that up to the one-loop level, the coupling
relations among couplings of KK modes, the direct reason igycture of its truncated theory is unchanged by the quantum
still the different normalization factor between zero mode.grections.
and KK excitations. - _ In summary, up to the one loop level, by truncating KK
In the simply truncated effectivg” and SUN) effective  eycitations to only one, we examined the renormalization of
theories, either in 4D or in 3D, the tree level relations amongnhe truncated KK theories of* theory, the non-Abelian
couplings cannot hold in the quantum corrections, althougrbauge SWN) theory, the QED theory, and thé® theory
they are supposed to hold in their underlying theories. Thejefined in 5D, and found that the normalization factors of
fundamental reason for the breaking down of tree level relagyr KK excitations or the forbidden missing terms or both
tions seems to be related to the higher dimension Lorentgngermine the tree-level structure of the simply truncated
symmetry and higher dimension gauge symmetry breakingneories in quantum corrections. We conclude that the break-
and the dimension reduction and rescaling procedure |tself1-ng of the higher dimension Lorentz symmetry and higher
We examined the truncated QED theory, where only thejinension gauge symmetry, interactions assumed in the un-
vector boson is assumed to propagate in the bulk. The L&jerlying Lagrangians, and the dimension reduction and res-
grangian of the theory in 5D has the form caling procedure play their roles in the breaking down of the
tree level relations.

1 _
— MN H
L=—ZF " Funt¢(iy*D,—m)id(xs) (52 One of the authors, Q.S. Yan, would like to thank Profes-

sor Yu Ping Kuang, Dr. Tianjun Li, Professor Zhong Qi Ma,
whereF yn=duAn— InAM, M=0,1,2,3,5,.=0,1,2,3,¢4is  and Professor Qing Wang for helpful discussions. To analyze
defined in the 3-brane arid, y=4d,¢y—igA,¢. This theory  divergences and construct counterterms, we used the
is nonrenormalizable in 5D due to the fact that the gaugd-eynArts and FeynCalc 4.1.0.3bttp://www.feyncalc.orly
coupling constant] has a negative mass dimension. We findThe work of D.S. Du is supported by National Natural Sci-
that up to one-loop level, the tree level coupling structure isence Foundation of China and State Commission of Science
unchanged by the quantum corrections. The reason seemsdad Technology of China. The work of Q.S. Yan is supported
be simple: the bilinear interaction vertices and normalizatiorby the Chinese Postdoctoral Science foundation and the CAS
factors of the theories do not undermine the tree level relak.C. Wong Postdoctoral Research Award Foundation.
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