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Peculiar velocity effects in high-resolution microwave background experiments
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We investigate the impact of peculiar velocity effects due to the motion of the solar system relative to the
cosmic microwave backgroun@CMB) on high resolution CMB experiments. It is well known that on the
largest angular scales the combined effects of Doppler shifts and aberration are important; the lowest Legendre
multipoles of total intensity receive power from the large CMB monopole in transforming from the CMB
frame. On small angular scales aberration dominates and is shown here to lead to significant distortions of the
total intensity and polarization multipoles in transforming from the rest frame of the CMB to the frame of the
solar system. We provide convenient analytic results for the distortions as series expansions in the relative
velocity of the two frames, but at the highest resolutions a numerical quadrature is required. Although many of
the high resolution multipoles themselves are severely distorted by the frame transformations, we show that
their statistical properties distort by only an insignificant amount. Therefore, the cosmological parameter
estimation is insensitive to the transformation from the CMB fradmibere theoretical predictions are calcu-
lated to the rest frame of the experiment.
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[. INTRODUCTION from the transformation of the monopole in the CMB frame
(e.g. Ref[14] and references thergirMore generally, on the
The impressive advances being made in sensitivity antargest angular scales the combined effects of Doppler shifts
resolution of cosmic microwave backgrou@MB) experi-  and aberration couple the total intensity monopole and dipole
ments demand that careful attention be paid to potential sysnto the Ith multipoles at the leveD(B') and O(8' 1) re-
tematic effects in the analysis pipeline. Such effects can arisgpectively. Given the size of the non-cosmological mono-
from imperfect modeling of the instrument, e.g. approxima-pole, annual modulation of the dipole by the variation in the
tions in modeling the beaifl—4], or incomplete knowledge relative velocity of the Earth in the CMB frame must be
of the pointing, but also from more fundamental effects suchconsidered in long duration experiments.
as inaccurate separation of foregrourisise e.g. Refd.5,6] In this paper we concentrate on the effects of peculiar
for reviews. In this paper we consider errors that may arisevelocities on small angular scale features in the microwave
due to neglect of the peculiar motion of the experiment relasky. On such scales, aberration dominates the distortions and
tive to the CMB rest framéthat frame in which the CMB  becomes particularly acute when the angular scales of inter-
dipole vanishes For short duration experimente.g. bal- est, O(1/), drop below the r.m.s. deflection angle, ile.
loon flights such as MAXIMA[7] and BOOMERANG[8]) =800 for the transformation from the CMB frame to that of
the relative velocity is constant over the time scale of thethe solar system. We provide simple analytic results for these
experiment, but for experiments conducted over a fewdistortions to the total intensity and polarization fields as
months or longer, and particularly for satellite surveyspower series in the relative velocitg. The power series
[9-11], the variation in the relative velocity adds additional converge rather slowly at the highest multipoles for most
complications. In principle, the modulation of the aberrationvalues of the azimuthal indem [the leading-order correc-
arising from any variation in the relative velocity must be tions go like O(I8)] but the distortions can still easily be
accounted for with a more refined pointing model for thefound semianalytically with a one-dimensional quadrature. If
experimen{12,13 when making a map. the transformations of the multipoles carried through to their
For a relative speed gBc (wherec is the speed of light  statistical properties, theoretical power spectra computed in
and B~ 1.23x 102 for the solar-system barycenter relative |inear theory(e.g. with standard Boltzmann codgks,16))
to the CMB framg, the r.m.s. photon Doppler shifts and would not accurately describe the statistics of the high reso-
deflection angles arg/ V3 and \/2_/3,8 respectively. Despite |ution multipoles observed on EarttThe theoretical power
these small values, significant distortions of the sphericagpectra would still be accurate in the CMB fraing. is
multipoles of the total intensity and polarization fields do straightforward to calculate the statistical correlations of the
arise. A well known example is provided by the CMB dipole multipoles observed on Earth. Fortunately, as we show here,
seen on Earth, which, given the observed spectrum, arisele statistical corrections due to peculiar velocity effects turn
out to be negligible despite the large corrections to the indi-
vidual multipoles. It follows that for the purposes of high
*Electronic address: A.D.Challinor@mrao.cam.ac.uk resolution power spectrum and parameter estimation, the
"Electronic address: fvi@ast.cam.ac.uk transformation from the CMB frame can be neglected.
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This paper is arranged as follows. In Sec. Il we describ§ynen their line of sight is along, so the photon propagation
the transformation laws for the total intensity multipoles mdirection is— A For S the photon frequency is whereh
specific intensity and frequency-integrated forms. Conve- X P d y v

— a H 3 H ! -
nient series expansions B of the transformations are pro- upearE(?O) (h is Planck's constajt while S observes fre
vided, and their properties under rotations of the referencd y
frames are described. The statistical properties of the trans-

formed multipoles are investigated by constructing rotation- v =vy(1+ n-v), )
ally invariant power spectrum estimators and full correlation

matrices. In Sec. Il we discuss the geometry of the frame 5 5 ) L
transformations for linear polarization, and present power sehérey “=1—p% The line of sight inS" is

ries expansions for the transformations of the multipoles.

The behavior under rotations and parity is also outlined. . nvt+gl.  n—n-w

Power spectra estimators and correlation matrices are con- n= — |V+ —, 2
structed, and cross correlations with the total intensity are 1+n-v y(1+n-v)

considered. Some implications of our results for survey mis-
sions are discussed in Sec. IV, which is followed by OurWhere\A/ is a unit vector in the direction of the relative ve-
conclusions in Sec. V. An Appendix provides details of the

. : . . _locity.
ienv/zatgluatlon of the multipole transformations as power serleé Denoting the sky brightness in total intensity seers

We use units withre=1. I(v,n), the brightness seen 1§/ is (e.g. Ref.[17])

Il. TRANSFORMATION LAWS FOR TOTAL INTENSITY 1" (v’ ’ﬁ,) = (V'ﬁ)(v_’) 3_ 3
We consider the microwave sky as seen by two observers g
at the same event. Obsen®is equipped with a comoving
tetrad {(e,)®, ©=1{0,1,2,3, and observerS’ carries the
Lorentz-boosted tetrafi(e;)?}. The relative velocity ofS’
as seen bys has components of(e)?}, i={1,2,3}, which
we denote by the spatial vectar which has magnitudg.
The S observer receives a photon with four-momentpf

If Sand S’ use their spatial triad$(e;)?} and{(e/)?} to
define polar coordinates in the usual manner, and expand the
sky brightness in terms of scalar spherical harmonics, i.e.
I (v,) =2 maln(»)Yim(n), we find the following transfor-
mation law for the brightness multipoles:
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FIG. 1. Representative elements of the frequency-integrated Kefinglimy, evaluated with the relative velocity3= 1.23x 10 %) along
(e3)?. The results of a numerical integration of E6) are shown in dark gray, while results based on the series expaisiare shown in
light gray. The smalleabsolute valugsf the two are shown in the foreground. Elements are showh=d500(left), | = 700 (middle), and
I =50 (right), with m=0 (top) andm=1 (bottom.
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wherea| = [dva|,,(v). The second equality defines the ker-

oy — - - [
i (v )_VE' dny(1+n-via, ., (v) nel K myam) Which relates the frequency-integrated multi-
" poles inS and S'. Dividing aj,, by four times the average
xY,,m,(n)Y (n) (4)  flux per solid angle gives the multipoles of the gauge-

invariant temperature anisotropy in linear thedeyg. Refs.
where v=2"y"Y(1+n-v) "%, and we have used’?dn’  [18,19).
=12dn. If we choose the spacelike vectors of the tetféa,)®} so
It will prove more convenient to consider the integral of that the relative velocity is alongeg)?, the multipole trans-
the brightness over frequendyn)=[dv I(»,n). The trans- formation law becomes block-diagon&  m)m)’ % Smn
formation law for this flux per solid angle follows from in- With no coupling between differemh modes. The kernel for
tegrating Eq.(3): a general configuration can then be inferred from its trans-
i formation properties under rotations described in Sec. Il A.
(A" =1(R) V_) _ 5) In the Appendix we evaluate E(4) as a series expansion in
B for general spin-weight functions, including terms up to
~ 0O(B?), for the case where is aligned with €3)2. The ex-
Expandingl (n) in spherical harmonics, we find the multi- pression is cumbersome, partly due to the fact that the trans-

pole transformation law formation law is non-local in frequency. For largighe ab-
erration effect dominates Doppler shifts and the frequency
alm E al, f dn[y(1+n v)]2Y|,m,(n)Y (n ) spectrum of the multipoles is preserved by the transforma-
tion. We also give the result obtained by integrating over
frequency; setting=0 in Eq.(A7) we find the series expan-
H 2y.
:lzr K(Im)(lm)’a:'mf (6)  sion of the kerneKm)m+ up to O(B):
m
Kamyarm=6n/| 1+ 5 ,3 [C(H—l)m( D(1=2)+Ch(1+2)(1+3)+m?=1(1+ 1)+ 2] |+ 814+ 1)BCim(1 +3)

1 1
=60 -1)BCurm(I —2)+ 5|(|'+2),32C|mc(|—1)m§(| +2)(1+3)+ 5|(|'—2),32C(|+2)mc(|+1)m§(| -1)(1-2),

)
|
whereC,,,= (C,, with m the distortions to the multipoles are only small, with
leading-order corrections dt =1+1 of O(B8y1). For I8
(12—=m?)(12-$?) <1, the departures of the kernel from the ideni&y 6.,y
$Cim= ETE (8 are very small, giving negligible distortions to the multipoles

except forl close to unity when the non-zero coupling to the
(large monopole can give significant distortions, as de-

Comparison with Eq(A6) shows that for high the aberra- scribed in Sec. 1.

tion effect described by the term*m(ﬁ’) in Egs.(4) and(6)

is dominant. Forgl=1 the series is slow to converge for
|m|<I since the leading-order corrections go lik¥I3), A. Rotational properties
reflecting the fact that the deflection angle due to aberration

is comparable to the angular scale of the spherical harmonics I we ro:ate the relative velocity to Dv" keeping the
at this |. For B~1.23<10 3, appropriate for the solar- tetrad €,)? fixed [thus inducing a transformation of the

a
system barycenter relative to the CMB frangd~1 corre- L.orentz boqsted tetrada@ ], the frequency- |.ntegrated mul-
sponds to multipolesl~800. In this case, the kernel (POIes continue to be given by E¢B), but withv replaced

Kmyamy' is easily evaluated by a numerical quadrature. Wedy Dv in n' [Eq. (2)] and in (1+n-v). With the change of
show some representative elements of the kernel in Fig. Integration variablen—Dn, the integral defining the trans-
which demonstrates that the multipoles do indeed suffer seormed kernelK () m) (DVv) becomes

vere distortion fol =1/8, as suggested by E¢7). For |m|

close tal, {C;,~O(I 2 and retaining only the terms given

in Eq. (7) is accurate to much better than 0.1 percent for the *Here, D denotes the appropriate representation of the rotation
| range probed by e.g. Plancks2000). For such values of groupSQ(3).
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~ N ~ ks, realizations. It is this C; for =2 that is computed with
f dny“(1+n-v)Y m (DN) Y, (DN’) linear perturbation theory in standard Boltzmann co@eg.
Refs.[15,16).

f dhy2(1+R-V)D 1Y, (A)[D~ 1Y, (A')]* We begin by considering the quadratic statistic
= Y : I"m’ Im )

©) Cl'=57 2 lanl, (14)
where DY, (N)==,wD" Y,m(n) with D' = a

m’'m” mm’
Wigner D-matrix. (Our conventions forD-matrices follow which is evaluated bg'. In the absence of noise this statistic
Refs.[20,21].) It follows that the transformed kernel is given is the optimal(minimum-variancg estimator for the power

by spectrum if we ignore peculiar velocity effects. By construc-
tion, C|'" is independent of the choice of spatial triad, but is

I invari ' i !
K(Im)(lm)’(DV):E DImMKuM)uM)'(V)Dmer- (100  only invariant under rotations of the sky i (a,
MM’

—>Em,D'mm,a|'m,) if the relative velocity is also rotated to

Instead of rotating théhysica) relative velocity ofSand Dv. _However,_ avgraglng over cMB real_lzaﬂt||cl>!@eep|_ng the
S', we could imagine rotating the spatial triade)@ relative velocity fixedve obtain a quantitfC,’ ) which is
—D(e)% Under this coordinate transformation, the ©Pviously invariant under rotations of the sky &1 The av-
Lorentz-boosted frame vectors transform similarlg/)@  erage(C|' ), which determines the bias of the power spec-
—D(e/)?. For a fixed sky, the multipoles seen ByandS’  trum estimatorC|' , is linearly related to th€|'
transform according to e.ga,'m—>2m/D'r:,ma,'m, (which is
equivalent to rotating the sky witD ! leaving the tetrad &y S K B
fixed). It follows that under coordinate rotations, the kernel (G >_2| +1,4~ (tm)(Am)"1 =y
transforms as

|’ = W, ’CII’- 1
K(Im)(lm)’_"\%, DK () m) D g (12) |2 nrCy (15)

Note that the(passivé rotation of the frame vectors by ~*  The kemneM,, depends only on the relative spggand not

has the same effect on the kernel as ¢hetive rotation of  the directionv, so we can always evaluate it withaligned

the relative velocityw by D, as expected. with (e3)?. The series expansiofV) of Km)am/) can be
Finally, we consider(active parity transformationsv  used to evaluat®V, .. Correct toO(B?) we find

——v with the tetrad €,)? held fixed. UsingY,y,(—n) ,

=(—1)"Y,,(n) it is straightforward to show that _ 1 202 2 Id+3)
(=1)¥im(n) g Wi =8| 1=z 8717 +1=8) |+ i +1)B 32+ 1)

Kamyamy (—V) = (=D K myamy (V). (12 2(|_2)2(|+1)

+01-1)B 32+ (16)

The behavior of the kernel under parity ensures that if we

simultaneously inverv and the sky[a),—(—1)'al,], the

multipoles seen by’ transform to 1)'a’ Again the series is slow to converge i@8=1 and the terms
m-

These transformation properties of the kernel under rotateglected in Eq(16) are non-negligible. We show,, for

tions allow one to generalize E€) easily to the case where SCMe representativievalues in Fig. 2. It is clear from the
v is not aligned with €;)2. figure thatW,,. is well localized in comparison to any fea-

tures in the CMB power spectrum for the range @fof

. interest here. In this case, we can approximate
B. Power spectrum estimators

We have seen how aberration effects lead to significant ,
distortions of some of the highmultipoles in transforming <C|” >~C|”2 Wy
from the CMB frame to the frame of the experiment. In the a
next two subsections we investigate the impact of these dis-

tortions on the statistical properties of the multipoles. =C'[1+48%+0(B%)]. 17
We assume that in the CMB fram®) the second-order
statistics of the anisotropies are summarized by The effect of the velocity transformation is thus to rescale the
amplitude of the power spectrum by+#32. This bias is
(almal’ Y =Cl'6\s S » (13)  clearly insignificant=,,W, . is actually independent dfto

all orders inB. To see this we fornE,W,,, directly using
appropriate to a statistically isotropic ensemble with powetthe integral expressio(6) for K jmam)- - The result simpli-
spectrume' . (The averaging is over an ensemble of CMB fies to

103001-4



PECULIAR VELOCITY EFFECTS IN HIGH.. ..

PHYSICAL REVIEW D 65 103001

1=50

FIG. 2. Representative ele-

ments of the kernalV,,, evaluated
with relative velocity f=1.23
X103, The results of a numerical
integration are shown in dark
gray, while results based on the
series expansiof16) are shown in

| light gray. The smaller(absolute
- values of the two are shown in
the foreground. Elements are
shown for|=1500 (left), |=700
(middle), andl =50 (right).

0.5

P R RS |
1490 1495 1500 1505 1510

A U U

o . L, andl’ differing by more than a fewsee Fig. 1, so the same
> WnFEf dn(1+n-v) will be true of the covariance matrix. It follows that we can
V" approximate
1
4 2 4
=7(1+2B +—B), (18) o
5 (afmal,;,)mc;l% K amy K (imy Lty - (21)

on using the completeness relation

(Pulling outC,”, instead will give essentially the same result
for smooth power specttraThe summation in Eq(21) is
most easily evaluated by substituting the integral representa-
tion (6) for Kmyww)y and using the completeness relation
?19). We find that = yK mwmK{m:w reduces to the
ptegral

% Yim(N) Yin(Np) = 8(n; —ny), (19)

and the addition theorem for the spherical harmonics. Th
series expansion of Eq18) agrees with Eq(17). We con- |
clude that despite the fact that the multipoles themselves cd
be severely distorted by aberration f@=1 in passing from
the CMB frame to that of the solar system, the quadratic
power spectrum estimator is negligibly biased since the ef-
fect of the velocity transformation is to convolve the power
spectrum with a narrow kern&V,, that sums to very nearly
unity.

fdﬁ[7<1+ﬁ~v)]4Yrm<ﬁ'>Y|/m/<ﬁ'>
=fdﬁ'[y(l—ﬁ'-v)]‘ﬁvrmm'mmr(ﬁ'), (22)

where we changed the integration variablenfoand used
y(1+n-v)=[y(1—n’-v)]"*. Note that both spherical har-

) R L _ monics have the same argument in the integrand, so we do
t!polgsalm inS .WI|| glso be distributed acpordmg to a mul- not expect the sam@(l 8) terms at highl that arise in the
tivariate Gaussian since the tran,sfolrmat(tﬁm is linear. In kernelK mymy - Equation(22) can easily be evaluated for
this case, the covariance matﬁal'mal',’r;,) contains all sta- (e;)® alongv (in which case there is no coupling between
tistical information about the anisotropies®, and as such differentm) by expanding in3:

is an essential element of optimal power spectrum estima-

C. Signal covariance matrix

Assuming Gaussian statistics in the CMB frame, the mul

tion. .
If we make use of Eq(13), the covariance matrix %’ % K(|m)(LM)K(I’m)(LM)
reduces to

= 81/[1+3B%(7Cf 1)+ 7Ciy = 1)]
+ 0111+ 1)6BCim+ 8111 -1)6BC 1+ 1ym
+ 3117 +2)21B8°CimC - 1)m
+3111-2)218°C 11 2mCr+ ymT O(B3). (23

N _ It
<alma|’:1'>_% K(lm)(LM)Kam)r(LM)CL . (20

The presence of the preferred directiorbreaks statistical
isotropy inS’, and the multipoles are correlated fet|’ and
m#m’. The structure of the covariance matrix3h depends
on the choice of the spatial triac;§* with respect to the This result for the covariance matrix & could easily be
relative velocity of the two observers. Aligning4)? with v, used in a maximum-likelihood power spectrum estimation
the mmodes decouple iK,)am): and so also in the cova- (see e.g. Ref[22]) to correct for the bias due to peculiar
riance matrix. Furthermore, for the values gfof interest  velocity effects. However, since the leading corrections are
here (3<1), the kerneK ;,am) falls rapidly to zero for only O(B), even at higH, the effects will be negligible.
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Ill. TRANSFORMATION LAWS FOR LINEAR - . .
POLARIZATION at (v)=>, Jdn y(1+n-v)
I"'m’
The linearly polarized brightness i8 is described by e uGab A ox o,
Stokes parametei®(»,n) andU(»,n). The Stokes param- XL (V)Y amy (V)Y (imyan(n”)
eters depend on a specific choice of orthonormal basis vec- B Cab ,~ Gx (N
~ ~ +a;, L (v)Y o (nv)Y n)J, 29

tors{m;,m,} for each line of sight. If {m;,m,,—n} form e (V)Y fmy (NEV)Y iy @9
a right-handed orthonormal set, the Stokes parameters are ) A
related to the linear polarization tensor by with a similar result foraf (»'). Here Yﬁ;”‘nﬁ’)(n;v) is

L Y{an(n) parallel propagated to’, and similarly for the curl

pab_— MY ® M1 — Mo ® M hqrmonlcs. Note h_ow_ln genera_l the frame_ tran_sformatlon
p QM ®m;—mem,) mixesE andB polarization. Equatiori29) is valid quite gen-

erally, and is useful for discussing the rotational properties of
the transformationgsee later. However, to compute the
transformation laws it is again convenient to arrangg®(so
tRatv is along 3)®. We can then exploit the fact that the

polar basis vector field®(n) and ¢(n) are parallel propa-

3 gated along longitudes to simplity[iin(n;v). The gradient

) (29 and curl harmonics can be written in terms of spin-weight
+ 2 harmonicsour conventions follow Refd.1,28]):

+U(m@my+my@my)]. (24

The Stokes parameters transform under changes of frame
the same way as the total intensity, i.e.

!

-~ ~ 14
Q'(V’,n’)=Q(V,n)(

14

and similarly forU, provided that the basis vectors are trans-

formed according t$23] 1
ygab= E( LY immem+ Y mfem*),  (30)
m/=m;+(y—1)m;-w—ym;-vn’, (26)
wherei=1,2. It is straightforward to verify that this trans- Cab . .
formation law preserves orthonormality, and also timtis Yim = ﬁ( —2YInMOM=5Y|mm* ®@m™),
obtained fromm; by parallel transport on the unit sphere (31)

along the great circle through andn’ (and so throughv

also. In terms of the polarization tensor, the frame transfor- A
ma?ion law can be wr?tten as where the complex vectan=( 0+ ¢)/\/§, so that Eq(29)

can be written as
3

. (27)

!

~ ~ 14
7>’a'f’(y’,n')=73ﬁ‘b(y,n;v)(7

(ab =ial)(v)=2
1'm’

wherePf°(v,n;v) is P*(v,n) parallel propagated w’. The

1+ 3 covariant form of this transformation was given in Ref. XJ (a,E,m,tiaﬁm,)(v)dﬁy(lJrﬁ-v) o)
[23].
If SandS' introduce polar coordinates as in Sec. Il, the Xerm,(ﬁ) :2Y|*m(ﬁ')- (32)

polarization tensor can be expanded in symmetric trace-free

tensor harmonic§24]:2 _ _ o
The integral on the right-hand side is evaluated as a power

1 series ing for general spin-weighs in the Appendix.
pab(,,,ﬁ): — E aIEm(V)Yﬁm)ab(ﬁ) For our purposes it will be more convenient to consider
V2 im the frequency-integrated multipoles, eaf, = [dvaf,(v).
- Integrating Eq.(29) over frequency, we find
+aIBm( V)ng)ab(n)v (28)
which defines the electritE) and magneti¢B) multipoles. aIEm: 2 +K(|m)(|m)ra|Ermr+i —K(Im)(lm)’aﬁmm (33)

Using Eq.(27) we can extract the multipoles seen ®y For
at (v') we find

A= 2 +Kamyam) @ =1 ~Kgmyamy @
20ur aF, and a2, are 2 times the gradientG) and curl (C) Im’ 34
multipoles introduced in Refd24,25. With this convention the (34)
power spectra of the electric and magnetic multipoles agree with
those defined in the spin-weight formali§26,27). where the kernels
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. . suGab or o~ the coordinate systemg)®—D(g;)?, the electric and mag-

+K(Im)(lm)':J dn[y(1+n-V)]7Yimy (M) Y (imyan(n’) netic multipoles transform irreducibly to e.@m,D'r:,malEm,.
Under inversion of with (e,,)® held fixed, the kernels trans-

A -~ - ~ form to
b ’
= [ AREr 1+ YGRS (R Gl ),
35 +Kamyamy (=v)=(— 1)|+|’+K(|m)(|m)/(V)= 37
. ~ ~ b ~ ~y ’
—K(Im)(lm)’:_lf dn[ y(1+ ”'V)]ZY”C(?m):(WV)Y%)ab(” ) ~Kamyamy (=) == (=D _Kmyamy (W), -
=if dﬁ[y(1+ﬁ-v)]ZYHG(fn:’),(ﬁ;v)Y(Cl;)ab(ﬁ’). so that under simultaneous inversion of the skySinaf,

39 1)'a,Em and a,Bm—>(—1).'+1a,Bm, and inversion of/, the
multipoles inS' transform like those irs.

The behavior of. K yn)am), under rotationsy—Dv is the The frequency-integrated kernels are most simply evalu-
same as for the total intensity kernel, E40), since the ated withv along (g3)?. In this case then-modes decouple,
tensor harmonics transform under rigid rotations with theas with the total intensity. Writing. K= (,K*= _,K)/2, we
sameD-matrices as the scalar harmon[dd. This property can use EQq(A7), which evaluates;Km)im) as a series
of the tensor harmonics also ensures that under rotations @brrect toO(32), to show that

+Kamyrmy= S

Lo o | | 2 (| | 2—1(l 4m’ 24m’
14587 2L+ ym(I =D (1= 2) + 2Cin (1 +2) (14 3) +m*—( +1)+6—|(|+1)+ 21412

1
+ 8107+ 1)B2CIm(1+3) = 811 = 1yB2C 1+ 1ymll = 2) + 8111 +2)B%2Cim 2C(|—1)m§(| +2)(1+3)

1
+ 5|(|'—2),322C(|+2)m2C(|+1)m§(| —-1)(1-2), (39

and occurring for|m|~I. [Note that, as with, K mim, the
convergence of Eq40) is slow for =1 when|m|<l.]
The transfer of power fron to B is potentially the most
) interesting effect since in the absence of astrophysical fore-
— s 68m s Ci(1+3) 68°m grounds, inflationary models predict that magnetic polariza-
- (1) AL 2eim (I+1)(1-1) tion in the CMB frame on scales larger than a degree or so
5 arises only from gravitational waves. However, on these
S c (1-2) 68°m (40) scales a gravity wave background comprising only one per-
(=1 2=+ 1)m 1(1+2)° cent of the large-angle temperature anisotropy would lgave

power far in excess of that generated in the frame of the

[Equivalent results, correct t@(5), have already been €Xperiment by transforming from the CMB frame. On sub-
worked out in 3 covariant form[23].] The kernel degrees scales, where any primordgapolarization is ex-
Kqmyam) is suppressed at high It receives comparable pected to be very small, other _non—Ilnear effects, m_ost nota-
contributions from Doppler and aberration effects for lall Ply Weak lensing ofE [29], will dominate theB signal
[see EQ(A6)] in contrast to theK mamy: and the total in- produced by the velocity transformation.

tensity kernelk m)am)» Which are dominated by aberration

effects at high. The series expansion ofK (jmmy- is slow A. Power spectrum estimators

to converge fonﬂz; when|m|<I, gnd thgre are large d's'. The second-order statistics of the polarization multipoles
tortions to the electric and magnetic multipoles for these in-

: ) . X in the CMB frame, assuming statistical isotropy and parit
dices. Electric multipoles nearby incouple in strongly to g Py party

. E o . i invariance, define power spectra:
distort a;,,, and similarly for the magnetic multipoles. For
I>1 the.kerne.l Kmym)’ is almost indistinguishablg frgm <aIEma|E’Tn’>: 5II’5mm’CFEs (42)
the total intensity kerne ;) (im)- - The cross contamination
of e.g. B by E due to the frame transformation is much
: : : (@B ) =8 6mmCP® (42
weaker, with the maximal effect O(B/1) at leading order Im 7 me N Omm' 1

~Kamyarm
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o
-
m

=81 Smm CIT, (43

*
m

E I
<alma| E
0.01 [

with no correlations betweeB and E or I. We can form
estimators of these power spectra from the multipoleS'in
by analogy with Eq(14), e.qg.

P gravity waves

~ ! 1 ! !
CIF =577 & amdim - (44

[ S S
S99 9
© O N o O W

[it+1)C, / 27 / [uK/K]P

10—10 %
. . . . . 1071 velocity effect =
Since these estimators are rotationally invariant we can com ] L 3
pute them forv aligned with €5)? using Eqs{(39) and(40) 10 100
without loss of generality.

The expected values of the power spectra estimators can
be_ expressed in terms of the power spectra in the CMB frame g 3. Contribution ofCEE to the mean estimatqC?®') in a
using Egs(6), (33), and(34): ACDM model with one percent contribution to the total-intensity
quadrupole from gravity waves. This velocity effect is compared
with CP® (in the CMB frame due to primordial gravity waves
(solid line) and weak lensing of thE-polarization(dashed ling

1000

l

e 1
<CFE>:— |+K| | '|2CErE
2|+1|,m,m (Im)(Im) I

BB _l *
+| ,K(|m)(|m),|2C|, , (45) 2141 %r +K(Im)(|m)fK(|m)(|m)r
1
R , 1 BB :5”/ 1_§BZ(IZ+I_1O)
<C'BB>:m,,E, | +Kamyam1*Cy. ,
mm (1+3)
224 7
+| K imyamy | 2CFE, (46) T pBVIT -4 3(21+1)
) (1-2)?
+ 61 -)BNU+3)(1-1) 3(21+1)’ (50)
<C:E’>: L > +K(Im)(lm)’Kam)(|m)rC:lrE- (47)
20+1 correct toO(8%). Forl>1 the right-hand sides of Eq&t8)

and(50) are almost equal to each other and to the kevel
which determines the bias in the total-intensity estimator

n(d,l”' . As with the total intensity, the series in Eq448)—(50)

are slow to converge fot=1. The bias ofCP® by
E-polarization is controlled by iy | - K myamy1?/(21 +1),
1 which falls off rapidly withl. In Fig. 3 we compare this

2
21+1 %‘ [+ Kmy(m'| contribution to the expectetCE8’) with the B-polarization
power spectrum due to primordial gravity waves and weak
lensing of theE-polarization. The cosmological model is a
Lambda, cold dark matterACDM) model in which gravity
waves contribute one percent to the large-angle temperature

Substituting the power series expressions for the kernels a
performing the summations ovarandm’ we find

1
= 1- §BZ(| +4)(1-3)

212

+ S B2(|+3) (17-4) anisotropy. As remarked earlier, the contamination arising

(47 +1) 31(21+1) from the frame transformation is well below the expected
(1-2)2(143)(1-1) (AilBB’in such a model. The means of the estimaof§’ and
+d1-1)B N (48 CE®'| defined by analogy witt€|®', would vanish in the

absence of peculiar velocity effed@nd foregroundsdue to
parity. The velocity transformations preserve these zero
1 means since

’ ) 12
71 E/ | —Kmyamy'1°= 8B a+n (49
mm
2 Kamymy ~Kimyamy = 2 ~Kmyim)Kimym):
mm

mm

and =0. (52
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These results are easily proved by choosirajong (€5)2 so  where we have used the completeness relation and addition
that all kernels are real, and using the general resulttheorem for the spirs-harmonics. Adding Eq€52) and(53)

. i N ; ! . .
iK(Im)(Im)’:, (=)™ Kmromy and Ko We obtain the series expansion of the exact result in(%s).
=(=1)™"™Ki—mar—m) - B. Sianal . .

The kernels represented by the left-hand sides of Egs. - Signal covariance matrices
(48)—(50) fall off sufficiently rapidly with ||’ —I| that they The calculation of the covariance matrix of the polariza-

are narrow compared to expected features in the primordialon multipoles inS’ follows that for the total intensity given
power spectrd.Following the analysis in Sec. Il B we can in Sec. Il C. For smooth power spectra we can approximate
pull outC;%, C28, andC,; atl’ =1 from the summations in

B ) . -
Eqgs.(45)—(47). Performing the sums ovéf, we find <aFmalln:,>~CFE% +K(Im)(LM)+KZ]m)r(LM)
24—
ETERE Y | +Kamyamy|?=1+4p2~————, (52
24 I(+1) +C|BB% ~Kamywm ~Kimy w66
1 12
s X | ~Kamyamy1?= B5—, (53 ' B
21+1 ~, [(1+1) <aFma|,n:,>%clss% Kamyemy +Kimyrom
L 2 K K*
21+1 &, imamTRam im) +CFEX Kimym) ~Kfimymy (57
LM
1+ 2 T3 0=D) (-2
=1+ = — .
3 21+1 <aﬁna|,;;,>%qE§ Kiimyem)Kimy cww - (58)
\/2_(|+3)2 5
T4 21+1 —17=1+10), (54 The remaining correlators would vanish fo= 0 due to par-

ity invariance. For non-zerg we can approximate
correct toO(82). For largel the right-hand sides of Eq¢2)
and (54) approach ¥ 43?; as with the total intensity, there

E'B'%\__:~EE *
is a negligible scaling of the amplitude of the power spectra Ay ) =IC| % +Kamym) ~Kamyr my
estimated in thes’ frame due to the frame transformation.
Note that

+iCFB% ~Kamywm +Kimyr iy (59
ﬁ m§|, [+ Kamyamy 2+ ] = Kmyamy ] .
) <a|Bma|f;f>*—iC:E% K my ) K imy Ly -

=202+ 1) m%l' [ 2K amyamy 12+ 1 = 2K amyamy 121 (60)

If we align v with (e3)? we can evaluate these expressions
by substituting for the series expansions of the kernels from

_ A
=7 Egs.(39) and(40). Them modes decouple and we find

1+2ﬁ2+%,84), (55)

2
% +K(Im)(LM)+Kz'm)(LM):5II’ 1+3p2 72C(2|+1)m+72CI2m+—|2(|+1)2_1 + 011 +1)6B82Cim+ 6111 -1)682C(1+ 1)m
+ 8111 +2)218%2C1m 2C(1 - 1ym+ St - 2218%C 1+ 29m 2C 1+ 1ym (61
. 368°m?
% ‘K('"‘XLM)—K(I'm)(LM):‘s”'IZ(IT)Z' (62

and

3At low | the polarization power spectra vary rapidls power lawgswith |. Over this part of the spectrum the approximation that the
power is approximately constant over the width of the convolving kernel is still valid since the latter are essentially Kronecker deltas at
low I.

103001-9



ANTHONY CHALLINOR AND FLOOR van LEEUWEN PHYSICAL REVIEW D65 103001
* 1 2 2 2
% Kamam Ky =di| 1+ 5 87— (1 +1)(1+19)(2C§ 1 1ym+ Cli s 1ym) — 1 (1 = 18)(,CF, + CF) + 18
+2(1=2)%C(1 4 1ymCi+ ymt+ 21 +3)%CimCim] | = Si1+ 1yBLUI = 3) Ci— (1 +3) 2Cypn]
1 2
+ 610 -)BLU+H)C1ym— (1=2) 2C 1 1ym] + §5|(|'+2),3 [(1+2)(1+3) 2C1m2C - 1)m

1
+(1=3)(1=4)CinC-1ym=2(1+3)(1 =4) ,C(1 - 1ymCim] + §5|(|'—2)ﬁ2[(| -1

X(1=2) 2C 1 2ym2Ca+ 1ymT (I +4) (1 +5)C 1 2)mC+ 1ym—2(1 =2) (1 +5) 2C(1 4 1ymCi 4 2)ml
(63

correct toO(8?). This final expression is cumbersome and hides the fact that the leading order corrections to the covariance
matrices are onlYO(8), rather tharO(l). To see this, we can expand E3) in 1/ for largel to find

15 155+ 84m? 1 3(7+4m?)
% *K(|m)(LM)K(|’m)(LM) 5”/ l+ﬁ 2 T +(S|(|/+1)B | T +5|(|’*l)ﬁ 3+
29+ 12m? ,(21 5 159+84m? 21 7  223+84m?
T ez To1(1+2)B 22 192 +801-2)B° oy EETTEE

(64)

correct toO(l ~2). For|m|~I the expansion in 1/is slow to converge, and the full expression, E&p), should be evaluated
exactly if the(very smal) corrections to the covariance matrices are to be included in a statistical analysis. It is worth noting
that

1 R A
% (+K(Im)(LM)+Kafm)(LM)+ *K(Im)(LM)*K?I’m)(LM)):EJ dn[ ¥(1—1-v) ]~ Yi(N) oYy rm(M) + —oY () ZoYyrm(M)],
(65

for v along (e5)?, where we have used the completeness relation(E. It is straightforward to show with an expansion in
B that Eq.(65) is consistent with adding Eq$61) and (62).

For the correlators{aﬁ,’,aﬁlﬁ,) and(aFn;a,',’:],), which would vanish foiv=0, we require the resulfgor v aligned with

(e3)?]
68m 64°m 6,3°m

% +K(Im)(LM)*KZCI’m)(LM) 5”/ ( +1) 5|(|r+l)2C|m(7|+3)m 5I(I' 1)2C(I+l)m(7|+4)m
(66)
2
Z * Bﬁm ,8
Y, -Kamyam K mywmy = 5”'I(ITl) A+l 1(1#3) 2Cm= (1= 1)1 = 3)C'm]m
6,8°’m
+5I(I’—1)[(|+1)(|_2)2C(I+1)m_(|+4)(|+2)C(I+1)m]ma (67)
correct toO(3%), and the general result
% *K(|m)(LM)+chlm)’(LM):_(_1)m+m,% Ko —mryamy —Ki—mywmy - (68)

The leading order corrections to the components of the correlation matrices that vanistOfareO(3), and are suppressed
at largel, and so they can safely be ignored. For completeness we note that
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10 . . ) ) ) )
% CKamyem) - Karmamy T - Kamamy +Kirmwm) = EJ dn[Y(1=n-V)]~ [ Y70 2Y1rm(n) = ZoYia(n) ZoYm(n)].
(69

This result is easily shown to be consistent with E§&) and (68).

IV. IMPLICATIONS FOR SURVEY MISSIONS than this figure byy2. A comparison of the noise on the
Fecovered multipoles with the r.m.s. error due to the differ-

For experiments which observe for less than a month o ) : ; o
P ence in orbital velocity shows that the latter is just above the

so, the velocity of the instrument relative to the CMB frame ™"~~~ . . . |
can reasonably be considered constant. In this case a maprfﬂ'se in the region of the first acoustic pegk(ﬂ{] (at|
the frame of the instrument can be made with no account of 200) for [m| small compared td. Combining maps at
the effects considered in this paper. Accounting for the pecudifférent frequency would reduce the noise while preserving
liar velocity relative to the CMB frame can be deferred until € peculiar velocity effect. However, since we have cer-
the statistical properties of the map are considered. As wiinly overestimated the importance of the variation in or-
have shown here, peculiar velocity effects can safely be igbnal veloc[ty, it is !lkely that the variation in aberratlon. due
nored when estimating smooth power spectra since the esf the orbital motion of the Earth need not be considered
mated power spectra are essentially convolutions of the spe@€yond the dipoléwhich is modulated by the large CMB
tra in the CMB frame(which we can reliably compute with MOnepole. In principle, the modulation of the highmulti-
linear perturbation theopywith narrow kernels that integrate P0les could easily be accounted for during map-making by
to unity. mclgdlng the aberration corrections in the pointing model of
For survey experiments that observe for the order of 41€ instrumen{12,13.

year or more, the variation in the orbital velocity of the in-
strument adds another potential complication. Modulation of
the dipole by the orbital velocity of the Earth was visible in V. CONCLUSION
the Cosmic Background Explor¢COBE) Differential Mi- We have shown that for total intensity the effect of the
crowave RadiometdDMR) data[30]; here we are interested fame transformation from the CMB frame to that of the
in effects at small angular scales. To estimate the importancgy|ar system produces large distortions in certain multipoles
of the effect we consider a toy model of the Planck Highat nigh |. These effects arise principally from aberration
Frequency InstrumeriHF). We approximate the orbit of the 4iher than Doppler shifts. The linear polarization multipoles
satellite relative to the Sun as a linear motion with  gre similarly distorted at high but with the additional com-
=10 * for six months, after which the direction of motion is plication that there is some transfer of power betwEeand
reversed for the next six months of observation. Clearly, thigg polarization. This transfer is suppressed at largand
toy model will overestimate the effects of the variation in recejves comparable contributions from aberration and Dop-
orbital velocity: Planck will cover the full sky in six months, pler shifts on all scales. Although the powerBrpolarization
so for each six month period we could make a map ands expected to be much smaller than thaEiin the absence
extract the sphencal.mulnpoles. 'In our toy model these Waof foregrounds, théd polarization generated froi is well
maps are produced in frames with a relative velocity 8f 2 pe|ow the primordial level even if gravity waves contribute
=2x10"* In thel-range relevant to Planck we need only only one percent of the large-angle temperature anisotropies.
retain theO(8) corrections in Eq(7), so the difference be- |f the gravity wave background is much below this level,
tween the multipoles measured from the two maps can bgeak gravitational lensing will dominate the primordial sig-
approximated as nal on all scales. This lensing signal is expected to be an

| | | order of magnitude larger than tligpolarization generated

Aafy~ BIN1—m?I12(a _ 1ym—ay 1 1ym) (70 from the frame transformation on large scales.
Despite significan©(Bl) distortions of certain multipoles

for largel. Here,a,'m are the total intensity multipoles in the at largel, peculiar velocity effects are suppressed in power
rest frame of the solar system. The r.m.s. difference in thepectrum estimators and the covariance matrices for the

multipoles is CMB signals. The effect of the frame transformation on the
mean of the simplest power spectrum estimator is to con-

<|Aallm|2>l/2% \/§ﬁ| ,/1_m2/|2‘/(:|” volve th.e spectrum in the CMB fr_arr(which we can com-

pute reliably with linear perturbation thegrwith a narrow
s\/iﬁl Jyel, (77 kernel that integrates to unity. For smooth spectra there is

negligible bias introduced by such a convolution. For linear
which should be compared to the instrument noise. For theolarization, the bias of e.g. tH&-polarization power spec-
100 GHz Planck HFI channel, the one-year pixel noise igrum by E is suppressed at large and is expected to be
6.0 uK in 9.2 arcmin (the beam full-width at half maxi- negligible on all scales. We also showed that the frame trans-
mum) pixels. The noise on our six month maps will be largerformation has only a negligible effefO(B) as opposed to
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O(Bl)] on the signal covariance matrices for smooth underimportant when searching for weak lensing effects in the
lying power spectra. The leading order effect is a coupling tamicrowave backgrounéusing small patches of the sky over
the adjacent values,| = 1. For linear polarization additional a coherence area of the weak shear the effects of non-
correlations are induced betweBrandE polarization, and@ trivial topologies.
and total intensity, since the frame transformation does not
preserve parity invariance, but their level is negligible. ACKNOWLEDGMENTS
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APPENDIX: SERIES EXPANSION OF THE MULTIPOLE TRANSFORMATION LAWS

In this appendix we outline the evaluation of the transformation law for the brightness multipoles as a power ggries in
We align the relative velocity with the vectoe{)? so that there is no coupling between differemmodes. To allow us to
discuss both total intensity and linear polarization, we consider the integral

v . R
aj(v)=>, | dn — () sY1m(M) SYE ('), (A1)
II

wherev’/v=y(1+n-v) andn’ is given by Eq.(2). We Taylor expandy:,(») as

d "2 42
aym(v)=aym(v')—v' 5 —am(v’ )(ﬁ,u 32M2+ B 24 —an(v) B u+0(B%), (A2)
where=n-v, and we handleY,(n’) with the expansion
~ ~ d . BAuP-1)?
sYIm(n,):sYI’m(n)_IB(l_IBM)(ﬂz_1)@3Yl’m(n) IBMTd 2sYI’m(n)+o(ﬂ ) (A3)

The derivatives with respect t@ can be eliminated with repeated use of the iderjti]

d sm
(MZ_ 1) @sYlm: l SC(l +1)m sY(I+l)m+ MSYIm_ (I + 1) sCIm SY(l —1)m:> (A4)

where ;C,,, is defined in Eq(8), and residual factors gi can be absorbed with the identit91]

sm
“sYim= SC(| +1)m sY(I +1)m— msYlm+ sCim sY(I ~1)m- (A5)

With these results, we find the following expression &, (v’):

2

Bsm

al’m(V')={1—m 2-

(1+1)(1+2)

'—+21 l(1-1)+2l 'i+ '2 + = 4C2
de, B 2s (I+1)m ( ) Vdv’ v dp'2) " 257Im

2 SZmZ SZmZ

20+ 1) ' 12(0+1)2

v !
dv

1 d
+ o[ m+s2—1(1+1)+1—v'— | —
dv’

2(1+1) ’—d +p'2
— v v
dv’ 2

Vr2 d2
+7d )

dv/Z

) d Bsm
Am(¥) = BsCaryml (1=DHv" 0= Fm

2(1-1)—(1-2) ’i
g dv’
Bsm

ai+1)m(?) = BCim +00-1)

d d
—(1+2)+v'—— —2(1+2)+ (1 +3)v'—
dv dv’

d d?
a(-ym(v’ )+2:B SCur2mLorym| (1= l)+2|v—+y’2 /
dv’ dv

2>a(|+2)m(1/')
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1 d d2
+ Eﬁzsclm sC(I 1)m( (I+1)(1+2)-2(1+1) V’J +v' zm) a(l—z)m( v')+ O(Bs)- (A6)
Integrating this result with respect 9, the kernelsK mymy- introduced in Sec. l1§=0) and Sec. lll §=*2) evaluates to
s?m?

RTE)

3Bsm

1_|(|+1)

SKamyarmy= ou

+ %32< Ciinm(I=D(1=2)+ Ll (1 +2)(1+3) +mP+ s~ (1 +1)+2

6s°m?

N 3Bsm 3Bsm
12(1+1)?

1- m) =81 -1)B Cp+1ymll —2)( 1—|(| +2)

+ 6117 +1)BCim(1 +3)

1 1
+681017+2)8°Cim sC(|—1)m§(| +2)(1+3)+ 811/ -2)B%C1+2)m sC(|+1)m§(| —1)(1-2)+0(B%), (A7)

with Kmyamy» =0 for m#m’ in the configuration withv along (e3)®.
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