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Status of four-neutrino mass schemes: A global and unified approach
to current neutrino oscillation data
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We present a unified global analysis of neutrino oscillation data within the framework of the four-neutrino
mass schemes (311) and (212). We include all data from solar and atmospheric neutrino experiments, as
well as information from short-baseline experiments including the Liquid Scintillation Neutrino Detector
~LSND!. If we combine only solar and atmospheric neutrino data, (311) schemes are clearly preferred,
whereas short-baseline data in combination with atmospheric data prefer (212) models. When combining all
data in a global analysis, the (311) mass scheme gives a slightly better fit than the (212) case, though all
four-neutrino schemes are presently acceptable. The LSND result disfavors the three-active neutrino scenario
with only Dmsol

2 and Dmatm
2 at 99.9% C.L. with respect to the four-neutrino best-fit model. We perform a

detailed analysis of the goodness of fit to identify which subset of the data is in disagreement with the best-fit
solution in a given mass scheme.
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I. INTRODUCTION

From the long-standing solar@1–5# and atmospheric
@6–9# neutrino anomalies, we now have compelling eviden
that an extension of the standard model of particle physic
necessary in the lepton sector. The most natural explana
of these experiments is provided by neutrino oscillations
duced by neutrino masses and mixing with neutrino ma
squared differences of the order ofDmsol

2 &1024 eV2 and

Dmatm
2 ;331023 eV2. Explaining also the evidence ofnhm

→ nhe oscillations with a mass-squared differenceDmLSND
2

;1 eV2 reported by the Liquid Scintillation Neutrino De
tector ~LSND! experiment@10,11# requires an even mor
radical modification of the standard model. Currently th
experiment is left out in most analyses of neutrino data.
the moment, the LSND result is neither confirmed nor ru
out by any other experiment, and therefore it is reasonabl
see more quantitatively its impact on the physics of the l
ton sector.

If all the three anomalies are explained by neutrino os
lations, and the possibility ofCPT violation is neglected
@12#, we need at least four neutrinos to obtain the three
quired mass-squared differences. In view of the LEP resu
the fourth neutrino must not couple to theZ boson. Such a
sterile neutrinowith a mass in the electronvolt range h
been postulated originally to provide some hot dark ma
suggested by early Cosmic Background Explorer~COBE!
results @13–15#, and after the LSND result many fou
neutrino models have been proposed@16–19#. A quite com-
plete list on four-neutrino references can be found in R
@20#.

A very important issue in the context of four-neutrin
scenarios is the question of the four-neutrino mass spect
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Two very different classes of four-neutrino mass spectra
be identified. The first class contains four types and cons
of spectra where three neutrino masses are clustered toge
whereas the fourth mass is separated from the cluster by
mass gap needed to reproduce the LSND result. The se
class has two types where one pair of nearly degene
masses is separated by the LSND gap from the two ligh
neutrinos. These two classes are referred to as (311) and
(212) neutrino mass spectra, respectively@21#. All possible
four-neutrino mass spectra are shown in Fig. 1.

One important theoretical issue in these models is how
account for the lightness of the sterile neutrino which, or
narily, should have a mass well above the weak scale.
simplest possibility is to appeal to an underlying protecti
symmetry, getting, moreover, the LSND mass at one-lo
order only@13,14#. Alternatively, the lightness of the steril
neutrino may follow from volume suppression in mode
based on extra dimensions@17,18#. As for the maximal at-
mospheric mixing angle, it follows naturally in the models
Refs. @13,14,18# since to a first approximation the heavie
neutrinos form a quasi-Dirac pair whose components m

FIG. 1. The six types of four-neutrino mass spectra. The diff
ent distances between the masses on the vertical axes symboliz
different scales of mass-squared differences required to explain
lar, atmospheric, and LSND data with neutrino oscillations.
©2002 The American Physical Society04-1
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maximally. Finally the splittings which generate solar a
atmospheric oscillations arise due to breaking of the orig
symmetry~for example, due to additional loop suppressio!
@13,14# or due toR-parity breaking@19#. These models lead
to a (212) scheme.

One important feature of (311) mass spectra is that the
include the three-active neutrino scenario as a limiting ca
In this case, solar and atmospheric neutrino oscillations
explained by active neutrino oscillations, with mass-squa
differencesDmsol

2 and Dmatm
2 , and the fourth neutrino stat

gets completely decoupled. We will refer to this scenario
(310). The (311) scheme can be considered as a per
bation of the (310) case: a small mixture ofne andnm with
the separated mass state can account for the oscillation
served by LSND. In contrast, the (212) spectrum is intrin-
sically different from the three-active neutrino case. A ve
important prediction of this mass spectrum is that there
to be a significant contribution of the sterile neutrino eith
in solar or in atmospheric neutrino oscillations or in bo
More precisely, in the (212) case the fractions of steril
neutrino participating in solar and in atmospheric oscillatio
have to add up to 1@22#.

Based on semiquantitative arguments, it has been rea
for some time@23–26# that it is difficult to explain the LSND
result in the framework of (311) schemes because of stron
bounds from negative neutrino oscillation searches in sh
baseline ~SBL! experiments, and therefore the (212)
scheme was considered as the preferred one. Recent ex
mental developments led to a renaissance of the (311) mass
schemes@21,22,27#. First, a new LSND analysis~see the last
reference of@10#! resulted in a shift of the region allowed b
LSND to slightly smaller values ofDmLSND

2 , which makes
the (311) schemes somewhat less disfavored. However
Refs. @28,29# it was shown within a well-defined statistica
analysis that a bound implied by SBL experiments is in d
agreement even with the new LSND allowed region at
95% C.L. in (311) schemes. Second, the high statistics d
from Super-Kamiokande started to exclude two-neutrino
cillations into a sterile neutrino for both solar as well
atmospheric neutrinos@30#, which constitutes a problem fo
(212) mass schemes. Concerning the solar data, the tren
disfavor oscillations into a sterile neutrino recently beca
supported by the beautiful result of the SNO experim
@5,31#. However, a unified analysis of solar and atmosphe
neutrino data performed in Refs.@32,33# showed that the
goodness of fit of the (212) mass scheme is still acceptab

In this work, we perform for the first time a global anal
sis of all the relevant neutrino oscillation data in a fou
neutrino framework. We will use the fit of the global sol
neutrino data presented in Ref.@33#, which includes Super-
Kamiokande@1#, Homestake@2#, SAGE @3#, GALLEX and
GNO @4#, and SNO@5#. Further, we include data from th
atmospheric neutrino experiments Super-Kamiokande@7#

and MACRO@8#, data from the SBLnh→ nh appearance ex
periments LSND@11#, KARMEN @34#, and NOMAD @35#,
the reactorn̄e disappearance experiments Bugey@36# and
CHOOZ @37#, and thenh disappearance experiment CDH
@38#. We will perform a fit to these data for (311) and (2
09300
l

e.
re
d

s
r-

ob-

s
r
.

s

ed

t-

eri-

in

-
e
a
-

to
e
t
c

.

12) mass spectra in a unified formalism, which allows us
compare directly the quality of the fit for these rather diffe
ent mass schemes.

The plan of the paper is as follows. In Sec. II, we defi
our notation. In Secs. III, IV, and V, we consider the mixin
parameters relevant in the different classes of experim
~SBL, solar and atmospheric, respectively!, discuss con-
straints on these parameters, and describe the experim
data used in the analysis. In Sec. VI, we give a thorou
discussion of the parametrization of four-neutrino ma
schemes. The parametrization we introduce is based
physically relevant quantities and is convenient for the co
bined analysis. In Sec. VII, we compare the (311) and (2
12) mass schemes when data from solar and atmosph
neutrino experiments are combined, whereas in Sec. VIII
consider the combination of atmospheric and SBL exp
ments. In Sec. IX, we present the main result of this work
fit of the global set of neutrino oscillation data~solar, atmo-
spheric, and SBL! in the framework of four-neutrino mas
spectra. We also comment on a standard model fit, i.e.,
for the (310) case. In Secs. VII–IX, we focus mainly on th
relative comparison of (311) and (212) mass schemes; w
will make some comments on the absolute quality of the
in Sec. X. Finally, we present our conclusions in Sec. XI

For readers interested mainly in the results of our wo
we suggest skipping Secs. III–VI. After having a look at F
4, where the parameter structure of the four-neutrino fi
illustrated, we recommend proceeding directly to Sec. VI

II. FOUR-NEUTRINO OSCILLATION PARAMETERS

To obtain a four-neutrino scenario from a gauge mode
the weak interaction, one needs to extend the lepton se
by a numberm of SU(2)^ U(1) singlet leptons@39#. In such
a scheme the charged current leptonic weak interactio
specified as by a rectangular 33(31m) lepton mixing ma-
trix K5VU which comes from diagonalizing separately t
333 charged lepton mass matrix~via V) as well as the@in
general (31m)3(31m) Majorana# neutrino mass matrix
~via U). Moreover, the weak neutral current couplings
mass-eigenstate neutrinos is characterized by a nontr
(31m)3(31m) coupling matrixP5K†K @39# whose ef-
fects will not be relevant for us as neutrinos are both p
duced and detected through charged current interaction
these extra singlets are all superheavy~one example is the
standard seesaw scheme, wherem53), they decouple, leav
ing to a nearly unitary 333 lepton mixing matrixK while
the projective (31m)3(31m) matrix P becomes approxi-
mately the 333 unit matrix~approximate GIM mechanism!.

Hereafter we assume that, due to some symmetry or
other reason@13–15,17,18# one of the SU(2)̂ U(1) singlets
remains light enough so that it can take part in the oscillat
phenomenology and thereby account for the LSND data.
minimum possibility is to have just one such light single
m51, called a sterile neutrino.

In general, the physics of four-neutrino oscillations i
volves three mass-squared differences and the elemen
the mixing matrixK. The latter have been characterized in
model-independent way in@39# where an explicit parametri
4-2
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STATUS OF FOUR-NEUTRINO MASS SCHEMES: A . . . PHYSICAL REVIEW D65 093004
zation was given which is, up to factor ordering, the stand
one. In full generalityK contains six mixing angles and thre
physical phases which could lead toCP violation in the
oscillation phenomena@40#. For convenience, this 334 ma-
trix K connecting the four neutrino mass fieldsn i and the
three flavor fieldsna can be completed with an extra lin
~relating thesterileneutrinons to the mass eigenstates! so as
to obtain a 434 unitary matrix. In a basis where the charg
lepton mass matrix is diagonal, this leads to the matrixU
diagonalizing the neutrino mass matrix:

na5(
i 51

4

Ua in i ~a5e,m,t,s!. ~1!

Because of the strong hierarchy of the mass-squared
ferences required by the experimental data, theCP violating
effects are expected to be small in the experiments we c
sider. However,CP violation can be important in four
neutrino schemes for future long-baseline experiments, s
as neutrino factories@41#. Thus, neglecting the comple
phases we are left altogether with nine parameters rele
for the description ofCP conserving neutrino oscillations i
a four-neutrino scheme: six mixing angles contained inU
and three mass-squared differences. In the following s
tions, we will present a choice for these parameters, whic
convenient for the combined analysis of the different exp
ments and which is motivated by their physical interpre
tion.

We label the neutrino masses as indicated in Fig. 1
define for all schemes1

DmLSND
2 5m4

22m2
2 and Dmatm

2 5m3
22m2

2.0. ~2!

All experiments we consider are insensitive to the sign
DmLSND

2 . This implies that the (311)a scheme is equivalen
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to (311)d , while (311)b is equivalent to (311)c and (2
12)A is equivalent to (212)B .2 Hence, without loss of gen
erality we can restrict ourselves to the discussion of
schemes (311)a , (311)b , and (212)A , and we always
haveDmLSND

2 .0. The structure of the neutrino mass eige
statesn2 , n3, andn4 is common for all these schemes. On
the ‘‘solar mass state’’n1 is inserted in different places. Le
us define the index( for the different schemes as

~311!a :([2,

~311!b :([3,

~212!:([4. ~3!

Then the solar mass splitting can be written for all schem
as

Dmsol
2 5m(

2 2m1
2.0. ~4!

One advantage of the labeling introduced above is that
can use the parameterDm41

2 [m4
22m1

2 to relate the different
schemes in a continuous way. The values ofDm41

2 which
correspond to the three schemes are given by

~311!a :Dm41
2 5DmLSND

2 1Dmsol
2 ,

~311!b :Dm41
2 5DmLSND

2 1Dmsol
2 2Dmatm

2 ,
~5!

~212!A :Dm41
2 5Dmsol

2 .

It will be useful to factorize the mixing matrixU into two
matrices:U5O(2)O(1). Neglecting the complex phases inU,
we write the matricesO( i ) as a product of rotation matrice
Ri j in the (i , j ) subspace with the angleu i j . We define
ses of

is
O(1)5R14R13R125S c14c13c12 c14c13s12 c14s13 s14

2s12 c12 0 0

2s13c12 2s13s12 c13 0

2s14c13c12 2s14c13s12 2s14s13 c14

D , ~6!

O(2)5R34R24R235S 1 0 0 0

0 c24c23 c24s23 s24

0 2s34s24c232c34s23 2s34s24s231c34c23 s34c24

0 2c34s24c231s34s23 2c34s24s232s34c23 c34c24

D , ~7!

and order the flavor eigenstates in such a way that if all angles are zero, we have the correspondence (ne ,nm ,nt ,ns)
5(n1,n2,n3,n4). In the following sections, we will consider the mixing parameters relevant in the three different clas
experiments~SBL, solar, and atmospheric! in more detail.

1Note that our labeling is different from that in previous publications@25,26,29,32#. However, this way of labeling neutrino masses
particularly convenient as it enables a combined treatment of all the schemes in the same footing.

2These degeneracies can be lifted by considering the effects in tritiumb-decay experiments@29,42# or neutrinoless doubleb-decay
experiments@43#.
4-3



y, under

M. MALTONI, T. SCHWETZ, AND J. W. F. VALLE PHYSICAL REVIEW D65 093004
III. SBL EXPERIMENTS

A. SBL parameters

In SBL experiments, it is a good approximation to set the solar and atmospheric mass splittings to zero. Obviousl
this assumption the two schemes (311)a and (311)b become equivalent. Let us define the parametersda (a5e,m,t,s) and
Am;e for the two schemes as

~311!:da5uUa4u2, Am;e54uUe4u2uUm4u2,

~212!:da5uUa1u21uUa4u2, Am;e54uUe1Um1* 1Ue4Um4* u2. ~8!
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Then for both schemes the probability of SBLnh→ nh

transitions relevant for the accelerator experiments LSN
KARMEN, and NOMAD is given by

Pnm→ne
5Pn̄m→ n̄e

5Am;esin2
DmLSND

2 L

4E
, ~9!

and the survival probabilities relevant in the SBL disappe
ance experiments Bugey and CDHS are given by

Pna→na
5Pn̄a→ n̄a

5124 da~12da!sin2
DmLSND

2 L

4E
,

~10!

where a5e refers to the Bugey anda5m to the CDHS
experiment. HereL is the distance between source and d
tector andE is the neutrino energy. It is straightforward
see that in the (311) scheme the relation

~311!:Am;e54 dedm ~11!

holds. Hence, there are only two independent SBL mix
parameters in this case. However, in the (212) scheme the
situation is qualitatively different and there is only the r
striction

~212!:Am;e<4 min@dedm ,~12de!~12dm!#, ~12!

which follows from unitarity ofU, and therefore there re
main three independent mixing parameters for SBL exp
ments in the (212) scheme.

Note that the probabilities Eqs.~9! and~10! have the same
form as in the two-neutrino case@13,26#. The amplitudeAm;e
can therefore be identified with the LSND mixing angle:

Am;e[sin22uLSND, ~13!

and for the disappearance parameters the identifica
4 de(12de)↔sin22uBugey ~and similar for CDHS! can be
made.
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B. Constraints form Bugey and CHOOZ

Let us consider the constraints from reactorn̄e disappear-
ance experiments Bugey and CHOOZ.3 To this purpose we
introduce the parameter

he[uUe1u21uUe(u2, ~14!

which describes the fraction of the electron neutrino in
‘‘solar sector’’ and is related tode by

~311!:he1de<1,

~212!:he5de . ~15!

The requirement that the electron neutrino must particip
in oscillations withDmsol

2 in order to explain the solar neu
trino anomaly leads tohe;1. The result of the Bugey ex
periment@36# constrains the combination 4de(12de) to be
very small. Taking into account Eq.~15! and he;1, one
obtains@26,28#

~311!:de

~212!:12de
J &231022 at 90% C.L. ~16!

in the relevant range ofDmLSND
2 .

The disappearance probability in the CHOOZ@37#
experiment4 can be written as

PCHOOZ5122de~12de!2ACHOOZsin2
Dmatm

2 L

4E
, ~17!

with

~311!:ACHOOZ54 he~12de2he!,

~212!:ACHOOZ54 uUe2u2uUe3u2. ~18!

3Note that the Palo Verde reactor experiment@44# obtains a bound
comparable to CHOOZ. As the exact value of this bound has v
little impact on our analysis, we include for simplicity only th
result of CHOOZ.

4Because of its value of (E/L), CHOOZ is sensitive to oscillations
with Dmatm

2 rather than withDmLSND
2 , and therefore it is considere

as a long-baseline experiment. However, it turns out to be con
nient to treat it together with the SBL experiments in the analys
4-4
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We use the result of this experiment in two ways. First,
constrain the SBL parameterde similar to Bugey as de-
scribed in Ref.@28#. Second, also the parameterACHOOZ is
constrained to small values. Comparing Eqs.~16! and ~18!
and noting that for the (212) schemes (12de)5uUe2u2
1uUe3u2, one can see thatACHOOZ is very small in this case
because of the bound on (12de) implied by Bugey. How-
ever, for the (311) schemes the additional information
CHOOZ is important. Taking again into account that t
electron neutrino must have significant mixing withn1 and
n( to obtain solar neutrino oscillations (he;1), we obtain
the bound

~311!: 12de2he&431022 at 90% C.L.
~19!

for the values ofDmatm
2 preferred by atmospheric neutrin

experiments.
To summarize, if oscillations ofne with Dmsol

2 are re-
quired, bounds from reactor experiments imply in both typ
of mass schemes thathe has to be close to 1: for (212),
Eqs.~15! and~16! imply that (12he) is bounded by Bugey
whereas for (311) we obtain a somewhat weaker bou
resulting from a combination of the bounds from Bugey, E
~16!, and CHOOZ, Eq.~19!:

~311!:12he&631022,

~212!:12he&231022. ~20!

These bounds can also be translated into bounds on
mixing angles contained in theO(1) factor of the leptonic
mixing matrix. One of three angles in the matrixO(1) is the
solar angleu1( , which has to be large@45# in order to ac-
count for the results of solar neutrino oscillation experime
@1–5#. Then the bounds given in Eq.~20! imply in all mass
schemes that the other two angles have to be small.

C. Data used from SBL experiments

In this section, we describe the experimental data fr
SBL experiments which we are using for our statistic
analysis. We divide thex2 function describing the SBL ex
periments into two parts:

xSBL
2 ~DmLSND

2 ,uLSND,de ,dm!

5xNEV
2 ~DmLSND

2 ,uLSND,de ,dm!

1DxLSND
2 ~DmLSND

2 ,uLSND!. ~21!

Here xNEV
2 contains the information from the experimen

Bugey, CDHS, KARMEN, NOMAD, and CHOOZ, which
find no evidence~NEV! for neutrino oscillations, while
xLSND

2 includes the information of LSND, which is the onl
SBL experiment reporting evidence for oscillations. For wh
concerns the parameter dependence shown in Eq.~21!, one
has to keep in mind that in the (311) schemeuLSND is
related tode anddm via Eqs.~11! and~13!, but in the context
of (212) schemes all these three parameters are inde
dent.
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The Bugey experiment@36# searches forn̄e disappearance
at the distances 15 m, 40 m, and 95 m away from a nuc
reactor. As input data for our analysis, we use Fig. 17 of R
@36#, where the ratios of the observed events to the num
of expected events in the case of no oscillations are show
25 bins in positron energy for the positions 15 m and 40
and 10 bins for the position 95 m. The CDHS experime
@38# searches fornm disappearance by comparing the numb
of events in the so-called back and front detectors at
distancesLback5885 m and L front5130 m, respectively,
from the neutrino source. The data are given in Table I
Ref. @38# as ratios of these event numbers in 15 bins
‘‘projected range in iron.’’ The KARMEN experiment@34#

looks for n̄e appearance in an̄m beam. We use the number o
positron events in nine bins of positron energy as given
Fig. 2~b! of the second reference in@34#. Our reanalysis of
the experiments Bugey, CDHS, and KARMEN is describ
in detail in Ref.@28#. To include the results on thenm→ne
appearance channel obtained by the NOMAD experim
@35#, we perform an analysis similar to that of KARMEN
We use the 14 data points of the energy spectrum ofne
charged current events given in Fig. 2 of the first referenc
@35#.

We include the result of the CHOOZ experiment@37# by
means of thex2 function

xCHOOZ
2 5

~^PCHOOZ&2Pexp!
2

sstat
2 1ssyst

2
, ~22!

where Pexp51.01, sstat52.8%, ssyst52.7% @37#, and
PCHOOZ is given in Eq.~17!. In the (212) case we adopt the
approximationACHOOZ50 ~see Sec. III B! and hencexCHOOZ

2

depends only on the parameterde . For the (311) case,
xCHOOZ

2 depends on the two independent parametersde and
he . Apart from the requirementhe;1, we are not interested
in the exact value of this parameter and we will always mi
mize with respect to it. In our approximation, the CHOO
experiment is the only one sensitive to the small value
2he) ~see the following sections!, and therefore the minimi-
zation with respect tohe is trivial and yieldsACHOOZ50.
Again we are using only the information onde from CHOOZ
in Eq. ~21!, which is independent ofDmatm

2 . Therefore, the
dependence onhe is not shown in Eq.~21!.

The total number of data points for all NEV experimen
is

NNEV560(Bugey)115(CDHS)19(KARMEN)114(NOMAD)

11(CHOOZ)599. ~23!

TABLE I. Four-neutrino parameters for the different data sets

Data set Parameters

solar Dmsol
2 , usol , hs

atmospheric Dmatm
2 , uatm, u24, u34

SBL appearance DmLSND
2 , uLSND

SBL disappearance DmLSND
2 , de , dm
4-5
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To include the detailed structure of the LSND experime
@10,11#, the LSND Collaboration@46# has provided us with a
table of the likelihood function obtained in the final analys
of their data@11# as a function of the two-neutrino param
etersDmLSND

2 and sin22uLSND. Contours of this likelihood
function corresponding to 90% and 99% C.L. are shown
Fig. 27 of Ref.@11#. The reason that we can use this like
hood function, which was obtained in a two-neutrino ana
sis, also in the four-neutrino case is that the relevant fo
neutrino probability Eq.~9! has the same form as the two
neutrino probability. We include the LSND likelihoo
function in our analysis by transforming it into ax2-function
according to@47# x25const22 lnL. Because of the event
by-event based likelihood analysis performed by the LS
Collaboration, we cannot use any information on the ab
lute value of thex2 function. Therefore, as indicated alread
in Eq. ~21!, we use in our analysis only theDx2 relative to
its minimum:

DxLSND
2 ~DmLSND

2 ,uLSND!

[2 lnL LSND
max 22 lnLLSND~DmLSND

2 ,uLSND!. ~24!

In this way we are able to include the LSND data in
optimal way, as we are using directly the analysis perform
by the experimental group.

IV. SOLAR NEUTRINO EXPERIMENTS

For solar neutrino oscillations, it is a good approximati
to work in the limit DmLSND

2 →` and Dmatm
2 →`, so that

oscillations induced by the LSND and atmospheric ma
squared differences are completely averaged out. Moreo
in Refs. @32,33,48,49#, solar neutrino oscillations in (212)
schemes have been studied using the approximationhe51,
which is justified by the Bugey bound Eq.~16!. The results
obtained there can be applied also to (311) mass schemes
if again he51 is adopted. Note, however, that in this ca
only the somewhat weaker bound shown in Eq.~20! applies.
The solar oscillation probabilities obtained in these wo
are valid up to terms of order (12de)

2 for (212) and
@de

2 , (12he)
2# for (311). Settinghe51 reduces the ma

trix O(1) in all cases toR1( , eliminating the other two mix-
ing angles.

Under these approximations, solar neutrino oscillations
not distinguish between (311) and (212) schemes, and
depend only on the three parametersDmsol

2 , usol, and hs

@48#. The solar mixing angleusol5u1( is given by

tan2usol[
uUe(u2

uUe1u2
~25!

and corresponds tou12 in the notation of Refs.@32,33#; it can
be taken in the interval 0<usol<p/2 without loss of gener-
ality. The parameterhs is defined by

hs[uUs1u21uUs(u2 ~26!
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2 in the notation of Refs.@32,33#.
This parameter describes the fraction of the sterile neut
participating in solar neutrino oscillations: forhs50, solar
electron neutrinos oscillate only into active neutrino
whereashs51 corresponds to purene→ns oscillations.5

Thus this mixing-type parameter can be interpreted as
model parameter interpolating between the approxim
forms for the leptonic mixing matrix given in Refs.@13# and
@14#, respectively.

To include the information from solar neutrino expe
ments in our analysis, we make use of the results obtaine
the four-neutrino analysis performed in Ref.@33#. The ex-
perimental data used in this work are the solar neutrino
of the chlorine experiment Homestake@2#, the weighted av-
erage rate of the gallium experiments SAGE@3#, GALLEX,
and GNO@4#, as well as the 1258-day Super-Kamiokan
data sample@1# in the form of the recoil electron energ
spectrum for both day and night periods, each of them gi
in 19 data bins, and the recent result from the charged cur
event rate at SNO@5#. The total number of data points con
tained inxsol

2 is

Nsol53(Cl,Ga,SNO)138(SK)541. ~27!

Details of the solar neutrino analysis can be found in Re
@31,33,51# and references therein.

To include the results of Ref.@33# in our analysis, we use
xsol

2 as a function ofhs ~minimized with respect to the othe
two parametersDmsol

2 andusol) shown in Fig. 3 of Ref.@33#,
which we reproduce in Fig. 2. Thex2 is shown relative to the
global minimum, which lies in the large mixing angle~LMA !
region and has the value (xsol

2 )min535.3 forNsol23538 de-
grees of freedom~d.o.f.!. The three lines in the figure ar
obtained by requiring that the solution of the solar neutr
problem lies in the three regions LMA, low/quasivacuu
~LOW!, and small mixing angle~SMA!, respectively. Note

5The parameterhs is similar to the parametersA and cs , which
have been introduced in Refs.@23# and @50#, respectively, to de-
scribe the effect of (212) mass schemes in big-bang nucleosynth
sis.

FIG. 2. Dxsol
2 as a function ofhs for the different solutions to

the solar neutrino problem, as presented in Fig. 3 of Ref.@33#.
4-6
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thatxsol
2 (hs) is the same for all mass schemes. We clearly

from this figure that solar neutrino data preferhs50, i.e.,
pure active oscillations. At 99% C.L., there is the upp
bound from the solar data@33#:

solar data: hs<0.52. ~28!

V. ATMOSPHERIC NEUTRINO EXPERIMENTS

For the oscillations of atmospheric neutrinos, it is a go
approximation to setDmsol

2 to zero and to also assume th
limit DmLSND

2 →`. In Refs. @32,33,52#, fits of atmospheric
neutrino data in a (212) framework have been performe
by making use of the Bugey constraint Eq.~16! and setting
he51. The approximationsDmsol

2 50 andhe51 imply that
the electron neutrino decouples completely from atmosph
neutrino oscillations. In (311) spectra, the contribution o
electron neutrinos to atmospheric oscillations is limited
the somewhat weaker bound shown in Eq.~20!; however, in
Ref. @51# it was found that ane contamination small enoug
not to spoil the result of the CHOOZ experiment has onl
very small effect on the quality of the fit of atmospher
neutrino data. Therefore, it is justified to adopt the appro
mationhe51 also for (311) schemes@29#.

Under these assumptions, atmospheric neutrino osc
tions do not distinguish between (311) and (212)
schemes, and reduce to an effective three-neutrino prob
involving only the flavorsnm ,nt ,ns , the mass eigenstate
n2 ,n3 ,n4 and the mixing matrixO(2) defined in Eq.~7!. The
xatm

2 function depends on the four parametersDmatm
2 , u23,

u34, andu24 @32,33#, and to cover the full physical paramet
space one can choose the ranges 0<(u24,u34)<p/2 and
2p/2<u23<p/2.6 Therefore, in addition to the two param
etersDmatm

2 anduatm[u23 corresponding to the two-neutrin
parameters, we need two more angles to describe a
spheric neutrino oscillations in a four-neutrino framewo
@48#.

To understand the physical meaning of the anglesu24 and
u34, let us consider their relation to the parametersdm and
ds , which we have defined in Eq.~8!. Under the approxima-
tion he51, we obtain in all the schemes

dm5uOm4
(2)u25s24

2 ,

ds5uOs4
(2)u25c24

2 c34
2 . ~29!

The quantity (12dm) @(12ds)# corresponds to the fractio
of the muon~sterile! neutrino participating in ‘‘atmospheric’
neutrino oscillations. Fordm5s24

2 50, the muon neutrino lies
completely in the atmospheric sector, while for the~strongly
disfavored! casedm51 there are no oscillations ofnm with
the scaleDmatm

2 . Hence, atmospheric data will constraindm

to be small. Depending on the value ofDmLSND
2 , the bound

on dm is strengthened by thenh SBL disappearance exper

6Note that (u34,u24,u23) in our notation correspond to
(q24,q23,q34), respectively, in the notation of Refs.@32,33#.
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ment CDHS@25,29#. Similarly, ds5c24
2 c34

2 51 corresponds
to pure active atmospheric oscillations, whereas fords50
the sterile neutrino fully participates in oscillations wi
Dmatm

2 . The cases correspond to the approximations use
the early papers@13,14#: themixing-typeparameterds can be
interpreted as amodelparameter interpolating between th
approximate forms for the leptonic mixing matrix given
Refs.@13# (ds50) and@14# (ds51), respectively.

For the atmospheric data analysis, we use the follow
data from the Super-Kamiokande experiment@7#: e-like and
m-like data samples of sub- and multi-GeV, each given a
five-bin zenith-angle distribution, up-going muon data i
cluding the stopping~five bins in zenith angle!, and through-
going ~ten angular bins! muon fluxes. Further, we use th
recent update of the MACRO@9# up-going muon sample~ten
angular bins!. We obtain a total number of data points co
tained inxatm

2 of

Natm535(SK)110(MACRO)545. ~30!

For further details of the atmospheric neutrino analysis,
Refs.@32,33,51# and references therein.

In Fig. 3, we show the results of our atmospheric neutr
analysis regarding the anglesu24 andu34. This figure corre-
sponds to Fig. 6 of Ref.@33#, but now using the updated
results of MACRO. In the upper panel we show the 90% a
99% C.L. allowed regions~2 d.o.f.! for the parametersds

5c24
2 c34

2 anddm5s24
2 . To obtain these regions, we minimiz

xatm
2 with respect to the other two parametersuatm and

Dmatm
2 . As expected, atmospheric data constraindm to small

values, implying a large fraction ofnm participating in atmo-
spheric oscillations. For what concerns the parameterds ,
values close to 1 are preferred, which means thatnm oscil-
lates mainly to active neutrinos. This can be seen clea
from the lower panel of Fig. 3, where we displa
Dxatm

2 (ds)[xatm
2 (ds)2(xatm

2 )min . Here (xatm
2 )min527.9 for

FIG. 3. ~a! 90% and 99% C.L. allowed regions for the param
etersds5c24

2 c34
2 ~ordinate! anddm5s24

2 ~abscissa! from atmospheric
neutrino data. The best-fit point is marked with a star.~b! Dxatm

2 as
a function of ds using old @8# and new@9# MACRO data. Also
shown are theDx2 values corresponding to 90% and 99% C.L. f
1 d.o.f.
4-7
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Natm24541 d.o.f. andxatm
2 is minimized with respect to al

other parameters. We show the line for the updated MAC
data @9# and compare with the line obtained from the o
MACRO data@8#, which corresponds to the data used in R
@33#. For large values ofds , the lines are very similar, how
ever for small values the fit gets worse. This means t
atmospheric data get stronger in rejecting a sterile com
nent in atmospheric neutrino oscillations.

VI. FOUR-NEUTRINO PARAMETERS IN THE COMBINED
ANALYSIS

In the previous sections we have discussed the param
zation of the four-neutrino problem for the different data s
separately. We summarize our choice of parameters in T
I. Note that for (311) schemeshe is an additional indepen
dent parameter, but we do not list it in Table I because in
approximation CHOOZ is the only experiment sensitive to
and we always minimize with respect to it. In (212)
schemes we havehe5de according to Eq.~15!. We have
chosen the parameters listed in Table I in such a way
they have a well-defined physical meaning in the contex
a given data set. Note that this physical interpretation isin-
dependentof the mass scheme: for example, regardless
whether we assume (311) or (212) schemes,hs is the
fraction of sterile neutrinos in solar oscillations,u24 de-
scribes the fraction ofnm in atmospheric oscillations@see Eq.
~29!#, sin22uLSND is the SBL nh→ nh amplitude, and so on
The fact that it is possible to describe the results of any of
given set of experiments in terms of physical quantities
dependent of the mass scheme implies that none of the
sidered data sets~solar, atmospheric, SBL appearance,
SBL disappearance! can be usedon its own to distinguish
between different mass spectra. This follows from the
proximationhe'1, which is motivated by the bounds from
reactor neutrino experiments, and from the strong hierar
among the mass-squared differences indicated by the d
This hierarchy implies that for any set of experiments, o
one mass scale is relevant. In the following, we show
detail that the differences between the mass schemes m
fest themselves only if two or more data sets are combin
i.e., if the relation among parameters belonging to differ
data sets is considered.

For the combined analysis, we will describe neutrino
cillations by means of the following parameters: beside
three mass-squared differencesDmsol

2 , Dmatm
2 , andDmLSND

2 ,
we use the six parameters

usol,uatm,uLSND,hs ,dm ,he . ~31!

It is easy to check that indeed for all mass schemes thes
parameters—defined as in the previous sections—can
used to describe, in a physically more convenient way,
most generalCP conserving leptonic mixing matrix@39#.
Each of thex2 functions describing the three data sets~SBL,
solar, atmospheric! depends only on a subset of these para
eters:
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xsol
2 ~Dmsol

2 ,usol,hs!,

xatm
2 ~Dmatm

2 ,uatm,dm ,hs!,

xSBL
2 ~DmLSND

2 ,uLSND,dm ,he!. ~32!

We illustrate the parameter dependence of the data se
Fig. 4. The three anglesusol, uatm, and uLSND are related
directly to the amplitude of the oscillations in the corr
sponding experiments solar, atmospheric, and LSND, w
the two quantitieshs and dm account for the coupling be
tween different data sets. As indicated, the parameterhs is in
common to solar and atmospheric neutrino oscillations; if
express it in terms of the atmospheric angles, we obtain
different relations, depending on the mass schemes:

~311!a :hs5uOs2
(2)u25~s24c34catm2s34satm!2,

~311!b :hs5uOs3
(2)u25~s24c34satm1s34catm!2,

~33!

~212!:hs5uOs4
(2)u25c24

2 c34
2 .

On the other hand, the parameterdm is in common with SBL
and atmospheric neutrino oscillations; here the coupling
the same in all mass schemes@see Eq.~29!#. Another impor-
tant difference between (311) and (212) arises due to the
combination of the SBL appearance and disappearance
periments@see Eqs.~11! and ~12!#. There is no direct cou-
pling between solar and SBL oscillations; they do not depe
on a common parameter. This simple coupling of the d
sets is a nice feature of our parametrization~within the
adopted approximations!, which renders the combined analy
sis possible, despite the large number of parameters
volved. Note that only the SBL experiments involve the a
ditional parameterhe explicitly, since—as stated in Secs. I
and V—for what concerns the analysis of the other two d
sets it is safe to assumehe51. In the (212) scheme, we
have the relationhe5de and this parameter is important fo
the SBL disappearance amplitude, whereas in (311), only
the long baseline reactor experiment CHOOZ is sensitive
he and we always minimize with respect to it.

For the unified analysis of all the mass schemes, we
considerDmLSND

2 , Dmatm
2 , andDm41

2 as the three indepen
dent mass-squared differences. Thex2 as a function ofDm41

2

will have three local minima corresponding to the schem
(311)a , (311)b , and (212)A at the values given in Eq

FIG. 4. Parameter dependence of the three data sets solar, a
spheric, and SBL. Exact definitions of the parameters are give
Secs. III, IV, and V.
4-8
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~5!. Beside this parameter indicating the scheme, we
display the results of our numerical analysis using the
lowing parameters. For the analysis of solar and atmosph
data in Sec. VII, we consider thex2 as a function ofhs ; the
results of the analysis of atmospheric and SBL data~Sec.
VIII ! are given in the (DmLSND

2 ,sin22uLSND) plane, while for
the fully global analysis~Sec. IX! we use all three param
eters (DmLSND

2 ,uLSND,hs). Note that in ax2 analysis the
size of the allowed regions depends crucially on the num
of parameters considered. Our aim was to identify wh
parameters describe the most relevant features of the ph
in each case.

Before closing this section, let us note some subtle
related to our parametrization. As described above, som
the parameters shown in Eq.~31!, which we are using for our
global fit, obey different relations depending on the ma
scheme considered. The question arises of how to treat t
different relations among parameters in a common fram
work for the two mass schemes. Indeed, we are using
parameterDm41

2 to formally describe a continuous transitio
between the vastly different mass spectra.

Let us consider a completely arbitrary parametrization
the general four-neutrino problem@39#. We have three mass
squared differences and six angles, e.g., the anglesu i j intro-
duced in Eqs.~6! and ~7!. Now one can think of a fit to the
data in this general parametrization. In practice, it is alm
impossible to perform this general nine-parameter fit w
current computer technology. However, the results of such
analysis would be six well separated regions in the ni
dimensional parameter space, corresponding to the six m
schemes shown in Fig. 1. In these islands, our approxi
tions hold and it makes sense to adopt a parametriza
motivated by phenomenology. The allowed regions for
parametersu i j can be mapped to allowed regions for t
parameters shown in Eq.~31!, which have a simple physica
interpretation. Inside any given island, it is clear which re
tions among the new parameters have to be applied. O
ously this reasoning is only valid under the assumption t
various regions are well separated. This assumption ca
justified by noting that to move continuously from a (
12) to a (311) scheme one has to break up the hierarc
among the mass-squared differences, and we can expec
at least one data set will give a largex2 which separates the
corresponding allowed regions.

VII. ANALYSIS OF SOLAR AND ATMOSPHERIC
NEUTRINO DATA

In this section, we combine solar and atmospheric n
trino data. In Ref.@33#, these data have been considered
the (212) scheme. Here we discuss some slight change
this case~due to the updated MACRO data!. We extend the
analysis also to the case of the (311) mass scheme in a wa
that allows a direct comparison of the fit for these tw
schemes.

Before combining the two data sets, let us consider
impact of atmospheric data alone on the parameterhs , de-
scribing the fraction of sterile neutrinos in solar oscillation
The relation ofhs to the atmospheric parameters is given
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Eq. ~33! for the three mass schemes (311)a , (311)b , and
(212). In Fig. 5, we show Dxatm

2 (hs)[xatm
2 (hs)

2(xatm
2 )min , for the three cases, minimizing with respect

the other parametersDmatm
2 ,uatm, and dm . The line corre-

sponding to the (212) scheme is identical to the one show
in the lower panel of Fig. 3 because of the (212) relation
hs5ds5c24

2 c34
2 @see Eq.~33!#. Atmospheric data prefer larg

values ofhs , which corresponds to activenm atmospheric
neutrino oscillations. From the figure, we can read off t
99% C.L. bound

atmospheric data:hs>0.54 for ~212! schemes, ~34!

which is in disagreement with the bound from solar da
given in Eq. ~28!. On the other hand, concerning the (
11) schemes in Ref.@22#, the very interesting fact was
noted thatatmosphericdata give a constraint on the fractio
of the sterile neutrino participating insolar oscillations.
From Eq.~29!, it follows that uOs2

(2)u21uOs3
(2)u2512ds is the

fraction of sterile neutrinos in atmospheric oscillations whi
should be small according to the data@30#. Comparing this
with Eq. ~33!, we expect that for (311) schemes, atmo
spheric data prefer small values ofhs . Indeed, from Fig. 5,
we find the 99% C.L. bounds

atmospheric data:H hs<0.35 for ~311!a schemes,

hs<0.42 for ~311!b schemes,
~35!

which are even stronger than the one from solar data,
~28!.

From Fig. 5, one can see that, although there are qua
tative differences between the two schemes (311)a and (3
11)b , the qualitative behavior is similar. Looking at Eq
~33!, it is easy to see that the relation betweenhs and the
atmospheric angles in the (311)a scheme reduces to the on
in the (311)b scheme under the transformationuatm→uatm
2p/2. Such a transformation, when applied to the atm
spheric oscillation probabilities, is equivalent to changing
sign of Dmatm

2 , hence we have xatm
2 (Dmatm

2 ,uatm

FIG. 5. Dxatm
2 as a function of the fraction of the sterile neutrin

in solar oscillationshs for all four-neutrino mass schemes, (
11)a , (311)b , and (212).
4-9
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FIG. 6. Combinedx2 function for solar and
atmospheric neutrino data for (311) and (2
12) for different solar neutrino solutions with
respect to the global minimum~see text for de-
tails!.
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2p/2,u24,u34)5xatm
2 (2Dmatm

2 ,uatm,u24,u34). Therefore,
the origin of the difference between the two schemes
11)a and (311)b can be explained in two different ways.
we requireDmatm

2 .0, then we end up with two differen
relations betweenhs and the atmospheric anglesuatm, u24,
andu34, as we have done so far. Alternatively, if the defin
tion of the atmospheric angles is adjusted so that their r
tion with hs is the same in (311)a and (311)b schemes,
then it is no longer sufficient to restrict to the caseDmatm

2

.0, and the caseDmatm
2 ,0 should be investigated as we

In the latter approach, it is clear that the difference ari
because of the presence ofmatter effectsin atmospheric neu-
trino oscillations, which are sensitive to the sign ofDmatm

2 .
Since in this work we are mainly interested in the compa
son of (212) with (311) in general, from now on we will
always minimize with respect to (311)a and (311)b by
choosing from the two corresponding values ofDm41

2 the one
with the lowerx2.

From Eqs.~28!, ~34!, and~35!, one expects that combine
solar and atmospheric neutrino data will prefer (311) mass
schemes over (212). In order to quantify this statement, le
us consider the followingx2 function:

xsol1atm
2 ~hs ,Dm41

2 ![xsol
2 1xatm

2 , ~36!

where we minimize with respect to the parametersDmsol
2 ,

Dmatm
2 , usol, uatm, and dm . As explained before~see Sec.

II !, the parameterDm41
2 relates the different schemes. In Fi

6, we show theDx2 projected onto thehs axis for the two
regions ofDm41

2 corresponding to the schemes (311) and
(212) according to Eq.~5!. In both cases, (311) and (2
12), we refer to thesameminimum, which occurs for the
(311) scheme withhs50. For the dashed~dashed-dotted!
line, we restrict the solar solution to be LMA~LOW!, while
for the solid line~labeled ‘‘unc’’ in the figure! we choose the
solution which gives the weakest restriction~unconstrained!.
This corresponds to our current knowledge of the solution
the solar neutrino problem. The reason why the line for LO
is sometimes below the one for the unconstrained case is
it is referred to the minimum for the LOW solution, which
higher than the minimum for LMA~which coincides with the
minimum in the unconstrained case!, as can be seen from
Fig. 2. For the unconstrained case, the minimum has
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value (xsol1atm
2 )min563.2 forNsol1Natm27579 d.o.f. As ex-

pected, solar and atmospheric neutrino data prefer (311)
because in this case both can be explained by active neu
oscillations. The dotted line in Fig. 6 shows the value
Dx259.21 corresponding to 99% C.L. for 2 d.o.f., which a
the two parametershs andDm41

2 . Therefore, for the uncon
strained and LMA cases, (212) is disfavored at more than
99% C.L. with respect to (311). If we compare the loca
minimum with respect tohs in (212) with the global mini-
mum in (311), we find for the unconstrained case

Dx25~xsol1atm
2(212) !min2~xsol1atm

2(311) !min510.3. ~37!

Conversely, the LOW (212) solution is still allowed at the
99% C.L. The reason for this is that the LOW solution is n
as strong to reject a sterile component in solar oscillation
the LMA solution~see Fig. 2!, so that the disagreement wit
atmospheric data in the context of (212) schemes is some
what weaker. Let us note that for the unconstrained ca
large values ofhs;0.76 ~corresponding to a large compo
nent of sterile neutrino in solar oscillations! are slightly pre-
ferred over small ones. This means that the inclusion of
updated MACRO results makes atmospheric neutrino d
slightly more powerful to reject the sterile neutrino than t
unconstrained solar data.

VIII. ANALYSIS OF ATMOSPHERIC AND SBL NEUTRINO
DATA

In this section, we combine the data sets from atm
spheric and SBL neutrino experiments. To this end, we c
sider thex2 function

xatm1SBL
2 ~Dm41

2 ,DmLSND
2 ,uLSND!5xatm

2 1xSBL
2 . ~38!

From Eq.~32!, we can see that the terms on the right-ha
side in general depend on the paramet
(DmLSND

2 ,Dmatm
2 ,uatm,uLSND,hs ,dm ,he). To obtain the pa-

rameter dependence as shown in Eq.~38!, we proceed as
follows. First, we minimizexatm

2 with respect toDmatm
2 ,uatm,

andhs . In a second step, we minimize with respect tode and
dm by taking into account the relation~11! or ~12!, depending
on the mass scheme considered~i.e., on the value ofDm41

2 ).
4-10
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FIG. 7. Combination of atmospheric and SB
data. We show projections of the three
dimensional 90% and 99% C.L. regions corr
sponding to (311) and (212) in the
(DmLSND

2 ,sin22uLSND) plane. The best-fit point
lies in (212) and is marked with a star, the loca
best fit point in (311) is marked with a circle.
The dotted line is the 99% C.L. region from
LSND data alone@11#.
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The allowed regions in the parameter spa
(Dm41

2 ,DmLSND
2 ,uLSND) are given byDx256.3(11.3) for

90% ~99%! C.L. ~3 d.o.f.!. In the right panel of Fig. 7, we
show a projection of the three-dimensional regions co
sponding to the (212) case, which include the best-fit poin
(DmLSND

2 50.91 eV2, sin22uLSND53.1631023). One can
see that the allowed regions cover a large part of the t
neutrino allowed region by LSND alone, which is shown
the dotted line. The allowed region disappears for values
sin22uLSND*0.06 because of the constraint from the Bug
experiment. At large values ofDmLSND

2 , the bounds from
KARMEN and NOMAD are important. In the left panel, w
show the projection of the three-dimensional volume cor
sponding to the (311) case with respect to the global min
mum, which lies in the (212) plane. Only four small islands
appear at 99% C.L. If we compare the local best-fit point
(311) at (DmLSND

2 51.74 eV2, sin22uLSND51.4131023)
with the global best-fit point, we find

Dx25~xatm1SBL
2(311) !min2~xatm1SBL

2(212) !min56.9. ~39!

The conclusion from Fig. 7 and Eq.~39! is that SBL data
combined with atmospheric data clearly prefer (212) over
the (311) spectra. Figure 7 is a beautiful confirmation
the results of our previous work@29#, where we have ana
lyzed a similar data set in the (311) framework, but using a
very different statistical method. The reason for the (212)
preference by the SBL data is well known@22–27# and can
be understood from Eqs.~11! and~12!. For the (311) case,
bothde anddm must be small because of Bugey and CDH
respectively, which leads to a double suppression of
LSND amplitude sin22uLSND according to Eq.~11!. In con-
trast, for the (212) case, (12de) anddm have to be small
and Eq.~12! implies only a linear suppression of sin22uLSND.

IX. GLOBAL ANALYSIS

The results of the previous section, i.e., that atmosph
1SBL data prefer (212) over (311), are in direct conflict
with the results of Sec. VII, where we have found that so
1atmospheric data prefer (311) over (212). This shows
that there is some tension in the existing data in a fo
neutrino framework, and to clarify the situation it is nece
09300
e

-

-
s
of
y

-

r

,
e

ic

r

r-
-

sary to perform a combined analysis of all the data. To t
end, we consider thex2 function

xglobal
2 ~Dm41

2 ,DmLSND
2 ,uLSND,hs!5xsol

2 1xatm
2 1xSBL

2 .
~40!

We minimize the right-hand side of this equation with r
spect to all the parameters, except the ones shown on
left-hand side. Allowed regions are given by

FIG. 8. Global combination of current neutrino oscillation da
solar, atmospheric, and SBL. We show theDxglobal

2 as a function of
hs ~upper panels! and projections of the four-dimensional 90% an
99% C.L. regions on the (DmLSND

2 ,sin22uLSND) plane~lower pan-
els! ~see text for details!. The global best-fit point lies in (311) and
is marked with a star, the local best-fit point in (212) is marked
with a circle, and the local minimum in (212) is marked with a
triangle. The dotted line in the lower panels is the 99% C.L. reg
from LSND data alone@11#.
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TABLE II. Parameter values at the best-fit points in (311) and (212) and at the local minimum in
(212).

DmLSND
2 (eV2) sin22uLSND hs dm de

global best fit (311) 1.74 1.4131023 0.0 1.9831022 1.7931022

best fit (212) 0.87 3.5531023 0.93 6.5631023 0.99275
local minimum (212) 0.87 3.5531023 0.21 1.3231022 0.99275
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Dxglobal
2 5xglobal

2 2~xglobal
2 !min57.8~13.3! ~41!

for 90% (99%) C.L.~4 d.o.f.!. From this equation, we obtai
two four-dimensional volumes in the space
(Dm41

2 ,DmLSND
2 ,sin22uLSND,hs) corresponding to (311)

and (212), which we display in Fig. 8 in the following way
In the lower panels, we show projections of the fou
dimensional volumes onto the (DmLSND

2 ,sin22uLSND) plane.
In the upper panels, we showDxglobal

2 minimized with re-
spect to all parameters excepths . The projections of the
four-dimensional 90% and 99% C.L. volumes onto thehs
axis are given by the intersections of the solid lines in
upper panels with the corresponding horizontal dotted lin

Let us discuss the results of the global analysis. We fi
that the global minimum lies in the (311) scheme. This
minimum is marked as a star in Fig. 8. In (212), there are
two local minima: the (212) best-fit point is marked with a
circle and corresponds to large values ofhs , whereas the
second local minimum~marked with a triangle! occurs for
smallhs .7 The values of the parameters at these minima
given in Table II. However, the difference between the be
fit points in (311) and (212) is not very big:

Dx25~xglobal
2(212)!min2~xglobal

2(311)!min53.7. ~42!

We conclude that the schemes (311) and (212) give a
comparable global fit to the data. This can also be seen f
the fact that there are large allowed regions for both m
spectra. The conflicting values given in Eq.~37! ~for solar
and atmospheric data! and in Eq.~39! ~for atmospheric and
SBL data! cancel each other to some extent. Solar plus
mospheric data seem to be stronger than SBL data, there
(311) is slightly preferred over (212) in the global fit to
current neutrino oscillation data.

The shape of the allowed regions in th
(DmLSND

2 ,sin22uLSND) plane for (212) ~lower right panel of
Fig. 8! is similar to the one expected from a two-neutri
analysis of SBL data alone. In the region 0.18 e2

&DmLSND
2 &8 eV2, they follow closely the two-neutrino

LSND region. The slight shift to smaller values ofDmLSND
2 is

because of the constraint from KARMEN. Large values
sin22uLSND*0.06 are excluded by Bugey, and forDmLSND

2

7Note that the two stars in the lower and upper panels actu
correspond to the same single point in the four-dimensional sp
The same holds for the two circles. We do not show the triangl
the lower right panel, because it would coincide with the circle~see
Table II!.
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*10 eV2, constraints from KARMEN and NOMAD are
important.8 In contrast, in the (311) case~lower left panel
of Fig. 8! the allowed regions consist of several islands a
are very different from the two-neutrino ones. The mo
prominent islands are at the valuesDmLSND

2 ;0.9, 1.7,
6 eV2, and sin22uLSND;1023. These are the values o
DmLSND

2 where the bounds of all NEV experiments ha
some marginal overlap with the LSND allowed regio
@21,22,27–29#. However, at 99% C.L. there appears an
lowed region atDmLSND

2 ;0.5 eV2 and a very marginal is-
land atDmLSND

2 ;2.5 eV2. There is also an allowed regio
for large values ofDmLSND

2 *10 eV2. However, in this re-
gion there are further constraints from experiments not

cluded in our analysis, which are BNL E776@54# ( nh→ nhe

appearance! and CCFR@55# ( nhu→ nhe appearance andnhu

disappearance!. Therefore, we do not display values o
DmLSND

2 .20 eV2.
Discussing the upper panels of Fig. 8, we note that,

already found in Sec. VII, large values ofhs are preferred for
the (212) case. Comparing the shape of thex2 in the global
analysis with the one shown in Fig. 6, we observe that
inclusion of SBL data strengthens this trend to some ext
This implies a large component of the sterile neutrino
solar neutrino oscillations and corresponds to the LOW
quasivacuum solution of the solar neutrino problem~see Fig.
2!. But also the local minimum for smallerhs values, which
corresponds to the LMA solar solution and implies a lar
sterile component in atmospheric oscillations, is well ins
the 90% C.L. region. The difference inx2 between the two
local minima in (212) is 2.7. Moreover, the minima inx2

are not very deep so that all values ofhs between 0 and 1 are
within the 99% C.L. region. Only values around 0.5 are e
cluded at 90% C.L. The results shown in Fig. 8 were o
tained by using unconstrained solar data. We have also
formed the analysis by restricting solar data to the LMA a
LOW region. The results are very similar to the unco
strained case. For the LMA solution, we obtain appro
mately the solution corresponding to the local minimum
(212), which means that (212) is sightly more disfavored
against (311), whereas for the LOW case the differen
would become even smaller than shown in Eq.~42!.

Recently, solar neutrino data have been analyzed usin
new prediction of the8B flux @56#. From Table 3 of Ref.@56#

ly
e.
n 8All the relevant SBL bounds are shown, e.g., in Fig. 27 of R
@11#. A combined analysis of LSND and KARMEN in a two
neutrino framework has been performed in Ref.@53#.
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TABLE III. Dx2 for the different data sets of the best-fit points in (311) and (212), the local minimum
in (212), and for the (310) case~see text for details!. Also shown is the number of d.o.f. and th
corresponding parameters for each data set.

Data set d.o.f. Parameters (311) (212)best (212)local (310)

solar 3 Dmsol
2 , usol , hs 0.0 10.7 1.6 0.0

atmospheric 4 Dmatm
2 , uatm, hs , dm 0.0 0.2 11.5 0.3

LSND 2 DmLSND
2 , uLSND 3.0 0.7 0.7 29.0

NEV 2/3 uLSND , de , dm 8.8 3.7 4.1 2.3
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one can see that LMA becomes relatively better than LO
This would lead to an upwards shift of the LOW line in Fi
2 of approximately 3 units. Consequently, solar data beco
stronger in rejecting the sterile neutrino. Regarding the fo
neutrino analysis, this would disfavor the (212) scheme
slightly more against the (311) case.

In our framework, it is also possible to test the fit of th
(310) scenario, where the solar and atmospheric neut
problems are explained by oscillations among three ac
neutrinos and the explanation of LSND is left out. Th
would correspond to the standard model situation. We ob
this case by considering the (311) scheme~this fixes the
parameterDm41

2 ) and setting the parametersde5dm5hs

50. Then the sterile neutrino is completely decoupled a
we are left with three active neutrinos and the mass splitti
Dmsol

2 andDmatm
2 . We find a difference inx2 to the best-fit

point of

Dx25xglobal
2(310)2~xglobal

2(311)!min519.8. ~43!

For 4 d.o.f. (de ,dm ,hs ,Dm41
2 ), this corresponds to an exclu

sion at more than 99.9% C.L.9 We conclude that the data o
LSND ~using the result of the analysis performed by t
LSND collaboration! play a very significant role and that th
global fit in a four-neutrino scenario is much better than
the three-active-neutrino case.

X. GOODNESS OF FIT

In the previous sections, we have restricted ourselve
the relative comparison of the fit in the different mas
schemes. Here we discuss the absolute goodness o
~GOF!. A common way of evaluating the GOF is to consid
the absolute value of thex2 function at the best-fit point. We
are aware of the fact that GOF values obtained in this w
are not very restrictive in a global analysis with many d
points as in our case. Therefore, we will also consider in
section the quality of the fit in the four-neutrino schem
(311), (212), and for the three-active-neutrino case
10) for each of the different data subsets separately.

As explained in Sec. III C, we are not able to use a
information on the absolute value ofxLSND

2 from the LSND
data. However, let us note that the fit for LSND is expec
to be rather good. In Ref.@11#, thex2 for the fit of theL/E

9Regarding the exact value of this C.L., see also the discussio
the (310) case in the next section.
09300
.

e
r-

o
e

in

d
s

to

fit
r

y
a
is
s

y

d

distribution to the decay-at-rest events of the LSND data
given for two typical values ofDmLSND

2 asx254.9 and 5.8
for 8 d.o.f., which corresponds to a very good GOF of 77
and 67%, respectively. From Fig. 8, one can see that for
11) as well as for (212) the best-fit point lies well inside
the 99% C.L. region of LSND. Therefore, we expect that t
contribution of LSND will not worsen the global fit signifi
cantly ~see also Table III!.

In the following, we evaluate thex2 functions for all ex-
periments except LSND,

xglobal-LSND
2 [xsol

2 1xatm
2 1xNEV

2 ~44!

at the global best-fit point in (311) and the best-fit point in
(212):

~311!:xglobal-LSND
2 5150.0/176 d.o.f.,

~212!:xglobal-LSND
2 5156.1/176 d.o.f. ~45!

The number of d.o.f. is given by@see Eqs.~23!, ~27!, and
~30!# Nsol1Natm1NNEV5185 minus nine fitted parameter
Usually a fit is considered to be good if the value of thex2 is
approximately equal to the number of d.o.f.

The GOF implied by thex2 values and the correspondin
number of d.o.f. given in Eq.~45! would be excellent for
both schemes. However, one has to be careful in the in
pretation of these numbers. Thisx2 test for the GOF is not a
very restrictive criterion in a global fit of different exper
ments with a large number of data points and many par
eters. One reason is that in such a case a given parame
constrained often only by a small subset of the data. The
of the data~which can contain many data points! are fitted
perfectly by this parameter~because it is insensitive to it!. A
discussion of this problem can be found in Ref.@57# or in the
context of solar neutrino analysis in Ref.@58#.

In order to obtain more insight into the quality of th
global fit, we will consider the following quantities:

Dxs
25xs

2~a!2~xs
2 !min . ~46!

Here xs
2 is the x2 function of the data sets5sol, atm,

LSND, NEV, and (xs
2)min is the minimum ofxs

2 . This quan-
tity can be used to test if a given pointa in the parameter
space is in agreement with the data sets. For a, we will use
the best-fit points from the global analysis for (311) and
(212), the local minimum in (212), and the point corre-

of
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sponding to the (310) case. This approach is similar to th
method proposed in Ref.@57#.

Let us discuss the results of this analysis, which
shown in Table III. One can see that solar and atmosph
data are in perfect agreement with the global best-fit poin
(311). The reason is that in this case both effects are
plained by active neutrino oscillations, which is preferred
the data. Also aDx253 for LSND is in good agreement; th
best-fit point lies within the 90% C.L. region for the tw
parametersDmLSND

2 and sin22uLSND. However, the (311)
best-fit point gives a rather bad fit to the SBL experimen
finding no evidence of oscillations: a value ofDx258.8 for
2 d.o.f. (de anddm) is ruled out at 98.7% C.L.

Regarding the (212) scheme, we observe some proble
in the fit of solar or atmospheric data: At the best-
(212) solution, we obtain for solar dataDx2510.7 for
3 d.o.f., which is ruled out at 98.7% C.L., while the fit of th
other data sets ATM, LSND, and NEV is very good. T
reason for the problems in the solar data is that the best fi
(212) prefers a large value ofhs ~corresponding to the
LOW solution!. This implies a large component of the ster
neutrino in solar oscillations, which gives a bad fit. In t
local minimum for (212)—which is marked with a triangle
in the upper right panel of Fig. 8 and corresponds to
LMA solution—the fit of solar data is very good, where
atmospheric data give aDx2511.5 for 4 d.o.f., which is
ruled out at 97.8% C.L. In this case, the bad fit is a con
quence of the large sterile component in atmospheric os
lations implied by the small value ofhs . The interesting
shape ofxglobal

2 (hs) in (212), which disfavors equal sterile
admixture in solar and atmospheric oscillations, implies t
either the solaror the atmospheric fit is bad in the (212)
case, but never both.

From the last column in Table III, one can see that
experiments except LSND are in perfect agreement with
(310) scenario. However, as expected the fit of LSND
very bad in this case and yields aDx2529 for 2 d.o.f. In the
Gaussian approximation implied by Eq.~24!, this would be
ruled out at an extremely high C.L. Let us note that far fro
the allowed region of LSND this approximation may not
completely justified. However, it is evident that LSND da
are in strong disagreement with no oscillations. According
Table X of Ref.@11#, the probability that the observed num
ber of excess events is due to a fluctuation of the expe
background is between 7.831026 and 1.831023, depending
on different selection criteria applied to the data.

Some remarks are in order regarding this analysis for
NEV experiments. These experiments do not see any
dence for oscillations and hence they obtain no informat
on a mass-squared difference; only an upper bound on
oscillation amplitude can be derived. Therefore, we cons
DxNEV

2 at afixedvalue10 of DmLSND
2 . Hence, theDx2 values

shown in the table have to be evaluated for 3 d.o
(uLSND,de ,dm) in the (212) scheme and for 2 d.o.f. fo

10Note that the original analyses of the Bugey@36# and CDHS
@38# Collaborations were performed in this way.
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(311) because of Eq.~11!. Depending on the mass schem
we fix DmLSND

2 at the best-fit values given in Table II; fo
(310), we use the best-fit value ofDmLSND

2 in the (311)
scheme. Although the NEV experiments are in agreem
with no oscillations, the valueDxNEV

2 52.3 for (310) shows
that a small contribution ofDmLSND

2 can improve the fit
slightly.

Table III confirms the results of Secs. VII and VIII. A
combination of only solar and atmospheric data prefers
(311) schemes. Therefore, these data are in perfect ag
ment with the global fit in (311), but fit worse in (212).
On the other hand, atmospheric and SBL data prefer the
12) scheme; the (311) best-fit point is somewhat in dis
agreement with NEV data. This conflict between differe
data sets does not show up in thex2 values given in Eq.~45!,
since the coupling between the data sets is rather weak
discussed in Sec. VI, only the parameterhs is common to
solar and atmospheric oscillations, only the parameterdm
links atmospheric and SBL data, while there is no dire
coupling of solar and SBL data. All of the other seven p
rameters can be adjusted to give a good fit of the correspo
ing data set. The remaining conflict between the data se
completely washed out by the large number of data poi
which are fitted perfectly.

XI. CONCLUSIONS

We have presented a unified global analysis of curr
neutrino oscillation data within the framework of fou
neutrino mass schemes, paying attention to the inequiva
classes of (311) and (212) models. We have included a
data from solar and atmospheric neutrino experiments
well as information from short-baseline experiments inclu
ing LSND and the null-result oscillation experiments. W
have mapped the leptonic mixing matrix into a set of para
eters in such a way that they have a well-defined phys
meaning in each data set, independently of the mass sch
@(311) or (212)# considered. For example, one of the
parameters ishs , the fraction of sterile neutrinos in sola
oscillations. Similarly,u24 describes the fraction ofnm in
atmospheric oscillations and sin22uLSND is characterizing the
SBL nh→ nh amplitude. The fact that it is possible to descri
the results of any of the given set of experiments in terms
physical quantities independent of the mass scheme imp
that none of the considered data sets~solar, atmospheric
SBL appearance, or SBL disappearance! can be used on its
own to discriminate between different mass spectra. This
lows from the approximationhe'1, which is motivated by
the bounds from reactor neutrino experiments, and from
strong hierarchy among the mass-squared differences
cated by the data. We have shown how the differences
tween the mass schemes manifest themselves only when
or more data sets are combined.

We have found that combining only solar and atmosphe
neutrino data, the (311)-type schemes are preferre
whereas atmospheric data in combination with short-base
data prefer (212) models. By combining all data in a globa
analysis, the (311) mass scheme gives a slightly better
4-14
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than the (212) case, though all four-neutrino schemes a
presently acceptable. The LSND result disfavors the thr
active neutrino scenario with onlyDmsol

2 and Dmatm
2 at

99.9% C.L. with respect to the four-neutrino best-fit mod
We have also performed a detailed analysis of the good
of fit in order to identify which subset of the data is in di
agreement with the best-fit solution in a given mass sche

We have found that, in isolation, the LSND data play
crucial role in suggesting the need for a four-neutrino s
nario, at odds with every other piece of information. T
upcomingMINIBOONE experiment@59# will test the very im-
portant result of LSND in the near future. However, we ha
shown in this work that the existing data cannot decide
tween (212) and (311) mass schemes in a statistica
significant way. Most likely this problem will remain also
MINIBOONE would confirm the LSND result, and to resolv
the ambiguity, more experimental information will b
needed.

Such information could be provided by experiments w
a high sensitivity to the sterile component in solar and
atmospheric neutrino oscillations. One possibility to impro
this sensitivity for atmospheric neutrinos could be the c
sideration of neutral current events in atmospheric neut
experiments@60#. Concerning solar neutrinos, we note th
the different oscillation solutions show very distinct behav
with respect to a sterile component~see Fig. 2!; hence, the
identification of the true solution is important. Moreover, im
proved measurements of neutral current event rates ma
crease the sensitivity to sterile oscillations. However,
-

s
s

k
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shown in Ref.@61#, the information obtainable from the neu
tral current measurements currently performed at SNO
be limited because of the relatively large uncertainty in
flux of solar 8B neutrinos. On the other hand, more data
nhe and/or nhu SBL disappearance probabilities could help
solve the (311) versus (212) puzzle. Especially the exist
ing bounds onnhu disappearance are rather weak. This w
be improved by theMINIBOONE experiment, which—beside
testing thenm→ne appearance channel—will also provide
new measurement for thenm survival probability@59#.

In view of the ambiguities implied by the present data, w
are looking forward to the results of future neutrino oscil
tion experiments, which may unravel the secret behind
structure of the leptonic weak interaction.
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