PHYSICAL REVIEW D, VOLUME 65, 093001
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We perform a new calculation of the hadronic contributioa@iadronig, to the anomalous magnetic
moment of the muorg,, . For the low-energy contributions of ordaf we carry over an analysis of the pion
form factorF _(t) using recent data both a@'e”— 7" 7~ and 7' —7v, 7" #° In this analysis we take into
account that the phase of the form factor is equal to that®fcattering. This allows us to profit fully from
analyticity properties so we can also use experimental informatidn, ¢t) at spacelike. At higher energy we
use QCD to supplement experimental data, including the recent measuremehts ef hadrons both around
1 GeV and near th&c threshold. This yields a precise determination of @ga?) and O(a?)+0(a®)
hadronic part of the photon vacuum polarizationt*#0a(® (h.v.p.)=6909+64; 10"xa®*3(h.v.p.)=7002
+66. As by-products we also get the masses and widths gf%hg*, and very accurate values for the charge
radius and second coefficient of the pion. Adding the remaining osdehadronic contributions we find
10" x a®®Y hadronic)= 6993+ 69 (e*e + r+spacel). The error above includes statistical, systematic, and
estimated theoretical errors. The figures given are obtained includilegay data; if we restrict ourselves to
e’e data, slightly lower values and somewhat higher errors are found. This is to be compared with the figure
obtained by subtracting pure electroweak contributions from the recent experimental value, obtained from
measurements of the muon gyromagnetic ragje- ), which reads 18x a®P{(hadronic)= 7174+ 150.
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[. INTRODUCTION calculation of the two pion contribution to the hadronic part
of a,, using all available experimental information and ful-
The appearance of a new, very precise measurement ifling compatibility with all our theoretical knowledge, and
the muon magnetic momefit] has triggered the interest in the pinning down of the multipiorKK, andcc contributions.
theoreticalcalculations of this quantity. Particularly, because This we do in Secs. lll and I\in Sec. Il we formulate the
the experimental figuréwe give the result for the anomaly, problen). In Sec. V we discuss other hadronic corrections,

averaged with older determinatiof3]) including one that, as far as we know, has been hitherto
neglected, and which, though smal-£6x10"1Y is rel-
10*x a,(expt =116 592 036 150 (1.1) evant at the level of accuracy for which we are striving.

Finally, in Sec. VI we discuss our results and compare them

lies slightly above theoretical evaluations based on the starwith experiment.
dard model, as much as Z:6n some cases. The main outcome of our analysis is an accurate and re-

It should be noted that all modértheoretical determina- liable determination of the hadronic contributionsagp at
tions [3—7] are compatible among themselves within errorsorder . In fact, in all regions where there are difficulties
(of order 100 10~ 1Y) and that, with few exceptions, they are we perform at least two evaluations, and take into account
also compatible with the experimental result, Egl), atthe  their consistencyor lack thereof. Furthermore, we discuss
level of 1.5r or less. Because of this, it is our feeling that ain some detail(including ambiguities the O(a>) hadronic
new, completeevaluation would be welcome since, in fact, contributions.
there exists as yet no calculation that takes fully into account As a by-product of the low-energy calculations we can
all theoretical constraints and all the new experimental dataalso give precise values for th€,p™ masses and widths,
These experimental data allow an improved evaluation of the

low-energy hadronic contributions &, , both directly from My=772.6-0.5MeV, I 0=147.4-0.8 MeV,
e*e” annihilations(in the p region[8] and around thep (1.2
resonancg9]) and, indirectly, fromr decays[10] and, also m,+=773.8-0.6 MeV, I',+=147.3-0.9 MeV,

indirectly, from measurements of the pion form factor in the
spacelike regiofl11]. Moreover, the BE$12] data, covering

g Lo ; L _ ;
e'e anmhllatlon_s in the vicinity of the_c thresholc_l, permit ai= (41+2)x 10 3m_3, 1.3
a reliable evaluation of the corresponding hadronic pieces. In ™

fact, the main improvements of the present paper are thgnd for the pion mean squared charge radius and second
coefficient:

for the P-wave 7 scattering length,

_1By modern here we mean sqmewhat arbitrarily_, thos_e obtair_\ed (ri)20.4351 0.002 fnf, ¢,=3.60+0.03 GeV*
since 1985. A more complete list of references, including earlier
work, may be found in Ref.7]. (e"e” + r+spacelike,
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[’

2 4 ,
r£y=0.433-0.002 fnf, c,=3.58+-0.04 GeV
(ra) i a<2)(h.v.p.)=127-rJ ,dtK(t)ImTI(t),
4m

(e*e” +spacelike. (1.9 ™
(2.439
We give results both using only direct data Br., from a? .
ete” annihilations, or involving also the decay* K(t)= 3z K);
—v_ " 7% which last we consider to be our best estimates.
So we write L %2(1—X)
L K(t)= f dX—— .
6993+69 (e"e” +r+spacel), 0o X+ (1-x)t/my,
10'x a(hadronig =
6973-99  (e'e +spacel. Herell is the hadronic part of the photon vacuum polariza-

(1.5 tion function. An alternate formula is obtained by expressing

Note that ina(hadronig¢ we includeall hadronic contribu- ImITin terms of the ratio

tions, O(a®) as well asO(«?). The errors include the sta- (et e~ had
tistical errors, as well as the estimated systematic and theo- R(t)= o "(e”e” —hadrons
retical ones. This is to be compared with the value deduced oOete —utu)’
from Eq.(1.1) and electroweak corrections

4o

10Mx a®*P{ hadronio = 7174+ 150, o ete —ptu)= 3t

from which Eq.(1.5) differs by 1.1

(Z)h.v..zjx K(HR(t).
Il. CONTRIBUTIONS TO a, a'“(h.v.p) 4m§,dt (HR(L)

We divide the various contributions g, as follows: (2.4b
a,=a(QED) +a(weak +a(hadronio. 2.1) The superjndeXO)_ here means “lowest order in the electro-
magnetic interactions.”

Herea(QED) denote the pure quantum electrodynamics cor- At low energy ¢<0.8 GeVf) we can separate the contri-

rections, anca(weak are the ones due 1/, Z, and Higgs Pution from three pion states and that from two pions. The

exchange. The hadronic contributions can, in turn, be split afirst will be discussed in Sec. IV. The two pion contribution
in turn can be expressed in terms of the pion form faEtor

a(hadronig=a'?(h.v.p)+a[other hadronic,O(a®)]. ,

ks

1 312
2.2 |mH2W(t)=@(1— : ) Fn0]% (25

a®(h.v.p.) are the corrections due to the hadronic photo
vacuum polarization contribution&ig. 1), nominally of or-
der o? (see Secs. IlIC and VB for a qualification of this ©’
statement We will discuss in detail the “other hadronic,

"o that, for the two-pion contribution up to energy squared

O(a?)” in Sec. V. 1t ( mi)w 2
According to the review of Hughes and Kinosh[th3] 3u(27to) 4 Lmidt t (O[F ()]
one has (2.6)

10X a(QED)=116 584 705-1.8,

2.3
10 x a(weak = 151+ 4.

There is no dispute about these numbers. If we combine
them with Eq.(1.1), we can convert this into a measurement
of the hadronic part of the anomaly:

10 a®P{ hadronig = 7174+ 150. (2.4) WN'WN“

Our task in the present paper is the evaluation of this quan-

tity. " g
We now say a few words about the piea€(h.v.p.),
which is the most important component afhadronig. As FIG. 1. The order? hadronic contributions to the muon mag-

Brodsky and de Rafa¢lLl4] have shown, it can be written as netic moment. The blob represents an arbitrary hadronic state.
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ll. THE PION FORM FACTOR 51(t) att=t, to avoid spurious singularities that would de-
A. Theory teriorate the convergence, and so thdias the correct be-

) ) o ~ havior at infinity. Both properties are ensured if we take,
The evaluation of the pion form factor is slightly compli- simply,

cated by the phenomenon a¥p interference. This can be
solved by considering only the isosgirr 1 component, and .
adding later thew— 2= and interference in the standard oy 1 0
Goungris—Sakurai way. This is equivalent to neglecting, in a (D) =m+[d1(to) = 7]+
first approximation, the breaking of isospin invariance. We
will also neglect for now electromagnetic corrections. In this
approximation the properties &f.(t) are the following:(i)

F .(t) is an analytic function of, with a cut from 4fn12T to
infinity; (ii) on the cut, the phase df .(t) is, because of '~ —
unitarity, identical to that of th® wave,| = 1, 7 scattering, With J1:
51(t), and this equality holds until the opening of the inelas-

tic threshold att=t, (Fermi-Watson final-state interaction

so that 53(to) = 83(t) and, for larget, 53(t)— = and we
recover the behavior tl/of the form factor. Then we can
rewrite more explicitly Eq.(3.1) by integrating the piece

. t [1- 83(tg) wtg /t
theorem; (iii) for larget, F_(t)=1/t. Actually, one knows J(t):e1—51<to)/w(1_ _)
the coefficient of this behavior, but we will not need it here; to
The inelastic threshold occurs, rigorously speakingt at x| 1— _> exp|_f zdS } (3.3
= 16me. However, it is an experimental fact that inelasticity to 7 Jam? " S(s—1)

is negligible until the quasi-two-body channelsr, a; 7 -

are open. In practice we will take 1. The phases®
. 1

to=1GeV”, We can apply the effective range theory to the phﬁ%e

and fix the best value foty empirically. It will be tg According to this, the function

=1.1 GeV, and we will see that, if we keep close to this

value, the dependence o is very slight. K3 t—4m;
The propertiesi)—(iv) can be taken into account with the — 1 _
well-known Omns-Muskhelishvili method. We construct a 40 twicowl(t)’ K 2 (3.43

function J(t) with the proper phase by defining

0 sX(s) t (= s is analytic in the variable except for two cuts_: a cut from
J(t)=ex _f s 4 _f g—— 2 b — to 0, and a cut front=t, to +. To profit from the
T Jam?2 US(s—t)  m ]y, s(s—t) analyticity properties ofyy we will make a conformal
(3.18  transformatiorf. We define

We have written the dispersion relation with one subtraction

to ensure thad(0)= 1. The singular integrals are understood Jt— Vig—t
to be calculated replacing—t+ie, >0, and letting then w= m (3.4b
e—0. In particular, we have 0
t to 5}(3) Whent runs the cutsyw goes around the unit circle. We may
[3(D)] —expl;P PLmzdsm therefore expands in a power series convergent inside the
" unit disc. However, the existence of thegesonance implies
t (o Ei(s) , that we must have c«ﬁ(mﬁ)=0. It is therefore convenient to
+ e § :ss(S ol 4ami<t<ty. (3.1b incorporate this piece of knowledge and expand qdtself
0

but the ratioy(t)/(m;—t)=y(t): so we write
Defining then the functiois by
F.()=G(HI(W), @ VU= RO =(mmO{bot bwbowt -,

it follows from properties(i) and (ii) that G(t) is analytic (3.49
with only the exception of a cut frony to infinity, as we
have already extracted the correct phase belewy,.

We can, in Eq(3.13, take any value we like for the phase
81(t), as achange of it only results in a redefinitiorGafbut The method of conformal transformations is rigorous, simpler
it is convenient to choosE}(t) so that it joins smoothly and produces better results than that employed in [R&f.
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The P wave,| =177 scattering Iengtﬁ,ai, is related to The expansion then reads
i by
G(t)=1+c(z+1/3)+cy(Z2— 19+ c3(Z2+ 1127+ . .. .
1
1:
A p(amd)” (3.59 3.9
Likewise, from the relation We will need two-three terms in the expansion, so we will
approximate
1 const 1
COtaY(1) =i _ vz m2—t— 2k3 /tY2(t) ﬂg— Vio—t
P G(t)=1+c, 1—+§
we find the expression for the rho width: > Vto+ to—t
2k3 1 2
A T Im2_ 2 1
FP_ . S kp—2 mp 4m77. (35b) _\/%_ /to_t
my(my) 2 1
PR +Cy T | “9l
Experimentally[15], a}=(0.038+0.003)n_ >, and, accord- E\/E+ N

ing to the Particle Data Groufil6], m,=769.3-0.8; I',
=150.2-0.8 MeV. Note, however, that we dwoot assume
the values ofm,,, I',. We only require thay has a zero, and
will let the fits fix its location and residue.

It turns out that, to reproduce the width and scatterin
length, and to fit the pion form factor as wélee below,
only two terms in the expansion are needed, so we approx
mate

cq1, C, free parameters.

An interesting feature of our method is that, even if we
only keptoneterm in each of the expansiof.6) and(3.8),
%hat is to say, if we took,=c,;=c,=0, we could reproduce
the experimental data with only a 15% error; so we expect
t'and this is the cagefast convergence of the series. It is
important also that our expression fbr.(t) is valid in the

112 \ﬁ— \/ﬁ spacelike as well as in the timelike region, provided only
s1(t)=arc co{—k;(mﬁ—t) b+ bl—OH- <to. What is more, Eqs(3.6) and (3.8) represent the more
2 Jt+ Vtg—t general expressions compatible with analyticity, the Fermi-

(3.6)  Watson theorem and the effective range theory, which follow
only from the requirements of unitarity and causality. There-
fore, by employing our expansions, we do not introduce un-
controlled biases in the analysis, and hence we minimize the

model dependent errofs.
Because we have already extracted the correct phase up to

t=ty, it follows that the functiorG(t) is analytic except for
a cut fromt=t, to +oc. The conformal transformation

m,, by, b, are free parameters in our fits.

2. The function G(t)

B. Fits

In order to fitF_, and hence get the7low-energy
1 (4m2<t=<0.8 GeV?) contribution toa®(h.v.p.), we have
E\/%_ Vip—t available three sets of data®e™— =" 7, t timelike (No-
L (3.78  vosibirsk, Ref.[8]); F.(t), t spacelike(NA7, Ref.[11]); in
E\/ﬂ+ Vto—t addition, one can use data from the decay—v " w°
(Aleph and Opal, Ref{10]).
maps this cut plane into the unit circle. So we may write the For this I"_J‘St we have to assume |s<isp(|)n mvarllararej
expansion neglect the isospih=2 component ofr™ 7", to write the
form factorv, for 7 decay in terms of . :

z

G(t)=1+Ag+C z+Crz2+Cyz>++ -+ (3.7

1 2\ 312
— ™ 2
that will be convergent for all inside the cut plane. We can 01—1_2( 1-—= ) [FA(D% (3.99
implement the conditionG(0)=1, necessary to ensure
F .(0)=1 to each order, by writing

“The remaining approximations are neglect of the inelasticity be-
tween 16'1127 andt,, experimentally known to be at the 1®level
or below, and we have the errors due to the truncation of the ex-
pansions; we will also check that they are small. By contrast, other

SFor details onmr scattering, including analyticity properties and functional forms used in the literature are either incompatible with
the Fermi-Watson theorem, see, e.g., R&5]. More details on the the phase of ., or with its analyticity propertiegor both, which
solution of the Omng-Muskhelishvili equation can be found in N. causes biases in the fits. The errors due to breaking of isospin and
I. Muskhelishvili, Singular Integral EquationgNordhoof, 1958. electromagnetic corrections will be discussed below.

AOZ — [Clzo+ szg‘l‘ CgZS"’ . '], ZOEZ|t=0: —1/3.
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where, in terms of the weak vector currenf=uy,d, and  we will see that the value our best fit returns for this quantity

in the exact isospin approximation, is satisfactorily close to this, as indeed we get {4
x103m_3.
Another remark concerns the matter of isospin breaking,
HXV:(—F)ZQ,WJF DMPV)HV('E) due to electromagnetic interactions or the mass difference

betweeru, dquarks, that would spoil the equali$.93. It is
:if d?x eip'X<O|TVlJ;(x)VV(O)|O>; vi=2mImIY. not easy to estimate this. A large part of the breaking, the
w— 27 contribution andw-p Mixing, are taken into account
(3.9b by hand, but this does not exhaust the effects. For example,
merely changing the quark masses fram, ++m_- to
m_o+m_o, in a Breit-Wigner model for thep, shifts
8@(h.v.p.) by ~50x10° % so a deviation of this order
should not be surprising.

As stated above, Eq$3.9) were obtained neglecting the
mass differencen,— my and electromagnetic corrections, in
particular thew®- 7" mass difference. We can take the last
partially into account by distinguishing between the pion
masses in the phase space factor in £399. To do so,
write now Eq.(3.9b as

Before presenting the results of the fits a few matters hav
to be discussed. A first point to clarify is that we wilbt
include in the fits the old data oR, in the spacelike or
timelike regions, or on pion-pion phase shifis]. We have
checked that, if we add the first two sets, the results of the fi
vary very little (see belowy; but they cause a bias. This is so
because there is incompatibifitpetween old spacelike and
timelike data, and also with data enr phase shifts, already
noticed by Casas, lpez, and YnduraifCLY) [14]. Doubt-

less, this is due to the fact that most old data for spacelike v _ .

momentum were extracted from processes with one pion off I,,= 'f d*x €PX(0[TV,, (x)V,(0)|0)

its mass shell so that models were necessary to extrapolate to

the physical form factor. In fact, a very important feature of =(—p2gw+ pMp,,)HV(t)Jr pMpVHS;

the NA7[11] data is that they are obtained from scattering of v

real pions off electrons, hence we do not require models to v =27 ImIIY. (3.103

extractF . from data.

The reason for the model dependencenaf phase shift & 9€t
analyses is that these are extracted from fitsrbd— 77N 1 (M,+—m,o0)2
scattering and thus require a model for the pseudoscalar form v1=1—2[ [ 1- f}
factor of the nucleon, a model for the interactions of the

nucleon and the final state pions, and a model for the depen-
dence of 7 scattering on the mass of an external pion. X
Indeed, different methods of extrapolation result in different

sets of phase shifts, as can be seen in the experimental papgs compare with the experimentally measured quantity,
qf Hy_ams et al. and_ Pr(_)topopesc_et al, Ref. [17], whe_re which involves all of ImHVV, we have to neglect the scalar
five different determinations are given. However, we will usecomponentHS which is lforoportional to 1hy—m,)2, and

] u L]

the scattering Iengtb% and employ therm phase shifts as a 5 very small.

very importanta posterioritest of our results. , To understand the situation we will proceed by steps. First
We could consider, besides this information, to include agy all, we start by fittingseparately e~ and r data, in the

input the values of several quantities that can be estimategh,q|ike region, using Eq3.93 (we remark that although in

with chiral perturbation theory methods, such (a§) and a(2m;t=<0.8 Ge\?) only enter the values df_(t) for 4m?

a}. We do not do so because the problem with these calcyy g g GeV?, we fit the whole range up to=ty=1.1 Ge\F)ﬁ.

lations is the estimate of their errors, a difficult matter; so werhen we get quite different results:

have preferred to avoid possible biases and instdzdin

these quantities as by-product of our calculations. Then weg(2+;t<0.8 Ge\?)

check that the results we get for all of them are in agreement,

2
B (m_,++m_o)

! t

3/2
] [FL(t)]%  (3.100

within errors, with the chiral perturbation theory results; see _[4715£67 (e"e”; x®/d.0.f=106/109-0.96),
below. With respect taa} we actually constrain it to the 4814+26 (7; x°/d.0.f=52/48=1.09.
region obtained fromra scattering experimental data only; (3.113

its error is chosen such that it encompasses the various val-

ues given in the different experimental determinatiRef.  This takes into account statistical errors only &re ™, but

[17]). We take includes systematic ones fordecay as these are incorpo-
rated in the available data.

The slight advantage of the first figure in .113 in
al=(38+3)x10 °m_3 9 g 9 H4-113

5The relevance of isospin breaking in this context was pointed out
5At the level of 1.5 to 2-. by V. Cirigliano, G. Ecker, and H. Neufeld, hep-ph/0104267, 2001.
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what regards thg?/d.o.f. makes one wonder that the difference is really caused by isospin bréakimgich case the value
obtained fromr decay should be rejectedr is due to random fluctuations of the data, as well as to the systematics of the
experiments. The second explanation has in its favor that, if we includeptieelikedata into the fifbut still use Eq(3.93]

the discrepancy is softened, and we get compatible results:

4754+ 55 (e'e +spacelike; y?/d.o.f.=179/159,

a(2mt<0.8 GeV)=| sao6: 93 (14 spacelike: x2/d.0.f~112/93. (3.1
|
This last result allows us to draw the following conclusion: 10X a(27;t<0.8 GeV)=4774+ 31,
that part of the discrepancy between results obtained with
ete” and 7 decay is still of statistical origin, but also it x?/d.0.f=246/204 (e"e” + 7+ spacelikg,
would seem that part is genuine. (3.13
In an attempt to take into account at least some of the 10'x a(27;t<0.8 GeVF) = 4754+ 55,
isospin breaking effects, we have fitted simultaneously
e"e”, rdecay, both including spacelike data, allowing for x2/d.0.f=179/154 (e e + spacelike.

different values of the mass and width of the ithait keep- o .
ing other parameters, in particules, c,, common for both We remark that thg resullt_s for the evaluation including
e*e” and r fits). We, however, still use E¢3.9a. In this  decays are rather insensitive to the use of Gq100, but

case we find convergence of the results; we have what change there is, it goes in the right direction: the
2 - -
x°/d.o.f. has improved slightly, and the values for the
a(2m;t<0.8 GeV¥)=4779+30, x?/d.0.f=248/204 anomaly including the- have become slightly more compat-
(e*e~ + 7+ spacelike, (3.12 ible with the figure obtained using”e~ data only. This

makes us confident that most of the effects due to isospin
which is compatibldwithin errorg with both numbers in Eq. breaklng, both fronu, d mass d|ffere|jces and from electro-
(3.11D. magnetic effectgabout which we will say more in Secs.
Il C and V B) have already been incorporated in our calcu-
jtion. The fit may be seen depicted in Fig. 2 fBr. |2, with
timelike and spacelike data, and in Fig. 3 for the quantity

It is to be noted that, if we had not allowed for different
masses and widths for the neutral and charged rho, we wou
have obtained, in this common fit,

in 7 decay.
10" a(2m;t<0.8 GeV) =4822+ 30, The y?/d.o.f. of the fits is slightly above unity; in next
¥2/d.0.f=264/206 (e* e + 7+ spacelike, subsection we will see that includirsystematierrors cures

the problem. For example, just adding the systematic nor-

i.e., a largery?/d.o.f. and a value quite different from that malization error for the spacelike daftal] gives a shift of
obtained with onlye*e~ and spacelike data. So it would the central value of 3210™** and thex?/d.o f. decreases to
appear that allowing for different parameters for the neutrall52/153 for the evaluation wite"e™ data only. The quality
and charged rho really takes into account a good part of thef the fit to the spacelike data is shown in Fig. 4, which is a
isospin breaking effects. blowup of the corresponding part of Fig. 2.

Finally, we take into account the kinematical effects of the ~ The parameters of the fits are also compatible. We have
o=, w° mass difference repeating the fit using £8.100
now? The result of the fit withe" e~ data only is of course
unchanged, but we reproduce it to facilitate the comparison
and for ease of reference. We find what we consider our best
results:

¢,=0.23+0.02, c,= —0.15+0.03; by=1.062+0.005,
b,;=0.25+0.04 (e"e™ + 7+ spacelike;
¢,=0.19+0.04, ¢,= —0.15+0.10;

"When evaluatinga(2;t<0.8 Ge\f) we of course use the pa- bo=1.070+0.006,

rametersm,, by, b, corresponding tp°; see below.

8For consistency we should also have taken the expredsion
=(1/2)[t— (m,+—m_0)?][t—(m,++m_0)?]}*2  altered the o 0
threshold tat=(m, + + m,0)? for tau decay and allowed for differ- In+the first line the para_metexsl, c, are common forp”,
ent scattering lengths. We have checked that the effect of this on th - Po @ndby vary very little; the ones shown correspond to
contribution toa leaves it well inside our error bars; we will discuss the values ofmo, I' 0 as given below in Eq(3.15. The
the results one gets in a separate paper. Note that it makes sense/@Juesby=const,b; =0 would correspond to a perfect Breit-
still consider the same,, c, for e*e” and tau decay as these Wigner shape for the. Another fact to be mentioned is that
parameters are associated withwhose imaginary part vanishes including the corrected phase space fad@10b helps a
belowt=s,~1 Ge\? where the effects of isospin breaking should little to make compatible the parameters for both fits; if we
be negligible. had used Eq(3.99 we would have obtained

b,=0.28+0.06 (e*e™ +spacelike. (3.19
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FIG. 2. Plot of the fit tqF .(t)|?, timelike (Ref.[8]) and spacelikgRef.[11]) data. The theoretical curve actually drawn is that obtained

by fitting alsor data, but the curve obtained fitting ordy e~ could not be distinguished from that drawn if we plotted it. A blowup of the
fit in the spacelike region may be seen in Fig. 4.

¢,=0.23+0.01, c,= —0.16+0.03; by=1.060+0.005, m,o=772.6:0.5 MeV, T ,0=147.4-0.8 MeV;
(3.15

m,+=773.8£0.6 MeV, I',+=147.3-0.9 MeV.

b,;=0.24+0.04 (e"e™ + 7+ spacelike.

An important feature of our fit is that the coefficients de-

crease with increasing order. This, together with the fact that ] ] ) .
the conformal variablew, zare of modulus well below unity The figures are in reasonable agreement with the Particle

in the regions of interest4m?<t<0.8 Ge\? for w, Data Group valuésgiven before.

—0.25 GeV=<t=0.8 Ge\? for 2): The value for the scattering length the fit returns is com-
' ' ' fortably close to the one obtained fromw phase shifts; we
—0.57=w=0.24, —0.38<z=<-0.02, get

ensures good convergence of the expansions. We have also 1 a3
checked that including extra terms in the expansions does not a;=(41x2)x10 °m_"~.
improve the quality of the fits significantly.
Besides the results for the anomaly we obtain reliable
determination of a set of parameters. We have those pertain“it should be noted that the various determinationsiigreported
ing to the rho, by the PDG[16] actually cluster around several different values.
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the theoretical valuethistogramy are results of the same calculation, with the same parameters, so the differences between the two fits

determinations based on an analysis ofr scattering
[Ananthanarayan-Colangelo-Gasser-Leutwyl&iCGL)] or
chiral perturbation theoryCGL, Amorcs-Bijnens-Talavera
(ABT)] that give(Ref.[18])

al=(37.9+0.5x10 °m_3(CGL);
at=(37+2)x 10 3m,*(ACGL);

al=(38+2)x 10 °m_3(ABT).
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FIG. 3. Plot of the fits t@ ,(t) (histogram$ and data fromr decay(black dot3. Left: Aleph data. Right: Opal datéRef.[10]). Note that

Also from our fits we obtain the low-energy coefficients
of the pion form factor,

(r2y=0.435-0.002 fnf, c¢,=3.60+0.03 GeV *

(ete™ + 7+ spacelike;

IF ol
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FIG. 4. Plot of the fit td F .(t)|2 in the spacelike region. With only statistical err@ksft) and including systematic experimental errors
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8l TABLE |. Comparison of evaluations of ibxa(2;t

5 <0.8 GeV?). N1; N2 are in Ref[7]. TY denotes our result here
(statistical errors only for the*e™ and spacelike da}a

2 4795+ 61 N1 T+ete”
4730+100 N2 ete”

. 4846+50 CLY, AY [4] ete”
4794+50 CLY-II [4] e"e + mw ph. shifts
4774+31 TY1 r+ete”

° 7 4754+55 TY2 onlyee”

| | ] | | [
0.2 0.4 0.6 0.8 1.0 (GeV)

eters given in Eq(3.14), constitute really grediction for
6%('[). This can be compared with the existing experimental
values for this quantity17], a comparison that may be found
in Fig. 5. The agreement is remarkable. The result one would
have obtained ifncluding the phase shifts in the fit will be
given at the end of this subsection.

Before finishing this section we have to clarify the matter
of the w and w-p contribution toa(27;t<0.8 GeVf). Our
fits to e*e” data have actually been made including in the
function F , as given above, Eq3.2), a coefficient to take

These figures are also compatible with, but much more preto @ccount theo— 2ar contribution. To be precise, we have
cise than, the current estimates]: used the expression

FIG. 5. Our predicted phaser shift 81 (in radiang, compared
to the experimental values for the safselution 1 from Protopope-
scuet al, Ref.[17]). The experimental errors are of the order of the
size of the black dots.

(r2y=0.433+0.002 fnf, c,=3.58+0.04 GeV *

(e*e” +spacelike.

2
®

1t0——"7—""""+
“mZ=t=im,T,

w

1+o '

(r2y=0.431+0.026 fnf, c,=3.2+1.0 GeV *.

Falt=F.(t)x (3.17)
Another remark is that in all these fits we todk

=1.1 Ge\f. The dependence of the results on this parameter

to is very slight, provided we remain around this value. Thus,

for example, if we takeo=1.2 Ge\%}?e value Ofa(ZW?g where the notation is obvious. We take from the P[I®]
<0.8 GeV?) only increases by % 10" 11, and the globaj the values for the mass and width of the
only varies by one unit.

As further checks of the stability and reliability of our
results we mention the following two. First, we could, as
discussed above, have imposed the more stringent values for
a} as given in Ref[18]. Now, if for example we take, in m,=782.6-0.1 MeV, I',=8.4+0.9 MeV, (3.18
accordance with ACGL in this reference, the vahie= (37
+2)x10 °m_3, instead of the valueal=(38+3)
X 10‘3m;3 that follows from onlyexperimentalm7 data,  gnq the fit gives a mixing parameter=(16+1)x 10",

the fit deteriorates. The fit returns the vala§=(39t 1) As is known, this Gounnaris-Sakurfdi9] parametrization
x10 %m_* for the scattering length, inislightly) better s only valid fort=m? , and, in particular, its extrapolation
agreement with the input; but we do not consider this ang t~0 is not acceptable. This effect is very small, less than
improvement as the globaf” increases by two units. one part in a thousand. However, to play it safe, we have also
The corresponding value for the contribution to theadopted the following alternate procedure: we have obtained
anomaly changes very little, from the value (47731) g first approximation td=, by fitting the experimental data
X 10" [Eq.(3.13] to (4768 32)x 10" ** now, i.e., a shift  excludingthe region 0.55t<0.65 Ge\?. Then we have fit-
of only 6x 10~ ! with a small increase of the error. Thus the ted only this region adding there also thepiece, as in Eq.
results are insensitive to a more stringent input eiérbut, (3.17. The resulting value fom(27;t<0.8 Ge\f) varies
because the quality of the fit deteriorates, we still considegery little; it decreases by something between 2 and 12
the result with the more relaxed inpua;=(38+3)  x10 ! depending on the fit. We may consider this as part

x107%m_3 to be less biased. of the theoretical error of our calculation, to be discussed in
Second, we haveotused the experimental phase shifts asnext subsection.
input (except for the values of the scattering leng®o, the To finish this subsection, we present in Tabla compari-

values that follow from our expressid8.6), with the param-  son both with old results that also use analyticity properties,
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and a recent onévhich does not*° those originating from deficiencies of the theoretical analy-

The difference between the old CLY, AY, and the newsis. The experimental systematics covers the errors given by
determinations is due to a large extent to the influence of théhe individual experiments included in the fits. Also, when
new Novosibirsk and NA7 data which allow us in particular conflicting sets of data exist, the calculation has been re-
to obtain a robust result: the CLY evaluation used only 18peated, and the given systematic error bar enlarged to en-
data points! In this respect, we note that, if we had includedompass all the possibilities.
the 77 phase shifts in the fitwith also = decay datawe In general, errorgconsidered as uncorrelajeldave been
would have obtained 478129 for this 27 contribution, i.e., added in quadrature. The exceptions are explicitly discussed
a shift of only seven unit&as compared with a shift of 48 in along the text.
the CLY-Il evaluation. The value of the scattering length  We next discuss the errors that stem from experimental
would bea}=(43i 3)X 10*3m;3 now. The corresponding systematics, as well as those originating from deficiencies of
x?/d.o.f., 276/227 with only statistical errors, is also good.the theoretical analysis for them2contribution, in the low-
This is an important proof of the stability of our results energy region M’ <t=<0.8 Ge\’. We start with the system-
against introduction of extra datéHowever, as explained atic errors of the data. They are evaluated by taking them
above, we prefer the result without fitting phase shifts beinto account in a new fit. In this way we find, in units of
cause of the model dependence of the Jast. 10~1% and neglecting the mass differences correcties,

The difference between the results of Narigd), who  using Eq.(3.99 for tau datd
does not take into account the Fermi-Watson theorem or the
spacelike data and TY, who do, is due in good part to, pre-
cisely, the influence of the spacelike data which also help
reduce the errors. exptsys=*+40 (e'e +7),

C. Systematic and theoretical errors for the pion form factor
contribution exptsys=+66 (e‘e”).
Errors included in this work are divided into statistical

and systematic. Evaluation of the statistical errors is stan_—l_ . he d f lati fth .
dard: the fit proceduréusing the programmiNuIT) provides 0 estimate the degree of correlation of the systematic errors
pertaining to several experiments is a difficult task; we

the full error (correlation matrix at they? minimum. This h i ider the full f 0to 1 Th b
matrix is used when calculating the corresponding integraf"'00S€ 0 considerhe ull range from U to 1. 1he error bars

for a,, therefore incorporating automatically all the correla- 9!Ven cover all the possibilities. Th;gzld.o.f. O.f the fit im-

tions among the various fit parameters. proves when taking these systematic errors into account to
In addition, for every energy region, we have considered

the errors that stem from experimental systematics, as well as \2/d.0.f=214/204 (ete + 1),

10A different case is the analysis of A. Pich and J. PogpRhys. \2d.0.f=145/154 (e*e")
Rev. D 63, 093005(2001), which also uses the Omsesquation T '
method. The aim of this paperi®tto give a precise determination The error given for the case in which we include the de-
of the two pion contribution to the anomaly, but to ascertain to Whatcays of the tau would be smaller, and tjaé’d.o.f. would

extent a number of theoretical considerations, especially chiral peri'mprove, if we used the correct kinematical formula for

turbation theory, can lead to a reasonable approximation. The a 5h E3.10B: we would hav tain
thors use an expression fét [their equationg8) and (A2)], with- Lb ase space, E¢3.100; we would have obtained

out left-hand cut or inelasticity cut; they also employ a mere Breit-
Wigner to describe the phase in the rho region, where it is known _ 420 2 _ + a0

that the rho deviates from thig.qg., our terrmb,). They also do not exptsys==+30; x'/d.0f=213/204 (e"e +7).
include the cut at high energy in their equivalent of @ifunction.

In what respects their results, the situation is as follows. The valu
Pich and Portole gives(in units of 10" and for the contribution
of 27 at energies below 1.2 Gé&Yis 5110+60(PP), with
x%/d.0.f=33.8/21.This is substantially higher than other results:

fn spite of this, we choose to accept the larger efro40) as

we feel that it includes residual effects of isospin breaking
and electromagnetic corrections, different for the tau and
for example, we havé044=+67 (our result, only timeliker data, e_+e cases, that we will discuss at the end of this subsec-
x%/d.0.f=53/48, and 5004 51 (our best result, including” e~ tion. ) ) . .

and spacelike datay?/d.o.f.=213/204 (We have taken the piece e discuss the systematic and theoretical errors in the
0.8<t=1.2 GeV?, equal to 236:5, frome* e~ data. The results of NIgher energy regions in next section, but we mention here
Narison(Ref.[7]) or of Davier and Hoker (Ref.[5]), using tau data that the systematic error (410~ for 27 betweent=0.8
only, are essentially like ours. No doubt the bias introduced by th@nd 1.2 GeV is added coherently to the lower energy 2
simplified parametrization used in the paper of Pich and Parisle piece.

responsible for this discrepancy. We are grateful to Pich and Por- In addition to this we have several theoretical sources of
toles for discussions concerning their work. error. First, that originating in the approximate character of
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the Gounnaris-Sakurai method for including the This we estimate as discussed at the end of Sec. IlI B, getting on the
average+ 7x 107 Then, the dependence of our resultstgrcan be interpreted as a theoretical uncertainty, that we take
equal to 4x 10 1. Composing these errors quadratically, we can completg EfJ) to

4774+ 31(stah + 41(sys+th.)=4774:51 (eTe” + r+spacelike,

a(2m; t<08GeV)=| 4754 55 (stap+ 66(sys-+th) —4754+ 86 (e* e+ spacelike. (319

To finish this subsection we will discuss in some detail=0; then we choose # 0, butm,=m,. Higher effects, pro-
some matters concerning to radiative corrections and isospiportional to a(m,—my), «? and (m,—mg)? shall be ne-
breaking in as much as they affect the error analysis. We wilglected.
start with the analysis based efie” data. When evaluating For =0, the masses ofr" and 7° become equal, but
the pion form factor we have used formulas, deduced in pafsospin invariance is still broken. This means that, in particu-
ticular from unitarity and analyticity, that only hold if we |5; the quantitylIS in Eq. (3.108 is nonzero and therefore
neglect electromagnetie.m) interactions. However, experi- hq experimentally measured does not coincide with that
mentalists measure the pion form factor in the real worldjy g4 (3 101. We expect this effect to be small, since it is of
where Fhew T Ct'art.a.unly mtgract ele_ctromagr]etlcally. Not <acond order,riy—my,)2. If the scale is the QCD parameter
only this, but the initial particlese("e") also interact be- A, then this will be of relative size 1I¢; but other effects

tween themselves, and with .‘h? pions. need not be so small. We have tried to take them into account
These last electromagnetic interactions, however, can b

e . : )
evaluated and they are indeed subtracted when presentin@% allowing for d!ﬁerem parameters fqy:l p’ this pro-
experimental data oR . ; the uncertainties this process gen- ced a substantial shift, of about>4qlo fo'r Ay -
erates are estimated and included in the errors provided with 1hen We sem,=my and take e.m. interactions to be non-
the data. We will thus only discuss the uncertainties assoc#€ro- Apart from the effects already discussed, this produces
ated to e.m. interactions of the" 77~ alone. These particles the mass difference between charged and neutral pions. This
may exchange a photon, or radiate a soft photon that is nd¥e took (partially) into account when using the modified
detectedsee the corresponding figures in Sec. V®e may  Phase space of E¢3.10h. The ensuing effect foa,, turned
then define two quantitie®, which is the form factor we ~OUt to be small~4x 10"
would have if there were no e.m. interactions: afigF, Remnants otx#0 andm,# my will likely still affect the
which is the measured quantity, even after removal of radiadetermination ofF , from e*e™ and 7 decay data; but we
tive corrections for initial states or mixed ones. Actually, feel that accepting the systematic/theoretical error of 40
Fa depends on the experimental setup through the cuti 10~ covers the related uncertainty.
applied to ensure that ndard) photon is emitted.

Our formalism, as developed in Sec. Il A, applies to
FO but we fitF"®  Therefore we are introducing an am-  IV. CONTRIBUTIONS TO a®(h.v.p) FROM t>0.8 Ge\Z.
biguity THE FULL a®(h.v.p)

F(rea) _ (0 A The hi _— I
™ - . gher energy contributions, and the 3z contribution

which is of ordera. At higher energies we will get a substantial improvement

The error induced by this ambiguity should be small. Inover determinations based on old d&2| because of the
fact, what enters int@, is the sum of the contribution of existence of very precise measurements from Novosibirsk
Fe “which is what we actually fit, and that of the state [9] and Beijing[12], gathered in the last two to three years,

77y, which can be obtained from the process which will help remove a large part of the existing errors.
L L This is particularly true of the region up te=3 Ge\V? which
ee —(y)—m . caused an important part of the total errors in pre-1998 cal-

For this reason, we believe that the error due to the mismatcﬁm""t'OnS ofa®(h.v.p). We turn to it next.

of F'* andF(© is included in the errors to our fits hetk;
the estimated error for the™ 7~ y contribution, 9<10 1%,
will be evaluated in Sec. VB. We consider first the contribution of two, three, four
Tau decay presents the same difficulties, and we expectpion, ..., and KK intermediate states for G&

similar uncertainty as foe e~ collisions. But apart from the <1.2 Ge\. In what follows n.w.a. will meamarrow width
effect Fgea%a F(© discussed, it poses extra problems whenapproximation r.d.a. resonance dominance approximation
relating it toF . To discuss this, we take first,#my, « (but not narrow approximationand s.o.i.csum over indi-

vidual channelsFor the n.w.a. we use the standard formula.

Denoting byl" (V) to the width intoe™ e~ of a vector reso-

W particular for the evaluation including decay data; see be- nanceV with massM, its contribution tea®(h.v.p) is given

low. in this approximation by

1. The region up to £3 Ge\?
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FIG. 6. Plot of the fit to thee*e™ — 37 cross section up to FIG. 7. Plot of the fit to|F,(t)|? in the region 0.&t

=1.2 Ge\4, with data from Ref[9]. Continuous line: fit to CMD2  <1.2 Ge\?.
and SND data. Dashed line: fit to CMD2 and ND.

27 states,0.8<t<1.2 Ge\A. This 27 state contribution
3l V)K(M?) is

a(V)= — 4.1

_ . _ 10xa(2m;t<1.2 GeV¥)=230x3*4. (4.9
The uncertainty oma(V) is calculated by Gaussian error

propagation for the parameters in E4.1). In practice, it is

dominated by the experimental error of the electronic width. The _evaluatlon .Of the contriburion of the1_725tate has
greatly improvedwith respect to older calculationbecause

3 States,gmigtgl_z Ge\?. In the narrow width ap- ©f the information from recent Novosibirsk8] data on

proximation one gets the, ¢ contributions: e*e” —27. We have fitted the experimental value|&f,|?
with an expression 1f(t+a),a,b completely free param-
10'x a(37;w) =348+ 13, eters; the result of this fit may be seen depicted in FigA7.
4.2) similar result is obtained if we extended our earlier calcula-
10'x a(37; ) =62+ 3, tion of F (t) to t~1.2 Ge\* by settingt,=1.2; but we pre-

fer the result based only on experimental da€@f. the two
but this misses the region betweerand ¢, and the interfer-  errors given for the 2 contribution the first is statistical and
ence effect just above the last. So we will use experimentahe second, systematic, has been adutdtbrentlyto the sys-
data[9]. This gives tematic error on the low-energyz2contribution, as dis-
1 _ cussed in Sec. Il C.

10" a(3m;t<1.2 GeVf) = 438+ 4(stat) * 11(sys). The wiggle in Fig. 7 fort~mj is due to the interference
of the decayp— 2. This is similar to thew-p effect, and
has been treated in a similar manner; we have incorporated it
using the formulas and parameters given by Achasboal.
[9]. The influence of this effect oa,, is minute.

4.3

The fit to the 3r experimental cross section, with data
from Ref. [9], may be found in Fig. 6. The upper curve
(continuous line in Fig. Bis a fit to the CMD2 and SND Kk states0.8<t<1.2 Ge\2. An important contributions
data. We have used a Breit-Wigner parametrization forthe s that ofKK states. In the n.w.a., this is given by the
and ¢ resonances, plus a constant term and the exact thresh-
old factor for 3r states. The?/d.o.f. is 63/60; we consider 1
this our central result here. The dashed curve fits instead the 10"xa(KK; $)=332+9, (4.9
data from CMD2 and ND(Dolinsky et al, Ref.[20]); the
quality of the fit is poorer ¥%/d.o.f.=52/37). It fits better but this is a dangerous procedure here; the vicinity olktKe
the region between the and ¢, but fails to reproduce the threshold distorts the shape of the resonance. We thus have to
data beyond 1.06 GéVIn fact, we include the second fit to calculate thisKK contribution directly from experiment. We
estimate the corresponding systematic uncertainty; the smatlave used two fitting procedures. In the first, we fit simulta-
difference in terms of the integrals between the two fits, 8neously theK *K~ andK K¢ data of Achasoet al.[9], with
x 1071 is included into the systematic error. the same parameters for tide We get
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FIG. 8. Plot of the fit to the cross secti@ie™ — K, Kg (left), and toe*e” —= K"K~ (right). Data are from Ref(9].
10Mxa(K K ™:t<1.2 GeV®) 10'x a(4m;t<1.2 Ge\F)=25+4;
=185.5+ 1.5(stat) = 13(sys,) if we fit the data of Akhmetshirt al. [9] we find
and 10X a(47;t<1.2 Ge\f)=18+3.
10x a(K Kg;t<1.2 GeV?)=129.5-0.7. Of the 4 contribution most is due to the 7° channel; only

a small fraction (2.4 10" 'Y comes from ther " 7~ 7 7~
The quality of the fit, shown in Fig. 8, is goodef/d.o.f.  states. We take, for thismcontribution, the figure
=84/82). .
In the second fitting procedure, we add #geK s data of 10"xa(4m;t<1.2 GeV)=20+5, (4.7)

Akhmetshinet al. [9], obtaining the result which covers all possibilities.

104 a(K, Ks: t<1.2 Ge\?) The five, six. . ., pions as well ass— 7+ 27° contribu-
Lhs e tions are very small16,20. Altogether, they give
=128.4+0.5(stat) + 2.6(sys).
10" % a(5,6m, pl7O, ..., t<1.2 GeV¥)=4+2,
The fit is now less good, but the integrals are essentially (4.9

identical for both fits. Adding th&K results together we find We present the summary of our results in the important

101% a(KK:t<1.2 Ge\?) =314+ 2(stat) = 13(sys). region 0.8<t=<1.2 Ge\* plus the 3r contribution below 1.2
' GeV? in Table II.

(4.6 : o
1.2<t<2 Ge\?. We consider three determinations:
The systematic errors have been obtained repeating the fits,
including now the systematic errors given by the experi-
ments.

We mention in passing that the ratio of contributions of
K*K™ andK Kg, 1.44, agrees well with the rat{d 6]

270+27 (here,
278+ 25 (s.o.i.c.,, CLY [4]), 4.9

265+ 22 (VMD + QCD;AY).

iy,
M: L The first is obtained from a numerical integration of the
1.46+0.03. X N
I'(¢—KKg) data[20], with a parabolic fit. The method referred to as
Other states: 4, 57, pm°#° ... ; 0.8<t<1.2 Ge\’. “YMD + QCD;AY,” details of which can be found in the AY

[4] paper, consists in interpolating between a vector meson
The four pion contribution, including the quasi-two-body dominancgVMD) calculation for quasi-two-body processes
statews, may be obtained from recent Novosibirsk de8d (o, p, . . .), plus a Breit-Wigner expression for two-body
or from the compilation of Dolinsket al.[20]. If we use the channels ¢, KK, ...) at thelower end, and perturbative
last we get QCD at the upper end, the interpolation being obtained by
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TABLE II. Contribution toa‘® of various channels up to=1.2 GeV? (27 below 0.8 GeV notincluded.

Channels Comments
atw” 230+3=4 0.8<t<1.2 GeV
37 438+4+11 Im2<t<1.2 GeV
KK~ 1862+13
K. Ks 128+1+2
47 20+5 including w °
Multipion, n+ 2, . .. 4+2
Total 1006-19 syst. error for Z not included

fitting experimental datdsee Fig. 9. Because we want to For the QCD calculations we take the following approxi-
present a result as model independent as possible, we withation: forn; massless quark flavors, with charges, we
take as our preferred figure that obtained here from experiwrite

mental data:

2
10X a(1.2<t<2 Ge\?)=270+27. (4.10 R(O)(t)=32 Q? 1+ %4—(1.986— 0_115%)(%)
f

2<t<3Ge\’, (2,Q))
ff
240+3(A)+3(cond) (QCD), ~6.64-1.20n;~0.005; - 1240%)
3
250+19 (N[7] rd.a.; onlye®e ), < &)1
(4.11) ™
276+36 (N [7], rd.a: ete +7), To this one adds mass and nonperturbative corrections. We

take into account th@(m?) effect for quarks with running

m i (0)
222+5 (stah*15 (sys) (J,expt data massm;(t), which correctR(®) by the amourtf

2
J here denotes an evaluation, integrating with the trapezoidal— 32 szz(t) 6+28 +(294 8-12. 31f)( ) ]tl_
rule, of a compilation of experimental data supplied by F.
Jegerlehner.

Finally, for the condensates we add

' ' -] ' ' ' 27 11 as ,
Interpolations for R(r) 3| 1- g [(asC >2 Qf
and
24 + Roep -+
““““““ ) 23 ag —
| | 24w 1—2—7— mi( i i)
1 We neglect the condensates corresponding to heavy quarks

(c, b) and express those far, d, s in terms off2m?2, f2m

using the well-known PCAGpartial conservation of aX|aI
N vector currentrelations.

In the QCD calculation, the error labeled “cond.” is
found by inserting the variation obtained setting quark and
gluon condensates to zero, and that labeldaly varying the
QCD parameter. For this parameter we take the recent deter-
i minations[21] that correspond to the value

0 . | . | | ag(M2)=0.1172+0.003;

FIG. 9. Experimental data and various interpolations between 2The corrections of orden* may be found in the paper of Nari-
the VMD calculation, for smalt, and QCD for larget. From AY, son[7], together with references. We have checked that the effect of
Ref.[4]; data from Ref[20]. this correction is smaller than the errors of the leading terms.
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to be precise, we have takéim MeV, and to four loops 10'x a(22— 32 Ge\?) =210+ 3(stad
A=373+80, t<m? A=283+50, mi<t=m; +14(sys) (exptBES.

We only give the error due tA here because that due to the
condensates is negligible. When integrating the BES data we

For the gluon condensate we tag@.G2)=0.07 GeVt. have used the trapezoidal rule. If instead we fitted a horizon-

The four evaluations give comparable results, with thetal line, we would have obtained
r.d.a. ones larger, and presenting also larger errors. As proved 1411y a(22—32 Ge\R) =207+ 2(stab
by the reliability of QCD calculations of semileptonicde-
cays, a similar process in a similar energy range, we think +13(sys) (exptBES.
perturbative QCD can be trusted here, so we select the cor-

responding value as our best result. We write thus The BES[12] purely experimental result and the QCD cal-
culation are compatible, but one has to take into account the

10X a(2<t<3 Ge\?)=240+6, (4.12 systematicerrors of the first. This shows clearly the impor-
tance of systematic variations @i e~ annihilations data. We
where we have added linearly the errors dueAt@nd the take as our preferred value for the sum of the two intervals
condensates. that obtained from the QCD calculations:
As a verification of the reliability of the calculation, as

weII_ as the impro_vement it presents when compared with 101% a(3=<t=32 Ge\?) =320+ 2+ 1 =320+ 3.
earlier determinations, in the rather involved energy range (4.14
0.8<t=<3 Ge\ (including here the full & contribution, we
compare our value her@dding, for the occasion, the chan-  32<t<4.6 GeV?. We give here the results in units of
nels w, —°y, 7y, see Sec. VBwith that obtained by 107 % We separate the contribution of tlgy, ', that we
Narison[7] who uses resonance dominance and s.o.i.c., andalculate in the n.w.a., and the rest. For the first we have
to the old CLY[4] evaluation, with s.o0.i.c. and QCD:

A=199+30, t=mZ.

101X a(0.8<t<3 Ge\P+ w—37)=1559+34 (here, 62.0+4.0 J/y,

14.8+1.3 y'.
10'x a(0.8<t<3 Ge\?+ w—37)=1631+46 v

For the remainder we have the following possibilities:
(Narison, r+e*e™),

(4.13 91+0.4A) ud CD: P<t<4.6? Ge\?
10*xa(0.8<t<3 GeVP+ w—37) = 1675+ 65 AA) uds (QCD: )

_ 4.0+0.4 ¢", ¢", ¢"V (N, rd.a),
(Narison, e*e™),
total: 172-4 (N; QCD+r.d.a),
10*xa(0.8<t<3 GeVP+ w—37)=1618+ 97
91+0.4A) uds; (QCD;¥<t<4.6 Ge\?),
(CLY, e*e).

46.8-28.6—38+10 cc. (AY, NRQCD),
The compatibility between the results, using different meth-

ods of evaluation for many pieces, is reasonable. total: 206+ 11 (AY; QCD+ NRQCD)
H 2
2. The region 3<t<4.6" GeV 54.7+0.3A) (QCD):3.P<t<3.7,
This is another region where the availability of recent
precise datd12] in the neighborhood of thec threshold, 56+0.3+3 (expt, BES; 3.7°<t<4.6,

previously poorly known, permits a reliable evaluation. As a

by-product, we get an experimental validation of QCD cal-total: 188-4+3 (expt, BES+QCD). o
culations. Here N refers to the paper of Narisn], and AY is in

Ref.[4]. BES are the experimental data from Ref2]. The
3<t=22 Ge\2. We use perturbative QCD here and get first error for them is the statistical, the second the systematic
one.
10tx a(3—22 GeV?) =120+ 0.8 A)=+0.8cond). This region merits a somewhat detailed discussion, as

there is a certain controversy about it. We have made the
2°<t=<32 Ge\?. We have now very good recent experi- calculation in three different manners. First, we separate the

mental data. So we present two determinations: u, d, squarks contribution, that can be evaluated using per-
turbative QCD. The contribution of thec states is then
10'*x a(22—32 GeV?)=200=1(A) (QCD), evaluated saturating it by thgresonances, in the r.d.a.; this
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FIG. 10. Plot of BES experimental data and
QCD for theu, d, squarks(lowert) and the same
plus NRQCD for thec quark contribution, from
t=3.74 Ge\? to 4.6 GeV? at the right. Only
systematic errors shown for experimental data.
Statistical ones are even smaller.

20 3.0 341 37 4.0 4.6

is the result labeledN, r.d.a). This saturation procedure 0.18+0.01 Y.
does not produce a good description.
In a second method one separates alsouthé, scontri-  Then,
bution; but thecc one is treated differently. If a resonance is
below the channel for open charm production, which is setat 88.8+1.00A) udsc (QCD), 4.6<t<11.2 Ge\?,
t=4m§ (with ¢ the pole mass of the quark, then it is
treated as a bound state, in the n.w.a. Abogethreshold,
one uses nonrelativistic QCBee Adel and YnduraifAY),
Refs.[4] and[22]). The two values reported above for such _
a calculation[AY, nonrelativistic QCD (NRQCD)] are for 0.53£0.08 bb: (AY, NRQCD).
two values of thec quark massm.=1.750 GeV, in which
case only thel/y should be taken to be below threshold, andAdding this, we get
m.= 1.866 GeV and then botl/ ¢ and ¢’ are to be added total: 90=1 (N; QCD+n.w.a),
below threshold. This last gives the smallest numia&6. total: 901 (AY; QCD+NRQCD).
The result of the calculation is taken as the average of both The notation is like for the threshold region. The error in
numbers, with half the difference as the estimated error. Ithe (AY, NRQCD) evaluation is due to the error in the QCD
Fig. 10 one can see the BES2| data and the predictions of parameterA, and theb quark pole mass, for which we have
QCD and NRQCD, the last fan.=1.87 GeV. taken[23] m,=5.00+0.10 GeV. Both figures are essentially
The third method, which is the one that yields our pre-identical and we thus take
ferred number,

0.22£0.04 bb: (N, n.w.a),Y",Y",...,

10%x a(4.6<t<11.2 GeV?)=90+1. (4.1
10"xa(F<t<4.6" GeV¥)=188+4=3, (4.19 11.2 GeV2<t—=» Ge\2. The use of QCD is mandatory

is obtained by using QCD fou, d, squarksplus J¢, ¢’ here. The contribution abowe threshold is negligible, so we

below t=3.72 Ge\2, and experimental datdBES [12]) calculate withn;=5 and get
above that energy.

All three methods give overlapping results, within errors, 10X a(11.2 GeVP<t—=)=21+0.1(A). (4.17
with the r.d.a. below experiment, and with an underestimated
error, and with the NRQCD calculation reproducing better B. The wholea® (h.v.p.)

the data. This NRQCD calculation depends strongly on the ] 5 ) o
mass of thec quark and, in fact, one can turn the argument  Our final result for th€d(«°) hadronic contribution ta,,
backwards angredict m, by requiring equality with the ex- IS then

perimental figure. If we do so, we find 6909+ 64 (e~ + 7+ spacel,

1y a(2) =
10"% a@(h.v.p) 6889+96 (e'e” +spacel.

m.=1.89 GeV,

a very reasonable estimate consistent with the two loop result (4.18
[23], correct toO(a?), which givesm.=1.866+0.20 GeV.

To compare with other evaluations we have to add the
contribution (43-4)x 10~ ! of some of the radiative decays
The results from this region have not changed noticeablyof the p, o, ¢ (see Sec. V Bthat other authors include. This
but we give them for completeness. comparison is shown, for a few representative calculatidns,
in Table 111
4.6<t<11.2 GeV2. For the firstY resonances, and in
units of 10 1,

3. The region 4.6 Ge\?

13A more complete list of evaluations, including some of the very
0.55+0.03 Y, earliest ones, may be found in the paper of Narison, Réf.
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TABLE lll. KNO: Ref. [3]; BW: Ref.[3]; J: Ref.[6]; CLY, CLY-II, AY: Ref. [4]; N: Ref.[7]; DH, ADH:

Ref.[5].

Authors 1d*xa(h.v.p.) Comments
KNO 7068+174 e"e  only
CLY 7100+116 e"e” +spacel.

CLY-Il 7070+116 e"e” +sp~+ 7w ph. shifts
ADH 7011+94 efe +r7
BW 7026+ 160 ete”

AY 7113+103 e"e” +spacel.
DH 6924+62 efe +r7

J 6974105

N1 703177 efe +7

N2 7011+117 e'e  only
TY1l 6952+ 64 e"e + r+spacel.
TY2 6932+96 e"e +spacel. only

If we had added also the other radiative contributionstheory variety, with a cutoff, or one can use a constituent
(7r7ry, and the continuum hadrofiy, cf. Sec. VB we would  quark model in which we replace the blob in Fig. 11 by a
have found the hadronic vacuum polarization piece, correauark loop(Fig. 12. The result depends on the cutgfor

to ordera? and o®, the chiral calculationor on the constituent mass chosen for
L the quarks. After the correction of a sign error in the evalu-
1015 a2+ I(h.v.p) = 7002+66 (e"e” + 7+ spacel) ations of Ref[24] by Knecht and Nyffelef25], confirmed in
V-P)=1 gog2+ 97 (e*e” +spacel. Hayakawa and Kinoshitg26]
(4.19 10'*x a(hadronic light by light= 86 25,
chiral calculation; BPP, HKS. (5.29

V. HIGHER-ORDER HADRONIC CONTRIBUTIONS
Earlier calculations with the chiral model, using VMD to

A. Hadronic light-by-light contributions cure its divergence, gavéiKS, Ref.[24))

A contribution in a class by itself is the hadronic light-by-

a[other hadronic,O(as3)] chiral calculationHKS). (5.2b
=a[*‘one blob”" hadronic, O(?)] For the constituent quark model we use the results of

Laporta and Remidd27]. The contribution ta,, of light by
light scattering, with a loop with a fermion of char@e, and
massm; larger than the muon mass, is

+a(hadronic light by light. (5.9
We will start by considering the last, given diagrammati-
cally by the graph of Fig. 11. This can be evaluated only

: _ S 3
using models One can make a chiral model calculation, in a.=Q° bl RS
the Nambu-Jona-Lasinio version or the chiral perturbation IXEET ) ML

%

2
2

{

N

FIG. 11. The hadronic light-by-light contributions to the muon  FIG. 12. The light-by-light hadronic correction in the constitu-
magnetic moment(Only one graph is shown. ent quark model.
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where, to order i1, /m;)*,

(m\%3 3 19] (m,\* 161I , M,
Cix1i= | 1 56— 7| T ™ ﬁogm—#
16189 m 13 161 , 83193
28600°%m, " 18¢®) " 9720™ 97200

— @

Taking constituent masses,
u Hu

m, ¢=0.33, mg=0.50, m;=1.87 GeV,
FIG. 13. TheO(a®) hadronic correctiora (h.v.p., y).

we find
B. Photon radiation corrections to the hadronic vacuum
1 P P
10'x a(hadronic light by light=46+ 10 polarization
(quark const model (5.29 The a [one blob hadronicO(a®)] corrections are ob-

tained by attaching a photon or fermion loop to the various
lines in Fig. 1. They can be further split into two pieces: the
piece where both ends of the photon line are attached to the
hadron bloba (h.v.p., y), shown in Fig. 13, and the rest. So
we write

and the error is estimated by varying, 4 by 10%.

One could also take the estimate of th& pole from
Hayakawa and Kinoshitg24] and add the constituent quark
loop, in which case we get

1 .- ——
10'x a(hadronic light by light~98+22 a[one blob hadronicO(as)]

(quark const modet pion pole. (5.20

One expects the chiral calculation to be valid for small
values of the virtual photon momenta, and the constituent ) )
model to hold for large values of the safdeThus almost | N€ ast can be evaluat¢gd] in terms of the hadronic con-
half of the contribution tca (hadronic light by light in the  tributions to the photon vacuum polarization, finding
chiral calculation comes from a region of momenta above
0.5 GeV, where the chiral perturbation theory starts to fail, 10''x a(one blob hadronic, rest —101+6 (5.4)
while for this range of energies, and at least for the imagi-
nary part of(diagonal light by light scattering, the quark )
model reproduces reasonably well the experimental datflote, however, that this result has not, as far as we know,

=a(h.v.p., y) +a(one blob hadronic, regt (5.3

(see, for example, Ref28] for a recent review of thjs been checked by an independent calculation o
We will take here the figure, which comprises the relevant The only contribution that requires further discussion is
determinations, that depicted in Fig. 13a (h.v.p., 7). In principle, this con-

tribution can be evaluated straightforwardly by a generaliza-
10'*x a(hadronic light by light=92+20. (5.28 tion of the Brodsky—de Rafael method. We can write

a®(h.v.p)+a(hv.p., y)= fw LdtK(HRZ (1), (5.5
4m

where

o9(e*e"—hadrons+ o?(e*e” —hadrons+ o'?(e"e” —hadrons;y)

R (t)=
® o %ee —utu)

Ystrictly speaking, one would also need large momentum of the external photon to get a really trustworthy evaluation with the constituent
model.
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., T -
~ NSNS ANASNANNININI NSNS
Y \ % soft y ¥, hard
/4
V4
14 ST
’ ’ ’ n
‘ 4 7, soft
L . 7, hard
NANAASANANL ’y AAAAAANAAAL ’
4 Y .
\\ ’vv\/\/\,‘\/\/vv»(\
. Y
(a) NG 4 N4 (b)

FIG. 14. (a) Diagrams included in the pion form factgh) Diagramsnot included in the pion form factor.

The notation means that we evaluate the hadron annihilation - W m2

) . : . INp—a"m ar K(m
cross section to second orderdnand we add to it the first (p v 3ledp)K(m,) ) (5.6
order annihilation into hadrons plus a photon. L, mm,

For energy (t) large enough, this can be calculated
with the parton model, and leads to a correction
3/4(2¢Qf/=¢Q?) alm times the parton model evaluation. 10"xa(hvp.mtm y)=45+7 (nwa), (5.60
Taking thent=1.2 GeV?, this is (0.76-0.04)x 10 % The
error is that due ta\ and the masses of b quarks. We have and the error is that induced by the experimental error in the
excluded the contribution of the radiative decays ofihg, ~ WidthT'(p—7 7" y). . o
l//,,Y, Y’ resonances since we have taken these into account We will elaborate a bit more on this contribution. The
already(we took the fulle™e™ width for them). final state interaction of ther™ 77~ in the stater™ 7 v is

Then comes the contribution of small momenta, Very strong. The pions are produced in &wave, which
<1.2 Ge\?. We start by discussing the process involvingPresents a wide enhancemei5] in the energy region
two pions. In our determination in Secs. Ill and IV af?)  E+,-=0.6-0.2 GeV. However, this is only a small part of
(h.v.p), we made calculations by fitting the experimentalthe contribution to the rate forrmry. According to Dolinsky
cross sectioe* e~ — m* a7~ , which specifically excludes ra- €t al- [20], pp. 126 ff, most of the effect would be due to
diation of hard photons(hard photons defined as those thatBremsstrahlung by the pions. Above procedure to estimate
are identified experimentallyDiagrammatically, this means this, in terms of ther™ 7y decay of thep would be exact
that our evaluations of Secs. Ill and IV included the dia-Only if the experimental cuts made for identifying this decay,
grams of Fig. 14a) (where a soft photon is one that is not @nd to measure the pion form factor were the same. A more
detected, but not those of Fig. 1) (radiation of a hard accurate procedure is as follows. We write
photon. So, we have to include this radiation irdoh.v.p., 12
). This can be easily done if we consid.er this region to be a(r 7y, t<1.2)= LAUK(DR,+ (1),
dominated by the rho, hence we approximate am7

In this way, we find

(5.79
o9(ete"—hadrons; y)=c'%ete = (p)—m" 7 7). where

R7T+7T7’y(t) = B(t: Ey) R7T+’7T7(t)
The last can be evaluated in terms of the branching ratio for o
the decayp— 7" 7y, which is indeed measured experi- and the Bremsstrahlung factBris given by[30]
mentally (see the review of Dolinsket al, Ref.[20]) from
the reactione™e”—p— a7 y. In the narrow width ap- B(t,E,)=

8t fkm dkl(k)
proximation for the rho, the contribution &, is m(t—4m2)3? k '

Ey
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relating the process to the decay—2y. We write an ef-
fective interaction, corresponding to the vertex factor in the
Feynman rules of

iG, LB
2m,n. Guvaﬁk1k2 ’
with
0 "M
I'(7’—2y)= 56
# H so thatG2=4.6x10"°. Then, withe the electron charge,
FIG. 15. Thew®y, »y contribution toa (h.v.p., y). T G2t ( mi>3
; MO Sgdmermz | 17 T
. (t—2m] 1+¢&
H(k) =k 2t172 —k IOgl_g This gives a very small contribution ta,, about 0.76
x10 1! if we integrate up tot'?=0.7 GeV, and 0.96
_lk Etl’z—k ke 57 X 10~ if we go tot*?=0.84 GeV(the integral only grows
m2 ' ' logarithmically. We only integrate up to the rho, i.e., to
t12=0.7 GeV with this pointlike model.
Here £=[ (kn— K)/tY%12—k)]*?, k= (t—4m?2)/2t? s the Around the p region we have to take into account the
maximum energy of the photon and, finally, is the mini-  excitation of this resonance, which produces the correspond-
mum energy for photon detection. ing enhancement. This piece can be obtained in terms of the

To evaluateE,,, we have to look at the setup of experi- radiative width p—7%y. More important is thew— %y
ments measuring the pion form factor. Typically, one takesprocess which gives (3382)x 10 ! Likewise, the contri-
that no(hard photon has been emitted when the angle bebution of the 5y state is evaluated in terms of the decay
tween the pion momenta differs fromby less than a small — zy. Finally, the contribution fromz°#Cy is taken from
given amount,pg. The energy cut is, in this case, Ref.[31]. Collecting all of this, we get

2 10%xa(h.v.p., p—7ly)=4+1,

10"xa(h.v.p., p—7y)=1.1+0.4,

. . . 5.9
The effectiver, depends on the specific cuts made in each 104X (h.v.p., w— 70y)=33+2 (5.93
experiment; those in Ref.8] are covered if we takey, ' '
=0.15+0.05. Using this we find the result, for this range of 10"xa(hv.p., ¢p—py)=5=1:
7]0, Of L - 1

total: 43+4.
10" a(7mt 7y, t<1.2)=46+0.5+09. (5.8
) ) ) We have included the lower energy contributionsd¥y into
The first error corresponds to the error in the integral ofg (h.v.p., p— 7°y) and, because we are relying on models,

|F.|? and the second is induced by the dispersion in th&ye added the errotinearly. For thewmy states,
values of , of the various experiments. Equati@d.9) is

practically identical to the n.w.a. result, E&.6b (which of

1 + - _
course is a satisfactory resullhe reason for this agreement 10"xa(hv.p., 7 7 y)=46+9,

is that, whendetectingm* 7~ y, the energy cut made,, (5.9
=50 MeV (Dolinsky et al, Ref.[20]), turns out to be very 10x a(h.v.p.7°7%y)=2+0.3,

similar to the average energy cut made when measuring the

pion form factor. and, for the high energy piece,

A similar analysis ought to be made, in principle, for other
radiative intermediate states liker3 y and KK+ vy, which
can be estimated in terms of the corresponding decays of the
w and ¢, but they give a contribution below the 18 level
and we neglect them.

The lowest energy contributions too(®(ete”
—hadronsy) are those of the intermediate state$y and
7y (Fig. 15. At energies below the rho mass, one can evalu-
ate the firs{the only one that gives a sizable contribudidy 10 a(hadrons- y) =93+ 11. (5.10

10''x a(hadrons-y, t=1.2 Ge\?)=1+0.5. (5.99
Adding other contributions that are below the 10 level

[€(700)y~0.7x10 % etc] we get the total effect of the
states hadronsy,
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TABLE IV. Summary of contributions t@(®*3 with what we consider the more reliable methods, as
used in the present work. “B.-W.const” means a Breit-Wigner fit, including the correct phase space factors,
plus a constant; note that only for the four narrow resonanges/J/ Y, Y' we use the n.w.a. The errors are
uncorrelated except those for QCD calculati¢tist have to be added linearlgnd those for the 2 states,
for whose treatment we refer to the text. The errors given include statistical, systematiestintated
theoretical errors. For the details of the final stajgshadrons we refer to Eq$5.9).

Contribution to

Channel Energy range Method of calculation 10"x a(h.v.p.)
atar t<0.8 GeV? fit to e*e” + 7+ spacel. data 477451
atar 0.8<t<1.2 GeV fit to expte*e” data 2365

3 t<1.2 GeV? B.-W.+const fit toete™ data 43812
2K t<1.2 GeV B.-W.+ const fit toe* e~ data 314-13
4, 5w, g, . .. t<1.2 GeV fit to ete” data 24-5
Inclusive 1.22t<2 GeV? fit to e"e” data 27627
I, ' Y, Y N.w.a. 77.5-4.4
Inclusive 3.7<t=<4.6 GeV? fit to experimentak’e” data 56-3
Inclusive; uds 2<t<3.77 Ge\? perturbative QCD 6159
Inclusive; udsc 4.6<t<11.2Ge\? perturbative QCD 891

b quark 10.2<t<11.2 Ge\? nonrelativistic QCD 0.50.1

Inclusive 11.2 GeVP<t=<w perturbative QCD 210.1

v+ hadrons Full range various methods 9Bl

VI. CONCLUSIONS
We present first, for ease of reference, Table IV with a We will next compare our results with other recent evalu-

summary of the results obtained fach.v.p) in the previous atlon§ of the same quantities in F|g. 16, toge:-ther with the
sections experimental bandThey are shown incorporating the con-

- + - 0,0
Taking into account all contributions, and errors, we com-tribution of thear™a™y and s "y channels. o
A further point to emphasize is the importance of using, in

plete the best values for the h.v.p. piece, and the whole hac%— . - ;
. . he low-energy region, parametrizationskof(t) compatible
ronic part of the anomaly: . o - S .
with unitarity and analyticity. Only in this way we can incor-
porate data orf (t) for spaceliket into the fits. As dis-
7002-66 (e*e -+ r+spacel), curssed in Sec. Il B, trleife_z data not only proyide+a§ubstantial
L shift for a,, (of 39X 10™ " in the evaluation witre"e™ data
6982:97  (e'e +spacel), only) but, by so doing, allow compatibility of these with the
results fromr decay, hence allowing a combination of the

101*%xa®*3(h.v.p)=

6.

and adding the other radiative and light-by-light corrections,

10'*x a(hadronio
J,01
6993+ 69 (e"e” + r+spacel), 62 N2, 01
1 6973:99  (eTe” +spacel). 6.2 N1, 01
TY2, 01
TY1, 01 1

Equation(6.2) is of course the main outcome of the present
paper. Because, even after adding systematic and theoretica
errors the evaluation includingdecay data is more precise,
we may consider it to provide the best result &hadronig Experimental band (16)
available at present. ;

We can add to Eq(6.2) the pure electroweak contribu-
tions and present the result as the standard model prediction FIG. 16. Theoretical results a(hadronic)< 10~1%, and experi-
fora,: ment. J: Ref[6]; N1: Ref.[7] data frome®™e™ + 7. N2: id, e*e”

only. T1, T2: this paper with data froei" e~ + 7 or data frome*e™

10'x a,=11659184%69 (e"e” + r+spacel). (6.3 only, respectively(including syst. and th. errors
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two in a meaningful way: this permits an important reductionalready fort<0.8 Ge\? [see Eq(3.19]. In this respect the

of the errors of the calculatioh.

improvement obtained by addingdecay data, although not

To finish this section, we can add a few words on prosnegligible, is minor: statistical errors are smaller, but theo-
pects for improvements. In our view they are rather dim inretical ones are increased.
the sense that it is not easy to see how one could get an error

estimate clearly below the ¥10™ ' mark, when taking into
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