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Strongly coupled grand unification in higher dimensions
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We consider the scenario where all the couplings in the theory are strong at the cutoff scale, in the context
of higher dimensional grand unified field theories where the unified gauge symmetry is broken by an orbifold
compactification. In this scenario, the non-calculable correction to gauge unification from unknown ultraviolet
physics is naturally suppressed by the large volume of the extra dimension, and the threshold correction is
dominated by a calculable contribution from Kaluza-Klein towers that gives the values for sin2uw andas in
good agreement with low-energy data. The threshold correction is reliably estimated despite the fact that the
theory is strongly coupled at the cutoff scale. A realistic 5D supersymmetricSU(5) model is presented as an
example, where rapidd56 proton decay is avoided by putting the first generation matter in the 5D bulk.
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I. INTRODUCTION

The unification of the three gauge couplings aroundMU
;231016 GeV @1# in the minimal supersymmetric standa
model strongly suggests new physics at this energy sc
Conventionally, this new physics has been viewed as fo
dimensional grand unified theories~GUTs! @2#, in which all
the standard model gauge interactions are unified int
single non-Abelian gauge group and quarks and leptons
unified into smaller numbers of representations under
gauge group. Grand unification in four dimensions~4D!,
however, raises several new questions, including how
GUT gauge symmetry is broken, why the doublet and trip
components of Higgs multiplets split, and why we have n
already observed proton decay caused by color tri
Higgsino exchanges@3#.

On the other hand, these questions have also been
dressed in the context of higher dimensional theories
string theory. In this case, the grand unified group is bro
by boundary conditions imposed on the gauge field, and
triplet Higgs fields are projected out from the zero-mode s
tor, leaving only the doublet Higgs fields as massless fie
@4,5#. This is possible because there is no zero-mode ga
symmetry which transforms massless doublet Higgs fie
into massless triplet Higgs fields. In this framework, ho
ever, there is no field theoretic unified symmetry remain
at low energy, so that we have to resort to string thresh
calculations to tell whether the three gauge coupling c
stants are really unified at the string scale@6#.

Recently, we have introduced a new framework in wh
the gauge coupling unification is realized in higher dime
sional unified field theories compactified to 4D on orbifol
@7#. Kawamura first suggested anSU(5) GUT in 5D @8#,
using anS1/(Z23Z28) orbifold earlier introduced in the su
persymmetry breaking context@9#. A completely realistic
theory was obtained in Ref.@7#, where it was shown that a
special field theoretic symmetry called restricted gauge s
metry plays a crucial role in this type of theories. This r
stricted gauge symmetry arises from the fact that there
moderately large energy interval where the physics is
scribed by higher dimensional grand unifiedfield theories. In
0556-2821/2002/65~8!/085036~8!/$20.00 65 0850
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the higher dimensional picture it has gauge transforma
parameters whose dependence on the extra dimensiona
ordinates is constrained by orbifold boundary conditions;
the 4D picture it is a symmetry that has different Kaluz
Klein ~KK ! decompositions for the ‘‘unbroken’’ and ‘‘bro
ken’’ gauge transformations. Using these ideas, vari
higher dimensional GUT models have been construc
@8,7,10–15#.

In the specific case of 5DSU(5) models in Refs.@8,7#,
the 5D SU(3)C3SU(2)L3U(1)Y ~3-2-1! gauge transfor-
mation has a KK decomposition in terms of cos@2ny/R#,
while the 5D SU(5)/(SU(3)C3SU(2)L3U(1)Y) (X2Y)
has a decomposition in terms of cos@(2n11)y/R#. Since there
is no zero mode for theX2Y gauge transformation, the re
stricted gauge symmetry does not require that the dou
and triplet Higgs fields must have the same mass. Howe
due to higher KK tower gauge transformations, local ope
tors written in the 5D bulk must still preserve the comple
SU(5) symmetry, and all theSU(5)-breaking local opera-
tors must be located on the fixed point where only 3-2
gauge symmetry is preserved@7#. In particular,
SU(5)-violating effects from unknown ultraviolet physic
must appear as boundary operators on this fixed point. T
is crucial for guaranteeing the successful gauge coupling
fication in this framework. Since theSU(5)-violating contri-
butions to the gauge couplings which come from the fix
point are suppressed by the volume of the extra dimens
compared with theSU(5)-preserving contribution from the
bulk, we can argue that the gauge coupling is~approxi-
mately! unified, without invoking any string theory calcula
tion, if the volume of the extra dimension is sufficiently larg
@7#. Then, small deviations from the case of exact unificat
at a single threshold scale become calculable and impr
the agreement between the experimental value and theo
cal prediction of sin2uw @7,16#. The gauge coupling unifica
tion in higher dimensional GUTs has been further stud
using dimensional deconstruction@17,18# and dimensional
regularization@19#.

In view of the important role played by the large volum
for the successful prediction of sin2uw , in this paper we study
the possibility that the theory has the maximally large v
©2002 The American Physical Society36-1
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YASUNORI NOMURA PHYSICAL REVIEW D 65 085036
ume allowed by strong coupling analysis. We consider
scenario where all the couplings in the theory are strong
the cutoff scale and show that it is consistent with obser
tions. In this paper we restrict our analysis to an order-
magnitude level, leaving detailed numerical studies for
ture work. We present a realistic 5D supersymmetricSU(5)
model as an explicit example. The model preserves the
cessfulb/t Yukawa unification and does not have the u
wantedSU(5) mass relations for the first two generations
also partially explains fermion mass hierarchies due to
configuration of the matter fields in the extra dimension.
find that the observed values of the low-energy gauge c
plings are well reproduced if we take the volume of the ex
dimension to be large as suggested by the strong coup
analysis. Experimental signatures fromd56 proton decay
are also discussed, and it is shown that the final state ge
cally contains the second or third generation particles.
nally, the values of the cutoff and compactification sca
obtained by analyzing gauge couplings give a 4D Pla
scale close to the observation, giving a clue of how to so
the conventional problem in string theory of separating
string and the apparent unification scales.

The paper is organized as follows. In Sec. II we give a
supersymmetricSU(5) model that can accommodate th
large volume of the extra dimension without conflicting wi
the constraint fromd56 proton decay. In Sec. III, we con
sider the gauge coupling unification in this model and arg
that the model is consistent with low-energy data. Thed
56 proton decay and the 4D Planck scale are discusse
Sec. IV. Finally, our conclusions are drawn in Sec. V.

II. MINIMAL MODEL

In this paper we consider a minimal realization of t
scenario where the theory is strongly coupled at the cu
scale. Thus, we consider a single extra dimension and
smallest grand unified group,SU(5). It should, however, be
noted that we present this case as a representative exam
a more general scenario. We begin with briefly reviewing
bulk structure of 5D supersymmetricSU(5) theories@8,7#.
The 5D spacetime is a direct product of 4D Minkows
spacetimeM4 and an extra dimension compactified on t
S1/(Z23Z28) orbifold, with coordinatesxm (m50,1,2,3) and
y(5x5), respectively. TheS1/(Z23Z28) orbifold can be
viewed as a circle of radiusR divided by twoZ2 transforma-
tions; Z2 : y→2y and Z28 : y8→2y8 wherey85y2pR/2.
Here, R is around the GUT scale,R;MU

21 . The physical
space is an intervaly:@0,pR/2# which has two branes at th
two orbifold fixed points aty50 andpR/2.

Under the Z23Z28 symmetry, a generic 5D bulk field
f(xm,y) has a definite transformation property

f~xm,y!→f~xm,2y!5Pf~xm,y!, ~1!

f~xm,y8!→f~xm,2y8!5P8f~xm,y8!, ~2!

where the eigenvalues ofP and P8 must be61. Denoting
the field with (P,P8)5(61,61) by f66 , we obtain the
following mode expansions@9#:
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f11~xm,y!5 (
n50

`
1

A2dn,0pR
f11

(2n)~xm!cos
2ny

R
, ~3!

f12~xm,y!5 (
n50

`
1

ApR
f12

(2n11)~xm!cos
~2n11!y

R
,

~4!

f21~xm,y!5 (
n50

`
1

ApR
f21

(2n11)~xm!sin
~2n11!y

R
,

~5!

f22~xm,y!5 (
n50

`
1

ApR
f22

(2n12)~xm!sin
~2n12!y

R
,

~6!

where the 4D fieldsf11
(2n) , f12

(2n11) , f21
(2n11) , andf22

(2n12)

acquire masses 2n/R, (2n11)/R, (2n11)/R, and (2n
12)/R upon compactification. Zero modes are contain
only in f11 fields, so that the matter content of the massl
sector is smaller than that of the full 5D multiplet.

In the 5D bulk, we haveSU(5) gauge supermultiplets an
two Higgs hypermultiplets that transform as5 and 5* . The
5D gauge supermultiplet contains a vector boson,AM (M
50,1,2,3,5), two gauginos,l and l8, and a real scalar,s,
which is decomposed into a vector supermultiplet,V(Am ,l),
and a chiral multiplet in the adjoint representation,S@(s
1 iA5)/A2,l8#, underN51 supersymmetry in 4D. The hy
permultiplet, which consists of two complex scalars,f and
fc, and two Weyl fermions,c andcc, forms two 4DN51
chiral multiplets,F(f,c) and Fc(fc,cc), transforming as
representations conjugate to each other under the ga
group. HereF runs over the two Higgs hypermultiplets,H

andH̄. ($H,H̄c% and$H̄,Hc% transform as5 and5* under the
SU(5), respectively.!

The 5DSU(5) gauge symmetry is ‘‘broken’’ by the orbi
fold compactification to a 4DSU(3)C3SU(2)L3U(1)Y
gauge symmetry by choosingP5(1,1,1,1,1) and P8
5(2,2,2,1,1) acting on the5 @8#. EachZ2 reflection is
taken to preserve the same 4DN51 supersymmetry. The
(Z2 ,Z28) charges for all components of the vector and Hig

multiplets are shown in Table I. Here, the indicesa and â
denote the unbroken and brokenSU(5) generators,Ta and
Tâ, respectively. TheC andF represent the color triplet an
weak doublet components of the Higgs multiplets, resp

TABLE I. The (Z2 ,Z28) transformation properties for the bul
gauge and Higgs multiplets.

(P,P8) 4D N51 superfield Mass

(1,1) Va, HF , H̄F
2n/R

(1,2) Vâ, HC , H̄C
(2n11)/R

(2,1) S â, HC
c , H̄C

c (2n11)/R

(2,2) Sa, HF
c , H̄F

c (2n12)/R
6-2



,

-

gs

no

rio
ve
a

gl
e

tw
,

te
ro

e
t

-

to
g

ce

ise
eri-
e

he

of
ing
e

nd
ing

ob-

he
uss

nd
elds,
lds

ix

r
un-

n

f

pa
te
o

e

ut

the
in

ns
ion
tion
6D

of
.

STRONGLY COUPLED GRAND UNIFICATION IN. . . PHYSICAL REVIEW D65 085036
tively: H.$HC ,HF%, H̄.$H̄C ,H̄F%, Hc.$HC
c ,HF

c %, and

H̄c.$H̄C
c ,H̄F

c %. Since only (1,1) fields have zero modes
the massless sector consists ofN51 SU(3)C3SU(2)L
3U(1)Y vector multipletsVa(0) with two Higgs doublet chi-
ral superfieldsHF

(0) andH̄F
(0) . The higher modes for the vec

tor multiplets Va(2n) (n.0) eat Sa(2n) becoming massive
vector multiplets, and similarly for theVâ(2n11) and
S â(2n11) (n>0). Since the non-zero modes for the Hig
fields have mass terms of the formHF

(2n)HF
c(2n) ,

H̄F
(2n)H̄F

c(2n) , HC
(2n11)HC

c(2n11) , and H̄C
(2n11)H̄C

c(2n11) , there
is no dimension five proton decay from color triplet Higgsi
exchange@7#.

Now, we consider the gauge couplings in our scena
Here we roughly estimate various quantities at the tree le
more detailed discussions including radiative corrections
given in Sec. III. Since we require that the theory is stron
coupled at the cutoff scaleM* , the gauge kinetic terms ar
given by

S5E d4xdyE d2uFhM*
16p3

W aWa

1d~y!
h8

16p2
W aWa1dS y2

p

2
RD h i8

16p2
W i

aWiaG
1H.c., ~7!

where we have used naive dimensional analysis~NDA! in
higher dimensions.1 Here,h, h8, andh i8 are order one co-
efficients andi runs overSU(3)C , SU(2)L , and U(1)Y .
The restricted gauge symmetry requires that the first
terms must preserve theSU(5) symmetry. The last term
however, can have different coefficients fori
5SU(3)C ,SU(2)L ,U(1)Y , which encodeSU(5)-violating
effects from unknown physics above the cutoff scale. Af
integrating over the extra dimension, we obtain the ze
mode gauge couplings at the cutoff scale as

1

gi
2

5
hM* R

16p2
1

h8

16p2
1

h i8

16p2
. ~8!

Since we know that 1/gi
2;1 from the observed values of th

low-energy gauge coupling constants, the ratio between
compactification and the cutoff scales must beM* R

1In Ref. @20# a different coefficient ofM* /24p3 was used for the
bulk kinetic term, which was derived by considering loop expa
sions in the non-compactified 5D space. Here we useM* /16p3

instead, since it correctly reproduces the strong-coupling value
the 4D gauge coupling,g.4p/(M* R)1/2, after integrating out the
extra dimension and is more appropriate in the case of the com
tified space. The coefficients of brane-localized terms are de
mined by requiring that all loop expansion parameters are order
in the 4D picture.
08503
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25O(1022103).2 We find that the threshold cor

rection from unknown ultraviolet physics aboveM* is sup-
pressed by 1/(M* R);1/(16p2) and thus negligible in the
present scenario. Therefore, the threshold correction
sin2uw is dominated by the calculable contribution comin
from an energy interval between 1/R andM* .

We next consider the configuration of matter fields. Sin
M* R*100 corresponds to 1/R&1015 GeV, it requires that
the first generation matter must live in the bulk; otherw
d56 proton decay occurs at a much faster rate than exp
mental constraints allow@7#.3 On the other hand, to preserv
successfulb/t unification in supersymmetric GUTs@21#, we
have to put the third generation matter on t
SU(5)-preserving brane located aty50, since if we put
quarks and leptons in the bulk there are noSU(5) Yukawa
relations@7#.4 These considerations almost fix the location
the matter fields. The remaining choices are only concern
where we put10 and5* of the second generation. Since w
do not want theSU(5) relation, ms5mm , for the second
generation, at least one of10 and5* must be put in the bulk.
Thus, we are left with three possibilities:~i! both 10 and5*
in the bulk,~ii ! 10 in the bulk and5* on they50 brane,~iii !
10 on they50 brane and5* in the bulk. As we will see later,
the second possibility may be preferred in view of quark a
lepton mass matrices, especially in view of the large mix
angle between the second and third generation neutrinos
served in the Super-Kamiokande experiment@22#. We there-
fore take this possibility as an illustrative purpose for t
moment. We consider all three possibilities when we disc
d56 proton decay later.5

We now explicitly present our model. The gauge a
Higgs sectors are as discussed before. For the matter fi
we introduce the third generation matter chiral superfie
T3(10), F3(5* ) and the second generation oneF2(5* ) on
the y50 brane. In the 5D bulk, we have to introduce s
hypermultiplets T25$T2(10),T2

c(10* )%, T28
5$T28(10),T28

c(10* )%, T15$T1(10),T1
c(10* )%, T18

5$T18(10),T18
c(10* )%, F15$F1(5* ),F1

c(5)%, F18
5$F18(5* ),F18

c(5)%, to obtain the correct low-energy matte
content. The transformations for these bulk matter fields

-

or

c-
r-

ne

2The actual value ofM* R could be somewhat smaller than th
naive estimate given here, due to a group theoretical factorC ap-
pearing in loop expansions:M* R;16p2/Cgi

2 .
3The5* of the first generation may be located in the bulk witho

conflicting with the bound from proton decay.
4Models without theb/t unification are obtained if we put the

third generation5* in the bulk.
5In these modes, supersymmetry breaking may occur through

mechanism of Ref.@12# that uses small parameters appearing
boundary conditions. In this case, the first possibility of both10 and
5* in the bulk is preferred to suppress flavor violating contributio
to the first-two generation sfermion masses. The flavor violat
would then occur in the processes involving the third genera
particles. One way of avoiding all these concerns is to consider
models in which gaugino mediation@23# works while suppressing
d56 proton decay@14#. We leave detailed phenomenologies
these models including supersymmetry breaking for future work
6-3
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der Z23Z28 are given byP5(1,1,1,1,1) and P85(2,
2,2,1,1) acting on the5 for unprimed fields, but for
primed fields theZ28 quantum numbers are assigned to be
opposite of the corresponding unprimed fields@7# ~for de-
tails, see Refs.@11,12#!. Then, the quark and lepton zer
modes come from various brane and bulk fields as

T3.Q3 ,U3 ,E3 , F3.D3 ,L3 , ~9!

T2.U2 ,E2 , T28.Q2 , F2.D2 ,L2 , ~10!

T1.U1 ,E1 , T18.Q1 , F1.L1 , F18.D1 . ~11!

Since the first generation quarks and leptons which would
unified into a single multiplet in the usual 4D GUTs com
from differentSU(5) multiplets, proton decay from broke
gauge boson exchange is absent at the leading order@7#.
~This result is also obtained from KK momentum conser
tion in the fifth dimension.!

The Yukawa couplings are written on they50 brane. On
this brane, all the operators of the form@TTH#u2 and

@TFH̄#u2 are written with the size of their coefficients dic
tated by naive dimensional analysis~NDA! in higher dimen-
sions. Here,T and F runs over $T3 ,T2 ,T28 ,T1 ,T18% and
$F3 ,F2 ,F1 ,F18%, respectively. Similar Yukawa couplings ca
also be written aty5pR/2 brane for matter in the bulk. Afte
integrating overy, we obtain the Yukawa matrices for low
energy quarks and leptons. At the compactification sc
they take the form

L 4.A 16p2

M* R
~101 102 103!

3S e2 e2 e

e2 e2 e

e e 1
D S 101

102

103

D H

1A16p2

M* R
~101 102 103!

3S e2 e e

e2 e e

e 1 1
D S 51*

52*

53*
D H̄, ~12!

where e.(M* R)21/2;0.1 and we have omitted order-on
coefficients. Low-energy quark and lepton fields are defin
as 10i[$Qi ,Ui ,Ei% and 5i* [$Di ,Li% ( i 51,2,3), so that
they generically contain fields coming from different hype
multiplets @see Eqs.~9!–~11!#. Here, we have normalize
these fields canonically in 4D. In the above equation,
matrix elements denoted ase or e2 do not respectSU(5)
relations, while the ones denoted as 1 must respectSU(5)
relations since they entirely come from the Yukawa co
plings among the matter fields localized on t
SU(5)-preserving (y50) brane. Therefore, the model do
not have unwantedSU(5) fermion mass relations for th
first two generations, while preserving theb/t unification.
08503
e

e

-

e,

d

e

-

Since A16p2/M* R;gi , the present model predictsyt
;gi at the compactification scale, which is in reasona
good agreement with low-energy data. The over-all mass
ference between up- and down-type quarks should be g
by tanb[^HF&/^H̄F&;50.6 This large value of tanb may
also be compatible with theb/t Yukawa unification@24#.
The above mass matrices roughly explain the observed
tern of quark and lepton masses and mixings, for exam
the presence of the mass hierarchy between the first
generations and the third generation fermions. To reprod
the detailed structure of fermion masses in the first two g
erations, however, there must be some cancellations am
different elements and/or small numbers in coefficients
order 102121022. It will be interesting to look for the
model where more complicated structure gives comple
realistic fermion mass matrices@15#.

How about neutrino masses? Small neutrino masses
obtained by introducing right-handed neutrino fieldsN
through the seesaw mechanism@25#. They can be introduced
either on they50 brane or in the 5D bulk, and have Yukaw
couplings of the form@FNH#u2 and Majorana masses of th
form @NN#u2 at the y50 brane. After integrating outN
fields, we obtain the mass matrix for the light neutrinos
the form

L4.
1

MR
S 16p2

M* RD~51* 52* 53* !

3S e2 e e

e 1 1

e 1 1
D S 51*

52*

53*
D HH, ~13!

regardless of the configuration of the right-handed neutr
fields. The over-all mass scaleMR is given by right-handed
neutrino Majorana masses, which we here assume to be
vided by some other physics such asU(1)B2L breaking
scale. An interesting point is that the present matter confi
ration naturally explains the observed large mixing angle
tween the second and third generation neutrinos, by put
both the second and third generation5* ’s on they50 brane.

III. GAUGE COUPLING UNIFICATION

In this section we show that the observed values of
low-energy gauge couplings are well reproduced if the v
ume of the extra dimension is large as is suggested by
strong coupling analysis. We also argue that the situation
the present scenario is better than in usual 4D GUTs, s
the masses for the GUT-scale particles are completely de
mined by KK mode expansions.

Let us first estimate the radiative corrections to the ga
couplings coming from loops of KK towers whose masses
between 1/R and M* . In the 4D picture, the zero-mod
gauge couplingsgi at the compactification scaleMc(51/R)
are given by

6In the case of53* in the bulk, we obtain tanb;(mt /mb)e;5.
6-4
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1

gi
2~Mc!

.
1

g0
2~M* !

2
b

8p2
~M* R21!1

bi8

8p2
ln~M* R!,

~14!

whereb andbi8 are constants ofO(1). Thesecond and third
terms on the right-hand side represent the pieces which
by power-law and logarithmically. A crucial observatio
made in Refs.@7,16# is that the coefficientb is necessarily
SU(5) symmetric, since the power-law contributions com
from renormalizations of 5D kinetic terms which must
SU(5) symmetric due to the restricted gauge symmetry. T
logarithmic contributions come from renormalizations of 4
kinetic terms localized on the branes, and can be differen
SU(3)C,SU(2)L, andU(1)Y. Thus, gauge coupling unifica
tion is logarithmic even above the compactification sca
This situation is quite different from the power-law unific
tion scenario of Ref.@26#.

Since the power-law piece is asymptotically non-free
the present setup, the ratio between the compactification
lk
le
t
om

. A
s

08503
un

e
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nd

cutoff scales could be smaller than the purely classical e
mate. This power-law contribution also has a sensitivity
the ultraviolet physics. However, it is expected that this do
not change the order of magnitude of the tree-level estim
of M* R, since the theory is strongly coupled only around t
cutoff scale and is weakly coupled over a wide energy ra
from 1/R to M* . Therefore, we here takeM* R.100 as a
representative value. Note that we have ambiguities com
from h ’s in Eq. ~8! in any case, so that the precise value
not very important at this stage.

To calculate the effect of the KK towers on the gau
coupling unification, we consider the one-loop renormaliz
tion group equations for the three gauge couplings@7,16#.
Since theSU(5)-violating contribution to the gauge cou
plings from unknown ultraviolet physics aboveM* is sup-
pressed by the large volume, we set the three gauge
plings equal to a unified valueg* at M* . Then, the
equations take the following form:
on
a i
21~mZ!5a

*
21~M* !1

1

2p H ai ln
mSUSY

mZ
1bi ln

M*
mZ

1ci (
n50

Nl

ln
M*

~2n12!Mc
1di (

n50

Nl

ln
M*

~2n11!Mc
J , ~15!

where (a1 ,a2 ,a3)5(25/2,225/6,24), (b1 ,b2 ,b3)5(33/5,1,23), (c1 ,c2 ,c3)5(6/51n5* 13n10,221n5* 13n10,26
1n5* 13n10), and (d1 ,d2 ,d3)5(246/51n5* 13n10,261n5* 13n10,221n5* 13n10). Here, we have assumed a comm
massmSUSY for the superparticles for simplicity, and the sum onn includes all KK modes belowM* , so that (2Nl12)Mc
<M* ; n5* andn10 represent the numbers of generations which are put in the bulk (n5* 51 andn1052 in the present case!.
Taking a linear combination of the three equations, we obtain

~5a1
2123a2

2122a3
21!~mZ!5

1

2p H 8 ln
mSUSY

mZ
136 ln

~2Nl12!Mc

mZ
224(

n50

Nl

ln
~2n12!

~2n11!J , ~16!
reti-

e
l
w-

th
e

we

the
where we have setM* 5(2Nl12)Mc . Note thatn5* and
n10 drop out from this equation, since a combination of bu
hypermultiplets whose massless modes give a comp
SU(5) representation hasSU(5) symmetric matter conten
at each KK mass level. Since the corresponding linear c
bination in the usual 4D minimal supersymmetricSU(5)
GUT takes the form

~5a1
2123a2

2122a3
21!~mZ!

5
1

2p H 8 ln
mSUSY

mZ
136 ln

MU

mZ
J , ~17!

where MU5(MS
2 MV)1/3 @27#, we find the following corre-

spondence between the two theories:

ln
Mc

mZ
5 ln

MU

mZ
1

2

3 (
n50

Nl

ln
~2n12!

~2n11!
2 ln~2Nl12!, ~18!

as far as the running of the gauge couplings is concerned
important point here is that this KK contribution improve
te

-

n

the agreement between the experimental value and theo
cal prediction of sin2uw andas @7,16#. This is becausebi8’s in
Eq. ~14! are given bybi85bi2ci /2, and are not equal to th
low-energyb-function coefficients,bi , plus some universa
pieces. At the leading order, the contributions from KK to
ers to sin2uw and as are given by Dsin2uw

.
2(1/5p)a ln(M*R) and Das

.2(3/7p)as
2ln(M*R), respec-

tively, which well reproduce experimental values wi
M* R.1022103. A more detailed analysis, including th
next to leading order effect, has been given in Ref.@19#,
where it was shown that ifM* R.100 the KK contribution
would indeed give the right values for sin2uw and as in a
reasonable range ofmSUSY.

Using the experimental values of the gauge couplings,
obtain 131016 GeV&MU&331016 GeV, and this trans-
lates into the range ofMc for a given Nl . Taking M* R
.100, we find that the compactification scale must be in
range

531014 GeV&Mc&231015 GeV, ~19!
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which is considerably lower than the usual 4D unificati
scale MU.231016 GeV. Since the mass for the broke
gauge bosons is given by 1/R, it induces thed56 proton
decay at a rate contradicting the bound from Sup
Kamiokande@28#, if quarks and leptons are localized on th
SU(5)-preserving brane. In fact, this constraint was used
Ref. @19# to conclude that strict NDA assumption does n
work, and the contribution from unknown ultraviolet physi
is needed to obtain the right values for sin2uw and as . In
other words, the contribution from KK towers alone is insu
ficient to explain the small difference of sin2uw between the
experiment and naive 4D GUT prediction, sinceM* R must
be smaller than;10 from the proton decay constraint.7 In
the present case, however, the first generation matter live
the bulk so that the constraint fromd56 proton decay is
evaded even if the compactification scale is low. This allo
us to consider larger values forM* R, that is, the scenario
where the theory is strongly coupled at the cutoff sca
Then, the calculable contribution from KK towers cou
completely explain the small discrepancy of sin2uw between
the experimental and theoretical values that was presen
the case of the minimal 4D GUT with a single thresho
Note that the non-calculable contribution from unknow
physics aboveM* is expected to be small in this cas
through NDA in higher dimensions.

We here consider uncertainties for the present analy
Since the theory is assumed to be strongly coupled at
cutoff scale, higher order effects could be important arou
that energy scale. However, the logarithmic contribut
from KK towers discussed above comes from an entire
ergy range from 1/R to M* , and the theory is weakly
coupled in most of this energy region. Actually, various
teractions quickly become weak belowM* , suppressed by
powers of (E/M* ) at energy scaleE. This is because in the
5D picture the couplings in the theory have negative m
dimensions, and in the 4D picture the number of KK sta
circulating in the loop decreases with decreasing energie
that loop expansion parameters in the theory~’t Hooft cou-
plings! become small by powers of (E/M* ). Therefore, we
expect that the the leading logarithmic calculation of t
threshold correction to sin2uw is reliable at least at the orde
of magnitude level, although the precise coefficients m
receive corrections from this higher order effect. To be m
precise, the difference of the gauge couplings runs logar
mically in all energy regions between 1/R andM* , and the
one-loop estimates are reliable only when the renormal
tion scale is at least a factor of a few smaller thanM* ;
higher loop effects would equally be important around
cutoff scale. This would giveO(10%) uncertainties in the

7The constraint fromd56 proton decay was also used in Re
@18# to conclude thatNl(.M* R) must be smaller than;20 and
that the calculable contribution from KK towers cannot explain
discrepancy of the gauge coupling values between the experim
and the theoretical prediction of 4D GUT. Reference@17# also ar-
gues thatNl must be smaller than;25 usingaNl&1 to estimate
the strong coupling bound, while we here useaNl /4p&1 to esti-
mate it.
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calculations of thethreshold correctionsof sin2uw andas . A
similar size of uncertainties is also expected from tree-le
SU(5)-breaking boundary operators. We emphasize that
uncertainties are for the threshold corrections and are
O(10%) uncertainties for the values of sin2uw andas them-
selves.

We then find that the observed values for the gauge c
pling constants are well reproduced by takingM* R
5O(1022103). That is, we can explain the difference o
sin2uw ~andas) between the experimental value and the th
oretical prediction obtained by assuming the exact ga
unification at a single threshold. We note that the situation
better in the present scenario than in usual 4D GUTs.8 Let us
consider, for example, predictingas from the observed val-
ues of sin2uw and e. It is known that if we calculateas

without including any threshold correction, we obtain
somewhat larger valueasu th.0.130@29# than the experimen-
tally measured valueasuex.0.11860.002 @30#. Thus, we
have to explain the differenceasuex2asu th.20.01260.002
by the GUT-scale threshold correctionDas

gut. ~Here we ignore

the weak-scale threshold corrections, which typically g
uDas

weaku&0.004.! In usual 4D GUTs, the size of the GUT

scale threshold correction is given byuDas

gutu&0.02, but we

cannot predict the value ofDas

gut in general since it strongly

depends on the mass spectrum of the GUT scale partic9

On the other hand, in the present case, we completely k
the pattern of the GUT-scale particle masses, so that we
calculate the threshold correction,Das

gut, for a given value of

M* R. It is given by Das

gut.2(3/7p)as
2ln(M*R). Numeri-

cally, we find Das

gut.20.00960.002 (Das

gut.20.013

60.003) if M* R5100 (M* R51000), where the errors rep
resent theO(10%) uncertainties discussed before. We fi
that the observed value ofas is well reproduced with the
values ofM* R suggested by the NDA analysis.

Of course, we cannot prove that these values ofM* R
exactly give atruly strongly coupled theory at the cuto
scale~all h ’s equal to 1!, since there are many uncertaintie
in estimating the overall value for the gauge coupling~but
not the differences between the three couplings! at the cutoff
scale. For example, the contribution fromSU(5) symmetric
power-law running~scheme dependence, in other word!
could change the value. However, within the uncertainties
estimating various quantities, we can say that the scen
where the theory is~moderately! strongly coupled at the cut
off scale is consistent with low-energy observations. It
particularly interesting that theM* R value giving the de-
sired low-energy gauge coupling values is consistent with
requirement that the theory is strongly coupled at the cu
scale.

nt
8We thank Lawrence Hall for stressing this point.
9In the minimal supersymmetricSU(5) GUT in 4D,Das

gut is posi-
tive in most of the parameter space, due to the large mass fo
triplet Higgs fields required to satisfy the bound fromd55 proton
decay.
6-6
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IV. OTHER ISSUES

In the model discussed in the previous sections,d56 pro-
ton decay occurs through mixings between the first a
heavier generations occurring at the coupling to the he
broken gauge bosons.10 Thus, their rates are suppressed
mixing angles that are expected to have similar order
magnitudes to the corresponding Cabibbo-Kobaya
Maskawa~CKM! angles. In the present case where102 re-
sides in the bulk and52* lives on the brane, the dominan
decay mode isK1nm or m1p0. However, their amplitudes
receive suppression of orderVubVcbVe3 andVub

2 Ve2, respec-
tively, which are 102521026. Therefore, the lifetime is
roughly 1040 years, and there would be little hope for dete
tion in the near future. In the case where both102 and52* are
in the bulk, the dominant decay mode isK1nt , whose am-
plitude also receives suppression of orderVubVcbVe3

;1025. On the other hand, if102 is on the brane and52* is in
the bulk, thep→K1nt and p→m1K0 decays could occu
with only VusVe3;Vus

2 ;1022 suppression in their ampli
tudes, that is, with the lifetime of 1033–1035 years. Inciden-
tally, if M* R is somewhat larger than 100, the proton lif
time becomes shorter. In the case ofM* R.500 (M* R
.1000), for example, the lifetime becomes factor 70~450!
shorter compared with the case ofM* R.100. Thus, in the
case where102 is on the brane, it is probable that stran
d56 proton decay, involving the second generation partic
in the final state, could be discovered in future experime

Finally, we estimate 4D reduced Planck scaleM P assum-
ing that the strength of the gravitational interaction is a
dictated by the NDA analysis. Since the theory is stron
coupled atM* , the kinetic term for the graviton is given b
S5*d4xdy(M

*
3 /16p3)R, whereR is the Ricci scalar. Thus

after integratingy, M P is given byM P
2 5M

*
3 R/(16p2). Sub-

stituting the value obtained in Eq.~19! with M* R.100, we
obtainM P.1017 GeV. This is substantially higher than th
4D unification scaleMU.231016 GeV, but still somewhat
lower than the observed valueM P.231018 GeV. To repro-
duce the observed value, we need either anO(10) coeffi-
cient, M* R*1000, or n extra dimensions with radiusR
.O(102/n) in which ~only! gravity propagates. However,
is true thatM P is an order of magnitude separated from t
apparent unification scaleMU by the presence of the larg
extra dimension necessary to break the GUT symmetry.
precise estimate is also dependent on the number of e
dimensions, gauge group and matter content, which here
used those of the minimal 5DSU(5) model as a representa
tive case. Thus, we expect that the existence of this typ
dimension may provide a general way of separating the
scales in string theory.

V. CONCLUSIONS

In this paper, we have explored the scenario where all
couplings in the theory are strong at the cutoff scale, in
context of higher dimensional grand unified field theori

10Similar situations are also discussed in the context of dim
sionally deconstructed models@17#.
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This provides a calculable framework for gauge coupli
unification in higher dimensions. The non-calculable effe
from unknown ultraviolet physics is suppressed by assum
that all the operators in the theory scale according to na
dimensional analysis in higher dimensions@7#. Then, the
threshold correction to sin2uw dominantly comes from the
calculable contribution from KK towers, giving the value
for sin2uw and as in good agreement with low-energy dat
Although the theory is strongly coupled at the cutoff sca
M* , it quickly becomes weakly coupled belowM* , allow-
ing reliable estimates of threshold corrections to the ga
coupling unification. A crucial point is that we can have lar
values ofM* R without conflicting with the constraint from
proton decay by putting the first generation matter in
bulk. This enables us to consider the strong coupling s
nario, in contrast with the previous work@19# where it was
concluded thatM* R must be smaller than;10 due to the
proton decay constraint and thus the calculable contribu
from KK towers cannot fully explain the low-energy data.

We have shown that the ansatz where all the coup
constants are dictated by naive dimensional analysis
higher dimensions is consistent with low-energy obser
tions. We have presented a completely realistic 5D sup
symmetricSU(5) model as an explicit example. This su
gests that the higher dimensional grand unified theory i
low-energy effective theory of some more fundamen
theory that is strongly coupled at the scaleM* . In the
present scenario, the observed weakness of various coup
is attributed to the presence of a moderately large extra
mension~s!. The hierarchy among various couplings ari
from different numbers of dimensions in which various fiel
propagate. The presence of this large dimension~s! is re-
quired to solve the problems in conventional GUTs, such
doublet-triplet splitting andd55 proton decay problems, b
extra dimensional mechanisms while preserving succes
prediction of sin2uw @7,8#. Therefore, in this framework, solv
ing the many conventional problems in GUTs is transform
to finding a single mechanism of naturally getting such
large extra dimension~s! with the radius of order 102–103 in
units of the fundamental scale. It would be interesting
consider a mechanism of generating this type of large e
dimension~s! in the context of string theory.

Note added. While this work was being completed, w
received Ref.@31# where it is hoped thatSU(5)-breaking
boundary operators may not exist when the gauge grou
broken only by orbifold reflections~not translations!. Even
then, however, there are fixed points which do not prese
full SU(5) symmetry. Thus,SU(5)-violating local operators
can be written on these points, since they are not prohib
by the restricted gauge symmetry.

ACKNOWLEDGMENTS

The author would like to thank L. Hall for reading th
manuscript and useful discussions. He also thanks K
Izawa, T. Kugo, T. Moroi, H. Nakano, T. Okui, M. Yamagu
chi and T. Yanagida for valuable discussions, and the S
mer Institute at Yamanashi, Japan, for kind hospitality. T
work was supported by the Miller Institute for Basic R
search in Science and the Department of Energy under
tract DE-AC03-76SF00098.
-

6-7



s.
s.

n

s.

hy

ch

.

i,
ra
ki

-

,

l.

s.

s.

.

nd

d

an

v. D

YASUNORI NOMURA PHYSICAL REVIEW D 65 085036
@1# H. Georgi, H.R. Quinn, and S. Weinberg, Phys. Rev. Lett.33,
451 ~1974!; S. Dimopoulos, S. Raby, and F. Wilczek, Phy
Rev. D 24, 1681 ~1981!; L.E. Ibanez and G.G. Ross, Phy
Lett. 105B, 439 ~1981!.

@2# H. Georgi and S.L. Glashow, Phys. Rev. Lett.32, 438 ~1974!;
S. Dimopoulos and H. Georgi, Nucl. Phys.B193, 150 ~1981!;
N. Sakai, Z. Phys. C11, 153 ~1981!.

@3# N. Sakai and T. Yanagida, Nucl. Phys.B197, 533 ~1982!; S.
Weinberg, Phys. Rev. D26, 287 ~1982!.

@4# P. Candelas, G.T. Horowitz, A. Strominger, and E. Witte
Nucl. Phys.B258, 46 ~1985!; E. Witten,ibid. B258, 75 ~1985!;
J.D. Breit, B.A. Ovrut, and G.C. Segre, Phys. Lett.158B, 33
~1985!; A. Sen, Phys. Rev. Lett.55, 33 ~1985!.

@5# L.J. Dixon, J.A. Harvey, C. Vafa, and E. Witten, Nucl. Phy
B261, 678 ~1985!; B274, 285 ~1986!; L.E. Ibanez, J.E. Kim,
H.P. Nilles, and F. Quevedo, Phys. Lett. B191, 282 ~1987!.

@6# See, for example, L.E. Ibanez, D. Lust, and G.G. Ross, P
Lett. B 272, 251 ~1991!.

@7# L. Hall and Y. Nomura, Phys. Rev. D64, 055003~2001!.
@8# Y. Kawamura, Prog. Theor. Phys.105, 999 ~2001!.
@9# R. Barbieri, L.J. Hall, and Y. Nomura, Phys. Rev. D63,

105007~2001!.
@10# G. Altarelli and F. Feruglio, Phys. Lett. B511, 257 ~2001!.
@11# A. Hebecker and J. March-Russell, Nucl. Phys.B613, 3

~2001!.
@12# R. Barbieri, L.J. Hall, and Y. Nomura, hep-ph/0106190.
@13# Y. Kawamura, Prog. Theor. Phys.105, 691~2001!; A.B. Koba-

khidze, Phys. Lett. B514, 131 ~2001!; R. Barbieri, L.J. Hall,
and Y. Nomura, hep-th/0107004; A. Hebecker and J. Mar
Russell, hep-ph/0107039; T. Li, Phys. Lett. B520, 377~2001!;
Nucl. Phys.B619, 75 ~2001!; J. A. Bagger, F. Feruglio, and F
Zwirner, Phys. Rev. Lett.88, 101601~2002!; A. Masiero, C.A.
Scrucca, M. Serone, and L. Silvestrini,ibid. 87, 251601
~2001!; N. Haba, Y. Shimizu, T. Suzuki, and K. Uka
hep-ph/0107190; L.J. Hall, H. Murayama, and Y. Nomu
hep-th/0107245; N. Haba, T. Kondo, Y. Shimizu, T. Suzu
and K. Ukai, Prog. Theor. Phys.106, 1247 ~2001!; T. Asaka,
W. Buchmuller, and L. Covi, hep-ph/0108021; L. Hall, Y. No
mura, T. Okui, and D. Smith, Phys. Rev. D65, 035008~2002!;
08503
,

s.

-

,
,

R. Dermisek and A. Mafi,ibid. 65, 055002~2002!.
@14# L. Hall, Y. Nomura, and D. Smith, hep-ph/0107331.
@15# L. Hall, J. March-Russell, T. Okui, and D. Smith

hep-ph/0108161.
@16# Y. Nomura, D. Smith, and N. Weiner, Nucl. Phys.B613, 147

~2001!.
@17# C. Csaki, G.D. Kribs, and J. Terning, Phys. Rev. D65, 015004

~2002!.
@18# H. Cheng, K.T. Matchev, and J. Wang, Phys. Lett. B521, 308

~2001!.
@19# R. Contino, L. Pilo, R. Rattazzi, and E. Trincherini, Nuc

Phys.B622, 227 ~2002!.
@20# Z. Chacko, M.A. Luty, and E. Ponton, J. High Energy Phy

07, 036 ~2000!.
@21# M.S. Chanowitz, J. Ellis, and M.K. Gaillard, Nucl. Phy

B128, 506 ~1977!.
@22# Super-Kamiokande Collaboration, Y. Fukudaet al., Phys. Rev.

Lett. 81, 1562~1998!.
@23# D.E. Kaplan, G.D. Kribs, and M. Schmaltz, Phys. Rev. D62,

035010~2000!; Z. Chacko, M.A. Luty, A.E. Nelson, and E
Ponton, J. High Energy Phys.01, 003 ~2000!.

@24# See, for example, D.M. Pierce, J.A. Bagger, K.T. Matchev, a
R. Zhang, Nucl. Phys.B491, 3 ~1997!.

@25# T. Yanagida, inProceedings of the Workshop on the Unifie
Theory and Baryon Number in the Universe, edited by O.
Sawada and A. Sugamoto~KEK Report No. 79-18, 1979!, p.
95; M. Gell-Mann, P. Ramond, and R. Slansky, inSupergrav-
ity, edited by P. van Nieuwenhuizen and D. Z. Freedm
~North-Holland, Amsterdam, 1979!, p. 315.

@26# K.R. Dienes, E. Dudas, and T. Gherghetta, Phys. Lett. B436,
55 ~1998!; Nucl. Phys.B537, 47 ~1999!.

@27# J. Hisano, H. Murayama, and T. Yanagida, Phys. Rev. Lett.69,
1014 ~1992!.

@28# Super-Kamiokande Collaboration, M. Shiozawaet al., Phys.
Rev. Lett.81, 3319~1998!.

@29# See, for example, P. Langacker and N. Polonsky, Phys. Re
47, 4028~1993!; 52, 3081~1995!.

@30# Particle Data Group Collaboration, D.E. Groomet al., Eur.
Phys. J. C15, 1 ~2000!.

@31# T. Watari and T. Yanagida, Phys. Lett. B519, 164 ~2001!.
6-8


