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Solitosynthesis ofQ-balls
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We study the formation ofQ-balls in the early universe, concentrating on potentials with a cubic or quartic
attractive interaction. LargeQ-balls can form via solitosynthesis, a process of gradual charge accretion, pro-
vided some primordial charge assymetry and initial ‘‘seed’’Q-balls exist. We find that such seeds are possible
in theories in which the attractive interaction is of the formAHc* c, with c a complex scalar andH a light
Higgs field. Condensate formation and fragmentation is only possible for massesmc in the sub-eV range; these
Q-balls may survive until present.
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I. INTRODUCTION

Q-balls are lumps of coherent scalar field that can be
scribed semiclassically as non-topological solitons. They
arise in scalar field theories with a conserved globalU(1)
charge and some kind of attractive interaction@1#. In a sector
of fixed charge, theQ-ball is the ground state of the theor
Q-balls generically occur in supersymmetric extensions
the standard model@2#. In these theories, baryon and lepto
number play the role of conserved charge.

Q-balls come in two types. Type IIQ-balls are associate
with the flat directions of the potential, which are a gene
feature of supersymmetric theories. The vacuum expecta
value~VEV! inside theQ-ball depends upon its charge. Th
formation of this type ofQ-balls through fragmentation of a
Affleck-Dine- ~AD-! like condensate has been studied ext
sively in the literature@3–5#. Type I Q-balls on the other
hand are characterized by a potential that is minimized
finite VEV, independent of the charge of theQ-ball. We have
analyzed under which conditions this type ofQ-ball can be
formed in the early universe. In this paper we present
results.

Large Q-balls can form via solitosynthesis, a process
gradual charge accretion similar to nucleosynthesis, provi
some primordial charge assymetry exists@6,7#. The bottle-
neck for this process to occur then is the presence of in
‘‘seed’’ Q-balls. Most potentials do not allow for sma
Q-balls which makes solitosynthesis improbable. The exc
tions are theories in which the attractive interaction is p
vided by a cubic term in the Lagrangian of the for
AHc* c, with a light ‘‘Higgs’’ mass. Condensate formatio
does occur for light fields, for masses in the rangemc&eV.
If this leads to fragmentation, the thus formedQ-balls can
survive evaporation if their binding energies are larg
Q-balls formed during a phase transition do not surv
evaporation, unless the phase transition takes place a
tremely low temperaturesT&1026mc .

If Q-balls survive until present they can be part of t
dark matter of the universe. Recently it was proposed that
dark matter could be self-interacting; this would overco
various discrepancies between observations and predic
based on collisionless dark matter, such as weakly interac
massive particles~WIMPs! and axions@8#. Because of their
extended natureQ-balls have relatively large cross section
0556-2821/2002/65~8!/085035~9!/$20.00 65 0850
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and therefore can naturally satisfy the required se
interactions@9#.

Another cosmologically interesting feature ofQ-balls is
that solitosynthesis in the false vacuum can result in a ph
transition@10#. Accretion of charge proceeds until a critic
charge is reached, at which point it becomes energetic
favorable for theQ-ball to expand, filling space with the tru
vacuum phase.

II. Q-BALLS

Consider a theory of an interacting scalar fieldf that
carries unit charge under some conservedU(1) charge. The
potential has a global minimumU(0)50 at f50. We also
require that the potential admitsQ-ball solutions, i.e.,

m05A2U~f!

f2
5min, for f5f0Þ0. ~1!

TheQ-balls solutions are of the formf(xW ,t)5eivtf̄(xW ). The
charge and energy of such a configuration is

Q5vE d3xf̄2, ~2!

and

E5E d3xF1

2
u¹f̄u21Uv~f̄!G1vQ, ~3!

with

Uv~f!5U~f!2
1

2
v2f2. ~4!

Minimizing the energy for a fixedv is equivalent to finding
a 3D bounce for tunneling in the potentialUv . The bounce
solution exists form0,v,AU9(0) by virtue of Eq.~1!, and
is spherically symmetric@1#. The equations of motion are

d2f̄

dr 2
1

2

r

df̄

dr
2

]Uv~f̄!

]f̄
50, ~5!

with boundary conditionsf8(0)50 andf(`)50.
©2002 The American Physical Society35-1
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We will consider scalar potentials of the form

U1~f!5
1

2
mf

2 f22Af31lf4, ~6!

U2~f!5
1

2
mf

2 f22Af41lf6; ~7!

both havef05A/2l andm0
25mf

2 2A2/2l. U2 is a typical
potential that arises in effective field theories.U1 is a non-
polynomial potential, as the cube term is of the for
(f* f)3/2. It is a typical potential in finite temperature the
ries; this is however not interesting in the current cont
since at high temperaturesQ-balls evaporate quickly. But i
can also arise as an effective field theory. Consider for
ample the potential

U18~c!5mc
2c* c1mH

2 H* H2A8Hc* c1H.c.

1
l1

4
c* cH* H1

l2

4
~c* c!21

l3

4
~H* H !2,

~8!

where the ‘‘Higgs’’ field H is uncharged underU(1),
whereasc carries unit charge. Further, we takeA8 real. Now
make the field redefinitions

ReH5
1

A2
w sinu, c5

1

A2
weiVcosu, ~9!

then U18 becomes of theU1 form, with f some particular
direction in (H,c)-space. We can also calculatem0

2

52U18/(w
2cos2u) in terms of theU18 parameters. Taking

mH50 and all quartic couplings equall15l25l35l8 to
simplify the algebra, this yields

m0
25mc

22
A82

3l8
~10!

at u05p/4 andw054A8/3A2l8.
Potentials of the formU18 are present in the scalar sect

of the MSSM, where the Higgs field couples to spartic
fields through a cubic interaction@2#. The sparticles carry a
conservedU(1) charge in the form of baryon or lepton num
ber. However, the sparticles and also possibly formedQ-balls
are unstable, as they can decay into light fermions@11#.
StableQ-balls can be obtained in a model where the stand
model ~SM! Higgs field is coupled to a charged SM singl
@12#. The SM singletc is charged under a hidden sect
U(1)c global symmetry, under which none of the SM pa
ticles are charged. TheQ-balls in this model interact with the
SM particles only weakly, through the Higgs boson. Anoth
possibility is that both theH and c field are hidden secto
fields, interacting only gravitationally or through some oth
suppressed interaction with the visible sector. Hidden sec
appear in a variety of models, such as technicolor, mir
symmetry, hidden sector SUSY breaking, and brane wo
models. They also arise naturally from string theory; in h
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erotic E83E8 string theory compactified on a Calabi-Ya
manifold, one of theE8’s contains the SM whereas the oth
is some hidden sector.

We will assume an initial charge asymmetry, i.e., an e
cess of particles over anti-particles. This asymmetry may
created through a mechanism similar to those invoked
explain the baryon asymmetry in the universe, such as
Affleck-Dine mechanism@13#.

A. Large Q-balls—thin wall approximation

For largeQ the Q-ball solution can be analyzed using
thin wall approximation, which consists of neglecting th
effect of the surface compared to the bulk. TheQ-ball may
be approximated by a sphere of radiusRQ with f5f0 inside
and zero field value outside. The mass and radius of
solition are

MQ5mQ, ~11!

and

RQ5
bQ

mf
Q1/3, bQ5S 3mf

3

4pvf0
2D 1/3

, ~12!

with m,v→m0 for Q→`. The soliton is large and its cros
section is given by the geometrical area

sQ5pRQ
2 . ~13!

B. Small Q-balls

The limit of small charge corresponds tov→mf . In this
limit the solution of the bounce equation~5! is of the form
@14#

f̄;~mf
2 2v2!22ae2Amf

2
2v2r , ~14!

with a the power of the attractive term in the potential. Th
solution has the right behavior forr→` wheref→0 and
the quadratic term in the effective potential dominates, a
for v→mf where the zero ofUv is near the origin. Using
the solution to compute the conserved charge~2!, and taking
the limit v→mf , one finds a finite, non-zero value only fo
412D2aD.0, with D the number of spatial dimensions
In D53 dimensions,U1 admits smallQ-balls butU2 does
not. Therefore, we will only considerU1 in the remainder of
this section.

In the limit of large v, or equivalently very non-
degenerate minima, one can neglect the quartic term
Uv(f). This is the thick wall approximation@15#. The ap-
proximation is valid forQ-balls with chargeQ that satisfies,
for potentialU1:

Q!14.6mf /AlA,

Q,7.3mf
2 /A2. ~15!

If the above conditions are met one can define an expan
parameter
5-2
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e[Q
A2

3Scmf
2

,
1

2
, ~16!

with Sc'4.85. The mass of the soliton is

MQ5QmfF12
1

6
e21O~e4!G . ~17!

The radius of theQ-ball can be parametrized:

RQ5
bQ

mf
Q1/3, ~18!

with bQ;O(1).
The Q-balls described above are classically stable for

bitrary small chargeQ. However, one expects quantum flu
tuations to become important in this regime. Indeed, num
cal calculations indicate that this is the case, and o
configurations withQ*7 are quantum mechanically stab
@16#. All these calculations are based on the potentialU1.
This potential is an effective potential which is well suite
for a semi-classical description of largeQ-balls. But for
small Q-balls the degrees of freedom of the underlying p
tential U18 should be taken into account. In this regime
treatment in terms of quantum bound states is more ap
priate. Solving the bound state problem in full generality
not an easy task. However in the limit that all quartic int
actions can be neglected, the theory becomes identical to
Wick-Cutkosky model. This model can be solved analy
cally for the case of a massless exchange particle, i.e.,mH
50. The various approaches used in the literature, e.g.
ladder approximation, Feshback-Villars formulation, a
variational-perturbative calculations@17–19#, all lead to the
same result that the bound state spectrum is discrete with
nth state having an energy~to lowest order ina):

En52mcS 12
a2

8n2D , a5
1

16p

A82

mc
2

. ~19!

The above result for the binding energy is derived in
limit of a massless boson exchange. No analytic results
known for massive scalar exchange. However, numer
studies show that bound states still form, provided thata is
larger than some critical value. We estimate, based on
results in@19#, that bound states exist for

a.amin'2
mH

mc
1OS mH

mc
D 2

. ~20!

That is, the Higgs mass needs to be sufficiently smallmH
&1022(A8/mc)2mc . The energy of the bound state is of th
same parametric form as for the massless case.

The other assumption that went into the derivation of E
~19! is the absence of quartic couplings. We expect this to
a good approximation in the regime where quartic inter
tions are negligibly small. The cross section f
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cc-scattering isscc→cc5SuMu2/16pEcm
2 . For scattering

through Higgs boson exchange, governed by the cubic in
action, this gives at tree level

scubic'
1

128pmc
2

A84

E4
→

T&A8
;pRc

2 . ~21!

HereE5max$T,mH%. At low temperaturesT&A8, which are
the temperatures of interest, the cross section quickly
proaches the unitarity bound and higher order diagrams c
not be neglected. In this regime we will approximate t
cross section bys;pRc

2 with Rc52p/mc the Compton
wavelength. Scattering through the quartic point interact
has an amplitudeuMu5l8. And thus the requirement tha
the repulsive quartic interactions are negligibly sma
squartic!scubic, is satisfied for all quartic couplingsl8&1. It
may be that also for non-perturbative values of the qua
couplings bound states persist; but this certainly cannot
analyzed perturbatively. As it seems unnatural to have q
tic couplings larger than one, we will ignore this possibilit

On the other hand, the quartic couplings cannot be a
trarily small or else noQ-ball solution exists: for the case o
zero Higgs mass and all quartic couplings equal,m0

2.0
translates intol8.A82/3mc

2 , as follows from Eq.~10!.1

Non-zero, but small Higgs massmH,1022mc does not alter
this result noticeably. The quartic couplings do not have
be all equal, but at least one of them has to beO(A8/mc)2.
For A85mc , Q-ball solutions exist for
example for (l1 ,l2 ,l3)5(0.4,0.4,0.4),(1,0.01,0.01) and
(0.05,0.8,0.3).

Both the quantum bound states discussed above
Q-balls describe the same objects—stable bound states
a fixed global charge—but in a different language. In bo
descriptions the existence and stability of the bound s
relies on the trilinear coupling and the conserved glo
charge~that is, conserved particle number!. For large bound
states quantum fluctuations can be neglected, and a s
classical description as aQ-ball becomes a good approxima
tion. The trilinear coupling makes it possible for the ener
of a bound state with a fixed charge to be less than a col
tion of free particles with the same charge. In the limit
small particle number~global charge!, it becomes necessar
to treat the full quantum problem because the semiclass
approximation breaks down. The trilinear term can
viewed as an attractive interaction between thef-particles,
which makes it possible for bound states to form. The low
level bound state is the stable ground state, as charge co
vation forbids it to lower its energy through annihilation off
particles.

1Conditionm0
2.0 corresponds to the requirement thatf50 is the

global minimum of the potential.Q-ball solutions do exist forf
50 a local minimum. In the potentialsU1 andU2 this possibility is
not realized, since at low temperatures the field will end up in
true vacuum.@U1: at the temperatureT that the minimum atf
Þ0 becomes global the energy barrier is;1022lT4. U2: at high
temperaturem2(T),0.#
5-3
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It is tempting to compare the ground state result (n51) of
Eq. ~19! with the q52 result obtained in the thick wall ap
proximation ~17!: both mass formulas give the same pa
metric dependence. However, in the overlapping regime b
approximations are taken beyond their domain of valid
for equal massesmH5mc bound states can only form fo
large a, and for q52 a semi-classical treatment brea
down. Of course both approximations are similar in that th
neglect the quartic interactions.

In conclusion, the potentialU18 admits stable, two-particle
bound states at low temperatures~below the binding energy!,
provided the Higgs mass is sufficiently light, and the qua
repulsive interactions small. We repeat that our assump
here is that non-zero quartic couplings do not destabilize
bound state provideds (ff→ff)

quartic !s (ff→ff)
cubic ; this should be

checked by an explicit calculation. For the potential to ha
a global minimum atf50, or equivalently forQ-ball solu-
tions to exist into which the bound states can grow, the c
plings cannot be too small:

l8&1 repulsive forces small,

mH&1022S A82

mc
2 D mc small Higgs boson mass,~22!

l8.
A82

3mc
2

Q-balls exist.

A possible set of parameters isl8;0.5, A8;mc and mH
&1022mc . The binding energy for the bound state is th
B25a2/8;531025mc , andm0;0.6mc .

We will further assume that similar bound states of mo
than two particles can exist, and that they have energies

MQ5QmcS 12 f
Q

a2

8 D , a5
1

16p

A82

mc
2

~23!

with f
Q

some unknown factor depending on the chargeQ,
the mass of the exchange particle and the strength of
quartic interactions.

The binding energy of aQ-ball is BQ5Qmc2MQ . Two-
particle bound states are only stable at temperatures b
the binding energyT,B2;a2/8. From then on they can
grow by capturing charged particles. A non-relativistic p
ticle with kinetic energyEk;T has energyT1BQ inside the
Q-ball/bound state. For it to be captured it has to lose
amount larger thanT in the collision. Assuming isotropy, on
average a particle will lose half of its energy. Therefore,
temperaturesT,BQ a considerable amount of the particl
scattering with theQ-ball will be captured. We approximat
the absorption cross sectionsabs(Q) for a Q-ball with charge
Q by the scattering cross section:sabs(Q);pRQ

2 .

III. SOLITOSYNTHESIS

In thermal equilibrium, the production of largeQ-balls
through gradual charge accretion is very efficient. This p
cess is dubbed solitosynthesis for its similarity with nucle
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synthesis. It requires an initial charge asymmetry not unl
the baryon asymmetry of the universe. Freeze out of any
the reactions involved will put a halt to solitosynthesis.

In this section we will describe the thermodynamics
Q-balls in terms of a gas of non-relativisticc particles in
thermal equilibrium. Thec particles can bind togethe
through the exchange of a light scalar particle, as given
the cubic interaction inU18 . For large Q-balls a semi-
classical description in terms ofU1 suffices, andc can be
replaced byf in all the formulas.

A. Q-balls in thermal equilibrium

At non-relativistic temperaturesT,mc , the number den-
sities of a distribution ofQ-balls and freec particles in ther-
mal equilibrium are governed by the Boltzmann distributio

nQ~T!5gQS MQT

2p D 3/2

e(mQ2MQ)/T, ~24!

and

nc~T!5gcS mcT

2p D 3/2

e(mc2mc)/T. ~25!

HeregQ is the internal partition function of theQ-ball, and
gc52, the number of degrees of freedom of a complex fie
Solitosynthesis is only possible if capture rates are la
compared to the expansion rate of the universe, otherwise
densities are frozen. If so, the gas ofc particles andQ-balls
is in chemical equilibrium, and the accretion and absorpt
reactions

~Q!1c↔~Q11! ~26!

enforce a relation between the various chemical potenti
mQ5Qmc . This allows one to express theQ-ball number
density in terms of thec-number density

nQ~T!5
gQ

gc
Q

nc
QS MQ

mc
D 3/2S 2p

mcTD 3(Q21)/2

eBQ /T, ~27!

with BQ5Qmc2MQ.0 the binding energy of aQ-ball.
Similar equations can be written down for the number d
sities of anti-c ’s and anti-Q-balls.

We will assume a primordial asymmetry ofc ’s overc* ’s,
h[(nc2nc* )/ng , whereng52.4Tg

3/p2 is the photon num-
ber density. Initially one has bothc and c* particles. For
large asymmetry the anti-particle density can be neglec
Also, if the Higgs mass is light then pair annihilation occu
and at non-relativistic temperature anti-particles deplete r
idly. The annihilation reaction enforcesmc52mc* , which
in the non-relativistic limit leads to

nc* 5nce22mc /T. ~28!

For temperatureT&mc the chemical potentialm;mc ; oth-
erwise the Boltzmann suppression exp@(m2m)/T# is tremen-
dous and the charge conservation equation
5-4
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hng5nc2nc* 1SQnQ1SQ* nQ* ~29!

can never be satisfied. Annihilation is efficient until the de
sity of anti-particles is negligibly small. The number dens
of stablec-particles is then

nc'hng , h52.531028Vch2
GeV

mc
. ~30!

The local density can be higher if clustering occurs. This
not to be expected until the matter dominated era,Tg,Teq
'5.5(V0h2)21eV.

The photon temperature may in general be different fr
the temperature of theQ-ball system. Particle species th
decouple from the heat bath when they are highly relativi
maintain an equilibrium distribution with temperatureT
}R21. The photon temperature redshifts asTg}g

* s
21/3R21,

and thus the difference in temperatures is given by a fa
z[@g* s(TD)2g* s(T)#1/3, with TD the temperature at which
the Q-ball system decouples. When thec-particles only in-
teract gravitationallyz;10, whereas it can be much lowe
for more general interactionscc* ↔X, where X are light
particles that do not carry the sameUQ(1) charge as the
c-particles. We parametrizeTg5zT, with z;1210.

TheQ-ball densities can start growing when the expon
in Eq. ~27! dominates over the potentially small factor
front. SinceBQ grows withQ, formation of largeQ-balls is
favored. The evolution of a singleQ-ball is given by the
absorption and evaporation rates ofc particles by aQ-ball of
chargeQ @6#. These can be found using detailed balan
arguments. In chemical equilibrium we have, for the proc
in Eq. ~26!,

ncvcsabs~Q!5nQ11r evap~Q11!, ~31!

and

dQ

dt
5r abs~Q!2r evap~Q!

5ncvcFsabs~Q!2
nQ21

nQ
sabs~Q21!G . ~32!

The Q-ball starts growing whenr abs(Q).r evap(Q). This
happens forT&Tg with

Tg

mc
5

I Q /mc

2
3

2
lnS Tg

m D2 ln~cz3h!

, ~33!

and

I Q5mc1MQ212MQ . ~34!

Here c5(Q/Q21)(13/6)gQ /gQ21, which goes to one for
large Q, and c;10 in the limit Q→2. I Q is the binding
energy with which a singlec-particle is bound to theQ-ball.
For very smallQ-balls I Q /mc5 f

Q
a2/8. Accretion of the

smallest (Qmin)-ball starts whenT;I Qmin
,1026mc for A8
08503
-

s

c

or

t

e
s

&1. For largeQ-balls I Q5mc2m0. Figure 1 showsTg as a
function of cz3h for various values ofI Q . For largecz3h,
Eq. ~33! has no solution; here absorbtion dominates at
non-relativistic temperatures.

For largeH mass and early freeze out the charge asy
metry may be small, as then bothc and c* -densities are
large at freeze out while annihilation is negligible. Both pa
ticle and anti-particle number are conserved, and one ca
principle have growingQ- and anti-Q-balls at the same time
In this case however, the formation of small seedQ-balls,
which are necessary to start the fusion process, appears
a major obstacle.

B. Freeze out

For solitosynthesis to workTg must be higher thanTFO,
the temperature at which the absorption reactions Eq.~26!
freeze out. This occurs when the reaction rate for accre
becomes smaller than the expansion rate of the universe

G@~Q!1c→~Q11!#&H. ~35!

The Hubble constant during the radiation dominated era
H51.7g

* s
1/2Tg

2/Mpl ; it is H51.7g
* s
1/2Tg

3/2Teq
1/2/Mpl in the matter

dominated era. The effective degrees of freedom areg* s
&10 for Tg&10 MeV and g* s;100 for 0.1 GeV&Tg
&103 GeV. The accretion rate isG5ncvcsabs(Q). Neglect-
ing the charge density subsiding inQ-balls, then for stablec
particlesnc is given by Eq.~30!. At non-relativistic tempera-
turesvc5(T/2pmc)1/2.

We are interested in temperaturesT,Tg ; then the cross
section issabs;pRQ

2 and freeze out occurs for temperature
for TFO.Teq'5.5(V0h2)21z21eV:

TFO

mc
&F 1029

zbQQ2/3S mc

GeVD 2S 0.3

Vch2D S g
*
1/2

10 D G 2/3

. ~36!

And for TFO,Teq:

FIG. 1. Accretion timeTg plotted as a function ofcz3h for
various values ofI Q /mc . For large values ofcz3h—to the left of
where the lines stop—accretion dominates over evaporation a
~non-relativistic! temperatures.
5-5
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TFO

mc
&F 10213

zbQQ2/3 S mc

GeVD 3/2S 0.3

Vch2D 1/2S g
*
1/2

10 D G 1/2

. ~37!

For A8;mc , z;10 andmc&GeV freeze out of the accre
tion reactions for the smallestQ-balls (Q52) occurs after
the accretion phase,TFO&Tg . In this case solitosynthesi
can start at photon temperatureTg5zTg;1025mc
&104 eV. Note that I Q}(A8/mc)4 decreases rapidly fo
smaller cubic couplings andTFO,Tg can only be satisfied
for increasingly lowc-mass. In the matter dominated era t
reaction rate, and thus the freeze out temperature, ca
increased through clustering. For an overdensity of;105 in
galaxies, we find that forA8;0.1mc solitosynthesis occurs
for mc&GeV, starting at temperaturesTg&eV. For smaller
valuesA8&0.1 or mc&MeV, solitosynthesis occurs in th
future, at temperatures smaller than the present day temp
ture Tg,T052.3531024eV.

With the accumulation of charge inQ-balls the number
density ofc particle decreases and the system freezes
Since the accretion is such an explosive process, this
generally not happen until almost all charge resides
Q-balls. More quantitatively, when thec-density decrease
to 10% of its original value,TFO decreases only by a facto
1022/3. The back reaction is only important whenTg'TFO,
and it shuts off the growth ofQ-balls immediately; in all
other cases most charge will end up inQ-balls.

The accretion rate of a singleQ-ball is limited by the
diffusion rate. However, diffusion of charge is only impo
tant whenl &RQ , with l;Gcc

21 the mean free path. The ra
diusRQ of a Q-ball becomes equal to the mean free path
a large charge:

Qdiff~T!;1087F S mc /T

107 D 7/2S 10

z D 3 1

b

0.3

Vh2

mc

GeVG 3

. ~38!

For Q.Qdiff diffusion is important. The total amount o
charge inside a Hubble volume isQtotal5ncH23

Qtotal~T!;1063S mc /T

107

102

zg
*
1/2D 3S GeV

mc
D 4S Vch2

0.3 D . ~39!

For small massesQdiff may be lower than the total charg
inside a Hubble volume; in this caseQdiff will be an upper
limit on the charge of theQ-balls formed during solitosyn
thesis.

IV. SEEDS

Solitosynthesis is a very efficient way to form larg
Q-balls, provided there are some initial seedQ-balls at tem-
peratures above freeze out. These seeds may be remna
an earlier epoch, formed during a phase transition or via
decay of a Bose-Einstein condensate. Another option is
small stableQ-balls can form in the gas off-particles.
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A. Formation of small Q-balls

As discussed in Sec. II B, smallQ-ball solutions are only
stable for potentials with a cubic interaction. Two-partic
bound states can form through scalar exchange, provided
mass of the exchange boson is sufficiently small and
quartic interactions can be neglected. In this case s
Q-balls can be formed copiously and solitosynthesis c
start. If the mass of the scalar mass is of the same orde
the mass of the charged particles, two-particle bound st
do not form, but it may still be that smallQ-balls with charge
Qmin.2 are stable. Numerical calculations indicate that
the thick wall approximation~which hasmH5mc) Q-balls
are quantum mechanically stable forQmin*7 @16#.

For Q.2, Q-ball formation is suppressed compared
the two-particle bound state, by the requirement thatQ
charges should be simultaneously in a volume of rad
;Rq . DefineP(q) to be the probability to find a chargeQ in
the volume of aQ-ball, Vq'Rq

3 . The mean charge inVq is

q̄5ncVq , whereas the variance is s25^(Dq)2&
5T(]q̄/]m)T,V5q̄. Since

q̄'1.0z3hqS T

mc
D!1 ~40!

a discrete distribution is needed, the Poisson distribution

P~q!5
e2q̄q̄q

q!
'

~ncVq!q

q!
. ~41!

The density of lumps with chargeQ in a volume Vq is
nq5P(q)/Vq . The reaction rate for the bound state isGq

bnd

;sq
bndnq so that the chance that in a Hubble time

‘‘ Q-lump’’ forms a bound state is;nqsq
bndH21. Multiplying

this with the total number ofQ-lumps in a Hubble volume
gives the number ofQ-ball seedsNq;nq

2sq
bndH24. Taking

RQ;1/mc , this yields

Nq;hq~sbndmc
2 !S T

mc
D 6Q28S Mpl

mc
D 4

. ~42!

Assumingsq
bnd&scc this gives an upper bound onNq . Only

for small q52,3,4 or so isNq larger than unity, and there i
seed-forming.

B. Primordial seeds

The seedQ-balls may also beQ-balls formed at an earlie
epoch. For this to be possible the initialQ-balls should be
large enough to survive the period of evaporation. T
evaporation rate is given by the detailed balance equa
~31!. Ignoring absorbtion, which is subdominant forT,Tg
~note that the evaporation rate decreases exponentially
temperature!, one gets that the smallestQ-ball to survive has
charge@6#

Qs;1057
b6

g
*
3/2S GeV

mc
D 3S E

Tg

Ti
dT

e2I Q /T

I Q /T D 3

, ~43!
5-6
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with Ti the temperature at formation. ForTFO,Tg,Ti , the
integral can be approximated by; exp(2IQ /Ti)/(11IQ /Ti).
Only for massesmc&eV is Qs smaller than the total numbe
of particles available in a Hubble volume atTi;mc , Eq.
~39!, and is there a change for very large primordialQ-balls
to survive the period of thermal evaporation.

Another possibility is that formation happens at the on
or during the accretion phase:Ti&Tg . For large binding
energy I Q→mc ~which is possible for largeQ-balls! and
large h8, accretion dominates over evaporation at no
relativistic temperatures, see Fig. 1.

Primordial Q-balls may also form during a first orde
phase transition@20# from the false ‘‘Q-ball vacuum’’ to the
true vacuum. At the Ginzburg temperature thermal tran
tions between regions of false and true vacuum freeze
any region of false vacuum with a charge larger than
minimum charge of a stableQ-ball surviving below this tem-
perature will become aQ-ball. The potentials under consid
eration do not exhibit the required first order phase transi
~see footnote 1!. One could add additional terms to the p
tential to get a phase transition. However, the survival
regions of false vacuum is exponentially suppressed w
size, and correspondinglyQ-ball formation is exponentially
suppressed with charge. If formed, theQ-balls are expected
to be smallQ;Qmin . Unless there is a mechanism to del
the phase transition to very low temperaturesT&1026mc ,
theseQ-balls quickly evaporate and are cosmologically u
important.

Formation of primordialQ-balls through fragmentation o
a condensate@3# is studied in the next section.

V. BOSE-EINSTEIN CONDENSATION

We will now study whether there will be condensation.
condensate that is unstable under fluctuation can fragm
into possibly largeQ-balls. We will consider the effective
potentialsU1 andU2. In this sectionmf51, i.e., all quanti-
ties are expressed in units of mass.

We will assume that the number density of anti-partic
can be neglected andr'nf . The state of the system is give
by the minimum of the effective potential for a fixed char
Q:

V~q,f!5V~m,f!1mr, ~44!

with V(m,f) the effective potential for a fixed chemical po
tential. In this sectionf denotes the classical backgroun
field, andf0 its value at the minimum ofV(q,f). A non-
zero value off0 signals the existence of a condensate.
finite temperature the frequencyv of theQ-ball can be iden-
tified with the chemical potentialm @21#. The charge density
can be solved from

dV~q,f!

dm
50 ⇒ r5r~m!. ~45!

Eliminatingm in Eq. ~44! then gives the effective potential i
a fixed charge section. A stable configuration lies at the m
mum of V(q,f).
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To analyze the stability of the condensate one can c
sider fluctuations in the homogeneous background. From
dispersion relation it follows that fluctuations are amplifi
for wavelengths smaller thankmax @3,22#:

kmax
2 5

r2

f0
4

2U9~f0!. ~46!

For r22f0
4U9(f0),0 the above equation does not have

physical solution and the condensate is stable.
We parametrize the charge density isr5hng

r'331029z3S Vfh2

0.3 D S GeV

mf
DT3[h8T3. ~47!

A. Non-relativistic limit

At zero temperature the charge densityr}T3 is zero, and
there is no condensate. At non-zero temperature conden
formation will occur if the charge is larger than the numb
of excited states.

In the non-relativistic limit the finite-temperature corre
tions to the potential are small, and as a first approximat
we can use the zero temperature resultV(m,f)5U(f)
21/2m2f2 with U(f) the classical potential, Eqs.~6!,~7!.
Equation~45! givesr5mf2. The minimum ofV(q,f) is at

r1
25f0

423Af0
514lf0

6 , for U1

r2
25f0

424Af0
616lf0

8 , for U2 . ~48!

At low temperaturesm→1 and r'f0
2!1. In this limit a

possible condensate is unstable against decay for valuef0
,3A/8l for U1 andf0,A/3l for U2, as follows from Eq.
~46!.

To see whether a condensate actually forms one ha
compute the density of thermal states. At low temperatu
the cubic and quartic terms in the potential become negl
bly small, and the theory approaches the free theory. In
limit the number of thermal states is

nb
NR5

z~3/2!

~2p!3/2
T3/2. ~49!

Since r}T3, at low temperature all charge will be in th
excited states and the condensate is empty. The only ch
to have a filled condensate is forT→1 andh8 large, so that
r.nb or h8T3/2.z(3/2)/(2p)3/2'0.17. Note however tha
in the limit T→1 the non-relativistic approximation break
down, whereas in the limith8T3→1 the free field approxi-
mation breaks down.

B. Relativistic limit

We will first consider the potentialU1. The effective po-
tential for fixed chemical potential to highest order inT is
5-7
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V~m,f!51/2~11lT2/32m2!f22Af31lf42m2
T2

6

1c~T!1O~T!, ~50!

with c(T) some temperature dependent constant which
will drop. From this it follows that

r5mf21mT2. ~51!

The first term in the above equation is the charge in
condensate, the second term represents the charge in ex
states. The charge fraction in the condensate isf0

2/(f0
2

1T2), which is small forf0!T. The effective potential for
fixed charge density in the relativistic limit becomes

V~q,f!5
1

2 S 11
l

3
T2Df22Af31lf4

1
3r2

2~3f21T2!
. ~52!

Consider the casef0!T; then the potential is minimized a
f050 ~and thus the approximation is consistent!, provided

h82,
l

27
1

1

9T2
. ~53!

This can also be seen from the second derivativeV9(q,0)
511l/3T229h82T2, which becomes negative for largeh8.
Thus if condition~53! is obeyed there is no condensate. F
fine-tuned values ofA2/l a second minimum of the potentia
may develop, but since in the limit of large temperature
only minimum is atf050 the field will not end up there.

Consider then the potentially more interesting case
h8 is large, and condition~53! is not satisfied. ThenV9(0)
,0 and the potential is minimized at non-zero field valu
Minimization in the limit T@f0 as well as in the limitT
!f0 does not yield a consistent solution. It follows that t
minimum is atf0;T. This is confirmed by numerical cal
culations. The charge density in the condensate is com
rable to that in excited states. The condensate is unstabl
kmax

2 .0, Eq. ~46!, with

kmax
2 5

h82T6

f0
4

2
1

3
l~T2136f0

2!16Af021. ~54!

At large temperaturesf0}l21 and the second term in th
above equation dominates, as can be verified numeric
The condensate is stable for largeT. The condensate be
comes unstable in the limitT→1. As this is also the limit in
which the high temperature expansion breaks down, it is
clear whether the condensate really fragments.

The analysis for potentialU2 is similar. At high tempera-
ture the effective potential becomes
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V~m,f!5
1

2
~12 3

4 AT22m2!f21~ 3
2 lT22A!f41lf6

2m2
T2

6
1c~T!1O~T!. ~55!

For this case, the equivalent of Eq.~53! is

h821
A

12
,

1

9T2
. ~56!

At large temperature a stable condensate will form withf0

;AA/216h2/2Al for small asymmetry orf0;T for large
asymmetryh8*1/9. The condensate only survives in th
limit T→1 for largeh8. The condensate may be unstable
this limit.

To conclude this section, at non-relativistic temperatu
there is no condensate and all charge resides in exc
states. At temperaturesT*mf consensation occurs for larg
asymmetriesh8*1/9, corresponding to massesmc&eV. The
condensate becomes unstable in the limitT→mf and frag-
ments intoQ-balls. Caution should be taken, as the hi
temperature expansion breaks down in this limit. If the bin
ing energy of theQ-balls is sufficiently largeA2/2l*1022

the period of evaporation is absent, see Fig. 1, and th
Q-balls survive.

VI. CONCLUSIONS

To summarize, solitosynthesis is a very efficient way
form largeQ-balls provided some primordial charge asym
metry and initial seedQ-balls exist. Most theories do no
allow small stableQ-ball or bound state solutions, and so
tosynthesis does not start. The exceptions are theorie
which the attractive interaction is provided by a cubic te
of the form AHc* c. Bound states can form if the Higg
mass is light (mH /mc&1023A2/mc

2). No bound state calcu
lations have been done in the presence of quartic coupl
We assume that for quartic interactions that are small co
pared to interactions governed by the cubic term bound st
persist (l&1). We note that if this assumption turns out
be too optimistic, and stable bound states require sma
quartic coulings, then small bound states and largeQ-balls
become mutually exclusive. This is because for the poten
to admitQ-ball solutions the quartic coupling cannot be to
small (l*A2/mH

2 ). Successful solitosynthesis will occur
the accretion phase happens before the system falls ou
equilibrium. All these conditions together limit the parame
space severely.

For solitosynthesis to have happened in the early unive
one needsA50.121mc , at least one of the quartic cou
plings l;1, mH&1022mc , and MeV&mc&GeV. This
rules out models in which theH field is the standard mode
Higgs field, such as the MSSM and the model studied
@12#. The temperature at whichQ-balls start growing de-
creases very rapidly withA: Tg /mc}(A/mc)4. For smaller
values of the masses or of the cubic coupling than giv
above, solitosynthesis may still happen in the future.
5-8
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Q-balls that survive until present can be part of the d
matter in the Universe. For them to play a role during str
ture formation they must have been formed before the u
verse became matter dominated, that is at temperatureTg
*Teq55.5(V0h2)21 eV. This is only possible forA8;1
and mc;GeV. Whether theQ-balls can fulfill the required
cross section to mass ratio to overcome the problems
cold dark matter as proposed in@9# remains another question
More ~numerical! studies are needed to determine if solit
synthesis results in a fewQ-balls with a very large charge, o
in a large number ofQ-balls with lesser charge.

Condensate formation is only possible for large asymm
tries, or equivalentlymc&eV. Symmetries of the order on
can be generated through the Affleck-Dine mechanism@13#.
Early decoupling increases the number of charged parti
by a factorz3 with z5@g* s(TD)2g* s(T)#1/3, which favors
condensation. The condensate becomes unstable agains
tuations in the limitT→mc , i.e., the limit in which all the
used approximations break down. Evidently, better appro
mations are needed to settle the matter.Q-balls formed
through a possible fragmentation of the condensate sur
s.
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until present if accretion dominates over evaporation at n
relativistic temperatures. This is possible forQ-balls with a
large binding energy,I Q5mc2(mc

22A2/2l)1/2*1022mc .
The potentials studied do not allow for a first order pha

transition from the false ‘‘Q-ball vacuum’’ to the true
vacuum. One could try and add terms to the potential so
such a phase transition occurs. However, theQ-balls that
may form during the phase transition are small and w
evaporate quickly.

Solitosynthesis can lead to a phase transition from
false to true vacuum. This will not happen for the potenti
studied in this paper, as for these the field will always end
in the true vacuum.
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@14# T. Multamäki and I. Vilja, Nucl. Phys.B574, 130 ~2000!.
@15# A. Kusenko, Phys. Lett. B404, 285 ~1997!.
@16# N. Graham, Phys. Lett. B513, 112 ~2001!.
@17# G.C. Wick, Phys. Rev.96, 1124 ~1954!; R.E. Cutkosky,ibid.

96, 1135~1954!.
@18# G. Feldman, T. Fulton, and J. Townsend, Phys. Rev. D7, 1814

~1973!; C.R. Ji and J. Funstahl, Phys. Lett. B176, 11 ~1986!;
J.W. Darewych, Can. J. Phys.76, 523 ~1998!; T. Nieuwenhuis
and J.A. Tjon, Phys. Rev. Lett.77, 814 ~1996!.

@19# L. Di Leo and J.W. Darewych, Can. J. Phys.70, 412 ~1992!.
@20# A. Frieman, G.B. Gelmini, M. Gleiser, and E.W. Kolb, Phy

Rev. Lett.60, 2101~1988!.
@21# M. Laine and M. Shaposhnikov, Nucl. Phys.B532, 376~1998!.
@22# K. Lee, Phys. Rev. D50, 5333~1994!.
5-9


