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Big bang nucleosynthesis constraints on bulk neutrinos
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We examine the constraints imposed by the requirement of successful nucleosynthesis on models with one
large extra hidden space dimension and a single bulk neutrino residing in this dimension. We solve the
Boltzmann kinetic equation for the thermal distribution of the Kaluza-Klein modes and evaluate their contri-
bution to the energy density at the big bang nucleosynthesis epoch to constrain the size of the extra dimension
R™!=pu and the parameter €29 which characterizes the mixing between the active and bulk neutrinos.
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I. INTRODUCTION mechanisn 3], the fundamental requirement of which is the
existence of a scale=10' or 10'? GeV, if the neutrino
There has been a great deal of interest and activity in thenasses are in the sub-eV range. Clearly this is a much higher
last two years concerning the possibility that there may bescale tharv, of the TeV scale models. A second problem is
one or more extra space dimensions in nature which havthat if one considers only the standard model group on the
sizes of the order of a millimet¢d]. This has been driven by brane, operators such a#HLH/M, could be induced by
the realization that string theories provide a completely newstring theory in the low energy effective Lagrangian. For
way to view a multidimensional space-time in terms of aTeV scale strings this would obviously lead to unacceptable
brane-bulk picture, where a brane is a lower dimensionaheutrino masses.
space-time manifold that contains known matter and forces In the domain of cosmology, the problems are related to
and the bulk consists of the brane plus the rest of the spadbe existence of the Kaluza-KleifKK) tower of gravitons
dimensions where gravity and perhaps other particles argenerally, which lead to overclosure of the Universe unless
present. The resulting picture replaces the Planck scale wittihe highest temperature of the universe is about 1 N&V
the string scale as the new fundamental scale beyond thehis can cause potential problems not only with big bang
standard model. The relation between the familiar Planckucleosynthesis but also with understanding of the origin of

scale and the string scaM, is given by the formuld1] matter, inflation, etc. There are also arguments based on
SN1987A observations diffuse and gamma ray background
M3Z,=M2""R;R,R;3- - - R,. (1) that require thaM, =50-100 TeV[5].
The neutrino mass problem was realized early on and a
ForR;=R,=R andR32R4:---:M;1, this relation leads simple solution was proposed in Réb]. The suggestion

to R= millimeter for M, = TeV. The fact that the familiar Wwas to postulate the existence of one or more gauge singlet
inverse square law of gravity allows for the existence of sucheutrinosvg in the bulk which couple to the lepton doublets
submillimeter size extra dimensions made these models irin the brane. We will call this the bulk neutrino. After elec-
teresting for phenomenologg]. An added attraction was the troweak symmetry breaking, this coupling can lead to neu-
fact that a whole new set of particles is present at the Te\rrino Dirac masses, which are of order,, M, /Mp,, where
scale, making such theories accessible to collider tests. Fuv is the SU(2) breaking scale of the standard model and
thermore, since there are no high scales in the theory, there isis a typical leptonic Yukawa coupling between the brane
no hierarchy problem between the weak and the Plancknd the bulk neutrinos. This leadsg,~hx 10 * eV. The
scale; this provided an alternative resolution to the familiardominant nonrenormalizable terms have to be forbidden in
gauge hierarchy problem. Obviously, the picture would bethis model. The simple way to accomplish this is to assume
come much more interesting if collider experiments such ashe existence of a glob&@ —L symmetry in the theory. The
those planned at Large Hadron Collid&HC) or Fermilab  only difficulty with this assumption is that string theories are
Tevatron fail to reveal any evidence for supersymmetry.  not supposed to have any global symmetries and one has to
Even though these models present an attractive alternativiend a way to generate an effectiB—L symmetry at low
to the standard grand unification scenarios, there are twenergies without putting it in at the beginning.
arenas where the simplest TeV string scale, large extra di- There is an alternative scenario for neutrino mage3,
mension models lead to problem@) one has to do with where one abandons the TeV string scale but maintains one
understanding neutrino masses dii@l the second is in the large extra dimension and avoids the problem associated
domain of cosmology and astrophysics. with nonrenormalizable operators. The relation in Eb).
The reason for the first is that the smallness of neutrindhen gets modified to the form
masses is generally thought to be understood via the seesaw
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problem is avoided. The active neutrino masses in such modrinos from active neutrino interactions in the early Universe.
els could arise from seesaw mechanism or from the presendéhe numerical calculations leading to our final results are
of bulk neutrinos. The inclusion of the bulk neutrino, how- given in Sec. IIl.
ever, brings new neutrinos into the theory which can be ul-
tralight (i.e., R"=pu, whereR is the size of the large extra
dimension and can play the role of the sterile neutrino,
which may be required, e.g., if the Liquid Scintillation Neu-  The class of models we will be interested in are assumed
tirno Detector(LSND) results are confirmed. to have one large extra dimension with a single bulk neutrino
Both the above approaches have the common feature thag, which means that masses of the KK modesvgfare
they introduce a bulk neutrino into the theory, which isinteger multiples of the basic scale=R™ '~10"2 eV. This
equivalent in the brane to an infinite tower of sterile neutri-is one of the parameters that we expect the BBN discussion
nos. All of these neutrino modes mix with the active neutri-to constrain. The second parameter is the mixing of the KK
nos in the process of mass generafi6y7Y]. For extra dimen- modes with the active brane neutrinos, eig., It is true in
sion size of order~mm, the KK modes have masses both classes of models, i.e., both TeV and intermediate scale
typically of order nR" *~nx10"% eV or so, wheren types[6,8], that the typical mixing parameter of the active
=0,1,2,3.... Thepresence of this dense tower of extra neutrino to thenth KK mode scales likefd,,=6/n, in the
sterile states coupled to the known neutrinos leads to a varrange of interest for phenomenology. The paramétate-
ety of new effects in the domain of particle physj€§ and pends on the size of the extra dimension and other param-
cosmology{10—12, which in turn impose constraints on the eters of the theory such as the weak scale, Yukawa coupling
allowed size of the extra dimensions. In this paper, we focué, etc. For instance, in TeV scale mod¢B], one hasé
on the cosmological constraints that may arise from the con~/2hv,,,M, R/Mp, whereas in the loc&— L models, the
tribution of the neutrino states to big bang nucleosynthesis.relation is §=hv,,wgR/Mp,, Wwhere we have chosehll,
The constraints from big bang nucleosynthesis on bulk=y . In general, therefore, BBN discussion will give a cor-
neutrinos were considered in Ref40,11], where the cases related constraint betweem and 6. Obviously, for =0,
of =2 extra dimensions were discussed. As was noted therghere is no BBN constraint op or the size of the extra
light KK modes of the bulk neutrinos could easily be pro- dimension.
duced in the early Universe, when the temperature is of order \We will also assume that the Universe starts its “big bang
a MeV or more. Thus, there is the danger that they couldourney” somewhere around a GeV or so and when it starts,
make large contribution to the energy density of the Universghe Universe is essentially swept clean of the sterile neutrino
at the epoch of big bang nucleosynthe@®8N) and com-  modes. This can happen in inflation models with a low reheat
pletely destroy our current, successful understanding of theemperature. We choose such a low reheat temperature essen-
primordial abundance of MeD, and LY [13]. In particular, tially for reasons that in models with large extra dimensions
present abundance data from metal poor stars are well undeiigher temperatures would lead to closure due to production
stood provided we do not have more than one extra activef graviton KK modes.
neutrino in the theory in addition to the three known ones, To see the origin of constraints, let us note that at high
i.e., (ve,v,,v,). By the same token, if there are extra spe-temperaturegi.e., T>MeV), there are two ways the KK
cies of neutrinos that do not have conventional weak intermodes of the sterile bulk neutrino can be creatgcheutrino
actions, their masses and mixings to known neutrinos musicattering and annihilations an@) the oscillation of the
obey severe constrainf$4]. active neutrinos into the sterile KK modes. It is important to
Our goal in this paper is to reconsider this issue in thestress that in building up the oscillation the scattering process
context of models with only one large extra dimension. Theis important, since otherwise there will be back-and-forth
first reason for undertaking this analysis is that the class obscillation and no buildup of the sterile modes.
models with intermediate string scale10® GeV and one Since there is an infinite KK tower of these neutrino
large extra dimensiofi7,8] have certain theoretical advan- modes, the higher the temperature the larger the number of
tages and they are also free of the cosmological and astrgnodes that can get created. Once these modes are created,
physical problems that seem to plague the TeV scale modelgaey may decay or annihilate to produce the lighter particles
Secondly, the number of KK modes in this case is muchlighter neutrino modes or KK modes of the graviton, etc.
fewer than in models with larger numbers of large extra di-in general, it is reasonable to expect that this process of
mensions and therefore one would expect the constraints tecay or annihilation will not be efficient enougl] to
be somewhat less restrictive. eliminate all the KK modes. As a result, many of them wiill
We also wish to emphasize that one large extra dimensiostay around at the BBN temperature and contribute to the
could also occur in models with string scale in the 100 TeVenergy density. The present understanding of big bang nu-
range, where one can satisfy the Planck-scale—string-scatgeosynthesi$13] relies on the assumption that the total en-
relation in Eqg.(1), if the compactification is not isotropic, ergy density at the BBN era ipggn=(72/30)g* T* with
e.g., for a string scale of 100 TeV, if two extra dimensionsg* =10.75 coming from the contribution of photores'e™,
have sizes ~GeV ! and one haRk~millimeter, i.e., M3, and the three species of neutrinos. The uncertainties in our
=M3Rr2, knowledge of the H&§ D,, and LI’ content of the Universe
We organize this paper as follows. In Sec. Il, we solve theallow that one could havg* ~12.5 (or one extra species of
Boltzmann equation to study the generation of the bulk neuneutring. We will require that any additional contribution to

II. BOLTZMANN EQUATION AND BBN CONSTRAINTS
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temperature be less than the contributionp gy equivalent t.Fk(p’(x,t),x)f,,a(p’(x,t),x)e‘ Mex(xDix

to one extra species of neutrino. : 5)
We now employ the Boltzmann equations to get the con-

straints onu and 6. Our procedure is to calculate the distri-

bution function for the sterile KK modes produced in the

matter oscillation ofv., including any possible depletion of G,

their density due to decays all the way down to the BBN p’(x,t)=pe/Htax (6)

temperature. We then calculate their cumulative contribution

to the energy density at the BBN epoch and demand that and

this be less than the corresponding contribution of one extra

peen coming from the bulk neutrinos generated at higher (o) t
k(p,t :J

with the initial conditionf,(p,t;)=0. We have defined

species of neutrino. This is the procedure followed in t 1
[16,11. a(x,t)=f — —— dx’. (7)
x7i(p’ (X',1),x )P A(x', )+ mg

To estimate this new contribution to energy dengigyy,
we have to calculate the number of KK states produced at a .
given temperature. Let us denote by="f(p,t), the distri-  Note from Eq.(6) thatp’(t,t)=p. The above solution can be
bution of thekth mode of the neutrino at the epothThe  checked easily by the observation that
KK modes are not in equilibrium at any epoch. The time

evolution of the nonequilibrium density is governed by the LTI _
Boltzmann equation given beloji1,16: ot Hpap p'(x1)=0 (8)
d d my 1 and
(E —H p%) fi=T(va— Vk)fva_E_k T_kfkJr lzk Cilfil,
® i—H 2 F(p'(x,1))=0 9)

where we have neglected the contribution of the pair annihi-

lation of the KK modes in thr—_z right hand side, since it is as,, any functionF (p’ (x,t)) with no explicit dependence dn
very small effect. In Eq(3), t (time), andp(mom;ntur.r)n '€ and p. The time derivative on the integration upper limit
the two mciependen_t variables witf 1, and sin2¢ fixed.  gives the first term on the right hand side of E8). While
Ex(p) = yp“+mi. H is the instantaneous Hubble expansionacting on the upper limit of(x,t), it gives the second term

rate and is clearly a function of timeéi(t). I'(va—w)  on the right hand side of E¢3). The total energy density of
=TIy, the production rate of bulk neutrino, is given by bulk neutrino is then given by

(T12)(P(v,— v)) where ['/2)=2G2T® is half the interac-

tion rate of the active neutrino in the thermal bath. Taking = (#E,p>
matter effect$15] into account, the probabilit is given by p(t)= fo L 2k 5 fr(p,t)dk dp (10
T
1 Sir? 26, _ . o .
(P(va—vy))= > T (4)  in the continuousk approximation. In the next section, we
1-2zcos 2y +z discuss the numerical results that follow from the above dis-

cussion.
Note that we have used the averaged probalHitg get rid
of the momentum dependence of the production rate. We will
only use thisp-averaged probability in our numerical calcu-
lation. The averaging is not necessary for the general solu- |n this section, we calculate the total energy density of the
tion we are going to find later in this section. In the aboveuniverse atT=1 MeV from Eq.(10). We use temperature
equationf,_is thermal distribution of active neutring,. 7, (T) instead of time in the integration and proceed in two
is the lifetime of thekth mode in its rest frame, and7/is  different ways.
the total decay width. For smakl, the dominant contribu- In the first method, we make some approximations to sim-
tions come from the partial width of,— 3» decay which is  plify the integral in Eq.(10) and calculate analytically as far
given by sirf 6Gmy/19273 = sir? 26,G2 k% (4X 1927°) as possible and _then numerically estimate the final integrals
[11]. For big k, it is from Etr_zllka VN ~m3(k that follow from it. In the second method, we evaluate the

_1)/127TM|23|~|(4,LL3/127TM|23|. We included both contribu- entire integral in Eq(10) numerically. The two results ap-

tions in our total decay rate. To make the solution more genprolﬁlrphatelylaglrivia \rllwt\?v eack;lo:_he_r. 1.66J3.T2/Mp, andt
eral, we now let all of the functions in E¢3) exceptH(t) e calculation, we uski(T)=1.66vg, pi @

depend on botlp andt. =0.301g; ¥*Mp,/T? as given by standard cosmology. After
The general solution of E¢3) without knowing the form  introducing dimensionless variablps- p/ku, Xx=T/T¢, and

of functions introduced in the equation a@g ;=0 is found  k=Kku/T;, and using the notatiop andk instead ofp andk

to be in the final form Eq.(10) reduces to

IIl. NUMERICAL RESULTS
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T Ty (= (= k?Xx?p2y1+p{1+(x/4)[dIng, (x)/dx
p(Tf):AJ ff f p 2p{ ( )_[ 9*2( )2 2]}eD]-‘dpdkdx 11
1 e Jo o, (1+2%—2z\1—sir? 20u2/K?T?)
|
where latter can be ignored. However, it is easier to do it another

way. As the contribution from the region whefe<e 10
0.301 ) 6 can be neglected, we have to examine only the region where
A= ———usinf 20GEM, T¢, (12 pk<100 to make sure thB term can be approximated to 1.
7 This is the same as finding the region wherde<100 and
both 4k*/ ux 10" 1% and 643u? sir? 26x1071° are less than

2 i 2
=_ 0.30Mp [ 4 sin’ 26G¢ T K3 0.1. It is easy to see that the only region that may not satisfy
V10.75 4x 19272 the above condition is
T
T 12aM2 u Kt K0P, 13 k>min| | 22 1018) " 00\ =Kin (16)
| , —Kk_
i 4 64u2sint26 min
c-va | o2
— _ 2
K(x,p)=| V1+p? " p<+ 2 and
2| 1+1+p? L
P Tt JpZ+c 2%’ p<—<1. (17)
kmin
1
F= kP 1 (14) Now we can calculate the total energy density by splitting

the integration into three part$i) p>1, (i) p<1 andk
<Kpmin, and (iii) p<1 and k>Kp,i,. We will include the
decay term only for(iii). We also simplify our analysis by
substituting7= e~ *P with a possible error of factor 2. For
simplicity, we will now treatg, as a constant and so=1.
Setting cos2=1 affects only the term due to the matter
I_effect. This is a very good approximation as long zas
negative. For casg$) and(ii), Eqg. (11) now becomes

and c=g, (X)/9,(T;), e=u/T;. In order to simplify the
calculation, we also make the following approximations.
We assume that the effective degree of freedpmis not
affected by the density of the bulk neutrino during the pro-
duction of bulk neutrinosg,, is given by the standard model
of cosmology and approximated by a step function as fo
lows: g, =61.75 fromT=1 GeV to 200 MeV,g,=17.5
from T=200 MeV to 100 MeV, andg, =10.75 fromT

=100 MeV to 1 MeV. Here we actually approximate the 2022 A2

degree of freedom as a step function of temperature. p= A fl@f f kXpﬁefkpdp dk dx
We usesm?=m2—m?~k?u2. Our ém? are always posi- 2V, J1 JeJo (1-2)2

tive and so the lepton number generated from neutrino oscil- (18)

lations with nonzero initial lepton number is sm§gll7,18.
We can ignore the contribution of lepton humber to the

L L The x integration can now be done analytically. we ap-
potential in matter. This gives g y Y P

proximatey/1+ p? with p for case(i) wherep>1 and with 1

6 6 for case(ii) wherep<1. With this simplification, thep inte-
7= —0.21558% 10718X_E_ZOX__ (15) g_ra_tion_ can also be done analytically. Hgrwe can always
2 k? divide it into three partsk>10, 0.0k k<10, andk<0.01

sincekmin>10°. We will leave the factotd/ /g, to the end

c is a constant 0D(1) in the step function approximation of of the discussion. Now we look only at the integration. The
Oy - results are summarized below

In order to use the analytical method we make some fur- (i) p>1. Fork>10, we have
ther approximations. Note that the integration in ELf) is
suppressed by two exponential functions: one from the decay
term (D term) e® and a second from th& term. We can 10°
therefore cut off the integration when either one of them gets TJ
smaller thare™ 1%, We want to extract some of the regions of
k andp space in which theF term decays much faster than
the D term within the parameter space of interest and so thé&or 0.0k<k<10, we have

e "k dk=83233. (19
10
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Log[sin®20] " (iii ) In this region, the decay term haves to be included.
N T RETara— 5 : g Log )] However, we can remove the dependence by setting
ST =1 in the functionK(x,p), defined above. The matter effect
-2 ™~ can also be neglected &s,;,>500. After thep integration,

‘Z ™~ with the fact thate min<1 we have the upper bound

- ~

-5 - 108 (= 4 3

-6 ~ — f f X2e—(clk +cok )K(X,l)dk dx (25)
- 1 1

FIG. 1. The solid and the long dashed lines separate the aIIowth the above equatiorg, andc, are coefficients dependent
and forbidden regions @@ ! and mixing, with the space above the on k... One of theml is 0 12 and the other0.1 by the
lines forbidden. The solid and dashed lines correspond, respectiveI&eﬁnT,['i'(‘)'n ofk.. We also us'ek— K inthe result of thep

min * — Bmin

to the extra allowed neutrino degree of freedam, equal to 1 and integration. For the upper bound, we can just take either the

0-1. c, or thec, term whichever has the value of 0.1. This gives
10 1 1 1 k i
oo1 \2k? 2k 4 12 1 4[0.1K(x,1)]¥
1 N tan™ 1(0465k) or
1+0.216K? 0.465k .
” floBXZF(g,O.lK(x,l))dX @7
=7.85x10°. (20) 1 3[0.1K(X,1)]1/3 :
Fork<0.01, Both are numerically of the order of 400ur results from
other regions give about 10 This part contributes only a
EJO-Ol 10° LT 1 tan™ (v/zo/k) dk few percent of the total. We can use the upper bound 4.6
2)e 10216 2k\z, K2+z, k\zo X 10°. . o
The total energy density of bulk neutrinos is the sum of all
10 7 001 w/2—tan Y(el/\zg) the above, which is found to be
= ——In——
e 7o A (8 785% 1P+ —— | 001
=—|8. n—
1 fom tan Y(yzo/k) i 1 NN 4z, €
21z« K ml2—tan YelNzg) 1
(i) p<1 andk<kpi,. Fork>10, we have 2\zo 2\zo
: 1 0 k..
10° [kl 107 Ky foona” (Vzolk) 10 Kmin
d T min 22) X . K dk+ 3 In 10 | (28

3 )y kI3 N30
Compared to thew, equilibrium energy density afl
For 0.0k<k<10, we have =1 MeV, which is 2.82& 10 3 (GeV)*, the constraint

that effective neutrino degrees of freedom should be less

109 10 i—e‘k i+ E+ L than 1, gives the constraint on the parameter space
0.01 6k 6k 6 12
n 0.936. .
1 X tan_1(0.465k)) (e—v) Sif20<2.5x10 *. (29
2 0.465k
1+0.216k We also numerically integrate E@L0) without making

—4.52x 108. (23 any simplification except the step functigp and the posi-
tive Sm?. The numerical result obtained from the Boltzmann
equation are shown in Fig. 1. The extra effective degree of

For k<0.01, we have ) e et
freedom equal to 1 is shown in Fig. 1 as a solid line. The

1 0.01< 1°k* k3 K Ketan X \/z—olk)) numerical fit is obtained as
36 = - dk.
SGL 0.216 2 0.92
2V Koz V2o (24) (eiv Sir? 26<7.06X107 (30)

This is a very small number which can be neglected. for u<1 eV.
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Logl b5 ] from 10 ® eV to 1¢ eV in increasing steps of #0eV.
“10 The total contribution is the integral over each line for a
given u.

-2 IV. CONCLUSION
_30 In this paper, we have studied the constraints of big bang
nucleosynthesis on models with one large extra dimension
and a single bulk neutrino by solving the Boltzmann equa-
tion for the production of the sterile KK modes at the epoch
of big bang nucleosynthesis. We isolate the allowed and for-
bidden domains in th& ! and mixing space and find that
this allows a range of radius of the extra dimension and
FIG. 2. The various lines denote the contributions of the indi-Mixing of bulk and active neutrinos that is of interest for
vidual modes to the total energy density as a function of the KkStudying solar neutrino oscillatiorj§]. Our results comple-

mode number for various values of inverse dizeeV) of the extra ~ ment the work of Abazajian, Fuller, and Paftél] who have
dimension. The rightmost curve correspondsute 10°° eV and  derived bounds for the cases of four, five, and six extra di-

for each successive curye goes up by a factor of 100. mensions.

Log [k
2 1 6 8 10 12 17 Lo9lk]

-5

o
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