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An action for (3+ 1)-dimensional supergravity genuinely invariant under the Poinsapergroup is pro-
posed. The construction of the action is carried out considering a bosonic Lagrangian invariant under both local
Lorentz rotations and local Poincairanslations as well as under diffeomorphism, and therefore the Poincare
algebra closes off shell. Since the Lagrangian is invariant under the Posgaeegroup, the supersymmetry
algebra closes off shell without the need for auxiliary fields.

DOI: 10.1103/PhysRevD.65.084032 PACS nunifer04.65+e

I. INTRODUCTION square roots of the translatioRs, and conformal boosts ,
(Q= /P andS= {K). They also showed that the algebra of
Recently it has been shown, by means of a first-ordetonformal supergravity closes off shell, unlike the gauge al-
formalism, that the three- and five-dimensional supergravigebra of Poincarsupergravity. For a deeper analysis of this
ties studied by Achearro and TownsenfiL] and by Cham-  subject, see Ref$5,6].
sedding 2], respectively, as well as higher dimensional theo- It is the purpose of this paper to show that it is also pos-
ries can be written as Chern-Simons theori@#4|. The  sible to construct four-dimensional supergravity without aux-
action for supergravity in 21 dimensions S iliary fields provided one chooses the bosonic Lagrangian in
= [ (&R e+ 4@3@, with ¢ a two-component Majo- an appropriate way. In fact, the correct Lagrangian for the
rana spinor, is invariant under Lorentz rotations, Poincard0sonic sector is the Hilbert Lagrangian constructed with the
translations, and supersymmetry transformations. Thé&elp of the one-form vierbein defined by Stelle and West
dreibeine?, the spin connectiomzb, and the gravitinay?, and by Grignani and Nardell8]. This vierbein, also called
transform as components of a connection for the super Poirfhe solder form(7,9] was considered as a smooth map be-
caregroup. This means that the supersymmetry algebra imtween the tangent space to the space-time maniblat a
plied by the corresponding supersymmetry transformations ig0int P with coordinatesx and the tangent space to the
the super Poincarelgebra, i.e., the supersymmetry algebrainternal AdS space at the point whose AdS coordinates are
closes off shell without the need for auxiliary fields. {%(x), as the pointP ranges over the whole manifolkll.
The action for supergravity in 81 dimensionsS  Figure 1 of Ref[7] illustrates that such a vierbeMZ(x) is
= [ (eapcdR?Pe%e+ 4 ey, ysD ), Where ¢ is the Majo- the matrix of the map betweeen the tangent spg¢#) to
rana conjugation off, is not invariant under local Poincare the space-time manifold ak” and the tangent space
translations. The invariance of the action requires, in accor ;(x)({G/H},) to the internal AdS spacgs/H}, at the point
dance with the 1.5 formalism, the vanishing of the supertor{"(x), whose explicit form is given by E¢3.19 of Ref.[7].
sion, which implies that the connection is no longer an inde- Taking the limitm—0 in Eq.(3.19 of Ref.[7], we obtain
pendent variable. Rather, its variation is given in terms of\/i(x):D#gu ei, which is the map between the tangent
de* and oy, and differs from that dictated by group theory. spaceT,(M) to the space-time manifold at* and the tan-
As a consequence the supersymmetry algebra, acting on th@nt spacd ;,,({1SO(3,1)/SO(3,1),) to the internal Poin-
spinor field, closes off shell only with auxiliary fields. carespace{ISO(3,1)/SO(3,1), at the pointZ"(x). The same

The construction of a supergravity theory without auxil- regyit was obtained in Rei8] by gauging the action of a free
iary fields in 3+ 1 dimensions has remained as an interestinq)artide defined in the internal Minkowski space.
open problem. This problem was studied a long time ago by
Kaku, Townsend, and van NieuwenhuiZén6|. They found
that the action for conformal supergravity is invariant under Il. GRAVITY AND THE POINCARE ~ GROUP
both local supersymmetrie€)(andS) corresponding to the ’
In this section we shall review some aspects of the

torsion-free condition in gravity. The main point of this sec-

*Electronic address: pasalgad@udec.cl tion is to display the differences in the invariances of the
TElectronic address: mcataldo@ubiobio.cl Hilbert action when different definitions of the vierbein are
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A. The torsion-free condition in general relativity

The generators of the Poincageoup P, andJ,;, satisfy
the Lie algebra

[Pa.Pp]=0,
[Jab:Pcl= 7acPb— 76cPa,

[Jab:Jedl = Macdba— Mocdadt Moddac™ MadJdbe- ()
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_ abac sad
5SEH—2f € apcdR2PeC Se

=2J SabcdRachpd (ll)

where we see that the invariance of the action requires im-

posing the torsion-free condition

T2=De?=de*+ wle’=0, (12)

Here the operators carry Lorentz indices not related to coor-
dinate transformations. The Yang-Mills connection for thiswhich has effects on the algebra of local Poincaemsfor-

group is given by

A=A T,= Pt = ™) 2
A= € P, 5@ Yab- 2

Using the algebrdl) and the general form for the gauge

transformations om,

SA=VA=dN+[AN] (3
with
a . ab
A=p Pa+§K Jab (4)

we obtain thag? andw?®, under Poincaré&ranslations, trans-

form as
5e?=Dp?, Sw?P=0, (5)
and under Lorentz rotations as

se?=kpe®,  Sw=—D«, (6)

whereD is the covariant derivative in the spin connection

3. The corresponding curvature is

F=FAT,=dA+AA

=T2P,+ %RabJab (7)
where
T2=De?=de*+ wle” (8)
is the torsion one-form, and
R30=dwP+ 3 °P (9)

is the curvature two-form.
The Hilbert action

Sen= j “/‘abcdRabeced (10

mations. If we impose this condition, then the local Poincare
translations take the form of a local change of coordinates, as
we can see from the corresponding transformation laws

8ype=Dp?+ ke’ (13

S1gc€2=Dp?+p- wieP+p T2 (14)
The condition T3=0 permits replacing local Poincare
translations by a local change of coordinates which acts to-
gether with the local Lorentz transformations on the gauge

fields as

5e?=Dp?+ kie®,
80w?= Dk +e R (15)

The commutator of two local Poincateanslations can
now be computed and gives

[8(p2),8(p1)]= (k) (16)
with «3°=p}psR3° . Furthermore, one finds
[8(x?),8(p%)]=8(p'%) with p'=py®  (17)
and
[8(ky),8(x1)]= 8(ks) With xa=[ri,ks].  (18)

This means that, for nonvanishifRj®, the local Poincare
translations no longer commute, but their commutator is a
local Lorentz transformation proportional to the Riemann
curvature. The rest of the algebra is unchanged. Thus an
effect of the torsion-free condition is that the Poincalge-
bra closes only on shell, but does not close off shell.

Another consequence of the torsion-free condifidhis
that it is an equation of motion of the action, which implies
that the invariance of the action under diffeomorphisms does
not result from the transformation properties of the fields
alone, but that it is a property of their dynamics as well. The
problem stems from the identification between diffeomor-
phism, which is a genuine invariance of the action, and local
Poincaretranslation, which is not a genuine invariance.

The torsion-free condition breaks local translation invari-
ance in Lorentz space, and uniquely identifies the origin of

is invariant under diffeomorphism and under Lorentz rota-the local Lorentz frame with the space-time point at which it

tions, but is not invariant under Poincdranslations. In fact,

is constructed.
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B. Gravity invariant under the Poincare group The variations of the action with respect ¢8, e, and
Now we show that the formalism proposed by Stelle ange™” lead to the following equations:
West[7] and by Grignani and NardellB] (SWGN) leads to TPRSI— 29
a formulation of general relativity where Hilbert’s action is abed 0 (29
invariant both under local Poincateanslations and under bocd._
local Lorentz transformations as well as under diffeomor- £abed"RT=0, (30

phism, and therefore the Poincaalkgebra closes off shell. emcd .

The key ingredients of the SWGN formalism are the so €laecdb)V R+ €apcdV 7¢=0, (31
called Poincareoordinatesé®(x) which behave as vectors
under 1S@3,1) and are involved in the definition of the one-
form vierbeinV?#, which is not identified with the component

which reproduce the correct Einstein equatip8lk

e? of the gauge potential, but is given by T°=DV®=0, (32
Va=D g+ ed=d&+ i+ e?. (19 EabcdV’RI=0. (33
Since?,e?, »®® under local Poincar&ranslations change ~ The commutator of two local Poincarganslations is
as given by
8{*=—p?, 8e*=Dp? Sw?=0, (20) [8(p2),6(p1)]=0, (34)
and under local Lorentz rotations change as i.e., the local Poincareanslations now commute. The rest of

o asb o ab ab ab the algebra is unchanged. Thus the Poinadgebra closes
0% =kpl%  0e%=kpe’, 0w*=-D«k™, (21  off shell. This fact has deep consequences in supergravity.

we have that the vierbe? is invariant under local Poincare

translations, IIl. SUPERGRAVITY IN 3 +1 DIMENSIONS WITHOUT

AUXILIARY FIELDS

a__
6V*=0, (22) In this section we shall review some aspects of the

torsion-free condition in supergravity. The main point of this

and, under local Lorentz rotations, transforms as section is to show that the SWGN formalism permits con-

SVA= xayP (23) structing a supergravity invariant under local Lorentz rota-
= KpV . ti . .
ions and under local Poincatenslations as well as under
The space-time metric is postulated to be local supersymmetry transformations. This means that the
super Poincaralgebra closes off shell without the need for
9= WabVZVB (24) any auxiliary fields.
with 7,,=(—1,1,1,1). Thus the corresponding curvature is A. The torsion-free condition in N=1 supergravity

given by Eq.(7), but now Eq.(8) does not correspond to the

space-time torsion because the vierbein is not givereby D=3+1, N=1 supergravity is based on the super poin-

The space-time torsiof® is given by carealgebra
Te=DVa=T2a+ Rabgb- (25) [Pa!Pb]:O! (35)
The Hilbert action can be rewritten as [Jab:Pcl= 7acPo— 7bcPa. (36)
Jab 1 Jedl = Macdbd— Todadt Moadac— Naddbe 3
SEH:f oo VAVPRE 26) [Jab:Jcdl = Macdbd™ Mocdadt Moadac™ Maddbe (37
1
which is invariant under general coordinate transformations [Jan,Q“]=— E(?’ab)gQ'Ba (38)
and under local Lorentz rotations, as well as under local
Poincaretranslations. In fact, [Pa,Qs]=0, (39)
5Sen= f & apcad(R2OVEVY), (27) 1o
e [Q“.Qpl=5(¥")5Pa. (40)
6SEH=2f EapcdR2PVESVI=0. (29 The connection for this group is given by
- . . . . r 1 .
Thus the action is genuinely invariant under the Poincare A=AAT, =P, + = 0], + Qi (41)

groupwithout imposing a torsion-free condition
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Using the algebra40) and the general form for gauge trans- The variation of Eq(51) with respect toe?, w®®, ¢ leads to
formations onA, the equations for supergravity

SA=DA=d\+[A\], (42) € aped®RE9+ 20 ysy. D=0, (52)
with 1

. B eanc TI=0 where T8=T*—Zyy%y, (53
A=p3P,+ EKabJabJr Qe, (43

, 756%7.Dy=0. (54)
we obtain thate?, »?°, and  under Poincardranslations ) ab a )
transform as Sinceg,,, =€, €,7., andy, =€, v,, we can write Eqs(51),

(52), (53), and(54) as
6e3=Dp?, wi®=0, 6y=0; (44) —

. L:_ZV_gR+48MVPU¢,u.757VDpl//0'1 (55)

under Lorentz rotations as

1 _
1 R — = g™*R+2e 7 D,¥,=0, 56
Sed= ngb, 5wab: _ DKab, 5¢: ZKab,yabw; 2 g € I\YsY V‘;bp ( )
(45) ) 1

T, =T%,— ¢,y ¥,=0, 5
and under supersymmetry transformations as N 2(!/“7 v ©7
whereT; =I'(,,;, and

8MVP(’757/VDP¢U:O' (58)

The action(51) is invariant under diffeomorphism, under
local Lorentz rotations, and under local supersymmetry
transformations, but it is not invariant under Poinctems-

1
5ea:§sya¢, S5w®=0, y=Des. (46)

The consistency of the propagation of the massless Rarita-
Schwinger field in a classical gravitational background field
is proved by contracting its field equation

ys€2y,D =0 (47) lations. In fact, under local Poincateanslations,
. L 1
by the covariant derivativ®, 55:2f eabcdRab< To— EIIIYCI//) p9+ surf. term, (59)
D(yse®yaD¢) =0,

v5¥aT?D ¢+ y562y,DD y=0. (48) 5S=2f €abedR2PTCpd+ surf. term. (60)
The Einstein equation and the Bianchi identity reduce EdThe invariance of the action requires the vanishing of the
(48) to an identity. torsion

Equation(47) does not take into account the back reaction

of the spin-3/2 field on the gravitational field. It turns out that Ta=0, (61)

this back reaction of the spin-3/2 field on the gravitational
field and on itself can be taken into account by a generalizingvhich implies that the connection is no longer an indepen-

of Weyl's lemma[10]: dent variable. Rather, its variation is given in termsdef
1 and 6y, and differs from the one dictated by group theory.
De? =g e — w? P~y Ay —T* e2=0, 49 An qﬁect of the supertorsmn-free condition on the local

w= O CouSy 4%7 L 49 Poincaresuperalgebra is that all commutators &hy close

o . o except the commutator of two local supersymmetry transfor-
which implies that the corresponding torsion is given by  mations on the gravitino. For this commutator on the vier-

1 bein one finds
TE=To= Suy™y. (50

1 — 1
[5(81),5(82)]ea:§827aD81_ EslyaDszzzD(&‘z?’asl)-
Supergravity is the theory of the gravitational field inter- 62)
acting with a spin-3/2 Rarita-Schwinger figlill,12. In the
simplest case there is_j_ust one spin-3/2_ Majora_na fermionyitn p?=1Le,7%,, we can write
usually called the gravitino. The theory is described by the

action [8(e1),0(e5)]€2=Dp?. (63

This means that, in the absence of the torsion-free condition,

_ anbped | A ., A2
S f Zapcd € R+ 4¢y5€7yaD Y. (5D the commutator of two local supersymmetry transformations
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on the vierbein is a local Poincateanslation. However, the The massless Rarita-Schwinger field is a spin-3/2 field
action is invariant by construction under general coordinatehat can be described by a Majorana vector-spiggrthat
transformations and not under local Poincaranslations. satisfies the equation
The general coordinate transformation and the local Poincare
translation can be identified if we impose the torsion-free ¥sV2yady=0 (67)

H™N . a_ vpad H
condition: sincep®=p”e’ we can write where now

1 _ a_ a
D™= (0,0 )5+ (8,60 + 5" (1 V1) ey Viopere (©9
The coupling of this field to a gravitational field satisfying
+pVwa. (64)  the free Einstein equations is achieved by minimal coupling.
According to this prescription, it is possible to generalize the

This means that, iT2 =0, then the following commutator is frée spin-3/2 equation consistently to include interaction with
valid: “V a gravitational background field, as

. _ ¥sV2y.Dyy=0. (69)
[8q(£1),0q(&2) 1= dact(p™) + SLLr(p* @, ) + 8q(p",)
(65 Consistency of the propagation of a spin-3/2 particle in a
classical gravitational background field is proved by con-
where we can see th& in {Q,Q}=P, i.e., local Poincare tracting Eq.(69) with another derivativeD:
translations, is replaced by general coordinate transforma- a
tions in addition to two other gauge symmetries. The struc- D(ysViyaD#) =0,
ture constants defined by this result are field dependgnt
which is a property of supergravity not present in Yang-Mills Ys¥aT "D+ y5V*7,DDyY=0. (70
theory. The Einstein equation and the Bianchi identity reduce Eq.
~ The commutator of two local supersymmetry transforma-7q) o an identity. Of course, using the free Einstein equa-
tions on the gravitino is given by tion implies that we have not taken into account the back
reaction of the spin-3/2 field on the gravitational field. In that
sense the gravitational field here is just a fixed classical back-
ground field. The more general situation, in which both the
gravitational field and the Rarita-Schwinger field are dy-
namical, is the situation encountered in supergravity.
Equation(69) does not take into account the back reaction
The conditionT2=0 leads tow®°= w?(e, ) which im-  of the spin-3/2 field on the gravitational field; namely, the
plies that the connection is no longer an independent variablgpin-3/2 field itself can act as a source for the gravitational
and its variationd(e) w?” is given in terms ofs(e)e® and  field. Since the spin-3/2 field is coupled to the gravitational
8(g) . Introducingd(e) (e, ) into Eq.(66) we see that, field through the covariant derivativ@, this also induces a
without the auxiliary fields, the gauge algebra does not closegoupling of the gravitino field with itself. It turns out that this
as is shown by Eq(10) of Ref.[6]. Therefore the condition back reaction of the spin-3/2 field on the gravitational field
T2=0 breaks not only local Poincaievariance, but also the and on itself can be taken into account by generalizing
supersymmetry transformations. We show that, if we use th¥Veyl's lemma[10}:
SWGN formalism, the gauge algebra closes without the aux- 1
iliary fields because it is not necessary to impose the torsion- DNV2=9,V3—wf, b_ g, FZVVi: 0. (71
free condition. 4

1 1
[o(e1),0(er) = E(Uabgz)[5(81)wab]_ E(Uabgl)

X[ 8(e,) 02P]. (66)

] This implies that the corresponding torsion is given by
B. Supergravity invariant under the Poincare group

Analogous to the pure gravity case, the action for super- Ja_ga_ lgyaw_ (72)
gravity in 3+ 1 dimensions is not invariant under local Poin- 2

care translations. The invariance of the action requires, in - . . .
. . . qun Within the (SWGN) formalism the action for supergravity
accord with 1.5 formalism, the vanishing of the torsiof can be rewritten as

which implies that the connection is no longer an indepen-
dent variable. Rather, its variation is given in termsdef _

and 8y, and differs from the one dictated by group theory. S:f EabcdV 2V RO+ 44y y Dy (73
As a consequence the supersymmetry algebra, acting on the

spinor field, closes off shell only with auxiliary fields. How which is invariant under local Lorentz rotations:

to construct supergravity in four dimensions without auxil-
iary fields is an interesting open problem. Now we will show

1
a_ ,ay/b — _ ,ab
that this construction is possible. OVI=KpVT, Y= g K<Y anthy (74)

4
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i.e., underdw?= —D«?, se3= kieP, syy=3 kv, and From the actior(73) and Egs(79), (52), and(53) we can
0E8= Kf}gb; under local Poincar&ranslations see that, once the gaugg=0 is chosen, from the equations
SV3=0, &y=0, (75)
v Va=D g+ e,

i.e., undersw®=0, se?=Dp?, 5yy=0, and6&?= —p?; and
under local supersymmetry transformations
T*=DV?,
SVe=1ey2y, OSy=Dse, (76)

i.e., undersw?®=0, se?=1Ls+2y, Syy=De, and 5£2=0. it follows thatVa=e? T°=T2=De? 72=T2, and that the
This means that the actioff3) is invariant without the ~Lagrangian of the actiofi73) takes the form(51) and Egs.
need to impose a torsion-free condition. We can see that, ifY9,(80),(81) take the forms(52),(53),(54), which are the
the local Poincaresuperalgebra, all commutators @,y ~ €quations for supergravity theory as developed in Refs.
close including the commutators of two local supersymmetry:6:11,12. The action reduces to the usual action for super-

transformations on the vierbein and on the gravitino. In factgravity if we choose¢®=0, i.e., if we uniquely identify the
for this commutator on the vierbein one finds origin of the local Lorentz frame with the space-time point at

which it is constructed.
[8(e1),6(e,)]e?=Dp? (77)

wherep?=¢,7%,, i.e., the commutator of two local super- IV. COMMENTS
symmetry transformations on the vierbein is a local Poincare We have shown in this work that the successful formalism

translation. used by Stelle and WeFt] and by Grignani and NardellB]
_ The commutator of two local supersymmetry transformas, ¢onstruct an action for (81) dimensional gravity invari-
tions on the gravitino is given by ant under the Poincargroup can be generalized to super-
1 gravity in 3+ 1 dimensions. The extension to other even di-
[8(e1),8(82)]¢h= 5 (Tape2)[ 8(£1) 0] mensions remains an open problem. The main result of this
2 paper is that we have shown that, in order to construct a
supergravity theory invariant under local Lorentz rotations
and under local Poincareanslations as well as under local
supersymmetry transformations, it is necessary to use the
SWGN formalism. This means using the vierb& which
because now the connection is an independent variable, i.énvolves in its definition the so called “Poincamoordi-
5(¢)w®=0 in accordance with group theory. nates” £2(x). This field can be interpreted, at the supergrav-
From the transformation laws of the field€®, &2 one can ity level, as some kind of auxiliary field which permits the
see that the commutators of local supersymmetry transformaupersymmetry algebra to close off shell without the need for
tions onw?®, £2 close. any auxiliary fields.
This proves that, if we use the SWGN formalism, the It is perhaps interesting to note that, if one considers,
gauge algebra closes without auxiliary fields, because it ifollowing Ref.[8], ngvivgnab and yMZVi‘ya, one can
not necessary to impose the torsion-free condition. write the Lagrangian of the actiqi@3) in the form(55). This
In the context of a genuinely first-order formalism, i.e., means that, if one considers the theory constructed in terms
where the spin connection®” transforms independently of of the space-time metrig,, and the gravitino fieldy,,,
the graviton fielde?, of the gravitino fieldys, and of the ignoring the underlying formulation, the theory described in
Poincarefield £, the field equations can be obtained by vary-our paper is completely equivalent to the theory developed in
ing Eq. (73 with respect toy, e?, andw?® and with respect Refs.[11,12,6. No trace of the new structure of the vierbein

1
5 (Gap)[de)0™]=0  (78)

to &2 existing in the underlying formulation of the theory can be
found at the metric level. This could permit one to interpret
vsV2y D=0, (790  the local Poincaréranslation as some kind of hidden sym-
metry of the theory when it is constructed in terms of the
SadeVbRCd+ 2W757aD l//: 0, (80) SpaCE'ume met”g;“, .
Sabcdvc;jd"'8[aecd§b]VeRCd+Zf[bays'ya]Dl//Io- (81 ACKNOWLEDGMENTS
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