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An action for (311)-dimensional supergravity genuinely invariant under the Poincare´ supergroup is pro-
posed. The construction of the action is carried out considering a bosonic Lagrangian invariant under both local
Lorentz rotations and local Poincare´ translations as well as under diffeomorphism, and therefore the Poincare´
algebra closes off shell. Since the Lagrangian is invariant under the Poincare´ supergroup, the supersymmetry
algebra closes off shell without the need for auxiliary fields.
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I. INTRODUCTION

Recently it has been shown, by means of a first-or
formalism, that the three- and five-dimensional supergra
ties studied by Achu´carro and Townsend@1# and by Cham-
seddine@2#, respectively, as well as higher dimensional the
ries can be written as Chern-Simons theories@3,4#. The
action for supergravity in 211 dimensions S

5*(«abcR
abec14c̄Dc), with c a two-component Majo-

rana spinor, is invariant under Lorentz rotations, Poinc´
translations, and supersymmetry transformations.
dreibeinem

a , the spin connectionvm
ab , and the gravitinocm

a

transform as components of a connection for the super P
carégroup. This means that the supersymmetry algebra
plied by the corresponding supersymmetry transformation
the super Poincare´ algebra, i.e., the supersymmetry algeb
closes off shell without the need for auxiliary fields.

The action for supergravity in 311 dimensions S

5*(«abcdR
abeced14c̄eagag5Dc), where c̄ is the Majo-

rana conjugation ofc, is not invariant under local Poincar´
translations. The invariance of the action requires, in acc
dance with the 1.5 formalism, the vanishing of the super
sion, which implies that the connection is no longer an in
pendent variable. Rather, its variation is given in terms
dea anddc, and differs from that dictated by group theor
As a consequence the supersymmetry algebra, acting on
spinor field, closes off shell only with auxiliary fields.

The construction of a supergravity theory without aux
iary fields in 311 dimensions has remained as an interest
open problem. This problem was studied a long time ago
Kaku, Townsend, and van Nieuwenhuizen@5,6#. They found
that the action for conformal supergravity is invariant und
both local supersymmetries (Q andS) corresponding to the
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square roots of the translationsPm and conformal boostsKm

(Q5AP andS5AK). They also showed that the algebra
conformal supergravity closes off shell, unlike the gauge
gebra of Poincare´ supergravity. For a deeper analysis of th
subject, see Refs.@5,6#.

It is the purpose of this paper to show that it is also p
sible to construct four-dimensional supergravity without au
iliary fields provided one chooses the bosonic Lagrangian
an appropriate way. In fact, the correct Lagrangian for
bosonic sector is the Hilbert Lagrangian constructed with
help of the one-form vierbein defined by Stelle and West@7#
and by Grignani and Nardelli@8#. This vierbein, also called
the solder form@7,9# was considered as a smooth map b
tween the tangent space to the space-time manifoldM at a
point P with coordinatesxm and the tangent space to th
internal AdS space at the point whose AdS coordinates
za(x), as the pointP ranges over the whole manifoldM.
Figure 1 of Ref.@7# illustrates that such a vierbeinVm

a (x) is
the matrix of the map betweeen the tangent spaceTx(M ) to
the space-time manifold atxm and the tangent spac
Tz(x)($G/H%x) to the internal AdS space$G/H%x at the point
zn(x), whose explicit form is given by Eq.~3.19! of Ref. @7#.

Taking the limitm→0 in Eq.~3.19! of Ref. @7#, we obtain
Vm

a (x)5Dmja1em
a , which is the map between the tange

spaceTx(M ) to the space-time manifold atxm and the tan-
gent spaceTz(x)($ISO(3,1)/SO(3,1)%x) to the internal Poin-
caréspace$ISO(3,1)/SO(3,1)%x at the pointzn(x). The same
result was obtained in Ref.@8# by gauging the action of a free
particle defined in the internal Minkowski space.

II. GRAVITY AND THE POINCARE ´ GROUP

In this section we shall review some aspects of
torsion-free condition in gravity. The main point of this se
tion is to display the differences in the invariances of t
Hilbert action when different definitions of the vierbein a
used.
©2002 The American Physical Society32-1
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A. The torsion-free condition in general relativity

The generators of the Poincare´ group Pa and Jab satisfy
the Lie algebra

@Pa ,Pb#50,

@Jab ,Pc#5hacPb2hbcPa ,

@Jab ,Jcd#5hacJbd2hbcJad1hbdJac2hadJbc . ~1!

Here the operators carry Lorentz indices not related to co
dinate transformations. The Yang-Mills connection for th
group is given by

A5AATA5eaPa1
1

2
vabJab . ~2!

Using the algebra~1! and the general form for the gaug
transformations onA,

dA5¹l5dl1@A,l# ~3!

with

l5raPa1
1

2
kabJab , ~4!

we obtain thatea andvab, under Poincare´ translations, trans-
form as

dea5Dra, dvab50, ~5!

and under Lorentz rotations as

dea5kb
aeb, dvab52Dkab, ~6!

whereD is the covariant derivative in the spin connecti
vab. The corresponding curvature is

F5FATA5dA1AA

5TaPa1
1

2
RabJab ~7!

where

Ta5Dea5dea1vb
aeb ~8!

is the torsion one-form, and

Rab5dvab1vc
avcb ~9!

is the curvature two-form.
The Hilbert action

SEH5E «abcdR
abeced ~10!

is invariant under diffeomorphism and under Lorentz ro
tions, but is not invariant under Poincare´ translations. In fact,
08403
r-

-

dSEH52E «abcdR
abecded

52E «abcdR
abTcrd ~11!

where we see that the invariance of the action requires
posing the torsion-free condition

Ta5Dea5dea1vb
aeb50, ~12!

which has effects on the algebra of local Poincare´ transfor-
mations. If we impose this condition, then the local Poinc´
translations take the form of a local change of coordinates
we can see from the corresponding transformation laws

d t lpea5Dra1kb
aeb, ~13!

d tgce
a5Dra1r•vb

aeb1r•Ta. ~14!

The condition Ta50 permits replacing local Poincar´
translations by a local change of coordinates which acts
gether with the local Lorentz transformations on the gau
fields as

dea5Dra1kb
aeb,

dvab52Dkab1«•Rab. ~15!

The commutator of two local Poincare´ translations can
now be computed and gives

@d~r2!,d~r1!#5d~k! ~16!

with kab5r1
lr2

nRln
ab . Furthermore, one finds

@d~kab!,d~rc!#5d~r8d! with r8a5rbkba ~17!

and

@d~k2!,d~k1!#5d~k3! with k35@k1 ,k2#. ~18!

This means that, for nonvanishingRab, the local Poincare´
translations no longer commute, but their commutator i
local Lorentz transformation proportional to the Riema
curvature. The rest of the algebra is unchanged. Thus
effect of the torsion-free condition is that the Poincare´ alge-
bra closes only on shell, but does not close off shell.

Another consequence of the torsion-free condition@4# is
that it is an equation of motion of the action, which implie
that the invariance of the action under diffeomorphisms d
not result from the transformation properties of the fie
alone, but that it is a property of their dynamics as well. T
problem stems from the identification between diffeom
phism, which is a genuine invariance of the action, and lo
Poincare´ translation, which is not a genuine invariance.

The torsion-free condition breaks local translation inva
ance in Lorentz space, and uniquely identifies the origin
the local Lorentz frame with the space-time point at which
is constructed.
2-2
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B. Gravity invariant under the Poincaré group

Now we show that the formalism proposed by Stelle a
West@7# and by Grignani and Nardelli@8# ~SWGN! leads to
a formulation of general relativity where Hilbert’s action
invariant both under local Poincare´ translations and unde
local Lorentz transformations as well as under diffeom
phism, and therefore the Poincare´ algebra closes off shell.

The key ingredients of the SWGN formalism are the
called Poincare´ coordinatesja(x) which behave as vector
under ISO~3,1! and are involved in the definition of the one
form vierbeinVa, which is not identified with the componen
ea of the gauge potential, but is given by

Va5Dja1ea5dja1vb
ajb1ea. ~19!

Sinceza,ea,vab under local Poincare´ translations change
as

dza52ra, dea5Dra, dvab50, ~20!

and under local Lorentz rotations change as

dza5kb
azb, dea5kb

aeb, dvab52Dkab, ~21!

we have that the vierbeinVa is invariant under local Poincar´
translations,

dVa50, ~22!

and, under local Lorentz rotations, transforms as

dVa5kb
aVb. ~23!

The space-time metric is postulated to be

gmn5habVm
a Vn

b ~24!

with hab5(21,1,1,1). Thus the corresponding curvature
given by Eq.~7!, but now Eq.~8! does not correspond to th
space-time torsion because the vierbein is not given byea.
The space-time torsionT a is given by

T a5DVa5Ta1Rabjb . ~25!

The Hilbert action can be rewritten as

SEH5E «abcdV
aVbRcd ~26!

which is invariant under general coordinate transformati
and under local Lorentz rotations, as well as under lo
Poincare´ translations. In fact,

dSEH5E «abcdd~RabVcVd!, ~27!

dSEH52E «abcdR
abVcdVd50. ~28!

Thus the action is genuinely invariant under the Poinc´
groupwithout imposing a torsion-free condition.
08403
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The variations of the action with respect toza, ea, and
vab lead to the following equations:

«abcdT bRcd50, ~29!

«abcdV
bRcd50, ~30!

« [aecdzb]V
eRcd1«abcdV

cT d50, ~31!

which reproduce the correct Einstein equations@8#:

T a5DVa50, ~32!

«abcdV
bRcd50. ~33!

The commutator of two local Poincare´ translations is
given by

@d~r2!,d~r1!#50, ~34!

i.e., the local Poincare´ translations now commute. The rest
the algebra is unchanged. Thus the Poincare´ algebra closes
off shell. This fact has deep consequences in supergravi

III. SUPERGRAVITY IN 3 ¿1 DIMENSIONS WITHOUT
AUXILIARY FIELDS

In this section we shall review some aspects of
torsion-free condition in supergravity. The main point of th
section is to show that the SWGN formalism permits co
structing a supergravity invariant under local Lorentz ro
tions and under local Poincare´ translations as well as unde
local supersymmetry transformations. This means that
super Poincare´ algebra closes off shell without the need f
any auxiliary fields.

A. The torsion-free condition in NÄ1 supergravity

D5311, N51 supergravity is based on the super po
caréalgebra

@Pa ,Pb#50, ~35!

@Jab ,Pc#5hacPb2hbcPa , ~36!

@Jab ,Jcd#5hacJbd2hbcJad1hbdJac2hadJbc , ~37!

@Jab ,Qa#52
1

2
~gab!b

aQb, ~38!

@Pa ,Qb#50, ~39!

@Qa,Qb#5
1

2
~ga!b

aPa . ~40!

The connection for this group is given by

A5AATA5eaPa1
1

2
vabJab1Q̄c. ~41!
2-3
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Using the algebra~40! and the general form for gauge tran
formations onA,

dA5Dl5dl1@A,l#, ~42!

with

l5raPa1
1

2
kabJab1Q̄«, ~43!

we obtain thatea, vab, and c under Poincare´ translations
transform as

dea5Dra, dvab50, dc50; ~44!

under Lorentz rotations as

dea5kb
aeb, dvab52Dkab, dc5

1

4
kabgabc;

~45!

and under supersymmetry transformations as

dea5
1

2
«̄gac, dvab50, dc5D«. ~46!

The consistency of the propagation of the massless Ra
Schwinger field in a classical gravitational background fi
is proved by contracting its field equation

g5eagaDc50 ~47!

by the covariant derivativeD,

D~g5eagaDc!50,

g5gaTaDc1g5eagaDDc50. ~48!

The Einstein equation and the Bianchi identity reduce
~48! to an identity.

Equation~47! does not take into account the back react
of the spin-3/2 field on the gravitational field. It turns out th
this back reaction of the spin-3/2 field on the gravitation
field and on itself can be taken into account by a generaliz
of Weyl’s lemma@10#:

Dem
a 5]nem

a 2vbm
a en

b2
1

4
c̄mgacn2Gmn

l el
a50, ~49!

which implies that the corresponding torsion is given by

T̂a5Ta2
1

2
c̄gac. ~50!

Supergravity is the theory of the gravitational field inte
acting with a spin-3/2 Rarita-Schwinger field@11,12#. In the
simplest case there is just one spin-3/2 Majorana ferm
usually called the gravitino. The theory is described by
action

S5E «abcde
aebRcd14c̄g5eagaDc. ~51!
08403
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The variation of Eq.~51! with respect toea,vab,c̄ leads to
the equations for supergravity

«abcde
bRcd12c̄g5gaDc50, ~52!

«abcde
cT̂d50 where T̂a5Ta2

1

2
c̄gac, ~53!

g5eagaDc50. ~54!

Sincegmn5em
a en

bhab andgm5em
a ga , we can write Eqs.~51!,

~52!, ~53!, and~54! as

L522A2gR14«mnrsc̄mg5gnDrcs , ~55!

Rtm2
1

2
gtmR12«lmnrc̄lg5gtDncr50, ~56!

T̂mn
a 5Tmn

a 2
1

2
c̄mgacn50, ~57!

whereTmn
a 5G [mn]

a , and

«mnrsg5gnDrcs50. ~58!

The action~51! is invariant under diffeomorphism, unde
local Lorentz rotations, and under local supersymme
transformations, but it is not invariant under Poincare´ trans-
lations. In fact, under local Poincare´ translations,

dS52E «abcdR
abS Tc2

1

2
c̄gcc D rd1surf. term, ~59!

dS52E «abcdR
abT̂crd1surf. term. ~60!

The invariance of the action requires the vanishing of
torsion

T̂a50, ~61!

which implies that the connection is no longer an indep
dent variable. Rather, its variation is given in terms ofdea

anddc, and differs from the one dictated by group theory
An effect of the supertorsion-free condition on the loc

Poincare´ superalgebra is that all commutators onea,c close
except the commutator of two local supersymmetry trans
mations on the gravitino. For this commutator on the vi
bein one finds

@d~«1!,d~«2!#ea5
1

2
«̄2gaD«12

1

2
«̄1gaD«25

1

2
D~ «̄2ga«1!.

~62!

With ra5 1
2 «̄2ga«1, we can write

@d~«1!,d~«2!#ea5Dra. ~63!

This means that, in the absence of the torsion-free condit
the commutator of two local supersymmetry transformatio
2-4
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SUPERGRAVITY AND THE POINCARE´ GROUP PHYSICAL REVIEW D65 084032
on the vierbein is a local Poincare´ translation. However, the
action is invariant by construction under general coordin
transformations and not under local Poincare´ translations.
The general coordinate transformation and the local Poin´
translation can be identified if we impose the torsion-fr
condition: sincera5rnen

a we can write

Dmra5~]mrn!en
a1rn~]nem

a !1
1

2
rn~c̄mgacn!1rnvn

abemb

1rnTmn
a . ~64!

This means that, ifTmn
a 50, then the following commutator is

valid:

@dQ~«1!,dQ~«2!#5dGCT~rm!1dLLT~rmvm
ab!1dQ~rnc̄n!

~65!

where we can see thatP in $Q,Q%5P, i.e., local Poincare´
translations, is replaced by general coordinate transfor
tions in addition to two other gauge symmetries. The str
ture constants defined by this result are field dependent@6#,
which is a property of supergravity not present in Yang-Mi
theory.

The commutator of two local supersymmetry transform
tions on the gravitino is given by

@d~«1!,d~«2!#c5
1

2
~sab«2!@d~«1!vab#2

1

2
~sab«1!

3@d~«2!vab#. ~66!

The conditionT̂a50 leads tovab5vab(e,c) which im-
plies that the connection is no longer an independent vari
and its variationd(«)vab is given in terms ofd(«)ea and
d(«)c. Introducingd(«)vab(e,c) into Eq.~66! we see that,
without the auxiliary fields, the gauge algebra does not clo
as is shown by Eq.~10! of Ref. @6#. Therefore the condition
T̂a50 breaks not only local Poincare´ invariance, but also the
supersymmetry transformations. We show that, if we use
SWGN formalism, the gauge algebra closes without the a
iliary fields because it is not necessary to impose the tors
free condition.

B. Supergravity invariant under the Poincaré group

Analogous to the pure gravity case, the action for sup
gravity in 311 dimensions is not invariant under local Poi
caré translations. The invariance of the action requires,
accord with 1.5 formalism, the vanishing of the torsionT̂a,
which implies that the connection is no longer an indep
dent variable. Rather, its variation is given in terms ofdea

and dc, and differs from the one dictated by group theo
As a consequence the supersymmetry algebra, acting on
spinor field, closes off shell only with auxiliary fields. Ho
to construct supergravity in four dimensions without aux
iary fields is an interesting open problem. Now we will sho
that this construction is possible.
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The massless Rarita-Schwinger field is a spin-3/2 fi
that can be described by a Majorana vector-spinorcm that
satisfies the equation

g5Vagadc50 ~67!

where now

Va5Dja1ea. ~68!

The coupling of this field to a gravitational field satisfyin
the free Einstein equations is achieved by minimal coupli
According to this prescription, it is possible to generalize t
free spin-3/2 equation consistently to include interaction w
a gravitational background field, as

g5VagaDc50. ~69!

Consistency of the propagation of a spin-3/2 particle in
classical gravitational background field is proved by co
tracting Eq.~69! with another derivativeD:

D~g5VagaDc!50,

g5gaT aDc1g5VagaDDc50. ~70!

The Einstein equation and the Bianchi identity reduce E
~70! to an identity. Of course, using the free Einstein equ
tion implies that we have not taken into account the ba
reaction of the spin-3/2 field on the gravitational field. In th
sense the gravitational field here is just a fixed classical ba
ground field. The more general situation, in which both t
gravitational field and the Rarita-Schwinger field are d
namical, is the situation encountered in supergravity.

Equation~69! does not take into account the back reacti
of the spin-3/2 field on the gravitational field; namely, th
spin-3/2 field itself can act as a source for the gravitatio
field. Since the spin-3/2 field is coupled to the gravitation
field through the covariant derivativeD, this also induces a
coupling of the gravitino field with itself. It turns out that thi
back reaction of the spin-3/2 field on the gravitational fie
and on itself can be taken into account by generaliz
Weyl’s lemma@10#:

DnVm
a 5]nVm

a 2vbm
a Vn

b2
1

4
c̄mgacn2Gmn

l Vl
a50. ~71!

This implies that the corresponding torsion is given by

T̂ a5T a2
1

2
c̄gac. ~72!

Within the ~SWGN! formalism the action for supergravit
can be rewritten as

S5E «abcdV
aVbRcd14c̄g5VagaDc ~73!

which is invariant under local Lorentz rotations:

dVa5kb
aVb, dc5

1

4
kabgabc, ~74!
2-5
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i.e., underdvab52Dkab, dea5kb
aeb, dc5 1

4 kabgabc, and
dja5kb

ajb; under local Poincare´ translations

dVa50, dc50, ~75!

i.e., underdvab50, dea5Dra, dc50, anddja52ra; and
under local supersymmetry transformations

dVa5 1
2 «̄gac, dc5D«, ~76!

i.e., underdvab50, dea5 1
2 «̄gac, dc5D«, anddja50.

This means that the action~73! is invariant without the
need to impose a torsion-free condition. We can see tha
the local Poincare´ superalgebra, all commutators onea,c
close including the commutators of two local supersymme
transformations on the vierbein and on the gravitino. In fa
for this commutator on the vierbein one finds

@d~«1!,d~«2!#ea5Dra ~77!

wherera5 «̄2ga«1 , i.e., the commutator of two local supe
symmetry transformations on the vierbein is a local Poinc´
translation.

The commutator of two local supersymmetry transform
tions on the gravitino is given by

@d~«1!,d~«2!#c5
1

2
~sab«2!@d~«1!vab#

2
1

2
~sab«1!@d~«2!vab#50 ~78!

because now the connection is an independent variable,
d(«)vab50 in accordance with group theory.

From the transformation laws of the fieldsvab,ja one can
see that the commutators of local supersymmetry transfor
tions onvab,ja close.

This proves that, if we use the SWGN formalism, t
gauge algebra closes without auxiliary fields, because
not necessary to impose the torsion-free condition.

In the context of a genuinely first-order formalism, i.e
where the spin connectionvab transforms independently o
the graviton fieldea, of the gravitino fieldc, and of the
Poincare´ field j, the field equations can be obtained by va
ing Eq. ~73! with respect toc̄, ea, andvab and with respect
to ja:

g5VagaDc50, ~79!

«abcdV
bRcd12c̄g5gaDc50, ~80!

«abcdV
cT̂d1« [aecdjb]V

eRcd12j [bc̄g5ga]Dc50. ~81!

The field equation corresponding to the variation of E
~73! with respect toja is not an independent equation.
fact, taking the covariant derivativeD of Eq. ~80! we obtain
the same equation that one obtains by varying the action~73!
with respect toja.
08403
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From the action~73! and Eqs.~79!, ~52!, and~53! we can
see that, once the gaugeja50 is chosen, from the equation

Va5Dja1ea,

T a5DVa,

it follows that Va5ea, T a5Ta5Dea, T̂ a5T̂a, and that the
Lagrangian of the action~73! takes the form~51! and Eqs.
~79!,~80!,~81! take the forms~52!,~53!,~54!, which are the
equations for supergravity theory as developed in Re
@6,11,12#. The action reduces to the usual action for sup
gravity if we chooseja50, i.e., if we uniquely identify the
origin of the local Lorentz frame with the space-time point
which it is constructed.

IV. COMMENTS

We have shown in this work that the successful formali
used by Stelle and West@7# and by Grignani and Nardelli@8#
to construct an action for (311) dimensional gravity invari-
ant under the Poincare´ group can be generalized to supe
gravity in 311 dimensions. The extension to other even
mensions remains an open problem. The main result of
paper is that we have shown that, in order to construc
supergravity theory invariant under local Lorentz rotatio
and under local Poincare´ translations as well as under loc
supersymmetry transformations, it is necessary to use
SWGN formalism. This means using the vierbeinVa which
involves in its definition the so called ‘‘Poincare´ coordi-
nates’’ja(x). This field can be interpreted, at the supergra
ity level, as some kind of auxiliary field which permits th
supersymmetry algebra to close off shell without the need
any auxiliary fields.

It is perhaps interesting to note that, if one conside
following Ref. @8#, gmn5Vm

a Vn
bhab andgm5Vm

a ga , one can
write the Lagrangian of the action~73! in the form~55!. This
means that, if one considers the theory constructed in te
of the space-time metricgmn and the gravitino fieldcm ,
ignoring the underlying formulation, the theory described
our paper is completely equivalent to the theory develope
Refs.@11,12,6#. No trace of the new structure of the vierbe
existing in the underlying formulation of the theory can
found at the metric level. This could permit one to interp
the local Poincare´ translation as some kind of hidden sym
metry of the theory when it is constructed in terms of t
space-time metricgmn .
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