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Nested braneworlds and strong brane gravity
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We find the gravitational field of a “nested” domain wall living entirely within a brane-universe, or, a
localizedvortex within a wall. Using two illustrative examples, a vortex living on a critical Randall-Sundrum
brane universe and a nested Randall-Sundrum scenario, we show that the induced gravitational field on the
brane is identical to that of am{ 1)-dimensional Einstein domain wall. We comment on the absence of any
“nonconventional” interactions and the definition of the braneworld Newton constant.
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It is intriguing to think that the universe in which we live sort of singularity, e.g. the cosmological solutions tend to
might be a “defect” in some higher dimensional spacetimehave initial or final singularities, and some, such as the zero
[1]. Although first advanced within the context of topological mode Schwarzschild black string solution, are unstab83.
domain walls, the rather more general notion of a “brane-A nonperturbative solution, such as a black hole bound to the
world” as being some four-dimensional submanifold of abrane, for examp|e, requires a five-dimensiof@aimetric,
higher dimensional spacetime has gained momentum reyhich is so far unforthcomingSee[14] for a lower, 3+1,
cently after the observatidi2,3] that it may provide a reso- dimensional analogule.
lution to the hierarChy prObIem. Unlike a standard Kaluza- The examp|es cited above exp|ore certain features of non-
Klein (KK) compactification, physics is not averaged overperturbative gravity, the nonstandard Friedman cosmological
these extra dimensions, but strongly localized on the brane—equationg 7] being a particularly celebrated issue. However,
with only gravity propagating in the “bulk.” Such a setup these represent a spatially homogeneous and isotropic brane-
occurs quite naturally within the context of string and M world, and to our knowledge there are no nonperturbative
theory [4], of which the phenomenological models of exact anisotropic solutions. We propose a successful alterna-
Arkani-Hamed, Dimopoulos, and DvdhDD) [2] and Ran- tjve to the above tests by placing an extended source on the
dall and SundruniRS) [3] can be viewed as a simplification. prane.

(See[5] for n=2 codimension gravitational solutiong'he In this paper we focus on a cosmic “domain wall” living
key observation of these authors is that one can generateeatirelywithin, and totally localized upon, the brane universe
hierarchy between the gravitational and other interactions viga braneworld “cosmic string” was considered in linearized
the volume factor(effective or regl of the internal extra gravity [15], and found to exhibit departures from the four-
dimensions. In particular, the RS model, in which our branedimensional Einstein resiltFrom the higher dimensional
world is a domain wall at the edge of anti—de SittedS  perspective, our configuration is that of a voriy which
spacetime, has the interesting feature of having a possiblye mean a codimension-2 object rather than some solitonic
infinite extra dimension, while giving a finite contribution to solution of a field theorylying totally within the wall which

the volume factor. constitutes the brane universe. Unlike the black hole prob-

Although these models provide a nice resolution to an oldem, no C metric is required here. This configuration turns
problem, and an interesting arena in which to explore newut to be directly and completely integrable, and represents a
predictions of string theory, they may only be taken seriouslyyenuinelyfully localized“intersection” of the two “branes.”
if they reproduce what we see in our universe. In particularn the same way as one can view the RS scenario as a limit
gravity should behave as Einstein described: of a thick domain wal[16], one can view this solution as a

zero-thickness limit of a nested topological defédf],

R ER —87GT (1) which can occur when one has condensates of other fields in
ab™ 5 " Gab ab» the presence of a topological domain wall background, po-
etically called adomain ribbon
i.e., a massless spin two interactiat suitably low energy We begin by deriving the solution for our domain ribbon.
scales. We do not restrict ourselves to critical braneworlds with a

In the RS scenario, it has been shown at least perturbdinely tuned tension, but consider noncritical walls as well.
tively [3,6] that we reproduce Einstein gravity at low ener- We find that the induced gravitational field on the brane is
gies on the brane; but if we are to seriously explore braneidentical to what one would expect from a braneworld ob-
world scenariogas string and M-theory suggest we shguld server ignorant of the bulk, using Einstein gravity in one
then it is crucial to have an understanding of ttenpertur-  dimension less. This is a startling result—it states that at
bative aspects of gravity on the brane. Previous attempts tdeast for these highly symmetric setups, the gravitational in-
do this fall into one of three categories: cosmological soluteractions on the brane are Einsteinian in nature, even at the
tions [7-10], “zero-mode” solutions which are translation- nonperturbative level. We first show how to derive this result
ally invariant orthogonal to the brarié1], and gravitational before commenting on the absence of “non-conventional”
wave solutiong12]. All of these generically contain some terms.
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Let us begin by noting that the gravitational field of a Z/Z(g)z(kﬁ_gﬁ)zhrk (5a)
vortex wall will have dependence on only two spacetime
coordinatesy andz say, withz roughly representing the di- , n
rection orthogonal to the domain wall representing our brane Z'()=(ky—on)Z— = 0nZ8({) (5b)
universe, and the direction orthogonal to the vortex or do-
main ribbon within our brane universe. We therefore expect 0.7
that, schematically, the energy-momentum tensor of the sys- R'({)= —22— (50
tem will have the form (KnZ"+ x)

where 0,=87G,,0/2(n—2), and u,=87G, u. For ex-

- N 8(2) 8(2)8(r) @ ample, the Randall-Sundrum domain wal n dimensiong
b=0Ngp—— "1 U YVap—F—— is given by settingc= u=0 (flat, no vortex ando,=k,,. In
a N N g y ge=u=0( ¥ ando, =k,

this case, we have the solutiah=Z, a constant, an&R

=[1Z,. Letting Zo=1, andZ=e X gives the usual RS
whereh,, is the induced metric on the brane universe, anccoordinates. Replacing the Minkowski metiispanned by
vab the induced metric on the vortex. The most general met{t, x; and {) by an arbitrary G—1)-dimensional metric
ric consistent with these symmetries c@eneralizing[10]) gives the usual relation between Newton’s constamt &nd
in n dimensions be reduced to the form n—1 dimensions for the RS universe:

n—-3 n—-3
42 = AZ0O-2)gx? — g2 A~ (-3-2)(dr2 1 d2),  (3) Gn—1=( . )knGn:( . )UnGnr ©
wheredx? represents the “unit” metric on a constant curva- & relationship confirmed by the perturbative analysis of
ture spacetime=0 corresponds to am(- 2)-dimensional  [3,6,18. _ _
Minkowski spacetime,x==*1 to (n—2)-dimensional de In general, theZ equation(5a) can be integrated away
Sitter and anti—de Sitter spacetimeand the brane universe from R=0 to give
sits atz=0, the vortex at =z=0. This is basically a double
analytic continuation of the cosmological metric it0J, ! [e*Val{~Lo) — ke™ A=) a>0
where it is the time translation symmetsywhich is broken, 2\a ' '
rather thary, . The key result of that paper needed here was

r

to show that the conformal symmetry of the plane meant Z=4 Zo*«{, a=0«=0.1, @)
that the gravity equations were completely integrable in the 1

bulk, and the brane universe was simply a boundary —cosﬁ(tg—go), a<0,k=1 only,
(T(7),Z(7)) of that bulk (identified with another boundary \ \/H

of another general bulk The dynamical equations of the
embedding of the boundary reduced to pseudo-cosmologic
equations foiZ(7). We may therefore use the results[a0)]
(appropriately modifiedto deduce that our solution must be
a section(R(¢),Z({)) of the general bulk metric

yherea= k32— o2, which is zero for a critical wall, and is
positive (negative for a sub-(super’ critical wall, respec-
tively. In the absence of the vortex, a critical wall is one with
a Minkowski induced metric, and is the original RS scenario
[3]; a supercritical wall is one which has a de Sitter induced
metric, and can be regarded as an inflating cosmo[&dy
whereas the subcritical wall has an adS induced metric, and
)d g has only recently been considered from the phenomenologi-

dszzzzdxi—<kﬁzz+,<—

zn3 cal point of view[19].
dz2 Since we are interested in having a domain ribbon on our
(4)  brane universe, we require solutions with nonzgarg and
K272 4 o hence a discontinuity i@’. To achieve this, we simply patch
n 7(n-3) together different branches of the solutidi@s for {>0 and

{<0; theR coordinate is given by integrating E¢pc). From

Eqg. (7) we see that critical and supercritical walls can only
wheredx? is now a constant curvature Lorentzian spacetimesupport a vortex if«=1, i.e., if the induced metric on the
andk?=—2A/(n—1)(n—2). If c<0, the metric becomes vortex itself is a de Sitter universe. A subcritical wall on the
singular at the adS horizorz,=0. However, ifc>0, the other hand can support all induced geometries on the vortex.

metric is analogous to a Euclidean black hole, d@hdbe- This procedure gives a general domain ribbon solution,
comes an angular coordinate—the spacetime closing off bésut in order to investigate strong brane gravity we focus on
fore the adS horizon. two specific solutions: A domain ribbon in a Randall-

For simplicity, we will assume our brane universeZis ~ Sundrum(critical) wall; and a “nested RS scenario,” i.e., a
symmetric(i.e., spacetime is reflection symmetric around theflat Minkowski domain ribbon living on a subcritical adS
wall) and that the integration constart, vanishes. This domain wall. We wish to test that the induced gravity on the
gives the equations of motion for the souk@ as brane is Einsteinian in nature. If so, the braneworld metric in
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the former case would be that of a vacuum domain wall, and kel 2N 4 \2 ok i

in the latter case an RS metric im{ 1) dimensions(one d§1=(1— Ll ) {dtz—(—) costf —— dﬂﬁ}
might also expect a localized ribbon graviton zero mode 4 Hnkn 4

We now demonstrate for each example in turn that we do in —dg? (12)
fact get the induced Einstein gravity described.

Domain ribbon on an RS wallhe Randall-Sundrum uni- is preciselythe metric of a self-gravitating Einstein domain
verse is a critical §,=k,) domain wall in adS spacetime; wall of tension x written in Gaussian normal coordinates
this means that a domain ribbon on this wallisthave x  [21]. This can be seen from E¢6) and the Israel equations
=1, i.e., a “spherical” spatial geometry. We can thereforein (n—1) dimensions for a wall of tension:
read off the trajectory from Eq(7) with a=0 and Z,
=4/uk, from Eq. (5b). Integrating Eq.(50) gives e™2nR 87Gy_ 1 Knktn
_ 32 2507 o i AKap=— — =27 hab=— 5 hap (13
=(1+k;Z9)/(1+k;Z5), with Z<Z({) giving the bulk. At (n—3) 2
first sight neither the trajectory nor bulk looks like the origi-
nal RS scenario; however, the coordinate transformation which is clearly the correct expression for the jump in ex-

trinsic curvature at=0 in Eq.(12).
knu=eknR/\/1T2kn? (8a The nested RS scenaribhe other interesting setup we
consider is a subcritical instead of critical brane universe. A
~— ) subcritical brane universe is one for which the tension of the
(t,x)=kpuZ(sinht,coshtn, _,) (8b)  prane is not sufficient to cancel the negative bulk cosmologi-
) . ) ) ) ) cal constantyA |, and for which the “effective” cosmological
[wherenn__z is the unit vector in 0—2) dimensionsgives  onstant on the brane; 2\ = (n—2)(n—3) (K2— o2), is still
the bulk in planar coordinates: negative. From the point of view of an observer living on the
1 brane, the i—1)-dimensional universe is agsS;, and we
_ 2 T2 4o can ask the question whether it is possible to have a Randall-
dsz_?ﬁ?[dt dx*—du. © Sundrum RSI wall living in this adS spacetime. Therefore, to
set up this nested RS scenario, we look for a planar domain
The trajectory then becomes ribbon (which we expect to obey some sort of “criticality”
condition analogous tar,=k, for the original RS wall
within a subcritical brane world, i.e., a&=0 solution from

Mn T 2 2 2
=Up=————, <0, Eq. (7). Definingk;_,=k:— o,
N T AR e
4
12 1 (19 Z=24e k-1l R=ti - (z7'-z5h (19
X2=12+|u-— =——, {>0. e
XU U e Tadz O

wherew,=4k,,_1/0,. Rewriting this in terms of conformal
. . . coordinates give®R= = (4/u,)(u—ug). Each branch of this
The change of coordinates means that the trajectory is nf?ajectory is an adS wall, which, if it were not for the vortex

longer manifestlyZ, symmetric; however, thé<<0 branch —
) .at (ug,0) would reach the adS boundaryR& +4ug/w,, .
now becomes a subset of the RS planar domain wall, specn‘ﬁ The induced metric on the braneworld

cally, the interior of the hyperboloid
— ds,_ ;=22 Zn-1d[dt2— dx?]— d? (15)
X“—t 16 ,
22 KLl =[27Gn-1u] (1) s indeed that of an RS universe. However, the RS universe
n-o nen has a strict criticality relation between the tension of the

) . brane and the bulk cosmological constant. Here, we have
[using Eq.(6)]. However, recall that the global spacetime

structure of a vacuum domain wall is that of two identified 47G,_
copies of the interior of a hyperboloid in Minkowski space- Kn_1=27Gonu= W
time of proper radius 1/2G,_;u [20], therefore Eq(11)
corresponds identically with what we would expect from
(n—1)-dimensional Einstein gravity. Th%>0 branch is @ = cisaly the RS criticality conditionr, = 4wG,o/(n—2)=k,
hyperboloid in the bulk centered an=1/2k;u, with comov- adjusted for one dimension less.

ing radius 1/Rfuo. As u increases, more and more of the ~ Naturally, it would be interesting to know the full tensor
hyperboloid is removed, with the spacetime “disappearing”structure of gravity, both on the domain wall braneworld, as
only asu— . Interestingly, while this is par for the course well as on the lower-dimensional ribbon world. A full analy-
for a domain Wa”, it is Completely different to the behavior sis of the graviton propagator is rather involved, not On|y

(16)

[using Eq.(6) in terms of o, rather thank,] which is pre-

one would expect from a vortex. _ because the domain wall braneworld now has a nontrivial
The induced metric on the brane univer&gettingt  trajectory through the adS bulfwhich can in any case be
=4t/ uoK,) remedied by a judicious—Gaussian normal—choice of gauge
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but because this trajectory now contains a “kink"—the vor- with illustrative examples shown that the braneworld metric
tex — and therefore no longer respects the bulk symmetriess identical to that of anr{—1)-dimensional gravitating do-
thus making a simple eigenfunction expansion of the operamain wall (either with or without induced cosmological con-
tor impossible with respect to the usual bases. However, it istan} provided we identify then and (—1)-dimensional
easy to show that at least the vortex world volume does havBlewton’s constants using the tension of the brane as indi-
something akin to the localized zero mode of the RS braneeated by the analysis of the de Sitter br4h8&]. What there-
world. To do this, one can either perform the usual perturbafore has happened to the nonconventional terms present in
tion analysis around the adS background with the relevarthe cosmological braneworlds, which after all have effec-
boundary(in which case very little changes from the original tively the same symmetries as the nested wall? The major
RS analysis or one can simply replace the flat metric in the reason for their absence is most probably the fact that we
canonical bulk form by a general Einstein metric in the usuahave an idealized source; however, an important second dif-
fashion. ference which must not be overlooked comes from the rela-
This general approach can of course be modified to allowiion of the Newton’s constants in four and five dimensions.
for more complicated braneworld-domain ribbon configura-The nonconventional cosmological terms come from using
tions, such as negative tension walls and ribbons, as well ade critical RS relatiorfwith k), whereas the Newton'’s con-
patching between spacetimes with different cosmologicastant ought to really be determined from perturbation theory.
constants, although the nontrivial trajectories induced by th@®ur results suggest that perhaps part of gravity’s “unconven-
presence of the vortex will, in general, mean that either aionality” lies in our imperfect understanding of what it is.
“mirror” vortex must be introduced on the negative tension
brane, or the positive tension brane must match to the nega- We would like to thank Filipe Bonjour, lan Davies, Rob-
tive tension brane across the vortex. erto Emparan, James Gregory, Karen Lovis, Davina Page
To sum up: we have shown how to derive the spacetimand Simon Ross for useful discussions. R. G. was supported
of a braneworld with an extended nested wall source, antly the Royal Society and A. P. by PPARC.
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