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Cosmological constraints on quintessential halos
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A complex scalar field has recently been suggested to bind galaxies and flatten the rotation curves of spirals.
Its cosmological behavior is thoroughly investigated here. Such a field is shown to be a potential candidate for
the cosmological dark matter that fills up a fractidgpy,~ 0.3 of the Universéwhere CDM denotes cold dark
mattey. However, problems arise when the limits from galactic dynamics and some cosmological constraints
are taken simultaneously into account. A free complex field, associated with a very small nmass
~10 % eV, has a correct cosmological behavior in the early Universe, but behaves today mostly as a real
axion, with a problematic value of its conserved quantum number. On the other hand, an interacting field with
quartic couplingh ~0.1 has a more realistic mass-1 eV and carries a quantum number close to the photon
number density. Unlike a free field, it would be spinning today in the complex plane—such as the so-called
“spintessence.” Unfortunately, the cosmological evolution of such a field in the early Universe is hardly
compatible with constraints from nucleosynthesis and structure formation.
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I. INTRODUCTION satellites with a mass in excess off1M while a dozen

The observations of the cosmic microwave backgroundnly of dwarf spheroidals are seen. The clumps would also
(CMB) anisotropie$1], combined either with the determina- heat and eventually shred the galactic ridge. More generally,
tion of the relation between the distance of luminosity andthis process would lead to the destruction of the disks of
the redshift of supernovae type (8Nela [2], or with the  spirals. A neutralino cusp would form at their centers. This is
large-scale structuréLSS) information from galaxy and not supported by the rotation curves of low-surface-
cluster surveyq3], give independent evidence for a dark brightness galaxies that indicate on the contrary the presence
matter density in the rang@ cpyh?=0.13+0.05[1] (where  of a core with constant density. Finally, two-body interac-
CDM denotes cold dark matteto be compared to a baryon tions with halo neutralinos and its associated dynamic fric-
density of Q;,h?=0.019+0.002 as indicated by nucleosyn- tion would rapidly slow down the otherwise observed spin-
thesis[4] and the relative heights of the first acoustic peaksning bars at the center of spirals such as M31.
in the CMB data. The nature of that component is still unre- New candidates for the astronomical dark matter, such as
solved. The favorite candidate for the nonbaryonic dark matwarm dark mattef7], particles with self-interactioni$8], or
ter is a weakly interacting massive partiq/IMP). The  nonthermally produced WIMPs, are therefore under scrutiny
so-called neutralino naturally arises in the framework of su{9]. An exciting possibility would be to have a common ex-
persymmetric theories. Depending on the numerous paranplanation for both the dark enerdy, and the dark matter
eters of the model, its relic abundan€k-py, falls in the  Qcpy components of the Universe. Before trying to reach
ballpark of the measured value. New experimental techsuch an ambitious goalpne could explore the relevance of
niques have been developed in the past decade to detestalar fields to the cosmological and galactic dark matter
these evading species. However, detailed numerical simulguzzles, as was done for dark energy with the so-called
tions have recently pointed to a few problems related to théquintessence” models [11]. The archetypal example
extreme weakness with which that form of matter interactsof quintessence is a neutral scalar figldwith Lagrangian
Neutralinos tend naturally to collapse in numerous andlensity
highly packed clump$5] that are not seen—see, however,
[6]. The halo of the Milky Way should contain about 500

L=39""3,0d,0—V(e). D
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Should the field be homogeneous, its cosmological energlead to universal density profiles and where the shape of

density would be expressed as galactic halos can only be studied through technically diffi-
cult N-body simulations.
@2 The formation and stability of such condensates is a com-
p¢ET8=? +V(e), (2)  plicated issue—see, e.d19-21—even when the field is

complex and has a global charge—not to be understood as an
electric charge, but as a conserved number of quanta like the
baryon or lepton number. For instance, a large condensate
can be unstable under fragmentation into smaller clumps. For
- a real scalar field with no conserved charge, the issue of
= 29’;_\/(@)_ 3) stab_|I|_ty is even more subtle since the field can _self-
¢ 2 annihilate, especially when the condensate core density ex-
ceeds a critical valu¢l9]. This property can improve the
If the kinetic terme?/2 is small with respect to the contribu- agreement with observatio46], since the coupling con-
tion from the potentiaV/(¢), the equation of state can match Stant will tune the upper limit on the density of dark matter
the condition for driving accelerated expansion in the Uni-Cusps at the center of galaxies. However, such a positive
verse,wo=P,/p,<— 3. Instead, in order to behave as dark feature is far from excluding models with a conserved
matter today, the field should be pressureléBs|<p,,. So, charge. In fact, the issue of Bose condensation on galactic
the kinetic and potential energies should cancel out in EqSc@/és—in an expanding Universe—has never been studied
(3), a condition automatically satisfied by a quickly oscillat- In detail. The result would depend very much on the scalar
ing scalar field averaged over one period of oscillation. Thigotential, and itis difficult to guess what would be the maxi-
well-known setup is that of the cosmological axion. It re- mal core density today. o
quires a quadratic scalar potential, so that the kinetic and [N this work, we will focus on the scenario with a con-
potential energies both redshift @é=<a 3 with the Universe ~ Served charge, and assume that dark matter consists in a
expansion and cancel out at any time during the fieldcomplex scalar field with a quasihomogeneous density in the

dominated stage, which is then equivalent to the usuaarly Univgrse, producing Igter gala_ctic halos through Bose
matter-dominated one. condensation. The Lagrangian density reads

Axions—or more generally, bosonic dark matter—were
revived recently due to the undergoing CDM crisis. For in- L=g""d,¢"d,6=V(¢). (4)
stance, it was noticed iﬁ.lz] that structure formation' on Throughout this analysis, we will focus on the potential
small scales can be forbidden by quantum mechanics, for
wavelengths smaller than the Compton wavelength—i.e., the V=m?op g+ {¢pTp}2. (5)
minimal spreading of an individual boson wave function.
The latter matches the scale of galactic substructures for as a prologue to the study of density perturbations, we will
ultralight mass of ordem~10"?? eV. Alternatively, one follow the evolution of the homogeneous cosmological back-
may introduce a self-coupling terfil3,14. As we have ground of this field, taking into account the constraints on the
seen, the existence of a matterlike dominated stage requirggalar potential coming from galactic halos. In a previous
that the contribution of nonquadratic terms to the potentialwork [17], we did a detailed comparison of such halos with
energy remain subdominant. Nevertheless, a self-couplingniversal galactic rotation curvd®3], for a massive com-
would modify the field behavior in the early Universe, asplex scalar field. We recall the salient features of this analysis
well as its clustering properties today in regions where thén Sec. Il and discuss how the corresponding constraint on
field is overdense—exactly like for boson stars, which arehe massnis modified when a self-interaction couplingis
crucially affected by the presence of a self-coupl[d®].  introduced. In the subsequent Sec. Ill, we study how this
The self-coupling is also relevant for the issue of fieldscenario can be implemented cosmologically. Neglecting the
clumps stability, and can explain why dwarf and low- spatial variations ofp, we are led to the cosmological den-
surface-brightness galaxies have cores with finite densitgity
[16].

A remarkable feature with bosonic dark matter is the pos- ps=d d+V() (6)
sibility to form Bose condensates, i.e., large domains where
the field is coherent in phase and is in equilibrium inside itsand pressure
own gravitational potential—like boson stars—or in that of
an external baryonic matter distribution. This opens the pos- Py= dTd—V(). (7)
sibility to have a very simple and elegant model for galactic
halos, in which rotation curves would follow from simple Beside the issue of charge conservation, the case for a com-
equations—essentially the Klein-Gordon wave equationplex scalar field is somewhat richer than that of a (ealu-
which governs classical scalar fields as well as Bose conderal) scalar field. In one limit, the complex field can behave
sates. This situation strongly differs from the more convenas an effective real one, similar to the usual axion. On the
tional picture of a gas of individual particles—fermions or other hand, it can be spinning in the complex plane with a
heavy bosons—for which gravitational clustering does noslowly varying modulus, as in the so-called spintess¢hgg

whereas the pressure would be obtained filgpe —g;; P so
that
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scenario. This depends on the dominant term in the kinetisymmetric. In that case, one shoy&?2] that all stable field
energy, which can be either radial and oscillating, or orthoconfigurations must be in the form

radial and slowly varying. As a result, during the field-

dominated era, the spintessence would have a continuously o(r)
vanishing pressure, while the axion pressure would oscillate ¢(r,t):Te"‘", (19
between+p, and—p,. Finally, in Sec. IV, we discuss our 2

results and feature the problems that plague the axion-
spintessence dark matter scenario. We will suggest some f%\g
ture directions worth being investigated.

here the amplituder depends only on the radius Then,
e effective field density reads

1
Il. GALACTIC HALOS p3)“= ( 2w%c?—m?o?— Exa“] ) (16)

We are interested in galactic halos consisting in self-
gravitating scalar field configurations, which can be seen aghe radial distribution of the field-(r) and the gravitational
Bose-Einstein condensates spanning over very large scalgtential®(r) are given by a system of two coupled equa-
Since the typical velocities observed in galaxies do not extions: the Poisson equatidfi4) and the Klein-Gordon equa-
ceed a few hundreds of km$, it is enough to study the tion. The latter may be expressed as
qguasi-Newtonian limit where the deviations from the

Minkowski metric 7,,,=diag(1-1,—1,—1) are accounted P R A
‘i ; : e o'+lu'+v'+-|o
for by the vanishingly small perturbatidm,, . Inside galax- r
ies, the latter is of order the gravitational potential, _ ) 3
+we “Yo—m‘oc—No°=0 (17)

h,,~®~V2, ®
in the isotropic metric, where
where V¢ is the rotation velocity—in the case of spirals—

and where\2V.. is the escape velocity from the system. In dr?=e?'dt?—e*{dr’+r’d¢*+r?sin* ode?}. (18
the harmonic coordinate gauge where it satisfies the condi-
tion The prime denotes the derivative with respect to the radius

The Newtonian approximation corresponds to
aah“#—%aﬂh“azo, 9
u=—-v=>o0, (19
the perturbatiorh ,,, is related to the source tensor
Relation(17) simplifies into

Sur= T 59T (10 Ao+ (1-4d)w?o—(1-2d)(mPo+Ao®)=0. (20

through For each value of the parameterm,f,w) and a given
Oh = —16mCS 11 baryon distribution, these equations form an eigenvalue
wr=—167GS,, . 1D problem with discrete solutions, labeled either by the central

value o,>0 or by the number of nodes in which o(r)

=0. The lowest-energy state—which is not identically null
AD=87GSy0, (12) due to charge conservation—has 0. The self-consistency

of the Newtonian limit requirepP|<1. Such solutions exist

where® =hg,/2 is the Newtonian potential. For pressurelessonly for

matter, 2 Spp=Tgo=p. On the other hand, for the complex

scalar field, the gravitational potential is sourced by the ef- 0<(m?—w?)<m?. (21)

fective mass density

The Poisson equation reads like

eff A. Free field
Py _

7=Soo={2¢T¢—V(¢)} (13 In [17], we solved these equations far=0. We found
that halos consisting in the fundamental configuration of a

which isa priori different from its cosmological counterpart free scalar field fit perfectly well the universal rotation

(6). So, inside a galactic halo, the gravitational potential iscurves of low-luminosity spiral galaxief23]. These data
given by have three advantages for our purpose: the robustness of the

points and error bars—obtained by averaging over many gal-
A¢=4wg(pe¢ﬁ+pb), (14)  axies, the good determination of the baryon distribution—
solely a stellar disk with exponential luminosity profile, and
where py, is the distribution of baryonic matter forming the the low baryon contribution which justifies the approxima-
various galactic components—stellar disk, bar, bulge, etc. Ition of spherical symmetry.
a first approximation, the galaxy can be seen as spherically With a quadratic potential, the size of the halo is given by
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Mp % is valid. This maximal radius is at most equal to half a period
I~V 5 me (220 so thatr<\/A/2(m/m). That bound is almost saturated for
0 A—oo. Note thatw does not appear in the analytic solutions
where we neglected the dependence on the baryon density.fiecause it is only relevant at larger radii. However, the New-
the central field valuer, is significantly smaller than the tonian self-consistency condition imposes that @&*/m?
Planck mass, the coherence length of the condensate exceedd: ) )
the Compton wavelength of an individual particlécgmpton The field behavio(23) may be readily recovered by ne-
=#/(mc)—but it is clear that only an ultralight scalar field glecting the spatial derivatives af in the Klein-Gordon
can condense on distances of order 10 kpc. The typical ofduation(20) so that
biting velocity in such a halo is given by/c~\oq/Mp. 2 (02
Therefore, requiring ~100 kms ! andl~10 kpc fixeso o2(r)= m_(__ 1] (26)
around 10°Mp andm around 102® eV, as confirmed by a N B ’
detailed fitting to the datfl7]. .
Since the distribution of such halos only depends on th&vhere B(r)=1+2®(r) and Q=w/m. In the Newtonian
free parameters, andm—where we impose a unique value limit, the pressurd?) reads like
of mfor all galaxies—we believe that their success in repro- 1( A2 2
ducing universal rotation curves is a significant argument in P.=( =~ 1(9__1] (27)
favor of this model. On the other hand, the existence of such ¢ ’
a low mass, even if not strictly forbidden by fundamental ) )
principles, is very unlikely due to unavoidable radiative cor-While the effective mass densit¢6) of the Bose condensate
rections. This could motivate a systematic investigation ofS
other potentials for the scalar field. The next level of com- P
plexity would consist in adding a quartic self-coupling. eff _ 2 oM (Q__l] (28)

B. Quartic self-coupling A .
) . Both are related through the Lane-Emden polytropic equa-
As is well known for boson stars—which are exactly tjon of state,

identical to our halos in the absence of a baryon
component—the inclusion of a quartic term drastically modi- P.= erffll/" (29)
fies the massn and the extension of the condensate, even ¢ ¢ '

when it contributes to a negligible fraction of the central,;i, K=\/(4m

energy density15,24. This is so becausko” can be very g cn 4 value, the gravitating system—in hydrostatic

. 2,2 ey . .
small with réspect tan"=w and yet comparable to the eqyilibrium—is shown to have a constant core radiys
difference (n“— <) that appears in the Klein-Gordon equa- _ .5 \vhere

tion. In the limit in which A=\/(47Gm?)>1 and in the

) while the polytropic index isn=1. For

absence of a baryon population, we can even give an exact 1
analytic solution for the field and for the orbiting velocity of al=—— — (30)
test particles: 870 m
sin(my2/Ar)| ¥ The field and density profiles are functions of the reduced
a(r)=oy “mvzar | (23)  radiusz=r/a,
"(r) 2(r)  sin(z
o(r) (1) 2 o2 ( sin(my2/Ar) p'd)((O) _7 (2) _ ”Z( ) (31)
c M3 |  my2/Ar Py 70

The most striking feature in the large-imit is as follows:
—cos(m\/ﬁr) , (24 altho_ugh the qua_rtic tferm remai?s suzbdzominant ir_1 the energy
density—EQq.(25) implies that\ o*<m“c“—the typical size
of the system is very different from the free field case since
with the requirement that now it reads

A-l<$</\-ﬂ2_ 25 [ ~NY2M p7i/ (m?c). (32
i As the central field value does not appear in this expression,

Becauseoy/Mp~(v/c)/\A, the second inequality follows different halo sizes would just result from different baryon

from the Newtonian self-consistency conditigh|~v2<1.  contributions to the density, which bring corrections3@).

The first inequality translates inth>(c/v)?. It implies that ~ The central field valuer, still determines the rotation curve

all the field spatial derivatives can be neglected in &) amplitude. In the largex limit and in the absence of bary-

and sets the maximal radius up to which the analytic solutiorons, the maximal rotation speed is given exactly by
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2 2 5 3 m

Umza’(:z_lg,.,AU_g t=mt, H=H/m, u= \gama. (40)
c Mp
at r=1.94AY2m (33) Then, the charge conservation impliesu?’=m and the
' ' Klein-Gordon equation reads

In this paper, we will not extend our previous comparison \O 3 3
with galagtlc rotation cgrve@l?] to the case qf a quartic el 1ou4s u— 2| &+ 2m2] lu=0, (1)

self-coupling, leaving this for a future publication. We will adms 2 2

just use relation$32) and(33) in order to find a rough order

of magnitude estimate for/m* which has the best chance to where the dot denotes a derivative with respect.twhen
provide a good fit to the data. In the next section, this cony 0, we see that the self-coupling term always dominates
straint will be plugged into a cosmological dark matter scéthe mass term in the past, whan-0. However, we will first
nario. By requiring that the rotation velocity peaks aroundstydy the opposite case when the quartic term is zero or
200 kms* at a typical radius of 10 kpc, we find subdominant. If Eq(41) is to be applied today, or in the late
14 1243 stage of evolution of the Universe, we can also neglect the
m~A"" eV and op~ATI0 " Mp. (34) contribution from the Universe expansion: today, one has
Ho~10 5Mp, many orders of magnitude below the values

. . . 4 -
Taking for instance\ in the range[1,10 *], we obtain a eOf m discussed in Sec. II. So, EG1) reduces to

mass of order 0.1-1 eV, i.e., a few orders of magnitud
larger than the expected neutrino masses. This gikes

L
~10°2andoy~0.1 eV. utu—u °=0, (42)

and describes some periodic oscillations in a static potential

Ill. COSMOLOGICAL DARK MATTER V(u)=(u?+u~?)/2, with a minimum atu,=1 correspond-
A. Matterlike behavior ing to w=m. The field density reads
A homogeneous complex scalar field with a quadratic po- py= mQE,a 3, (43

tential is a perfect candidate for pressureless cold dark mat-

ter. Let us write the Klein-Gordon and Friedman equationsyhere E,>1 stands for the conserved energy?® u?

for the field configuration +u~?)/2. We conclude that in the late evolution of the Uni-
verse, as soon a® becomes bigger thaH and \*?s, the

homogeneous scalar field behaves exactly as a cosmological

background of dark matter.

Let us provide further intuition on the physical meaning

This amounts to of the oscillations for the variable If E,~1 andu is almost

stable around 1, then the modulus slowly decreases as

P(t)= %ei o0, (35)

d?0 3 dado «a~ %72 while the phase velocity is constant with=m. The
2 3 2 . .
5 tr o gy tMothet—wo=0, (36)  equation of state is that of pressureless matter:
dt? a dt dt
P, H?
dow +3 da i da’_o 3 w=—~—<1. (44)
dt “Tadt 7T Y &7 Py m
) 5 Such a field, following a spiral trajectory, is a particular case
3H2=3 E) =87G] pragt E d_" + 0202+ m2o? of what was recently called spintesserﬁtt_é]. On the other
adt 2\ dt hand, whenE>1, u and w strongly oscillate, but the tra-
N jectory ofue'™@ s a fixed ellipse, as can be seen from the
+ 504} , (38)  exact analytic solution to Eq42):

j _ - u={(Ef—1)Y%sin(2t+a)+E}"
where p,.q IS the usual density of relativistic photons and

neutrinos andw=d#/dt. The second equation implies the 5 #/m - 3
conservation of the charge per comoving volun@@ O(t=m)— 0(0)2] w(t)dtzf u-?dt=.
=wo?a’. Therefore, we can rewrite the first equation as 0 0

(45
dz_a+§d_ad_o+m20+)\03_ Q? -0 (39) The integral of the phase over one period of oscillation is
dt2 a dt dt olab obtained from Gradshteyn and Ryzhik, 3.661.4. So, the field

¢ follows an ellipse which axes decreaseas”. In the
It is most convenient to use the dimensionless time and fieltargeE,, limit, the ellipse is squeezed and reduces asymptoti-
variables: cally to a line. Then, the complex field is essentially similar
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i radiation 1
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FIG. 1. Evolution of the field and matter densities, in the scenario wittD andm~10"2% eV. The evolution starts at a redshift
=10 but we could have equally well started earlier. The initial value of the field density can be chosen arbitrarily, below or above that of
radiation density. After decaying as °, the field density reaches a plateau which amplitude has been fixed according 3EThis
condition ensures a correct value of the density toggy: QCDMpS . At z=6.3x 10°, whenH=m, the density starts to decreaseaas, as
for pressureless matter, and takes over radiatian=e X 10°.

to a real oscillating field, as in usual axionic dark matterRemember thaa?H is also constant during radiation domi-
models. The pressure does not vanish identically, but quicklyation. The free parameter€{,C,) can be conveniently
oscillates between-p, and —p,, with zero average over expressed as a function of the initial conditions for the field
one periodAt=7/m. This period is much smaller thah™1:  at some initial timet; :

on cosmological scales, the field still has the same effect as

pressureless matter. 20;(do/dt); . (da/dt)? . wlo?

_ 2
Cl_o-i Hi H2 H2 ’ (50)
B. Radiation domination: The A=0 case I |
In the A\=0 case, we know that the mass should be of Coe oi(da/dt); +(d0/dt)i2+wi20i2
order m~10 23 eV, ten orders of magnitude above the 2 a H, H2 b2 |
present value of the Hubble parameter. It is easy to show that ' ' (51)

H will start to dominate over the mass at a redshift of order

6% 10°. Therefore, the previous analytic solutiof3) and  These results show that quickly stabilizes at a valug/C;.

(45) only apply to the end of the radiation-dominated stage During radiation domination, the field energy density reads

During radiation domination, the Klein-Gordon equation

(41) simplifies into a’H)>C; m? c, C
e L

. - Po="2 " 2
ut+u+3H?u—u3=0. (46) a
5 Interestingly, we see that after some time the energy can be
When H>m—i.e., H>1—the termu can be neglected in dominated by the contribution of the mass term, even if the
the above equation. We then obtain a simple nonlinear equdatter can be neglected in the Klein-Gordon equation.

tion for the variablev =a" 2, We now understand what the generic evolution looks like
(see Figs. 1 and)2 starting from an early time—say, for
1 instance, at the end of reheating—at which the field density
v"— —=0, (47 is smaller than the radiation density: firpt, decays as
v then, it stabilizes around the vala®C,/2, and remains con-

. o _ stant as long asl>m; finally, whenH<m, the density de-
where the prime denotes derivation with respect to conforcays as that of pressureless matter, takes over the radiation

mal timedt=adr. There is an exact solution: density, and drives the matterlike dominated stage. Such a
scenario requires a single constraint: the constant value of
Qu C, Cs 12 the field d_ensity during radiat_ion domination should be
= \ﬁ_:[cl _+_] (48 matched with the matter density extrapolated from today
ma a  a? back to the time, at whichH=m:
iny two of the three constant€(,C,,C3) are independent m_2C1:QCDMP2<E) 3:>01~7>< 10‘4M§, . (53
since 2 a,
c2 Q? The scenario is sufficiently constrained to reach another con-
C1C3=—2 4= (49) clusion: when the field density decays as matter, its dynamics
4 (a’H)? is that of an effective oscillating real scalar field and not that
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50x 107 : ; . . . .

40x10° | -

30x10° E

20x 103 t .

Re(9), Im(¢) (Mp)

10x 10

-3 L L ' L L
-10x 10
1 10°°

010 107 10710

a/a, a/a,

FIG. 2. Two possible evolutions of the field real and imaginary parts, in the scenarid withandm~ 1022 eV. On the left panel, the
initial field modulus has been chosen below the equilibrium vaiGg as determined in E¢53). The opposite situation is shown on the
right panel. In both cases, the field density decays like in Fig. 1. At redshi.3x 10°, whenH=m, the field starts to oscillate, but its
density decays smoothly as that of pressureless matter. Because the real and imaginary parts are exactly in phase, the field is equivalent tc
a single real scalar field.

of spintessence. Indeed, as soon as the density becomes com-drive a matterlike dominated stage wmoca*:". How-

stant during radiation domination, one has ever, a quartic self-coupling is likely to be cosmologically
relevant at early times, whenever the field modubusvell
(a?H)2C; m? 2 exceeds\ ~?m. In that case, the equation for—see rela-
7 2 7 e =Mt (54 tion (47)—reads
On the other hand, a crude matching between the two expres- o — a_"U T Evs_ i -0 (56)
sions for the energy densit#3) and (52) at the time when a me v
H=m gives
During radiation dominationa”=0 andv is a periodic—
P Q? > o2 elliptic—function, describing nonharmonic oscillations in
mQEa *~m CF/;Erm Ci. (59 the potentialV(v)=\Qu*/(4m3) +1/(20?), with a mini-

mum atvy={m*/(AQ)}*5. The period of the oscillations—

By combining Eqs(54) and(55), we find thatE2>1, which ~ €xPressed in conformal time—is of orde(QA) e, So,a

is the condition for the field trajectory in the complex plane perfzorms d?ggped oscillations with a constant peribd

to be a squeezed ellipse of constant phase. ~a“H(Q\N) _ with respect to the scale factor. If we fur-
So far, we have assumed that the radiation density Wa@er/r;wore define the conserved pseudoenergy dfy E,

initially dominant, in order to use the analytic solutigd®) =V /2+V(v), we can express the field density as

and(52). Instead, if the field dominates initially—a situation 5

that could be allowed before the time of big bang nucleosyn- p,=mQ| E,— %UUUFH a v2ba 4 (57)

thesis (BBN)—the field density will nevertheless decay as ¢ Y m m?

a~®. Indeed, ifp,=pq, then necessariyp,>m?a?. We

conclude thaP ,=p,, and energy conservation implies that Remember thakia decays a® ! during radiation domina-

pyxa ® As soon as the radiation density takes over, thdion: a priori, at early times, the field density performs
previously described analytic solutions do apply. damped oscillations like the field modulus while at late times
it decays smoothly, as for radiation,

ps=MQE,a™*. (58)
If the field has got a quartic self-couplingo® must be

negligible with respect ton?c in the late Universe in order The transition between both behaviors takes place when
H%a%v?~m’E,, wherev is evaluated at the maximum of
one oscillationv e~ (4m°E, /N Q). Inserting this condi-

2proof: even ifo was as large ablp, m202 would be of order  tion in Eq.(57), we find that the transition between damped
107292m14 | which corresponds to the radiation density at redshiftoscillations and smooth decay occurs whep=H?*/\. In
10P, well after BBN. practice, this implies that the oscillatory behavior is gener-

C. Radiation domination: A#0
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FIG. 3. Evolution of the field and matter densities, in the scenario mitth*/* eV and arbitrary\. The evolution also starts at a redshift
z=10'%. The field decays first as dark radiation, and then as dark matter. The transition between these two regimes is constraifsl by Eq.
to take place immediately before matter-radiation equality. In other words, in the early Universe, the field density must be very close to that
of radiation. The simulation gives,=0.6p,,4 in order to obtain a correct value pf,=pcpy today (such thatQ cpyh?=0.13).

ally irrelevant unlessn is fine-tuned to extremely small Universe, which depend on the exact shape of the potential,
values—for the ordinary radiation component, the conditionthe field will decay like ordinary pressureless matter as soon
prac>H? is already realized at the end of inflation. So, Eq.as the mass term dominates the potential and the mass is
(58) applies even in the early Universe. bigger than the Hubble parameter.

Later on, the transition between radiationlike and matter- However, when the parameters of the scalar potential are
like behaviors will be effective when the maximal valuecof estimated from the size and mass of galactic halos, and
during one oscillation, computed from E&S6), will be com-  plugged into the cosmological evolution, some tension ap-

parable tox ~¥?m. This translates into pears both for the free-field model and for the one with a
quartic self-coupling. Indeed, the redshift at which the field
_ \Evmax_ E 4mQEU)1’4_E starts to decay like mattep,¢oca‘3, is completely fixed by
mac- Vm™a  a N = \/X these parameter' values. ' N '
s In the case witl\=0, this transition occurs at a redshift
4\QE, m* 4 close toz=6x 10°. The comoving wavenumber of perturba-
s T e =py~ 5 =(eV)". tions entering into the Hubble radius at that time kis

(59) =3 Mpc 1. As shown in Ref[12], this is of the same order
of magnitude as the Jeans length for the free field. So, larger

In the last equality we used the constraint from the size ofvavelengths—in particular, those probed by the spectrum of
galactic halos. Since, on the other hapg,~0.55 (evf, ~CMB anisotropies and by the linear matter power
the transition to matterlike behavior occurs slightly beforeSpectrum—are expected to undergo the same evolution as in
equality. This means that at earlier times, when the field bean ordinary CDM model. On smaller wavelengths, one
haves like radiation, its density should be fine-tuned in ordefvould still need to prove with numerical simulations that
to be close to the radiation density. Bose condensation can occur on the scale of galactic halos—

This scenario is illustrated in Fig. 3. In order to obtain the@nd eventually also on slightly bigger and smaller scales. So
correct value of the field and radiation densities today, far, this model still sounds attractive, apart maybe from the
must be adjusted to Q. This would correspond to an ultralight mass requirednf~10"2° eV).

effective number of extra neutrino species\fl =5 that is In the case with\ # 0, the transition between radiationlike
not even allowed by BBN. and matterlike behaviors happens even later, just before

equality; therefore, the field density during radiation domi-
nation has to be very close to that of photons and neutrinos.
Our simulation reveals th& cpyh?=0.13 today is obtained

In Sec. Il, we recalled why a complex scalar field is anfrom p,/p=0.6 during radiation domination; in other
attractive candidate for dark matter in galactic halos; it carwords, the field contributes to the number of relativistic de-
provide a rather powerful explanation for the observed rotagrees of freedom as an effective neutrino numbbl,4=5,
tion curves, because the radial distribution of a scalar fieldn contradiction with the BBN constraift\Nqy|<1. More-
after Bose condensation is constrained by a wave equaticover, the perturbations which enter into the Hubble radius
(the Klein-Gordon equatignthis form of dark matter would before the transition—which would be probed today by the
be very smooth, and unlike a gas of individual particles, itspectrum of CMB anisotropy and the linear matter power
would not slow down the relative motion of the baryonic spectrum, since their comobile wavenumber is bigger than
components through dynamic friction. k~10"2 Mpc '—would be suppressed with respect to

The results of Sec. Il show that the complex scalar fieldCDM perturbations(essentially as for hot dark matjer
can also play the role of a cosmological dark matter backThese problems were previously noticed by Peefl&$ in
ground, since after various possible behaviors in the earlyhe case of a real scalar field. As a possible solution, Peebles

IV. DISCUSSION
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suggests a polynomial self-coupling with a power slightly Under the very crude assumption that the Universe contains
smaller than 4. In fact, in order to save this scenario, it wouldon average one halo per volunie=1 Mpc®, we find a mean

be enough to increase the redshift of the transition by a factadensity today of

10 or so. We conclude that the model with a quartic self-

coupling is marginally excluded by cosmological constraints, Ng=Qgafl -~ N/V~10% cm 3, (62
but that any small deviations from the simple framework
studied here are worth being investigated. This number is extremely large, ¥times bigger than the

Our analysis is still incom_plete._ We said that the conserpresent number density of photons. This is a strong indica-
vation of the chargdy,=i(¢* ¢— ¢p*) was crucial for the tion that the model is not realistic: it would be very difficult
stability of the condensates. Charge conservation also prae generate such a huge charge in the early Universe. In fact,
vides further constraints between, on the one hand, the coste can even completely exclude the model by comparing
mological background of the field in the early Universe, and,Q, with the total charge of the cosmological background.
on the other hand, the current distribution of dark matter inWe saw in Sec. lll, Eqs(54) and(55), that the existence of
the form of field condensates. Also, it can give some hints ora plateau fop , during radiation domination imposes today a
possible mechanisms for the generation of the field density ifield dynamics close to that of an oscillating real axion,
the early Universe. In terms of quanta, the conservation ofather than spintessence. For spintessence, the number den-
charge implies a constant number of bosons minus antisity n,=Q,sa * is equal top,/m, as can be seen from Eq.

bosons inside a comoving volume: (43) with E,=1. For an oscillating axion, most of the kinetic
energy is in the radial direction and,<p,/m since the
Q=(n¢—ng)a3=cte, (60) termE, in relation(43) is now much larger than 1. Because

we must be in the latter case at least during matter domina-

) _tion, we find the following upper bound on the total charge
where 1,,,ny) are the number density of bosons and of theiryggay:

CP conjugates. We want to evaluate this number today in the

form of galactic dark matterA priori, the rotating phase Qcoup’

inside each condensate is fixed up to an arbitrary sigt): Ny=Qudg °< —— =102 cm 3. (63
=+mt So, some halos can be made of bosons, and some m

others of antibosons. This may occur, for instance, if the ] o )

scalar field was populated during a phase transition: after thé/e find Qi<Qga, Which is impossible. We conclude that
transition, the initial field distribution could be very homo- the present dark matter scenario, based on a complex free
geneous, but with an arbitrary phase distribution, leading tgcalar fle_ld forming galactic halos after Bose condensation, is
domains with positive and negative valuesw@f dé/dt. A not con3|ster_1t, at least whe_n the field is assumed to be ho-
priori, such a disordered initial configuration—with no phaseMgeneous in the early Universe, and today all condensates
coherence—would not exclude the subsequent formation df&'Ty @ charge with the same sign. It would certainly be
Bose condensates. In this case, the mean number density igferesting to investigate the opposite scenario, with a homo-
bosons minus antibosons today can be arbitrarily close t§€N€0US initial density but random phases, with the draw-
zero, and the conservation of charge does not give any neR2ck that halos and “antihalos” may annihilate. _
constraint. Note, however, that two halos of opposite charge AS We have seen, the caae#0 is already marginally
could annihilate and radiate out a massive amount of energ@xcluded by cosmological constraints, but it is worth calcu-
Although this issue would deserve a more careful study, it i ating the various charges also for this model. An individual

probably in conflict with observations. halo has got a charge—see relati@d),
Let us consider now the case where all galaxies carry a
charge with the same sign. This can occur if the field under- oM (1 ev .
went inflation—or was coupled to a field that underwent IN|~ 5 N( m )10 : (64)

inflation—in such way as to be very homogeneous in the
early Universe, as assumed in Sec. lll. Then, at the beginnin . .
of the matterlike regime, the phase would be coherent eveﬁnde_r the assumption that all halos have a positive charge,
on superhorizon scales, and all condensates would form witAn€ finds

the same rotating phase. We can estimate the charge in gal- L eV

axies,Qqa, by multiplying the typical charge of a single halo _ ~3__N/V~ g+ € )

by the number density of halos. This charge must be smaller Ny=Qgallo /V~=30 cm m / (65

than or equal to the total charge of the cosmological homo-

geneous backgroun@ .= wo?as. We are led to two intriguing coincidences. First, withof
In the \=0 case, the charge inside one halo is given byorder 1—and thereforen of order 1 eV—the field number
(22,17 density is of the same order of magnitude as that of photons

for which n,=400 cm 3. Second, provided that the field
M2 behaves cosmologically as spintessence, wjtk mn,, we
N~ ﬂ_P~1099_ (61  can calculate the total charge and fiQg~Qqq: the cos-
Mp m? mological and astrophysical charges are consistent. There-
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fore, the scenario requires a mechanism in the early Universe Throughout this discussion, we tried to give some argu-
that would fine-tune botm, and p, to some values very ments both in favor of and against the two models consid-
close ton, andp, . ered here, based on two different scalar potentials. In their
As we already said, this scenario with a quadratic coupresent form, none of these models can survive. However,
pling is plagued by inherent difficulties to produce small-we believe that one should retain the many positive indica-
scale perturbations, and by an inconsistency with the numbdions discussed before as an encouragement for investigating
of relativistic degrees of freedom indicated by nucleosyntheother variants of scalar field dark matter. The fact that the
sis. However, one should retain two positive features. Firsttwo scalar potentials lead to very different conclusions al-
any small modification of the scenario that would shift by aready shows how rich and unpredictable the field is.
factor 10 the redshift of the transition between radiationlike
and matterlike behaviors would evade these difficulties.
Second, the initial conditions for the field nhumber density
and energy density must be intriguingly close to those of J.L.would like to thank J. Garcia-Bellido, S. Khlebnikov,
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