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Shortest cut in brane cosmology
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We consider brane cosmology, studying the shortest null path on the brane for photons, and in the bulk for
gravitons. We derive the differential equation for the shortest path in the bulk for a 114 cosmological metric.
The time cost and the redshifts for photons and gravitons after traveling their respective paths are compared.
We consider some numerical solutions of the shortest path equation, and show that there is no shortest path in
the bulk for the Randall-Sundrum vacuum brane solution, for the linear cosmological solution of Bine´truy
et al. for v521,22/3, and for some expanding brane universes.
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I. INTRODUCTION

The possibility of using extra dimensions in order to e
plain features related to unified field theories was advoca
several decades ago by Kaluza and Klein. After dying out
many years the idea was reestablished in the context of
pergravity and string theory, especially in the latter, wh
extra dimensions are required in order that the theory is
dered well defined. Meanwhile, other problems have b
posed in the framework of unified theories. One of them
the huge hierarchy between the electroweak scale~;100
GeV! and the Planck scale (;1019 TeV!. One possibility to
explain that difference is based on the dynamics of sup
symmetry, a very beautiful idea that has not, unfortunat
given solutions to these issues. In the usual Kaluza-K
theory, and also in the modern proposals to deal with e
dimensions, while the 113 ~physical! dimensions open up to
infinity, the extra dimensions are confined in a region of
size of the Planck length, namely,;10233 cm, staying be-
yond experimental verification, today or in the near futur

However, it has been shown recently that it is possible
explain the hierarchy between the electroweak and
Planck scales by dimensional reduction without compact
ing the extra dimensions. Moreover, the usual (113)-
dimensional Einstein theory of gravity can be reproduced
the macroscopic distance scale@1–5#. This is quite different
from the standard approach, in which extra dimensions o
up at short distances only, whereas above a certain le
scale, physics is effectively described by 113-dimensional
theories. Our 113 dimensional Universe would be a thre
dimensional brane existing in a higher dimensional theo
thus displaying a certain number of additional dimensions
further proposal to deal with the additional dimensions is
have them compactified on a submillimeter scale, unifying
a natural way the electroweak and Planck scales@6,7#.
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The possibility of relaxing the constraints on the size
the extra dimensions is very appealing. Such is the cas
the Randall-Sundrum~RS! model @1,2#, where the Universe
is (114)-dimensional and the standard model fields are
calized on a three-brane embedded in the four-dimensio
space. Only gravitational fields can propagate in all fo
space directions. At the phenomenological length scale
Kaluza-Klein zero modes are responsible for the well-po
Einstein (113)-dimensional theory of gravity and the exc
tations provide a correction. Because of the ‘‘warp factor’’
the brane, a mass scale around that of the Planck mass
responds to a TeV mass scale in thevisible brane. This ex-
plains the hierarchy problem. The cosmological conseque
of this model is also under active investigation@8–20#, as
well as alternative ‘‘asymmetrically warped’’@21# and non-
Z2 symmetric cosmological models@22#. All these models
lead to new perspectives on many interesting aspects suc
the question of the cosmological constant.

The construction of the brane universe can be traced
the study ofE83E8 string theory, presumably 11 dimen
sional, with the field theory limit studied in@15#, and where
matter fields exist in ten-dimensional branes at the edge
the space-time. The issue of higher dimensionality and
consequences for the early universe have often been
cussed in the recent literature@16#. Problems related to
higher derivative gravity@17# and the cosmological constan
@18# have also been studied, in addition to the AdS conform
field theory correspondence and Cardy formula@19#.

In spite of the attractive aspects of the model, causa
can be violated, as first noticed in@23# and @24#. We have
two choices facing this situation. Either we accept the vie
point that true causality should be defined by the null geo
sics in the 114 universe instead of in the 113 brane space-
time, or we find some mechanism to avoid such a violat
on the brane. In the first case, the violation must be ne
gible in low energy experiments, otherwise, it would ha
already been found. The question is whether it could be s
stantial in cosmology. If the answer is positive, it might he
in solving the well known horizon problem as discussed
@23# and@24#. In this paper, we consider the following prob
©2002 The American Physical Society12-1
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lem. Suppose there are two observersA andB on the brane.
A can send a series of photons or gravitons toB in order to
establish communication~see Fig. 1!. According to the brane
cosmology, photons travel on the brane while gravitons m
travel in the bulk. We consider three questions:~i! what is the
shortest path for gravitons, and is it on the brane or in
bulk; ~ii ! how much earlier can the gravitons arrive atB; and
~iii ! what is the difference in the redshift for photons a
gravitons after they arrive atB.

II. PRELIMINARIES

We shall consider a five-dimensional metric describ
brane cosmology. We thus set up a five-dimensional actio
the form @9#

S(5)52
1

2k5
2E d5xA2g̃R̃1E d5xA2g̃Lm . ~1!

The constantk5 is related to the Planck mass byk5
25M Pl

23 .
The five-dimensional metric is

ds5
252n2~ t,y!dt21a2~ t,y!gk jdxkdxj1b2~t,y!dy2

~2!

where gk j represents a maximally symmetric three-metr
The energy-momentum appearing in the Einstein equa
GAB5k5

2TAB is decomposed as

TAB5T̂AB1TAB ~3!

whereT̂AB is the energy-momentum tensor of the bulk m
ter ~in the RS scenario it comes from the bulk cosmologi
constantL, that is, T̂AB52LdB

A) and TAB corresponds to
the matter content on the brane located aty50. We are in-
terested in the case where the energy-momentum tens
the brane matter can be expressed as

FIG. 1. Two possible paths for massless signal propagat
Solid curvePQ is a null geodesic on the braneS and broken line
PR is a null geodesic in the bulk~modified from@23#!.
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TB
A5

d~y!

b
diag~2r2s,p2s,p2s,p2s,0!. ~4!

Here,s is the brane tension in the RS scenario. The ene
densityr and the pressurep come from the ordinary matte
on the brane and are independent of the position. Assum
Z2 symmetry ands50, the Einstein equation permits th
following exact cosmological brane solution@9# ~correspond-
ing to L50, s50, g jk5d jk):

a5a0~ t !~11luyu!,

n5n0~ t !~11muyu!, ~5!

b5b0 ,

whereb0 is constant in time~a redefinition ofy makes it 1!
andn0(t) is an arbitrary function~a suitable redefinition oft
fixes it to be 1!. In the above,

l52
k5

2

6
b0r, ~6!

m5
k5

2

2 S v1
2

3Db0r, ~7!

wherek5
2 is related to the five-dimensional Newton consta

G5 by k5
258pG5, and the matter equation of state isp

5vr as usual.
For v521, we have the inflationary case

a0~ t !5eHt, H5
k5

2

6
r5const, ~8!

while for vÞ21, the known solution for a tensionless bra
is recovered;

a05tq, k5
2r5

6q

t
, q5

1

3~11v!
. ~9!

Remarkably, the exact solution in the RS model can also
obtained@25#. Note that the parametersrb andpb in @25# are
related to the corresponding ones here in this paper by
relationsrb5r1s, pb5p2s. The solution can be written
in terms of the function

a~ t,y!5H 1

2 S 11
k5

2~s1r!2

6L Da0
21

3C
k5

2La0
2

1F1

2 S 12
k5

2~s1r!2

6L Da0
22

3C
k5

2La0
2G

3cosh~my!2
k5~s1r!

A26L
a0

2 sinh~muyu!J 1/2

.

~10!

We now construct the remaining function

n.
2-2
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n~ t,y!5
ȧ~ t,y!

ȧ0~ t !
. ~11!

As for Eq. ~33! in @25#, we also have

ṙ13
ȧ0

a0
~r1p!50. ~12!

Defining

l5A L

6k5
2 1

s2

36
, ~13!

and assumingl>0 andp5vr, the Friedmann equation ca
be solved in the caseC50, k50. Forl.0,

a0~ t !5a!r!
qH s

36l2 @cosh~k5
2lt/q!21#

1
1

6l
sinh~k5

2lt/q!J q

. ~14!

For l50, which is the case of the RS model,

a0~ t !5a!~k5
2r!!qS 1

72q2 k5
2st21

1

6q
t D q

~15!

wherea! ,r! are constant@the origin of time being chosen s
that a0(0)50#.

III. THE SHORTEST CUT AND THE REDSHIFT

Equation for the shortest cut

We consider the generic metric~2! for b51. Consider
two pointsr A andr B on the brane. In general, there is mo
than one null geodesic connectingr A to r B in the 114
space-time. The trajectories of photons must be on the b
and those of gravitons may be outside as assumed here
consider the shortest path for both photons and gravito
Since the three-metric is spherically symmetric, we can o
the angular part and just consider the problem for

ds3
252n2~ t,y!dt21a2~ t,y! f 2~r !dr21dy2. ~16!

The photon path is on the brane@n(t,0)51#; therefore,

2dt21a0
2~ t ! f 2~r !dr250, ~17!

which can be immediately integrated as

E
r A

r

f ~r 8!dr85E
tA

t dt8

a0~ t8!
. ~18!

The graviton path is defined in terms of the geodesic eq
tion

2n2~ t,y!dt21a2~ t,y! f 2~r !dr21dy250. ~19!

We suppose that the path is parametrized byy5y(t).
Thus the relationr 5r (t) is obtained by
08351
ne
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E
r A

r

f ~r 8!dr85E
tA

t An2~ t,y!2 ẏ2~ t !

a~ t,y!
dt. ~20!

We are looking for the path for whichtB reaches its mini-
mum whenr 5r B . For this purpose, we consider the gene
case

E
r A

r B
f ~r 8!dr85E

tA

tBL@y~ t !,ẏ~ t !;t#dt. ~21!

For an adjacent pathy5y(t)1dy(t), we have

E
r A

r B
f ~r 8!dr85E

tA

tB1dtBL@y~ t !1dy~ t !,ẏ~ t !1d ẏ~ t !;t#dt;

~22!

therefore we find the usual condition

2dtBL@y~ tB!,ẏ~ tB!;tB#5dE
tA

tBL@y~ t !,ẏ~ t !;t#dt. ~23!

The problem is transformed into the Euler-Lagrange probl

dE
tA

tBL@y~ t !,ẏ~ t !;t#dt50. ~24!

In our case,

L@y~ t !,ẏ~ t !;t#5
An2~ t,y!2 ẏ2~ t !

a~ t,y!
, ~25!

and we have

]L
]y

52a22a8~n22 ẏ2!1/21a21~n22 ẏ2!21/2nn8,

]L
] ẏ

52a21~n22 ẏ2!21/2ẏ. ~26!

The Euler-Lagrange equation thus reads

2 ÿ1S ȧ

a
1

ṅ

n
D ẏ1S 2n8

n
2

a8

a D ẏ22
ȧ

an2
ẏ31S a8

a
n22nn8D

50. ~27!

From this equation we can see that the shortest path is on
brane only when

a8

a
n22nn850, ~28!

i.e.,

]yS a

nD50. ~29!

Further, if there exists a solution, wheny reaches its maxi-
mum, whereẏ50 andÿ,0, we have
2-3
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2 ÿ1S a8

a
n22nn8D50. ~30!

Thus, (a8/a)n22nn8, i.e.,]y(an21) must be negative at thi
point.

The equation is a very difficult nonlinear ordinary diffe
ential equation. There is no guarantee of the existence o
required solutions. In order to obtain a solution with bo
ends on the brane, we can make the Fourier expansion

y~ t !5(
l 51

1`

yl sin
lp

tgB2tA
~ t2tA!, ~31!

a~ t,y!5A~y!1(
l 51

1` Fal
s~y!sin

lp

tgB2tA
~ t2tA!

1al
c~y!cos

lp

tgB2tA
~ t2tA!G , ~32!

n~ t,y!5N~y!1(
l 51

1` Fnl
s~y!sin

lp

tgB2tA
~ t2tA!

1nl
c~y!cos

lp

tgB2tA
~ t2tA!G , ~33!

and then substitute back into the differential equation to
tain the coefficientsyl . HeretgB is the time when the gravi
ton arrives atr B , which is different from the timetgB when
the photon arrives atr B . It should be determined self
consistently by the equation

E
r A

r B
f ~r 8!dr85E

tA

tgBAn2~ t,y!2 ẏ2~ t !

a~ t,y!
dt ~34!

once the solution is obtained.
If we want to find the path for a graviton so that it ca

reach the farthest distance within a given time inter
@ tA ,tB#, we can also use the Euler-Lagrange equation. T
the length difference between geodesics for photons
gravitons within a given time interval can be evaluated:

E
r A

r g
f ~r 8!dr85E

tA

tBAn2~ t,y!2 ẏ2~ t !

a~ t,y!
dt, ~35!

E
r A

r g
f ~r 8!dr85E

tA

tB dt8

a0~ t8!
. ~36!

Photon and graviton redshift

In general, ifA sends out massless signals atxA
m and xA

m

1dxA
m , these signals will reachB at xB

m and xB
m1dxB

m . The
relation ofxA

m ,xA
m1dxA

m andxB
m ,xB

m1dxB
m can be obtained by

solving the geodesic equation. Then the redshift of the sig
is @26#
08351
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nB

nA
5Ag00~xB!

g00~xA!

g0m~xA!dxA
m

g0n~xB!dxB
n

5Ag00~xA!

g00~xB!

dxA
0

dxB
0

. ~37!

For a static metric such as the Schwarzschild case, it ca
shown thatdxA

05dxB
0 ; therefore,

nB

nA
5Ag00~xA!

g00~xB!
. ~38!

For the time-dependent RW metric we have

dxA
0

dxB
0

5
R~xA

0 !

R~xB
0 !

, ~39!

in which case the redshift is given by

nB

nA
5

R~xA
0 !

R~xB
0 !

. ~40!

Thus, in the geometric-optics limit, the redshifts in the tw
cases can be systematically discussed.

Here, we consider that another graviton starts travel
from r A at a later timetA1dtA . Its shortest path is in genera
different from the previous one. Let us denote it asy*
5y* (t). Then the time when it arrives atr B will be a later
time tgB1dtgB :

E
r A

r B
f ~r 8!dr85E

tA1dtA

tgB1dtgB An2~ t,y* !2 ẏ
*

2~ t !

a~ t,y* !
dt. ~41!

Therefore we have the equality

E
tA

tgBAn2~ t,y!2 ẏ2~ t !

a~ t,y!
dt5E

tA1dtA

tgB1dtgBAn2~ t,y* !2 ẏ
*
2 ~ t !

a~ t,y* !
dt.

~42!

For infinitesimaldtA anddtB , we have

dtBSAn2~ t,y!2 ẏ2~ t !

a~ t,y!
D U

B

5dtASAn2~ t,y!2 ẏ2~ t !

a~ t,y!
D U

A

.

~43!

Thus, the graviton redshift is given by

ngB

ngA
5

a0~ tA!

a0~ tB!
A12 ẏ2~ tB!

12 ẏ2~ tA!
, ~44!

while for the photon we have

ngB

ngA
5

a0~ tA!

a0~ tB!
. ~45!
2-4
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IV. EXAMPLES

RS vacuum solution

In this case@1,2#

n~y,t !5a~y,t !5e2kuyu. ~46!

Equation~27! turns out to be

ÿ1kẏ250. ~47!

It has two possible solutions; one isy5yA50, and the other
is y5y01k21 ln(t2t0). The second solution does not me
our requirement because it will not end on the brane. So
shortest path must be on the brane. This agrees with
conclusion in@23#.

The linear cosmological solution

We first consider the casev52 2
3 so that from Eq.~7!

m50, a(t,y)5t2y, l521/t. The equation is

2~ t2y!ÿ1 ẏ1 ẏ22 ẏ32150. ~48!

Let t2y5u; then

uü1u̇322u̇250, ~49!

or

1

2u̇22u̇3

d

dt
u̇25

2u̇

u
. ~50!

Therefore,

E du̇

2u̇2u̇2
5E du

u
, ~51!
u
n
p

i

dy
a
g
r-
te

08351
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u̇

22u̇
5cu2. ~52!

We can obtain the solution (t0 and c are two integration
constants!

y5t06A~ t2t0!21
1

c
. ~53!

It is obvious that this path cannot end on the brane eith
Furthermore, we consider the casev521, l5m5const
3a0(t)5eHt. So ]y(a/n)50. Therefore the shortest path
on the brane.

The general linear cosmological solution

Consider the casevÞ21 @9#:

a0~ t !5tq, l52
q

t
, m5w

q

t
, w5213v, ~54!

a~ t,y!5tq2qtq21y, n~ t,y!511
qv

t
y, ~55!

ȧ~ t,y!5qtq212q~q21!tq22y, a8~ t,y!52qtq21,
~56!

ṅ~ t,y!52qvt22y, n8~ t,y!5qvt21. ~57!

Letting y5t f (t) in Eq. ~27!, we get a nonlinear differen
tial equation,
2@11~2qv2q! f 1~q2v222q2v2! f 22q3v2f 3#~ t2 f̈ 12t ḟ !1@q1~2vq22q21q2qv! f 1~q2v2q2v222vq3

12vq2! f 21~2q3v22q4v2! f 3#~ t ḟ 1 f !1@2qv2q!1q3v2f 2] ~ t ḟ 1 f !22@q2q~q21! f #~ t ḟ 1 f !31@~2q2qv!

1~q224q223q2v2! f 1~3q3v26q3v223q3v3! f 21~22q4v313q42q4v4! f 31~q5v32q5v4! f 4#50. ~58!
The analysis of this differential equation is beyond o
capability. We leave it as it stands and pass to a discussio
some simple cases where numerical analysis can be
formed.

The case considered by Bine´truy et al. @25# is that of a
three-brane universe in the five-dimensional space-time w
a cosmological constant. For an equation of statep5vr
they found explicit solutions which we use in order to stu
the question of the existence of shortcuts. The solutions
very involved, and we first disentangle the equations usin
MAPLE program, and further on numerically solve the diffe
ential equations. We shall consider the matter domina
(v50) and radiation dominated (v51/3) cases.
r
of
er-

th

re
a

d

The solution of the gravity equations reads@25#

a~ t,y!5H 1

2 S 11
k2rb

2

6rB
D 1

1

2 S 12
k2rb

2

6rB
D cosh~my!

2
krb

A26rB

sinh~muyu!J 1/2

a0~ t !,

n~ t,y!5
ȧ~ t,y!

ȧ0~ t !
, ~59!
2-5
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where

a0~ t !5a!~k2r!!1/qS q2

72
k2rLt21

q

6
t D 1/q

,

m5A2
2k2

3
rB, ~60!

with a! andr! constants.
In addition, rb and rB are the matter densities on th

brane and on the bulk, respectively. We have to choose th
constants, which we do according to the method we are u
to discuss the possibilities of shortcuts. We choose the
rameters according to the discussion in Bine´truy et al. @9#:

rb5rL1r, ~61!

FIG. 2. Diagram fory(1);0.3l P .

FIG. 3. The same diagram as before, withy beginning at the
brane.
08351
se
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wherer stands for the ordinary energy density in cosmolo
given by

r5r!~a0 /a!!2q, q53~11v!. ~62!

The intrinsic tension of the brane,rL , has to be identified
with Newton’s constant in order to recover the standard c
mology, that is,

8pG5
k4rL

6
, ~63!

whenr!rL . Moreover, the five-dimensional coupling con
stantk, the five-dimensional Newton constantG(5) , and the
Planck massM (5) are related by

k258pG(5)5M (5)
23 . ~64!

FIG. 4. The same as before, with positive initial velocity.

FIG. 5. Diagram fory(1);0.3l P in the radiation dominated
case. Notice the plateau followed by the case of lowest initial
locity.
2-6
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SHORTEST CUT IN BRANE COSMOLOGY PHYSICAL REVIEW D65 083512
Furthermore, we follow Randall and Sundrum and relate
bulk energy densityrB and the cosmological constant de
sity rL by

rB52
k2rL

2

6
. ~65!

At this point all constants are defined in terms of the Plan
mass, and our discussion of the evolution of gravity sig
can be established.

For the matter dominated case,v50, we experimented
using different initial conditions. In general, we prefer
start withyÞ0 in order to avoid any spurious solution in th
differential equation, which is rather singular. We thus su
pose thaty starts at the order of the Planck length. Figur
2–4 show some results. We have chosen to plot the adim
sional functionz(x)5my(x), wherem corresponds to two
Planck mass unitsM P andx5t/t0 , t0 being the present ag
of the universe.

Each graph contains a set of curves corresponding to t
typical velocities, whose values are shown in the legend
each graph, producing similar behaviors. In Figs. 2 and 3
use negative initial velocities and, independently of the c
sen initial pointy, the curve decays and escapes, never
turning to the same brane. In the case of positive initial
locities, Fig. 4 shows three curves from which we can
that the greater the initial velocity is, the further away fro
the brane the object will travel.

Summarizing, these graphs show that no path comes b
to the brane after splitting off further inside the bulk. Aft
the split, some paths go off quickly, while others rema
almost parallel to the brane for an indefinite time.

FIG. 6. The same as before, with vanishing initial position w
respect to the brane.
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We thus believe, based on these results, that the sho
path is inside the brane, and is the one followed by lig
However, there is certainly room for more paths due to
extremely complicated character of the differential equat
involved in the problem. We tried to further investiga
whether new structures could arise in such differential eq
tions, but we failed in finding them. The fact is that no sho
cut has been found.

In the radiation dominated era the equations are furt
complicated. In this case solutions are shown in Figs. 5
Again, we have plotted the adimensional functionz(x),
wherex5M Pt in this case.

Figures 5 and 6 show a plateau behavior for low posit
initial velocities; however, there is a threshold velocity f
which the curve decouples and escapes to infinity. Figur
shows curves for three negative initial velocities. Again, t
wave tries to follow the brane from a distance depending
the initial velocity value, as we saw in the matter dominat
case.

Thus, in the radiation dominated era,v5 1
3 , many solu-

tions tend to remain not far from the original bulk, but sti
never returning. Their meaning is not known, and again
shortcut has been found.

We thus arrive at the conclusion that the present cosm
ogy is still simple, and is included in the large class of co
mologies with no shortcuts. Our investigation must now he
toward cosmologies displaying genuinely new structur
such as black holes in the bulk@21,20#.
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FIG. 7. The same as before, with negative initial velocity.
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