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We consider brane cosmology, studying the shortest null path on the brane for photons, and in the bulk for
gravitons. We derive the differential equation for the shortest path in the bulk ferd dosmological metric.
The time cost and the redshifts for photons and gravitons after traveling their respective paths are compared.
We consider some numerical solutions of the shortest path equation, and show that there is no shortest path in
the bulk for the Randall-Sundrum vacuum brane solution, for the linear cosmological solution”dfuine
et al. for o=—1,—2/3, and for some expanding brane universes.
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[. INTRODUCTION The possibility of relaxing the constraints on the size of
the extra dimensions is very appealing. Such is the case of
The possibility of using extra dimensions in order to ex-the Randall-SundruniRS) model[1,2], where the Universe
plain features related to unified field theories was advocates (1+ 4)-dimensional and the standard model fields are lo-
several decades ago by Kaluza and Klein. After dying out folcalized on a three-brane embedded in the four-dimensional
many years the idea was reestablished in the context of sgpace. Only gravitational fields can propagate in all four
pergravity and string theory, especially in the latter, wherespace directions. At the phenomenological length scale the
extra dimensions are required in order that the theory is renkajuza-Klein zero modes are responsible for the well-posed
dered well defined. Meanwhile, other problems have beefginstein (1+ 3)-dimensional theory of gravity and the exci-
posed in the framework of unified theories. One of them iSations provide a correction. Because of the “warp factor” of
the huge hierarchy between the electroweak s¢al&00 the brane, a mass scale around that of the Planck mass cor-

GeV) and the Planck scale<{10'° TeV). One possibility to responds to a TeV mass scale in thisible brane. This ex-

explain that difference is based on the dynamics of super-,_; - ;
symmetry, a very beautiful idea that has not, unfortunatelyplams the hierarchy problem. The cosmological consequence

bf this model is also under active investigatif®-20], as

given solutions to these issues. In the usual Kaluza-Klein ell as alternative “asymmetrically warped21] and non-
theory, and also in the modern proposals to deal with extr . yn y P
, symmetric cosmological mode[22]. All these models

dimensions, while the + 3 (physica) dimensions open up to _ . .
infinity, the extra dimensions are confined in a region of thelead to new perspectives on many interesting aspects such as
size of the Planck length, namely; 10~ 32 cm, staying be- the question of the cosmological con_stant.
yond experimental verification, today or in the near future. "€ construction of the brane universe can be traced to
However, it has been shown recently that it is possible tdhe study ofEgXEg string theory, presumably 11 dimen-
explain the hierarchy between the electroweak and thé&ional, with the field theory limit studied ifL5], and where
Planck scales by dimensional reduction without compactify-natter fields exist in ten-dimensional branes at the edge of
ing the extra dimensions. Moreover, the usual+@)- the space-time. The issue of higher dimensionality and its
dimensional Einstein theory of gravity can be reproduced orgonsequences for the early universe have often been dis-
the macroscopic distance scéle-5]. This is quite different cussed in the recent literatufd6]. Problems related to
from the standard approach, in which extra dimensions opehigher derivative gravity17] and the cosmological constant
up at short distances only, whereas above a certain lengfl18] have also been studied, in addition to the AdS conformal
scale, physics is effectively described by 8-dimensional field theory correspondence and Cardy formul€l.
theories. Our #3 dimensional Universe would be a three- In spite of the attractive aspects of the model, causality
dimensional brane existing in a higher dimensional theorycan be violated, as first noticed j23] and[24]. We have
thus displaying a certain number of additional dimensions. Awo choices facing this situation. Either we accept the view-
further proposal to deal with the additional dimensions is topoint that true causality should be defined by the null geode-
have them compactified on a submillimeter scale, unifying insics in the 4 universe instead of in the13 brane space-
a natural way the electroweak and Planck scpéed). time, or we find some mechanism to avoid such a violation
on the brane. In the first case, the violation must be negli-
gible in low energy experiments, otherwise, it would have

*Email address: eabdalla@fma.if.usp.br already been found. The question is whether it could be sub-
"Email address: bertha@fma.if.usp.br stantial in cosmology. If the answer is positive, it might help
*Email address: sshfeng@fma.if.usp.br in solving the well known horizon problem as discussed in
$Email address: binwang@fma.if.usp.br [23] and[24]. In this paper, we consider the following prob-
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ol
T§=%diag—p—a,p—a,p—U.P—U,O)- (4)

Here, o is the brane tension in the RS scenario. The energy
densityp and the pressurp come from the ordinary matter
on the brane and are independent of the position. Assuming
Z, symmetry ando=0, the Einstein equation permits the
following exact cosmological brane solutip®)] (correspond-

ing to A:O, 0':0, ’}/]k: 5“()

a=ap(t)(1+\y]),
n=no(t)(1+uly|), ©)

b:bo,

FIG. 1. Two possible paths for massless signal propagationwherebg is constant in timda redefinition ofy makes it 3
Solid curvePQ is a null geodesic on the braeand broken line  andng(t) is an arbitrary functior{a suitable redefinition dof

PRis a null geodesic in the bulkmodified from[23]). fixes it to be 1. In the above,

lem. Suppose there are two observarandB on the brane. Ké

A can send a series of photons or graviton8tm order to A= Ebop’ ©®
establish communicatiofsee Fig. 1. According to the brane

cosmology, photons travel on the brane while gravitons may K2 2

travel in the bulk. We consider three questiofiswhat is the B== w+ 3 bop, (7)

shortest path for gravitons, and is it on the brane or in the
bulk; (i) how much earlier can the gravitons arriveBatand
(i) what is the difference in the redshift for photons and
gravitons after they arrive &.

where«? is related to the five-dimensional Newton constant
Gs by K§=877G5, and the matter equation of state pis
= wp as usual.

For o= —1, we have the inflationary case

Il. PRELIMINARIES
2
We shall consider a five-dimensional metric describing ao(t)=e", H:E
brane cosmology. We thus set up a five-dimensional action of 6

the form[9]

1 ) =
S(S):—FJ d5X\/_gR+J'd5X\/_g£m- (1)
Ks

p=const, (8)

while for w# — 1, the known solution for a tensionless brane
is recovered;

6q 1

T Tiare 9

a=t9, «gp=
The constanis is related to the Planck mass &g=M;?>.

The five-dimensional metric is Remarkably, the exact solution in the RS model can also be

obtained 25]. Note that the parametepg andp, in [25] are
related to the corresponding ones here in this paper by the

2 2, 52 Ak 1 2 2
dst= —n?(t,y)dt?+a?(t,y) ydxdx +b%(7,y)dy relationsp,=p+ o, pp=p— o. The solution can be written

@ in terms of the function
where y,; represents a maximally symmetric three-metric. 1 2(g+ p)?2 30
The energy-momentum appearing in the Einstein equation a(t,y)= _(1+ Ks(o+p c2>
Gap= k27Txg is decomposed as 2 6A kZAad
- 1 k2(o+p)? 3C
Tag=Tast Tas 3 +=1- S(—p) - ——
2 6A k2Aa3
whereTAB is the energy-momentum tensor of the bulk mat- 12
: el - Ks(T+p) ,
ter (in the RS scenario it comes from the bulk cosmological X coshpy) — ————a3sinnuly)){ .
constantA, that is, Tag= —Aﬁ’g) and T,g corresponds to V—6A
the matter content on the brane located/at0. We are in- (10)
terested in the case where the energy-momentum tensor of
the brane matter can be expressed as We now construct the remaining function
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a(t.y) tVn?(ty) —yA(t)
n(ty)= - : (11) f f dt. 20
ao(t) wooaty) (20
As for Eq.(33) in [25], we also have We are looking for the path for whicts reaches its mini-
) mum whenr =rg. For this purpose, we consider the general
. Qg case
p+3a—o(p+ p)=0. (12)
s tg )
Defining J Prenar= [Cayo yoma @
- inF 0_2, (13 For an adjacent path=y(t) + dy(t), we have
6k; 36

rg tg+dtg . .
! /: + + . .
and assuming =0 andp= wp, the Friedmann equation can frA f(r)dr JtA Ly +oy(0),y(®) +oy(v)tidt,
be solved in the casé=0, k=0. ForA>0, (22

therefore we find the usual condition

. tg .
1 q _&Bﬁ[Y(tB):Y(tB);tB]:éﬁ LLy(t),y(t);t]dt. (23
—sinh( K5)\t/q)] (14 "
6)\ . .
The problem is transformed into the Euler-Lagrange problem
For A =0, which is the case of the RS model,

t .
1 1 5 ft “LIy(1).y(1):t]dt=0. (24)
ao(t)=a,,(K§p*)q(mzK§0't2+ @t) (15) A
In our case,
wherea, ,p, are constanfithe origin of time being chosen so

thatay(0)=0]. : Vn2(t,y) —yA(t)

LLy(t),y(t);t]= alty) (25)

I1l. THE SHORTEST CUT AND THE REDSHIFT
and we have

Equation for the shortest cut

We consider the generic metri@) for b=1. Consider = —a*Za’(nZ—y2)1’2+ a~(n
two pointsr 5 andrg on the brane. In general, there is more ady
than one null geodesic connectimg to rg in the 1+4
space-time. The trajectories of photons must be on the brane &L_ 4 Y
and those of gravitons may be outside as assumed here. We ay_ —a i(n?-y?) 1. (26)
consider the shortest path for both photons and gravitons.
Since the three-metric is spherically symmetric, we can omitrhe Euler-Lagrange equation thus reads
the angular part and just consider the problem for

2_'y2)71/2nnr,

ds3=—n?(t,y)dt?+a?(t,y)f3(r)dr+dy?.  (16) —y+ a.n y+ (i_ a y2— iy 4 ( a e nn’)
a n n an? a
The photon path is on the brape(t,0)=1]; therefore, o 27
—dt?+a3(t)f2(r)dr?=0, 17 _ _ _
From this equation we can see that the shortest path is on the
which can be immediately integrated as brane only when
r t dt’ a' ,
f f(r’)dr,:f ] (18) gnz_nn :0, (28)
A tado(t")
The graviton path is defined in terms of the geodesic equaiie"
tion a
d —) =0. (29
—n(t,y)dt2+a?(t,y)fA(r)dr2+dy?=0. (19 YIn
We suppose that the path is parametrized ybyy(t). Further, if there exists a solution, whgmeaches its maxi-
Thus the relatiomr =r(t) is obtained by mum, wherey=0 andy<0, we have
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gt

(37

a—,nz—nn’)zo. (30) VB _ goo(XB)goM(XA)dXKZ goo(xA)d_xg.
a va Joo(Xa) g, (X)X oo Xs) dxd

Thus, @'/a)n®*—nn’, i.e.,dy(an” ') must be negative at this
point.

The equation is a very difficult nonlinear ordinary differ-
ential equation. There is no guarantee of the existence of the

For a static metric such as the Schwarzschild case, it can be
shown thatdx3=dx3 ; therefore,

required solutions. In order to obtain a solution with both vB _  [9oo(Xa) 38
ends on the brane, we can make the Fourier expansion Va Qoo Xg)
o R For the time-dependent RW metric we have
y(t)=2, yisin———(t-t), (31)
= 9B A 0 0
dx, R(x
4o — = (—’3) (39)
. K dxg R(xp)
a(ty)=A(y)+ 2 |ai(y)sin——(t=ta)
= 9
| in which case the redshift is given by
aa
+aj(y)cog———(t=ta) |, (32)
' g ta " ve RO
—=— (40
+ o0 VA R(XB)

|7
n(ty)=N(y)+ 2 | n(y)sin———(t—t)
I=1 gB A Thus, in the geometric-optics limit, the redshifts in the two
cases can be systematically discussed.
, (33 Here, we consider that another graviton starts traveling
fromr, at a later time ,+ ot . Its shortest path is in general

|7
+n’(y)co t—ty)
[y S[E( A
) ) ] ] ] different from the previous one. Let us denote it @as
and then substitute back into the differential equation to ob— y, (). Then the time when it arrives ag will be a later

tain thg coefficientsl! . I-!ere.th is the time when the gravi-  {jime typt Otgg:
ton arrives arg, which is different from the time, g when
the photon arrives atg. It should be determined self- .
: . ' tge+ tgs V2L, )=y, A(t)
consistently by the equation J’Bf(r’)dr’zf gt g Y *
ra t

At ota a(t!y*)
ffs N ftgwnz(t,y)—'yzm
f(r')dr’' = _—
A t

dt. (41

. a(t,y) dt (34 Therefore we have the equality

once the solution is obtained. thBV n(t,y) —y(t) di— fth”th\/ N2(t,y,) — Y2 (t)
t t

If we want to find the path for a graviton so that it can a(t,y) At Ot a(t,y,) dt.
reach the farthest distance within a given time interval (42)
[ta,tg], we can also use the Euler-Lagrange equation. Then
the length difference between geodesics for photons angd,, infinitesimaldt, anddtg, we have

gravitons within a given time interval can be evaluated:
oo Vn?(ty) = y*(t) Vn?(ty) = y*(t)
r tsVn?(ty) —y2(t t (— =dtpy| ———
fgf(r')dr':f de dts a(t,y) B dta a(t,y)
ra t

N aty)

t, (35) A
(43

Ty tg dt’ Thus, the graviton redshift is given by
f f(r’)dr’=J . (36
A ta 8o(t")

VgB _ ag(ta) ll_yz(ts) (44)
Photon and graviton redshift vga  olte) V 1-y2(ty)’

In general, ifA sends out massless signalsxgtand x4
+dxy, these signals will reacB at x§ andxg+dxg. The
relation ofx} ,x4 +dxi andxf ,xg+dxg can be obtained by
solving the geodesic equation. Then the redshift of the signal VB _ M (45)
is [26] vga ao(te)’

while for the photon we have
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IV. EXAMPLES U
—?
RS vacuum solution PR (52
In this casd1,2]
n(y,t)=a(y,t)=e M. (46) We can obtain the solutiont{ and ¢ are two integration

constants
Equation(27) turns out to be

. / 1
y+ky?=0. (47 y=to* (t—to)2+E. (53

It has two possible solutions; oneyissy,=0, and the other

is y=yo+k 'In(t—ty). The second solution does not meet|t is obvious that this path cannot end on the brane either.
our requirement because it will not end on the brane. So theurthermore, we consider the case=—1, A= pu=const
shortest path must be on the brane. This agrees with thg a,(t)=e". Sody(a/n)=0. Therefore the shortest path is
conclusion in[23]. on the brane.

The linear cosmological solution . . .
The general linear cosmological solution

Consider the case+ —1 [9]:

We first consider the case=— 3 so that from Eq.(7)

u=0, a(t,y)=t—y, A=-—1/t. The equation is

—(t—y)y+y+y?—y3—1=0. (49) ao(t)=t9, xz—%, M:w%, w=2+3w, (54
Lett—y=u; then
uu+u—2u?=0, (49) a(t,y)=td—qtdty, n(t,y)=1+quy, (55)
or
1 d.. 20 a(t,y)=qt? t—q(a-1t* %, a'(ty)=—qti
— —UP=—. (50) (56)
2u2-ysdt”
Therefore, n(t,y)=—qot=2y, n’(t,y)=qot™ L (57)
du du Letting y=tf(t) in Eq. (2 linear diff
j — = =, (51) ~ Lettingy=t (t) in Eq. (27), we get a nonlinear differen-
2u—u? u tial equation,

—[1+(2qe—q)f+ (qPw?— 20%0?) 2 — qw?f3](t%F + 2tF) + [+ (200%— %+ g— qw) f + (qP0 — 2w’ — 2wq®
+200?) 2+ (203w’ — q*w?) 3 (tF+ ) +[2qw—q) + Pw?f2] (tF+ )2~ [q—q(q— 1) f](tF+ )3 +[(—q—qo)
+(0°~49%-39°w?) f+ (30°0— 60°w? — 3¢°w®) f+ (- 20%w’+ 39"~ q*0!) 3+ (0w’ - g°w") f*]=0.  (59)

The analysis of this differential equation is beyond our The solution of the gravity equations red@$]
capability. We leave it as it stands and pass to a discussion of
some simple cases where numerical analysis can be per-

formed. 1 K*pp| 1 szﬁ)
The case considered by Biney et al. [25] is that of a a(t,y)—[z 1+ 6pg ) * 2(1 6pg cosfipy)
three-brane universe in the five-dimensional space-time with
a cosmological constant. For an equation of statewp Kpp . w2
they found explicit solutions which we use in order to study - N sinf(uly]) 1 ao(t),
the question of the existence of shortcuts. The solutions are ~9Ps
very involved, and we first disentangle the equations using a
MAPLE program, and further on numerically solve the differ- act,y)
ential equations. We shall consider the matter dominated  p(t,y)= —=-, (59)
(w=0) and radiation dominateds(=1/3) cases. aop(t)
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Solution z(x) for w=0 Solution z(x) for v=0
[2(1)=nl10] [z(I)=0]
0.5 T T T T T T T T 14 T T T T
L™ te . L 13 % w s |
0 =Tt ., E 12 P : : ]
" . v, ) L . 1k . . < Lo > : : R
-05 . v . 1 7 L ]
k] v M . 9 L - _
g -1t . i 2 80 1
= 27t ]
y ' Fy
< -1 ] & 6 | ]
% 5| 1
2k A 40
! 3T 1
R P . . 2l i
25t ':((;;=_;Z-ms ..,(1)=1oz
x W1)=-10" Ir » o(1)=10"" 1
0 = = w(1)=10" 1
- ) I.‘I I.‘2 I.‘3 I.‘4 I.‘S 116 I.‘7 118 1.9 é -1 . - . L . L L . L . .
=tlt 1 L1 1z 13 14 15 16 17 18 19 2
‘ x=t/t,
FIG. 2. Diagram fory(1)~0.3p. . e .
G agram fory(1)~0.3p FIG. 4. The same as bhefore, with positive initial velocity.
where . -
wherep stands for the ordinary energy density in cosmology
o 11q given by
aO(t):a*(sz*)l/q(szAt2+ t) ’ —
72 6 p=p.(ao/a,) % gq=3(1+ o). (62)
2,2 The intrinsic tension of the brang, , has to be identified
mw=\ "3 Pe (600  with Newton’s constant in order to recover the standard cos-
mology, that is,
with a, andp, constants. K
In addition, p,, and pg are the matter densities on the 8nG= ’\, (63
brane and on the bulk, respectively. We have to choose these 6

constants, which we do according to the method we are using i . . )
to discuss the possibilities of shortcuts. We choose the pd?h€np<p, . Moreover, the five-dimensional coupling con-

rameters according to the discussion in Biog et al. [9]: stantx, the five-dimensional Newton constd@fs), and the
Planck massV 5y are related by

Po=prtp, (61) 2_ —M3
Solution z(x) for =0 Soluti;m( szfidj;(;r]o)d/.?
[1)=0] 09 i
[/ 4 - 'v(l)=10-”m
vy, . W10
et e, 08 | N v(1)=10'“: 1
. . . et
v > » ]
-0.5 v . . L
v « * . 0.7 " E
-1t v * M 4 "
.}; . . *: 0.6 . «
4 1] #
r-1sy . ® R
w . Yoost . ]
=2 7] . T L S
# » L4 >
»
v 047¥>"..............,
25 | |el=-10 ] P
« Wl)=—10" . . »
¥ wl)=10" 03 - 7
-3 } 1.‘1 1.‘2 I.‘3 114 1:5 1:6 1.‘7 I.‘8 19 2 I’ Z; “3 n‘l 5 6 7 8 9 10
x=t/t, x=M,*t
FIG. 3. The same diagram as before, wjtlbeginning at the FIG. 5. Diagram fory(1)~0.3p in the radiation dominated
brane. case. Naotice the plateau followed by the case of lowest initial ve-
locity.
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Solution z(x) for w=1/3
[«D)=0]

PHYSICAL REVIEW [B5 083512

Solution z(x) for w=1/3
[2(1)=0]

v I » W1)=-10
» un=10"" 0.00 * o =-10"
05 . w1)=10"" ] + WD)=-10
: . v(l)=10—ll.76
: —0.05 |
04 ¢ ;
: " ~0.10 |
- i =
503 F 1 = .
O « 5 P
T L _eas - N
= i +
N N * *
~ 02 4 * * * £l * * *
.
. R o -020 |
» » - L3
o1t . . R
P . - » = * _025 E . d > > » > » > » » » » » » L
. .
.
. -
0Lw
-0.30 t- ‘
. . ‘ ‘ ‘ 1 2 3 4 5 6 7 8 9 10
1 2 3 4 5 6 7 8 9 10 =M, %

x=M*t
FIG. 6. The same as before, with vanishing initial position with FIG. 7. The same as before, with negative initial velocity.
respect to the brane.
We thus believe, based on these results, that the shortest
path is inside the brane, and is the one followed by light.
Furthermore, we follow Randall and Sundrum and relate thédowever, there is certainly room for more paths due to the
bulk energy densitypg and the cosmological constant den- extremely complicated character of the differential equation

sity p, by involved in the problem. We tried to further investigate
whether new structures could arise in such differential equa-
sz/z\ tions, but we failed in finding them. The fact is that no short-
Pe=— "5 - (65  cut has been found.

In the radiation dominated era the equations are further
At this point all constants are defined in terms of the Planckcomplicated. In this case solutions are shown in Figs. 5-7.
mass, and our discussion of the evolution of gravity signg\gain, we have plotted the adimensional functia(x),
can be established. wherex= Myt in this case.
For the matter dominated case=0, we experimented . I_:igures E'S'and 6 show a platea}u behavior for low ppsitive
using different initial conditions. In general, we prefer to Nitial velocities; however, there is a threshold velocity for
start withy#0 in order to avoid any spurious solution in the which the curve decouples and escapes to infinity. Figure 7

differential equation, which is rather singular. We thus SUIO_shows curves for three negative initial velocities. Again, the

pose thaty starts at the order of the Planck length. Figureswave tries to follow the brane from a distance depending on

2—4 show some results. We have chosen to plot the adimeﬁhe initial velocity value, as we saw in the matter dominated
sional functionz(x) = wy(x), where u corresponds to two
Planck mass unitM andx=t/ty, ty being the present age
of the universe.

Each graph contains a set of curves corresponding to thr
typical velocities, whose values are shown in the legend ophorteut has b_een found. .
each graph, producing similar behaviors. In Figs. 2 and 3 we We thus arrive at the conclusion that the present cosmol-

use negative initial velocities and, independently of the choP9 IS Still simple, and is included in the large class of cos-

sen initial pointy, the curve decays and escapes, never rer_’nologies with no shortcuts. Our investigation must now head

turning to the same brane. In the case of positive initial Ve_toward cosmologies. displaying genuinely new structures,
locities, Fig. 4 shows three curves from which we can Seesuch as black holes in the buil1,20.

that the greater the initial velocity is, the further away from
the brane the object will travel.

Summarizing, these graphs show that no path comes back This work was supported by Fundacde Amparo &Pes-
to the brane after splitting off further inside the bulk. After quisa do Estado de 8&Paulo(FAPESP and Conselho Na-
the split, some paths go off quickly, while others remaincional de Desenvolvimento Ciéfitio e Tecnolgico (CNPQ,
almost parallel to the brane for an indefinite time. Brazil, and NNSF of China.

Thus, in the radiation dominated era=3%, many solu-
tions tend to remain not far from the original bulk, but still,
ever returning. Their meaning is not known, and again no
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