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Steady-state eternal inflation
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Since the advent of inflation, several theorems have been proven suggesting that although infldfod can
generically doescontinue eternally into the future, it cannot be extended eternally into the past to create a
“steady-state” model with no initial time. Here we provide a construction that circumvents these theorems and
allows a self-consistent, geodesically complete, and physically sensible steady-state eternally inflating uni-
verse, based on the flat slicing of de Sitter space. This construction could be used as the background spacetime
for creation events that form big-bang-like regions, and hence could form the basis for a cosmology that is
compatible with observations and yet which avoids an initial singularity or beginning of time.
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[. INTRODUCTION must contain singularities, so that inflation can be at best
“semi-eternal” into the future[8,9]. The most recent such

Following the discovery of the cosmic expansion, cosmol-theorem, for example, attempts to show that an observer fol-
ogy became dominated by two alternative paradigms. Th&Wing “almost any” geodesic will have finite past proper
first, the big bangBB), is based on general relativity applied M€ as long as its *locally measured Hubble constant” al-
to a physical system obeying the cosmological princi@ey ~ WayS exceeds some positive minimum va[$, implying
of spatial homogeneity and isotropy. In the BB, the observei}hat inflating spaces are generically past geodesically incom-
universe evolved in a finite time from a dense singular stat
before which classical space and time did not exist. The seg;
ond, the steady stat&9), is based on thperfectcosmologi-
cal principle (PCB that the statistical properties of the uni-
verse are independent also of time. In the SS, the univer
always has and always will exist in a state statistically like itst
current one, and time has no beginnirig2).

Observations of the thermal microwave background an
evolution in quasars and galaxies turned most astronome
away from the SS, and its proponents were forced to mak
their models only “quasisteady,” with expansion and con-
traction cycles explaining the observed evoluti@j. But

This is an odd result as it applies to—and hence appears
forbid—the seemingly physically reasonable classical SS
cosmology(which can itself be considered a form of eternal
inflation). In this paper we attempt to resolve this incongruity
carefully examining the implications of the singularity
heorems and providing a construction that allows for a
Lfhysically reasonable geodesically complete eternally inflat-
ng spacetime in which physical observers can have indefi-
Fﬁtely long past proper time. In Sec. Il we examine the clas-
ical SS cosmology in light of the singularity theorems, and
show how to construct a self-consistent and physically rea-

proached the SS, in the form of “eternal inflation:” there is a
broad consensus among its architects that inflation—no
considered by many to be an indispensable part of the B ig-bang-like regions embedded in an eternally inflating

cosmology—never ends once it begis5]. Rather, infla- background. We conclude in Sec. IV.
tion always continues somewhere and continually spawns ’ o

and in Sec. lll we show how our construction might be used
o formulate a viable truly eternal model of inflation with

new ther_malized regions, creating a mixture of im_‘lating and Il. THE STEADY-STATE UNIVERSE
noninflating areas that approaches some quasisteady-state
distribution eternally into the futurgs]. Let us now review the classical SS model. The backbone

The SS cosmology is appealing because it avoids an iniof this theory is the PCP, which holds that an observer at a
tial singularity, has no beginning of time, and does not rerandomly chosen position in space and time measures physi-
quire an initial condition for the universe. This led some tocal properties of the universe that are isotropic and that are
hope that inflation could be extended eternally into the passtatistically indistinguishable from any other such observer.
to likewise avoid these unpalatable necessitisAttempts ~ This principle places strong conditions on a cosmology that
to do this failed, however, and these failures have motivategatisfies it. The spatial part of the PCP implies that spacetime
the formulation of several singularity theorems attempting tocan be described by the Friedmann-Robertson-Walker
show that under very general assumptions inflating spaceéRW) metric with scale factom. The measurable Hubble

parameteH=(1/a)da/dt=a/a must be a constant in cos-

mic time t, implying exponential expansion. The universe
*Email address: aguirre@ias.edu must be spatially flat, lest there be a time-varying ratio of the
"Email address: sgratton@princeton.edu curvature scale to the Hubble radius. The physical matter

0556-2821/2002/68)/0835076)/$20.00 65 083507-1 ©2002 The American Physical Society



ANTHONY AGUIRRE AND STEVEN GRATTON PHYSICAL REVIEW D65 083507

density must also be constant in time. Because of the Hubble
expansion, this implies that particles must be continually cre-
ated so as to keep this density constant. This requires that the
number of particles created in a given four-volume be pro-
portional to the four-volume itselfiMechanisms for doing
this are generally considered somewhat artificial, detracting
from the aesthetic appeal of the SS; but this is not important
for the present argumeint.

A subtle question that should be asked at this point is:
why have we stated that the universe is expandiagher
than contracting and that particles are being creatéwbt
destroyed? This is necessary if the arrow of tinfAOT) is
to point in the direction of entropy creation: to maintain a
SS, both microscopic and coarse-grained entropy must, on
average, be created as the universe expands at a constant rate
per unit physical volume. In other words, if either micro-
scopic or coarse-grained entropy were created as the universe
contracted, the entropyensitywould change in time, violat-
ing the PCP. The “thermodynamic AOT” defined by entropy
creation is in turn linked to the electromagnetic AOT. The
latter specifies, for example, that while moving charges can
emit radiation(creating an asymptotically spherical outgoing des
wavefront that is either eventually absorbed or propagates t
infinity), an mcom.mg spherical wavefront annpt “miracu- represents a comoving geodesic in the closed slicing, and “P” and
lously” assemble into a local electromagnetic field that can. _ . are, respectively, points in “region Ithe portion of the
move charges. Conditions sufficient to ensure this behaviogpacetime covered by the shown flat slicing coordinaaesl “re-
are that the “retarded” rather than “advanced” potentials aregion " (the uncovered portion
appropriate(which is tied to the thermodynamic AQ&nd

that there be no radiation incoming from infinifhe “Som-  tions here. Consider a massive partitiee analogous argu-
merfield radiation condition’[10,11]. This last condition iS  ment can be made for lightlts geodesic equations in the
discussed below; for now note only that in a SS model thenetric (1) read

thermodynamic andhence electromagnetic AOTs are ex-

FIG. 1. A diagram of de Sitter space, with lines of equal time in
flat slicing(the nearly diagonal parabojaand comoving geo-
ics(emerging fromi, in the lower-righf shown. Thet— —
ﬁ)ghtlike surface is labeled ~. The nearly vertical line labeled “X”

plicitly linked to the direction of the expansion. t"+HeMx'2=0, (e?M'x’)'=0, 2
The metric for an exponentially expanding FRW universe
can be written where prime denotes a derivative with respect to the proper

time 7 of the particle. Integrating the latter gived™'x’ =v,
d2= — 2+ e2M(dx2+ dy2+ d22), ) with v constant. Substituting into the former leads to
trZ_e—ZHtV2:1, (3)

with H constant chosen positive so tlat e increases as
increases as required by the preceding argument. This is ) ; :
well studied metric: that of the flat slicing of de Sitter spaceSIder the particular class of geodesics with 0. Then Eq.

H 12 _ _
[12]. 4-dimensional de Sitter spacetime can be thought of a&>) SIMPly readd’“=1 so thatAt=Ar and for any value of
a hyberboloid in 5-dimensional Minkowski space; see Fig. 1.7 th€ particle stays in the region of spacetime covered by the

One may coordinatize this hyperboloid in a variety of wayscoordinates of the flat slicing. So the@@moving geodesics
to yield slices of constant time that are open, flat or closed?'® i fact complete in the region of spacetime described by

In our case the PCP has singled out as physically appropriafed- (1)- Now consider a geodesic with0. Equation(3)

the flat expanding system shown in Fig. 1: slices of constanf@ds to

time are the nearly diagonal parabolas, with the— oo sur-

face 7~ a null surface. Comoving observers emerge from J’t' dt S @

past timelike infinityi,” in the lower-right corner, with future t 14+ v2e~2Ht o

light cones that open in the direction of expansion, which is

toward future timelike infinity at the top of the diagram. The LHS is unbounded &s— + %, showing that the region
However, as we can see from the figure, this slicing doe®sf spacetime described by Ed,) is geodesically complete to

not cover the entire hyperboloid. So the universe describethe future. But it tends to a finite constant as»> —, im-

by Eqg. (1) is geodesically incomplete; geodesics like thatplying that along this geodesic there is only a finite proper

labeled “X” in Fig. 1 can go “throught=—<" into the  time sincet=—o. Hence the region described by E) is

uncharted region. This singularity g~ is exactly what the geodesically incomplete to the past. This sort of argument is

singularity theorem§8,9] point to, so let us look at the equa- the basis for the recent singularity theorem of Réf.

rgmembering the normalization of the proper time. Now con-
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What does this mean? Is the steady-state model badlyih/io s 19/ix
! . . i I I 1/
defined? We will address this question from several perspec-
tives. First, consider what a particke on such a trajectory I
that came “from the outside” into the region described by -
the metric(1) would look like to the geodesically complete F
comoving observer it passes at timdt would appear to be Pa

a particle with energyngy/1+v?e 2", wherem is its rest
mass. This is time dependent and as— particleX has an F
arbitrarily large energy. That particles like are forbidden
can be seen in several complementary ways. First, consider
to be propagating “backwards in time” toward . If X has Il
anynonzero interaction cross section with any particle in the i
universe that has nonzero physical number density, then par-
ticle X will interact with an infinite number of them with FIG. 2. Conformal diagram for de Sitter space. Equal-time flat
arbitrarily high energy. It would create, then, a “spray” of slices are curved and spacelike; comoving geodesics are straight
particles in a light-cone opening toward ™, violating the CP and timelike. The nuII_ surfacg  represent$— — in_ both region
to an abritrarily great degree a§ is approached.Now ' (aboveJ") and region li(below 7). Shaded regions represent
consider X to be propagating forward in time, starting future (") and pasi*P") light cones of point “P" and its anti-
“from” J~. Then for the same reasakwould interact with pOd?O_P’ andJy is future timelike infinity for region |, while,
an abitrarily large number of particles, yielding a spray 0fa}nd i, are its past-tlme!lke gnd spacelike infinities. The left and
high-energy particles filling a light-cone openiag/ay from right (dotted edges are identified.
J~, rendering any time-slice inhomogeneous. Even suppos-
ing the particle to somehow avoid all interactions, it would—noting that the boundary condition @/~ picks out the flat
simply by virtue of its asymptotically infinite energy—still slicing as preferred in region Il, just as the PCP did in region
pick out a preferred position, and violate the PQR.short, | we are strongly motivated to apply the PCP in region Il as
enforcing the PCP as— — acts a boundary condition on in region I (which would also link the thermodynamic and
J " that forbids any physical particles from entering the SScosmological AOTs as beforé Turning the page upside-
universe from “elsewhere.” The only allowed physical gown, we see that region Il now closely resembles region I,
things in the _SS are part|cl_es or photo_ns or observers that atg,q that the “no incoming particles” boundary condition on
created W|th|r_1 the spacetlm.e or par.t|cles or.observers _thag7— (which, recall, followed simply from causality in region
havz W.O”d. I't?]e.s a?pf?achlrltg the inextendible comovmgl) is exactly the necessary condition to prevent the sort PCP-
geoAneo?rfesr I\?vaye(;:‘ ;géﬂ;neQ paetlstﬁe situation is by asking what vioIating particles previously d!scussed in the conte>§t of _the
is in the region on the other side of-, labeled as “region geodes_lc completene.ss of region I. And further, the |nab!l|ty

’ of particles created in region Il to travel along spacelike

[I”in Fig. 1. Note first that no signal or particle created in ths or into their own t prevents an rticles from trav-
region | can escape into region Il, because to do so it woul @3NS or INto heir own past prevents any particies from tra

have to travel along a spacelike path, or somehow backwarg "9 from region _” Into region X com_pletlng the circle. .

in time so as to exist before it was created. Thus region Il N €ssence, this construction partitions the full de Sitter
will see 7~ as a boundary from which no particle or infor- SPacetime into a self-consistent set of two non-
mation emerges. This is exhibited in the conformal diagranfommunicating SS universes. An observer in region | does
for the flat slicing of de Sitter spacetiniEig. 2): the future  NOt see anything in its past light cone from an observer in
light-cone of any point in region | fails to intersect™. region Il because that other observer cannot signal into its
Conceive now some physical beings residing in region II. Inpast, and vice versa. Seen in this way the boundary condition
what sort of universe do they live? Consider first the electroforbidding physical particles from following geodesics
magnetic AOT. A point in region Il couldiot experience an acrossJ  into one universe is in No way strange or unrea-
incoming spherical wave from infinity traveling along a light sonable, as it follows directly from the forbidding of causal-
cone opening toward’~ (because no particles can emergeity violations in the other univers€One could similarly par-
from there. It could, however, send such a wavefraway tition de Sitter spacetime by any non-timelike bound&y
from 7. This provides the Sommerfield radiation condition away from which time flows. Buff~ is special: any space-

in region Il as long asthe electromagnetic AOT points away like B would allow no eternal observers, and any other Bull
from 7, i.e. toward thebottomof Figs. 1 and 2, with co- would be less symmetric; moreovef,” is the only B that
moving observers emerging from the point labelgd Now,

31t does not appear strictly necessary to enforce the PCP in region
!Note also that when viewed forward in time, this requires collec-II, though this makes the construction simpler; all that is really
tive, anti-entropic behavior by an increasingly large number of parnecessary is that—as suggested but not required by the Sommer-

ticles ast— —oo. field condition—there is a globally well-defined AOT that prevents
2A homogeneous family of such incoming particles can satisfy theparticles created in region Il from passing through. The PCP is
CP but only on one of the flat spatial sections. a sufficient but probably not necessary condition.
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can be “irrelevant” by allowing interesting physics to occur is not a viable cosmological model for the saif@bdserva-
throughout the full de Sitter spacetime even while no infor-tional) reasons the classical SS is not. It could, however,

mation flows from3.) _ N provide the background for events that create big-bang-like
The two universes resulting from the partition may not beregions, one of which could describe our environment.
identical, despite sharing the null boundary, becaygse One possibility, based on “old inflation15,16, was dis-

(which is the beginning point of all region Il comoving geo- cussed by Vilenkin in Ref[17] but considered not to be
desicg is not necessarily the same igs. The universes can viable because the background spacetithe flat de Sitter
be madeidentical, however, providing a more economical slicing) is geodesically incomplete—the very problem to
and perhaps more elegant construction, through the identifivhich we have outlined a solution. To construct such a
cation of antipodal points on the hyperboldidemonstrated steady-state inflation model, one may simply take the SS
by equating the two point8 and—P in Figs. 1 and 2 This  universe described above and replace the particles by
identification maps region | onto region (&nd vice versa  bubble$ in which the scalar field will eventually roll down
and 7~ onto itself. The resulting spacetime was called theto the true vacuuni18]; the interior of each bubble looks
“elliptic interpretation” of de Sitter spacetime by Schro like an open FRW cosmology to observers insidg §]. For
dinger[13] (who advocated a fully “timeless” model distinct a suitably flat inflaton potentialas in “open inflation”
from our own), and was studied mathematically in REf4].  [18,2(), the FRW regions can be nearly flat, homogeneous,
It has some appealing features: for example, unlike in thend have scale-invariant density perturbations just as in stan-
usual de Sitter spacetimeny event is connectable via a dard inflationary cosmology. Like the particles in the SS
non-spacelike geodesic to the world line of an immortal ob-model, the number of bubble nucleation events in a given
server following a timelike geodesic. For our SS construcfour-volume is proportional to the four-volume itself
tion, this implies that a physical observer that has existedi19,21,22. For non-overlapping bubbles, this would yield a
forever can affecfti.e., can send signals)tall of the space- model obeying the PCP, as the physical number density of
time (though there exist events that cannot sigieethe im-  the bubbles of a given size on each space-like surface would
mortal observer, because the required signal would be spacbe independent of time. However, the bubbles do tend to
like, or travel “back in time” through7 ™). overlap: given a volum& at a timet, bubbles formed after
Neither the identified nor non-identified spacetimes con-some earlier timé, at a ratex per unit 4-volume fill all ofv
tain closed timelike curves. Without the identification, the except a fraction
spacetime manifold is time-orientable in the mathematical
sense that it is possible to continuously divide non-spacelike — 4\ (t—tgp)
vectors into two classes which can be labeled “future” and finf:exq—)\Q]:exl{T}
“past.” In our construction these labels will only correspond

to the physical AOT in one of the two regions. With the ¢, (t—tg)>H ! andV—o, whereQ is the 4-volume be-

identificati_on the' spaqetime is still a mqnifold buf[ is ”°ttweent0 andt in the past light cone of a point M [16,17.
mathematically time-orientable. The physical AOT is, how- e f 0 asty——o and inflation seemingly halts.
ever, still well-defined and no physical observer will see it vever as argued in ReffL7] this is not necessarily the

reverse. . , . case. One can show thi&t large but finite sphere of comov-
While our construction is self-consistent for any physical. ~ . ; . .
observer with an origin in the spacetime, one might neverin9 volumeV contains a fractiori,>0 of inflating volume,

theless ask what a meta-physical invisible obsetwath its then .the inflating p_hase’s physical YOIUme 'incr'eases with
own arrow of tim@ might see as it follows for example one t!me n thatlfco_m(_)lvmfg V(tnltljmfe(,j_and It_zndls;rf)ztlo)\n/?)?_'t‘lany
of the comoving geodesics of the closed slicing which coverdMe 1S a self-similar fracta of dimensiot = D ™

the full de Sitter spacetiméshown in Fig. 1 and labeled as UP 10 @ scaléxlog(t—to) [that is,V(r) fiy(r)=cr ~ forr<L].

“X* ). Moving in region | toward7 ", it would observe that As to— —o the distribution becomes fractal on arbitrarily

the clocks on the comoving observers it pagsghuge ve- Iarg_e sc_:ales and, becau§e<3, the infiating fraction of an
locities as per Eq(3)] would read earlier and earlier times, arbitrarily large region tends to zero even though parts inflate

but that the clock of any one such observer would be tumm%'?deﬁnitely. The global structure of the spacetime is still ap-
at an ever-slower rate. Passing throu@h it would see the

arently de Sitter, however, as all inflating regions are con-
timesdiverge to minus infinity but theatesfreeze. Emerging nected in spacetime and the fractal “skeleton” of inflating
into region Il (or in the identified case into another part o

f phase cannot be in any way affected by the regions of true
region ), it would see the times increasing from minus in-

vacuum. Note also that—although bubble intersections are
finity and the rates increasing again. It would perceive noth£ommon

—the interior of any given bubble formed at time
ing singular happening, interpreting the time reaching minus
infinity and back as due to the infinite length contraction ,

between the comoving observers as its speed relative to themNot all of the arguments carry over directly. For example, unlike
momentarily becomes the speed of light the X particle, a physical observésomehow beginning in an in-
' flating region could, without encountering anything else, follow a

lIl. ETERNAL INFLATION timelike geodesidnecessarily always passing through locally de
Sitter spacgtoward, 7~ and(noticing nothing pass through it. The
The construction we have outlined gives either one or twabserver would then quickly encounter a bubble and realize that it
past- and future-eternally inflating regions of spacetime, butvas traveling into the future of its surrounding region.

©)
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will be essentially homogeneousNfH* is small enough: it Fourth, in the recent “cyclic” model of Ref.26] the uni-

can be showi16] that throughout all time, on average only verse consists of two repeatedly collidif@ 1)-dimensional

(80m/9)(\/H?) bubbles formed prior ta will intersect the  flat branes embedded in(4+1)-dimensional bulk. An(in-

chosen bubble, and that the fractional volume of thegestructible observer on one of the branes sees a flat space

CQS;‘;; )t:l/ﬁkzle filled with bubbles formed afteis also  \yhich is almost always exponentially expanding, and in

( If thg(disqu)iéting feature of this model that events of zeroWhiCh particles are periodically created when an *ekpyrotic®
collision occurs between the branes. Averaged over sufficient

probability occur in the universe(infinitely often is i h o ial and th del
accepted, there is still cause for concern because an infinite!™e: the expansion is exponential and the model comes to

fractal doesnot satisfy the CP. Note, however, that the dis- resemble a quasisteady-state to an observer on the brane. The
tribution f,,¢(r) about eaclinflating point is the same, and is argument of Ref|9] applies to geodesics on the brane, all of
independent of time. Thus the inflating part of the universevhich cannot then be fully extende¢blecause they encounter
does satisfy a “perfectistationary in timg version of the 7~ a finite proper time in their pagtHere as in the classical
“conditional cosmographic principlelproposed by Mandel- SS all the matter that is created in this modalthe brane
brot [23] as a generalization of the CREhat the statistical collisions originates at rest in the comoving franfgefined
distribution of inflating volume around any point is isotropic here by those collisionsso no physical particles follow the
and does not depend upon that paintthe conditiorthat the  geodesics intersecting . Nevertheless, as in the SS the
point is itself inflating. This principle, which holds for both construction described herein may aid in constructing a glo-
the inflating and thermalized regions, could therefore servéal, geodesically complete spacetime for this scenario.

as a replacement for the PCP in constructing an SS universe,

though it is a radical departure from the CP that implictly or

explicitly lies at the heart of almost all known cosmological IV. CONCLUSION

models.

The fractally inflating model just described is, however, We have argued that the geodesically incomplete flat slic-
not the only conceivable possibility, and we can sketch out 4" of de Sitter spacetime can be completed in a self-
number of possible variations that could satisfy the usual Cisonsistent and physically sensible way by considering it to
and might(or might no} improve upon the model. be one of two similar or identical regions of a full de Sitter

First, relaxing the PCP to the CP, the nucleation pate spacetime that is partitioned by the flat slicing — null
could tend to zero at “early times” so that the number of surface7 . Our construction follows naturally from causal-
nucleation events in the past light cone of any point is finite/ty constraints which forbid each region from sending par-
This would preventf;,, from vanishing at any finite time fucl_es or !nformatlon into the other region. It also suggests
(and the fractal distribution would, as in future-eternal infla-intimate links between the arrows of time, the cosmic expan-
tion, have an outer scale above which it becomes homogéion, and theperfect cosmological principle. _
neous. This would, however, come at the great expense of Although our arguments have been largely classical, they

introducing a preferred point in time. may have interesting implications for the formulation of
Second, eternal inflation could occur in some#or  guantum field theoriesQFTS in de Sitter space. Both the
higher-dimensional manifold and somehow nuclg&e1)- WO universe” and identified models are geodesically com-

dimensional bubbles incapable of filing the space. ThigPlete and seem therefore to provide a more satisfactory back-
would also prevent; from vanishing(A related possibility ~9round for QFTs than would an eternally inflating spacetime
is that big-bang cosmologies could be formed within the in-With & boundary. Howand whetherthis quantum mechani-
tersection of bubble walls in a higher-dimensional spacetime¢@l formulation can be achieved constitutes an interesting
A model of this sort has been proposed in Rg4]. Our  Subject for future researdt27].

construction might be applied to make the inflating bulk eter- OUr construction may be applied to extend standard theo-
nal) ries of future-eternal inflation into the eternal past, though

Third, thermalized or slowly-rolling regions could re- W€ do not claim that such models are problem-free. In par-
enter inflation. In the “recycling” scenario of Ref25] this ~ ticular, on any equal-time slice the inflating regions form a
occurs due to quantum fluctuations of the inflaton. Therdractal distribution of infinite volume and yet a vanishing
might be some way in which the fraction of inflating spaceVvolumefraction, and the cosmological principle must be re-
could be a finite fraction of “all” space but is extremely placed by some sort of “conditional” cosmological principle

difficult to see how to compute this volume fraction in an that can hold for infinite fractals. For those deeming these
unambiguous way. features undesirable, we have listed a number of possible

ways in which they might be avoided by other models.
Speaking more generally, what makes constructing eternal
SConstructing a steady-state model is different from constructing gnodels of the universe both appealing and difficult is that
model evolved from an initial condition in that one must choose thelMost all, at bottom, have the same essential features. To
state of the system at some particular time, and then show that tfav0id a preferred timéas seems highly desirabjehe model

state maintains itself and does not “self-destruct” by evolving into must enforce some sort ¢fjuasjsteady state. For the 2nd
anything else. Thusssumingthat some region is inflating is al- law of thermodynamics to hold universally, the universe

lowed (despite the oddsas long as this assumption self-consistently must then expand lest it be always in equilibrium, and to be
leads to the same configuration at a later time. (quasjsteady this expansion must kguasjexponential.
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Though not rigorous, these arguments lead somewhat umproposed here may be necessary in any reasonable model for
avoidably to the flat slicing of de Sitter spacetime or somean eternal universe that avoids a beginning of time.
variant of it® Thus we suspect that a construction like that
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