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Oscillation effects on neutrino decoupling in the early universe

Steen Hannestad
NORDITA, Blegdamsvej 17, DK-2100 Copenhagen, Denmark

~Received 22 November 2001; published 9 April 2002!

In the early universe, neutrinos decouple from equilibrium with the electromagnetic plasma at a temperature
which is only slightly higher than the temperature where electrons and positrons annihilate. Therefore neutrinos
to some extent share in the entropy transfer frome1e2 to other species, and their final temperature is slightly
higher than the canonical valueTn5(4/11)1/3Tg . We study neutrino decoupling in the early universe with
effects of neutrino oscillations included, and find that the change in neutrino energy density frome1e2

annihilations can be about 2–3 % higher if oscillations are included. The primordial helium abundance can be
changed by as much as 1.531024 by neutrino oscillations.

DOI: 10.1103/PhysRevD.65.083006 PACS number~s!: 95.30.Cq, 13.15.1g, 14.60.Lm, 14.60.Pq
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I. INTRODUCTION

Freeze-out of particle species from thermal equilibrium
one of the most important features of the early universe. O
example is supersymmetric cold dark matter such as the
tralino. If these particles were kept in thermal equilibriu
throughout the history of the universe their present day ab
dance would be suppressed by a huge factor because of
large mass. However, because of their weak interactions
pair annihilation processes which keep the particles in e
librium stop being efficient at a temperature of the ordeT
;m/20 @1#. At this time the particles decouple from equilib
rium and their abundance is afterwards only diluted by c
mological expansion. Therefore such particles can be s
ciently abundant today to make up the dark matter@1#.

In the present paper we discuss the decoupling of ne
nos from thermal equilibrium at a temperature of;1 MeV.
In the canonical picture the electron neutrinos decouple
temperature of about 2 MeV, whereas them andt neutrinos,
which do not have charged current interactions, decoupl
roughly 4 MeV. Shortly after this decoupling the temperatu
drops below the rest mass of the electron and electron/
itron pair-annihilate and dump their entropy into photon
The neutrinos are not supposed to share in this entropy tr
fer and therefore their temperature is lower than the pho
temperature by a factor (4/11)1/3 @2#. It is also implicit in this
treatment that oscillations between active neutrino spe
have no effect because their distributions remain identica

However, because the temperature difference betw
neutrino decoupling and electron-positron annihilation~at T
;me/3) is only one order of magnitude the neutrinos will
some extent share in the entropy transfer and the final t
perature of the neutrinos will be slightly different from th
canonical value.

This problem has been treated many times in the past
various methods@3–15#. Early calculations made various ap
proximations@3–5#, whereas recent treatments have includ
solving the full momentum dependent system of Boltzma
equations, including all neutrino reactions@6–13#.

In all treatments so far, however, neutrinos have been
sumed to be non-mixed species~although the possibility tha
neutrino heating could be changed by oscillations was m
tioned in Ref. @16#!. The recent results from the Sudbu
0556-2821/2002/65~8!/083006~11!/$20.00 65 0830
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Neutrino Observatory~SNO! @17# experiment have con
firmed that the solar neutrino deficit is indeed explained
active-active neutrino oscillations, most likelyne2nm oscil-
lations @18#. However, the specific values of the mixing p
rameters have not been conclusively measured. At pre
there are four different solution regions in mixing parame
space. The best fit points for these four solutions~from Ref.
@19#! are listed in Table I.

Also, by far the best explanation for the atmospheric n
trino problem is oscillations with maximal mixing betwee
nm and another neutrino, most likelynt , as suggested by th
Super-Kamiokande experiment@20#. In the present paper we
treat neutrino decoupling in the early universe, taking in
account neutrino oscillations. Unfortunately the numeri
complexity of the problem increases dramatically if oscil
tions are introduced. We therefore treat the problem in
so-called quantum rate equation approximation where
momentum dependence of the problem is integrated out.
also refrain from treating the full three-flavor oscillatio
problem and concentrate onne2nm oscillations while as-
suming thatnt is unmixed. Data on atmospheric neutrin
suggest thatnm andnt are in fact maximally mixed, and ou
assumption is therefore not likely to hold. We will discu
this issue more thoroughly in Sec. IV.

We find that neutrino heating is slightly more efficient
oscillations are included. For non-oscillating neutrinos
find an increase in neutrino energy density ofDNn.0.0467,

whereDNn5dr/r* andr* 5 7
8 ( 4

11 )4/3rg . In the case of very
efficient mixing of ne and nm this is changed toDNn

.0.0479, a change of 2.5%. We also find that oscillatio
can change the primordial helium abundance. Neutrino h
ing induces a change ofDYP.1.231024 for non-oscillating
neutrinos. For maximal mixing this is changed toDYP

.2.231024, i.e. a difference comparable to the total ma
nitude of the effect. In the limiting case of complete mixin
of all neutrinos the result isDNn.0.0486 and DYP

.2.531024.
The next section contains a discussion of the essential

equations needed to treat neutrino decoupling, as well as
equations needed to treat the cosmological expansion.
tion III concerns the numerical details and results from so
©2002 The American Physical Society06-1
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TABLE I. Best fit values of mixing parameters for solar neutrino solutions, as well as their goodness of fit.

Solution dm2/eV2 sin 2u0 Goodness of fit

Large mixing angle~LMA ! 4.531025 0.91 59%
Small mixing angle~SMA! 4.531025 3.9431022 19%
Low 1.031027 0.99 45%
Vacuum~VAC! 4.6310210 0.91 42%
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ing the equations, and Sec. IV contains a discussion
conclusion. Finally, the Appendixes contain various ma
ematical details.

II. BOLTZMANN EQUATIONS

The fundamental equation describing the evolution of
particle species in the early universe is the Boltzmann eq
tion, which for a non-mixed species is@21#

d f

dt
5(

i
Ci@ f #, ~1!

whereCi@ f # are the collision terms. In a homogeneous a
isotropic systemd f /dt5] f /]t. For the moment we do no
consider the expansion of the universe, but this will be d
cussed at the end of the section.

However, for a treatment of oscillating neutrinos it is ne
essary to replace the single particle distribution function w
the density matrix,r, for the mixed species. For neutrino
the density matrix is a 333 matrix, but in the present work
we limit ourselves to studying two-flavor oscillations, wi
the third neutrino being nonmixed~in practice we studyne
2nm oscillations withnt being non-mixed!. The density ma-
trix for neutrinos can then be written as

r~p!5
1

2
@P0~p!1P~p!•s#, ~2!

where s i are the Pauli matrices. An equivalent express
holds for anti-neutrinos. Notice that this definition is slight
different from the notation which is most often usedr(p)
5 1

2 P0(p)@11P(p)•s#. This notation has the advantage th
P describes the internal state of the mixed neutrinos, whe
in our notation it does not. On the other hand, our notat
significantly simplifies the equations because it is linear~i.e.
it does not contain aP0P term!. The convention we use is th
same as that used by McKellar and Thomson@22# in their
treatment of active-active oscillations in the early univer
The material in this section follows their treatment closely
several respects.

The usual one-particle distribution functions are the di
onal elements of the density matrix so that,na(p)
5 1

2 @P0(p)1Pz(p)# andnb(p)5 1
2 @P0(p)2Pz(p)#.

The mixed neutrinos, described by (P0 ,P) then evolve
according to the equations

Ṗ~p!5V3P1@Ra~p!2Rb~k!# ẑ2D~p!PT~p!
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1E dp8d~p,p8!PT~p8!2C~p!P0~p!

1E dp8c~p,p8!P0~p8! ~3!

Ṗ0~p!5Ra~p!1Rb~p!, ~4!

wherePT5Px(p) x̂1Py(p) ŷ is the transversal component o
the polarization vectorP. The rate terms are given by

Ri~p!5E dp8dkdk8F(
j

Fi j ~pkup8k8!@nj~k8!nj~p8!

2ni~k!ni~p!#

2
1

2 (
l

Gl~k8p8ukp!PT~p!•P̄T* ~k!G , ~5!

where ( j is over all weakly interacting species and( l is
over all other particles than the mixed neutrinos. In all ca
*dq is taken to mean integration over phase space in
sense*dq5*d3q/(2p)3.

Here, the first term in the brackets is the usual Boltzma
equation with exactly the same structure as for a nonmi
species. The second term arises due to the possibility
mixed state neutrinos annihilate with mixed state antineu
nos. This term therefore is only present for active-active
cillations where both states are interacting. The matrix e
ment termsF andG are given by

Fi j ~pkup8k8!52pNV2
„j ~p!, j̄ ~k!u i ~p8!, ī ~k8!…

3d~p1k2p82k8! ~6!

Gl~pkup8k8!52pNV„na~p8!,n̄a~k8!u l ~k!, l̄ ~p!…

3V„nb~p8!,n̄b~k8!u l ~k!, l̄ ~p!…

3d~p1k2p82k8!. ~7!
6-2
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OSCILLATION EFFECTS ON NEUTRINO DECOUPLING . . . PHYSICAL REVIEW D65 083006
All the non-mixed species evolve according to the stand
Boltzmann equation

ṅi~p!5E dp8dkdk8F(
j

Fi j ~pkup8k8!@nj~k8!nj~p8!

2ni~k!ni~p!#

1Gi~kpuk8p8!PT~p!•P̄T* ~k!], ~8!

where again( j goes over all species. As before there is
new term which arises from annihilation of mixed states. T
terms in Eq.~4! containing c, C, D and d are damping
terms from elastic and inelastic scatterings which break
herence of the oscillations. Details of how to calculate th
terms can be found in Ref.@22#.

Finally, theV3P term is the usual oscillation term whic
is responsible for the flavor oscillations. The potential vec
V can be written as

V52Eabx̂1~Eaa2Ebb!ẑ. ~9!

Here,

Eab5
dm2

2p
sin 2u02Vab~p! ~10!

Eaa2Ebb52
dm2

2p
cos 2u01Va~p!2Vb~p!, ~11!

where dm25m2
22m1

2 and u0 is the vacuum mixing angle
The matter potentials,V, arise from the neutrino interaction
with the medium@23,24#.

The above set of equations is quite complicated to so
both because of its non-linearity and because it is momen
dependent. However, it is simplified enormously by using
so-called quantum rate equations instead of the full quan
kinetic equations presented above. In the quantum rate e
tions, the original quantum kinetic equations are integra
over momentum space so that the momentum depend
disappears. This integration can only be accomplished a
lytically if one assumes kinetic equilibrium for the neutrino
and therefore involves an assumption. We assume tha
one-particle distribution functions for neutrinos~the diagonal
parts of the density matrix! are of the forme2p/T.

The usual number densities of the mixed neutrinos
then related to the integrated density matrix byna5 1

2 @P0
1Pz# andnb5 1

2 @P02Pz#. However, this number density i
not a dimensionless quantity. In order to makeP and P0
dimensionless we instead work with the dimensionless qu
tities P* [P/nn0

andP0,* [P0 /nn0
, wherenn0

is the number
density of a decoupled neutrino species. As will be explain
at the end of the section this also has the advantage of m
ing the expansion of the universe simpler to treat. For s
plicity we will in the remainder of the paper refrain from
denotingP* andP0,* with an *.
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The quantum rate equations then take the form@22#

Ṗ5V3P2DPT2CP̄T* 1@Ra2Rb# ẑ ~12!

Ṗ05Ra1Rb ~13!

where

Ri5(
j

Fi j @hjnjn j̄ 2nn i
nn̄ i

#2
1

2 (
l

GlPT•P̄T* ~14!

ṅi5(
j

Fi j @hjnjn j̄ 2ninī #1GiPT•P̄T* . ~15!

hj51 for neutrinos andhj5
1
4 for electrons. The new param

etersC, D, V, Fi j andGi are then defined as

C5
P0

P̄T*
E dpFC~p!n~p!2E dp8c~p,p8!n~p8!G ~16!

D5E dpFD~p!n~p!2E dp8d~p,p8!n~p8!G ~17!

V5E dpV~p!n~p! ~18!

Fi j 5E dpdp8dkdk8Fi j ~pkup8k8!n~p!n~k! ~19!

Gi5E dpdp8dkdk8Gi~p8k8upk!n~p!n~k!. ~20!

Some details about how to perform the phase space integ
are given in the Appendix.

In the present calculation we are interested only in a d
ferential effect, i.e. the difference between the actual neutr
density and the density if neutrinos were completely dec
pled. In that case, the quantum statistics of the involved p
ticles is not very important@7#. In the following we therefore
approximate all quantum statistics with Maxwell-Boltzma
~MB! statistics. This means that bosons and fermions h
exactly the same behavior.

In previous calculations of neutrino oscillations in th
early universe it has been assumed that the active neu
species have the same temperature as the electromag
plasma. However, that is not the case during electr
positron annihilation. We therefore have to operate with d
ferent temperatures for all the different species. Specific
we always assume a Maxwell-Boltzmann distribution with
temperature given byTeff,i5T0(ni /nn0

)1/3, wherenn0
andT0

are the number density and temperature of a completely
coupled non-mixed neutrino species.ni is the actual density
6-3
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STEEN HANNESTAD PHYSICAL REVIEW D 65 083006
of the given species. Electrons, positrons and photons
assumed to be in full thermal equilibrium with the tempe
ture Tg5Te .

All of the above equations have been derived assumin
non-expanding universe. If the universe expands then for
usual one particle Boltzmann equation, the Liouville te
d f /dt is changed from] f /]t to ] f /]t2Hp] f /]p @21#. Like-
wise, the left-hand side of the integrated Boltzmann equa
is changed fromṅ to ṅ13Hn @21#. However, the equation
can be made to look exactly like they do for the no
expanding case if they are recast in comoving quantities.
momentum of a particle redshifts with expansion asp
}R21. For the momentum-dependent Boltzmann equat
one then defines the comoving momentum asp* 5pR, a
quantity that does not redshift. The Liouville operator th
becomesd f /dt5] f /]t2Hp] f /]p5] f (p* )/]t, i.e. it looks
exactly like the nonexpanding case.

For the integrated Boltzmann equation this also hol
The usual procedure is to write the number densities in u
of entropy density asn* 5n/s. If entropy is conservedn* is
not affected by cosmic expansion. However, in the pres
case entropy is not conserved because full thermodyna
equilibrium is not maintained. Instead one can rescale
number density in units of a completely decoupled neutr
species,nn0

}R23. In this case the left-hand side of the Bo

zmann equation readsṅ13Hn5ṅ* . If one recasts the quan
tum rate equations in units ofnn0

the cosmological expan
sion does not appear anywhere, and one can readily use
~16!–~24! even in an expanding universe.

A. Matter potentials

The diagonal part of the matter potential comes both fr
interactions with other species, and from self-interactions

The electron lepton number is known to be small (Le
5Lp;10210) because of charge neutrality. However t
neutrino lepton numbers are not well constrained at pres
At present the strongest constraints come from conside
big bang nucleosynthesis~BBN! and cosmic microwave
background radiation~CMBR! arguments. From BBN con
siderations one finds an upper bound on relativistic ene
density ~usually expressed as the effective number of n
trino speciesNn[r/rn0

) @25,26#, and therefore also on neu
trino lepton numbers@27#. However, because electron neut
nos enter directly into the weak interactions that regulate
neutron to proton ratio an electron neutrino chemical pot
tial cannot be directly translated into an effective number
neutrino species@27#. CMBR, on the other hand, is not sen
sitive to neutrino flavor but only to energy density. Therefo
the CMBR bound on the effective number of neutrino sp
cies can be directly translated into a bound on neutrino
ton numbers@28–30#. Hansenet al. @31# recently combined
BBN and CMBR to derive the tightest present constraint
20.01,Lne

,0.22 anduLnm,t
u,2.6 ~see also@32–37#. This

constraint is of course many orders of magnitude larger t
the known value of the electron lepton number.

For the sake of simplicity we assume that all lepton nu
bers are of the same order asLe . In that case they can b
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ignored in the calculation. This simplifies the numeric
computations tremendously because the neutrino and
tineutrino sectors decouple~i.e. the equations describin
them are identical!. However, we stress that this is not ne
essarily a good approximation, depending on the actual
ues of neutrino chemical potentials.

If one neglects all lepton numbers, the result for electr
neutrinos is

Ve52
96A2GF

p2mW
2 FTne

Tg
41

1

4
~12x!Tne

5 G , ~21!

wherex[sin2uW.0.226. For the muon neutrino one finds
similar expression

Vm52
96A2GF

p2mW
2 F1

4
~12x!Tnm

5 G . ~22!

This is very close to what is found using Fermi-Dirac~FD!
statistics for neutrinos. For FD statistics the front fac
should be@49z(4)/45z(3)#p2.9.68 @38# instead of 96/p2

.9.72 for MB. More details about the calculation of th
matter potentials can be found in the Appendix.

In addition to the diagonal part of the matter potent
there is an off-diagonal part due to neutrino-neutrino a
neutrino-antineutrino forward scattering@39#. This term is
proportional to*P(p)dp5P, so that in the quantum rat
approximation the term is identically zero. The off-diagon
term has the effect of synchronizing the oscillations of d
ferent neutrino modes. However, in the quantum rate
proximation the problem is reduced to following a sing
‘‘effective’’ mode and therefore the oscillations of differen
modes is in some sense already synchronized. In fact the
an additional off-diagonal term which is proportional torab ,
but as will be explained in the Appendix A this term is a
ways very small.

B. Annihilation and damping terms

The annihilation term for the processi ī ↔ j j̄ for particlei
can be written as

TABLE II. Values of B for different annihilation processes.

Process B

nen̄e↔e1e2 8x214x11

nmn̄m↔e1e2 8x224x11

ntn̄t↔e1e2 8x224x11

nen̄e↔nmn̄m
1

nen̄e↔ntn̄t
1

nmn̄m↔ntn̄t
1

6-4
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Ri j 5Fi j @hjnjn j̄ 2nn i
nn̄ i

#5
4GF

2

p3
Tn0

5 BF Tj
8

Tn0

8
2

Ti
8

Tn0

8 G
[F0BF Tj

8

Tn0

8
2

Ti
8

Tn0

8 G , ~23!

whereB depends on the specific process. Table II lists
value of B for different processes. Again, the front fact
value 4 is very close to what is found using FD statist
(.3.97) @38#.

The same front factor can be used to calculate the da
ing coefficientsC and D. The calculation of these terms
discussed in Ref.@22# for the case of FD statistics. Here w
just state the result for MB statistics

D5
1

2
F0F 8

Te
4Tne

4

Tn0

8
18

Te
4Tnm

4

Tn0

8
1~8x214x11!

Te
4Tne

4

Tn0

8

1~8x224x11!
Te

4Tnm

4

Tn0

8

12S Tne

8

Tn0

8
1

Tnm

8

Tn0

8
1

Tne

4 Tnm

4

Tn0

8 D G ~24!

C52~16x214!F0

Tne

4 Tnm

4

Tn0

8
~25!

Ge5~32x224!F0

Tne

4 Tnm

4

Tn0

8
~26!

Gnt
54F0

Tne

4 Tnm

4

Tn0

8
. ~27!

These expressions are very similar to those derived
McKellar and Thomson@22# who used FD statistics but as
sumed identical temperatures for all species.

C. Time-temperature relationship

Fundamentally, two equations are needed to fully desc
the cosmological expansion with time@2#. The system of
photons and electrons/positrons can to an extremely g
approximation be assumed to be in full thermal equilibriu
via electromagnetic interactions, so that they can be
scribed by a common temperature,Tg . Therefore the two
variables describing the cosmological expansion with ti
can be taken to be the scale factor,R, and the photon tem
perature,Tg .
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As the two independent equations we choose the Fr
man equation@2#

H25
8pGr

3
~28!

and the equation of energy conservation@2#

d~rR3!1Pd~R3!50 ~29!

as our fundamental equations. These two equations can
be rewritten as equations forṪg and Ṙ. Details of how to
solve these equations in the case of Maxwell-Boltzmann
tistics can be found in Ref.@7#.

III. NUMERICAL DETAILS

We have solved the quantum rate equations, Eqs.~12!–
~20!, together with the expansion equations Eqs.~28!, ~29!,
for the case ofne2nm oscillations.nt is in the present cal-
culation assumed to be non-mixed. As initial conditions
choose Tn5Tg515 MeV, a temperature well above th
electron-positron annihilation temperatureTann;0.3 MeV.
Furthermore, we setPx5Py5Pz50 andP052 ~and identi-
cally for anti-neutrinos!. However, the outcome is not sens
tive to initial conditions in the mixed neutrino sector becau

FIG. 1. The evolution ofdn/n for electron, muon and tau
neutrino fordm25331025 eV2, plotted for different values of the
vacuum mixing angle. The full line is for sin 2u050, the dotted for
sin 2u050.1, the dashed for sin 2u050.5 and the dot-dashed fo
sin 2u050.9.
6-5
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STEEN HANNESTAD PHYSICAL REVIEW D 65 083006
at high temperaturesP is quickly driven to zero because o
fast interactions, no matter what its initial value is. The s
tem of equation is then straightforward to solve.

Figure 1 shows the evolution of the quantity

dn

n
[

nn2nn0

nn0

~30!

for ne , nm andnt , for different values of the mixing angle
all calculated for the specific value of the mass differen
dm25331025 eV2. Again, nn,0 is the number density of a
standard, decoupled neutrino species. This figure also sh
the limiting case of non-mixed neutrinos (sin 2u050).

It should be noted that the result of the non-mixed cas
quite close to the result found by elaborate momentu
dependent calculations. The calculation by Dodelson
Turner @7# used the same approximation as we have in
present work~i.e. zero electron mass and Boltzmann sta
tics for all particles!, except that they solved the fu
momentum-dependent Boltzmann equation for the n
mixed case. Their result was approximatelydrne

/rn0

.0.012 anddrnm
/rn0

.0.005, whereas our result for th

non-mixed case is drne
/rn0

.0.0124 and drnm
/rn0

.0.0057. Notice thatdr/r5(rn2rn0
)/rn0

is not equivalent

to dn/n, the quantity shown in Fig. 1. However, since w
assume thermal Maxwell-Boltzmann distributions for all p
ticles the two quantities are simply related bydr/r
5 4

3 dn/n.
This shows that although our calculation is quite crude

the sense that it does not fully account for momentum
pendence, it yields results which are fairly close
momentum-dependent calculations, at least for the cas
non-mixed neutrinos. We do expect the same to be true
the mixed case, although this remains to be verified.

Calculations which have used exact quantum statis
and electron mass give slightly smaller neutrino heati
Hannestad and Madsen found 0.0083 forne and 0.0041 for
nm @9#, whereas Dolgov, Hansen and Semikoz found 0.0

FIG. 2. The temperature evolution ofPz[nne
2nnm

for dm2

51.031025 eV2 for various different values of sin 2u0. The full
line is for sin 2u050, the dotted for sin 2u050.1, the dashed for
sin 2u050.5, the dot-dashed for sin 2u050.9, and the long-dashe
for sin 2u050.99.
08300
-

e

ws

is
-
d
e
-

-

-

n
-

of
or

s
.

9

and 0.004@10,11#. The most recent treatment by Gnedin a
Gnedin found 0.0097 and 0.0062@12#.

In Fig. 2 we show the evolution ofPz5nne
2nnm

for dif-
ferent values of the mixing angle. It is clear that for th
specific choice ofdm2 a very large mixing angle is needed
achieve a noticeable effect.dm25131025 eV2 is of the
same order of magnitude as the best fitting solutions for
LMA ( dm254.531025 eV2) and SMA (dm2

54.731026 eV2) solutions to the solar neutrino problem
Therefore it is clear that for the SMA solution where the b
fit at present is sin 2u0.0.04 there will be no noticeable ef
fect of neutrino oscillations on neutrino heating. On the oth
hand, for the LMA solution sin 2u0.0.91, which is large
enough to give a significant change.

The evolution ofPz with temperature can be understoo
as follows. At high temperatures oscillations are suppres
by the matter potential, and thereforePz evolves indepen-
dently of the mixing angle. However, at a certain temperat
the matter mixing angle goes through a maximum and os
lations become an important equilibration factor. The rate
equilibration between the two species is to a rough appro
mation given byGeq;D cos22u sin22u @40#. This should be
compared with the rate at which the abundances are dr
apart by interactions with the electron-positron plasm
Gdrive;(Re2Rm). The matter mixing angle is given by th
expression

sin22u5sin22u0 /~122 f cos 2u01 f 2!, ~31!

where f [6T(Ve2Vm)/dm2. This mixing angle goes
through a maximum whenf 5cos 2u0 which also corre-
sponds to a maximum in the equilibration rate. This ma
mum occurs exactly at the temperature where the dip inPz is
seen. Below this temperature the mixing angle approac
the vacuum value andGeq/Gdrive approaches a constan
value, which to a reasonable approximation is

Geq

Gdrive
→ 8

16x212
S 4

11D
4/3

sin22u0cos22u0 . ~32!

This asymptotic value is always smaller than one so t
for small temperaturesPz follows the same trend indepen
dently of the vacuum mixing angle because the driving te
is dominant. However, as the vacuum mixing angle increa
the equilibration around the maximum of the mixing ang
becomes more and more important. Therefore the final va
of Pz decreases strongly with increasing vacuum mixi
angle.

Oscillations in general become important once the ma
potential no longer dominates the vacuum oscillation te
This happens when

TMeV,S dm2cos 2u0

1.031027 eV2D 1/6

. ~33!
6-6
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For the large value ofdm2 used in Fig. 2 this temperature
above the decoupling temperature for neutrinos. There
once the oscillations become important they are quic
damped and no oscillation pattern is seen at lower temp
tures.

This is not the case for lower values ofdm2 where oscil-
lations only become important well after neutrino deco
pling. In Fig. 3 we show the evolution ofPz for various
values ofdm2. For dm251026 eV2 the oscillations are com
pletely damped away because neutrinos have not decou
before oscillations become important. Fordm251028 eV2

FIG. 3. The temperature evolution ofPz[nne
2nnm

for sin 2u0

50.9 for various different values ofdm2. The upper panel is for
dm251.031026 eV2, the middle fordm251.031028 eV2 and
the lower fordm251.0310210 eV2.

FIG. 4. The evolution of the parameter Q

[ 1
2 ( iGiPT•P̄T* /( jFi j @hjnjn j̄ 2nn i

nn̄ i
# for i 5ne , for the specific

case ofdm25331025 eV2, sin 2u050.5.
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oscillations are apparent, but still of very low amplitud
Notice that at low temperatures the mean of the oscillat
curve still rises slowly due to neutrino heating by th
electron-positron annihilations. Finally, for dm2

510210 eV2 neutrinos have decoupled completely befo
oscillations become important. This means that there is
fectively no damping of neutrino oscillations once they co
mence.

Therefore, for low values ofdm2, Pz does not approach a
definite value for low temperatures, even though the to
neutrino number density,P0, does.

Of course the oscillation ofPz at low temperature is an
artifact of the quantum rate approximation. In th
momentum-dependent treatment different modes oscil
with different frequencies and oscillations decohere beca
of this effect. However, it should be noted that if neutrin
lepton numbers are significant, this picture can change c
pletely @41#. In that case the off-diagonal elements in t
neutrino matter potential are large, and neutrino oscillatio
become coherent. As long as all lepton numbers can be
glected, as was assumed in the present treatment, it
make better sense to use the average ofPz instead of the
actual value because the decoherence effect was not
counted for.

The increase in oscillation amplitude seen for decreas
dm2 is also seen for active-sterile oscillations, for the sa
reason@38#.

One non-standard feature in the active-active oscillati
is the appearance of the interference terms in the Boltzm
equation. These terms could potentially be important a
lead to a different result for neutrino heating. However,
turns out that they are always completely negligible co
pared with the usual collision terms. Figure 4 shows
quantity Q[ 1

2 ( iGiPT•P̄T* /( jFi j @hjnjn j̄ 2nn i
nn̄ i

# for i

5ne , for the specific case ofdm25331025 eV2, sin 2u0
50.5. This clearly shows that the non-standard terms fr
annihilation of mixed states is tiny compared with the sta
dard Boltzmann terms and that they can be safely ignore
numerical treatments.

FIG. 5. The total change in the effective number of neutri
species (DNn5Nn23) as a function ofdm2 and sin 2u0. Shown are
also the best fit values for the possible solar neutrino solutions@19#.
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TABLE III. Change in helium abundance due to neutrino heating for the case ofh1055310210.

Solution dm2/eV2 sin 2u0 drne
/rn0

drnm
/rn0

drnt
/rn0

DYP

LMA 4.531025 0.908 0.0097 0.0087 0.0057 2.031024

No oscillations - - 0.0124 0.0057 0.0057 1.231024

Maximal mixing - - 0.0093 0.0093 0.0058 2.231024
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IV. DISCUSSION

We have solved the Boltzmann equations governing
evolution of neutrinos around the time of their decoupli
from equilibrium, including effects due to mixing ofne and
nm . We always assumed that the tau neutrino is unmixe

As could be expected oscillations have the effect of bri
ing thene andnm abundances closer together. Strong os
lations also have an effect on the total neutrino energy d
sity after electron-positron annihilation. The reason is t
without oscillations, most of the heating is to thene sector
because electron neutrinos have charged current interact
Oscillations drain away electron neutrinos into muon neu
nos, and therefore the back-reactionnen̄e→e1e2 decreases
in efficiency. The end result is a slightly larger neutrino e
ergy density. As is customary we parametrize the neutr
energy density in units of the energy density of a decoup
massless neutrino,Nn5rn /rn0

~so that in the absence o

neutrino heatingNn53). However, it is also necessary
account for the slightly lower photon temperature if neutri
heating is accounted for, because all quantities should
measured relative to the actual photon temperature.
therefore use the definition

Nn5
rn

rn0

rg0

rg
. ~34!

In Fig. 5 we plot theNn at low temperature. From thi
figure it can be seen that neutrino oscillations can change
effective number of neutrino species by about 1.231023.
The effective number of neutrino species without oscillatio
is Nn53.0467, and in the limit of a large mass difference a
mixing angle it approachesNn53.0479. This value is some
what higher than what is found in the more thorough cal
lations using FD statistics and the full momentum-depend
Boltzmann equation (Nn53.028@9#, Nn53.034@10,11#, Nn

53.032 @12#! simply because of the larger neutrino heati
when MB statistics is used~our value fits very well with that
of Ref. @7#, who foundNn53.046 using MB statistics!.

For BBN calculations, there is an additional effect whi
must be considered. The electron neutrinos have a diffe
effect on BBN than muon or tau neutrinos because they e
directly in the b-reaction, which regulates the neutron
proton ratio. An increased number of electron neutrinos
anti-neutrinos have the effect of increasing then2p conver-
sion efficiency. This in turn leads to a lower neutron to p
ton ratio at helium formation and in turn a lower heliu
abundance. This effect works in the opposite direction o
simple increase inNn . Furthermore, because of energy co
08300
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servation the photon temperature is slightly lower if neutri
heating is included because photon heating bye1e2 annihi-
lation is slightly smaller. This also has the effect of lowerin
the n2p conversion rate because there are slightly few
electrons and positrons.

To get a feeling for how neutrino oscillations change t
helium production we have modified the Kawano nucleos
thesis code@42# to take into account neutrino heating. W
have then performed the numerical calculation for oscillat
parameters corresponding to the best fit for the LMA so
neutrino solution (sin 2u050.908 and dm2/eV2

54.531025). The result is shown in Table III, together wit
our result for the case of no oscillations and the limiting ca
of largedm2 and sin 2u0.

This shows that more helium is produced for the oscill
ing case. The main reason for this is the lower density
electron neutrinos in the case of mixing, but the increase
the effective number of neutrino species also leads to
increase in helium production. Interestingly, the change
helium abundance due to oscillations is of the same orde
magnitude as the total effect. The reason is that in the n
oscillating case the effect on helium is very small because
cancellations. The increase in electron neutrino tempera
is roughly compensated by the increase in the effective n
ber of neutrinos, as well as the decrease in photon temp
ture. Oscillations destroy this accidental cancellation a
therefore have a large effect. Our finding for the no
oscillating case fits well with other calculations. Using t
same approximations as in the present paper Fields, Do
son and Turner@8# found DYP51.131024. More sophisti-
cated methods find similar values in the rangeDYP51.1
21.531024.

In terms of energy density the changes to neutrino hea
by neutrino oscillations are quite small. If indeed the lar
mixing angle solution turns out to be correct then the eff
tive number of neutrino species is changed by roughly
31024 compared to the non-oscillating case. From CMB
the present bound on the effective number of neutrino s
cies isNn,13 @29,30#, i.e. more than two orders of magn
tude larger than the effect induced by neutrino heating,
about 104 times bigger than the change induced by oscil
tions. With precision data from upcoming satellite expe
ments such as the Planck Surveyor it could be possible
measureDNn.0.04 @43# which is comparable to the effec
from neutrino heating. Even so the small difference induc
by oscillations will likely remain undetectable.

For BBN the change due to neutrino heating is of t
order 1024. At present the observational uncertainty on t
primordial helium abundance is abouts(YP);0.005 @26#,
which is about 50 times larger than the change. Here, h
6-8
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TABLE IV. Change in helium abundance due to neutrino heating for the case ofh1055310210. Results are from assuming infinitel
tight coupling betweennm andnt .

Solution dm2/eV2 sin 2u0 drne
/rn0

drnm
/rn0

drnt
/rn0

DYP

LMA 4.531025 0.908 0.0089 0.0077 0.0077 2.331024

No oscillation - - 0.0124 0.0057 0.0057 1.231024

Maximal mixing - - 0.0082 0.0082 0.0082 2.531024
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ever, the change due to neutrino heating is more signific
comparable in magnitude to the total neutrino heating eff
It is perhaps conceivable that the difference in neutrino h
ing from including oscillations could be detected.

Finally, we stress that the present treatment is by
means definitive. A proper treatment of momentum dep
dence is missing, as is the inclusion of three-neutrino os
lations. Inclusion of momentum dependence is not likely
have a big effect for the relatively large mass difference a
mixing angle characterising the LMA solution, but may
important for the vacuum solution. Ifnm and nt are maxi-
mally mixed, as is indicated by atmospheric neutrino m
surements, then they will behave effectively as one spe
during neutrino decoupling. This should have the effect
lowering the electron neutrino temperature more than
two-neutrino oscillations, while increasing the overall effe
tive number of neutrino species slightly. Altogether th
amounts to the same effect as for two-neutrino oscillatio
but slightly larger.

It is simple to calculate the extreme upper limit on t
oscillation effect by considering a complete coupling ofnm
andnt . In Table IV we show results of the same calculati
as in Table III, but now assuming an infinitely tight couplin
between muon and tau neutrinos. This is likely to be a v
good approximation to the true state of affairs, because
preferred values of the mixing parameters fornm2nt mixing
is at present@20# (dm2.231023 eV2, sin 2u0.1). This
means that oscillations become important already wheT
.5 MeV, long before neutrinos decouple and also long
fore neutrino heating commences. Therefore in this casenm
andnt should be treated as having effectively the same te
perature. Note that this is only a good approximation wh
u13 is small so that there is little direct mixing ofne andnt .
Observations indeed indicate that this is the case.

Maximal coupling between the muon and tau neutrin
therefore leads to a slightly larger increase in energy den
due to neutrino heating. In the case of maximalne2nm cou-
pling Nn increases from 3.0479 to 3.0484, and for the LM
solution from 3.0476 to 3.0478. Helium production is al
slightly increased, by about 0.231024. Although we have
not performed a full three-neutrino oscillation calculatio
this estimate should be fairly close to the true value beca
nm and nt are most likely maximally mixed with a larg
mass difference@20#.
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APPENDIX A: MATTER POTENTIALS

The diagonal matter potentials arise from neutrino lo
interactions with the background medium. The magnitude
the potentials was first calculated by No¨tzold and Raffelt
@23# ~see also@24#!. In the absence of lepton numbers, the
is no contribution due to interactions with neutrinos of d
ferent flavor. Neutrinos of the same flavor yield the cont
bution

V5
16A2GFp

3mZ
2 ^En&Nn . ~A1!

For electron neutrinos there is an additional contribut
from interactions with the background electrons and po
trons. If the electron mass is neglected the contribution i

V5
16A2GFp

3mW
2 ^Ee&Ne . ~A2!

Neglecting the electron mass in the matter potentials o
leads to very small errors and is consistent with neglectin
in the interaction matrix elements. In the quantum rate
proximation one should make the replacementp→^En&
53Tn . Then usingNe52Tg

3/p2 andNn5Tn
3/p2, one finds

Ve52
96A2GF

3p2mW
2 FTne

Tg
41

1

4
~12x!Tne

5 G ~A3!

for the electron neutrinos. For the muon neutrino there is
contribution from electrons, and one finds the result

Vm52
96A2GF

3p2mW
2 F1

4
~12x!Tnm

5 G . ~A4!

As was mentioned in Sec. II A there is an additional o
diagonal term which is of the form@22#

V5
8A2GFp

3mZ
2 ^En&rab . ~A5!

However, because the off-diagonal elements ofrab are al-
ways very small until long after neutrino freeze-out this co
tribution is negligible.
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APPENDIX B: PHASE-SPACE INTEGRALS

In this section we discuss how to perform the phase-sp
integrals needed to calculate the terms in Eq.~27!. A full
derivation of all the terms would be too lengthy, but as
representative example we show the calculation of the c
tribution to Re by the processnen̄e↔e1e2,

Re~nen̄e↔e1e2!5
1

nn0

E dpdp8dkdk8~2p!4

3V2~pkup8k8!d~p1k2p82k8!

3@ f e~p8! f e~k8!2 f ne
~p! f ne

~k!#.

~B1!

Here, dp[d3p/2p0(2p)3, f e(p8)5e2p8/Te, and f ne
(p)

5e2p/Tne. All quantities are normalized to the density of
single decoupled neutrino species, which explains the 1nn0

in front.
The squared matrix element is

V2~pkup8k8!532GF
2@~2x11!2~p•k8!~k•p8!

1~2x!2~p•p8!~k•k8!#. ~B2!

Because of the Boltzmann statistics,f e(p8) f e(k8)
5 f e(p) f e(k). Using this, thedp8,dk8 integrals can be per
formed using Lenard’s formula

E d3p8

2p08

d3k8

2k08
d~P2p82k8!p8mk8n5

p

24
~2PmPn1gmnP2!.

~B3!
L.

s

s

n

08300
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The result is

Re~nen̄e↔e1e2!5
1

nn0

16

3

pGF
2

~2p!8
~8x214x11!

3E d3p

2p0

d3k

2k0
@e2p/Tee2k/Te

2e2p/Tnee2k/Tne#

3~p•k!2. ~B4!

We then use that (p•k)25p2k2(12cosu)2, whereu is the
angle between the direction ofp andk. After performing the
integrals overd3p andd3k the result is then

Re~nen̄e↔e1e2!5
1

nn0

4GF
2

p5
~8x214x11!

3@Te
82Tne

8 #. ~B5!

Usingnn0
5Tn0

3 /p2 the contribution to the Boltzmann col

lision integral is

Re~nen̄e↔e1e2!5
4GF

2

p3
Tn0

5 ~8x214x11!

3F Te
8

Tn0

8
2

Tne

8

Tn0

8 G . ~B6!

This result is almost identical to what is found using F
statistics~3.97 in the front factor instead of 4!.
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