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LISA (Laser Interferometer Space Antenimga mission to detect and study low-frequency cosmic gravita-
tional radiation through its influence on the phases or frequencies of laser beams exchanged between three
remote spacecraft. We previously showed how, with lasers of identical frequencies on stationary spacecraft, the
measurement of twelve time series of Doppler shifts could be combined to cancel exactly the phase noise of the
lasers and the Doppler fluctuations due to noninertial motions of the six optical benches, while preserving
gravitational wave signals. Here we generalize those results on gravitational wave detection with time-delay
interferometry to the expected LISA instrument. The six lasers have different center frequéncibe
nominal LISA configuration these center frequencies may well differ by several hundred megahdrthe
distances between spacecraft pairs will change with tithese slowly varying orbital Doppler shifts are
expected to be up to tens of megahgeri#/e develop time-delay data combinations which, as previously,
preserve gravitational waves and exactly cancel the leading noise $phease fluctuations of the six lasgrs
these data combinations then imply transfer functions for the remaining system noises. Using these, we plot
frequency and phase power spectra for modeled system noises in the unequal Michelson combaratitre
symmetric Sagnac combinati@h Although optical bench noise can no longer be cancelled exactly, with the
current LISA specifications it is suppressed to negligible levels. It is known that the presently anticipated laser
center frequency differences and the orbital Doppler drifts introduce another source of phase noise, arising
from the onboard oscillators required to track the photodetector fringes. For the presently planned mission, our
analysis indeed demonstrates that noise from current-generation ultrastable oscillators would, if uncorrected,
dominate the LISA noise budget. To meet the LISA sensitivity goals either achievable improvements in
oscillator stability must be combined with much stricter requirements on the allowed laser center frequency
differences and on the allowed Doppler shifts from orbital drifts or, as has been previously suggested, addi-
tional calibrating interspacecraft data must be taken, by modulating the laser beams and considerably increas-
ing system complexity. We generalize prior schemes for obtaining the required oscillator instability calibration
data to the case of six proof masses, six lasers, and three onboard oscillators. For this realistic configuration we
derive appropriate time-delayed combinations of the calibrating data to correct each of the laser-noise-free data
combinations.
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[. INTRODUCTION motions of the six optical benches, while leaving effects due
to passing gravitational wavg2—4].
, The analyses in our previous work, however, relied on the
LISA (Laser Interferometer Space Antefria a three-  assumptions that) the spacecraft were stationary relative to
spacecraft deep space mission, jointly proposed to the Nasach otherbut also in free fall, drag fréeand (i) the intrin-
tional Aeronautics and Space AdministratigQNASA) and  sic (or centey frequencies of the six lasers were all equal.
the European Space Agen@SA). It will detect and study Here we amend and extend those results to the realistic LISA
low-frequency cosmic gravitational radiation by observingoperational configuration, in which the center frequencies of
frequency shifts of laser beams interchanged between dra§€ lasers may well all differ by several hundred megahertz,
free spacecraftl]. and the spacecraft are drifting in their flight formation, re-
Modeling each spacecraft with two optical benches, carsSulting in slowly varying Doppler shifts of tens of megahertz

rying independent lasers, beam splitters, and photodetector[ss,]' . -
. : ) As a consequence of having lasers with different frequen-
we previously analyzed the measured twelve time series o

f hifts(si | ies, the phase noise due to the vibrations of the optical
requency shifts(six one-way laser beams between spaceyenches will no longer cancel out exactly in the laser-noise-

craft pairs, and six more between the two optical benches offee data combinations, and optical bench motion spectral
each of the three spacecpafiVe showed that there exist density must now be modeled and kept below the design
several combinations of these twelve observables that exhreshold. Perhaps more serious is that both frequency off-
actly cancel both the otherwise overwhelming phase noise ddets between lasers and Doppler drifts now bring in another
the lasers, and the phase fluctuations due to the noninertigburce of phase noise, arising in the onboard clocks or oscil-
lators[ultra stable oscillatorUSO9] used in the frequency
down conversion and tracking of photodetector fringe rates.

*Electronic address: Massimo.Tinto@jpl.nasa.gov In this paper we address the general problem of removing
"Electronic address: Frank.B.Estabrook@ijpl.nasa.gov these noises from all the laser-noise-free combinations pre-
*Electronic address: John.W.Armstrong@jpl.nasa.gov viously derived.
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In Sec. Il we model the raw data: twelve one-way mea-
surements of phase differences at the photodetectors. These
require base bandin@r down conversionwith locally gen-
erated frequencies to compensate for laser-frequency offsets
and Doppler shifts from spacecraft motions. As a conse-
guence, now the twelve phase measurement models include
terms involving the noises of the oscillatdtdSO9 driving
the heterodyne measurements. To facilitate comparison with
previous results in Ref$1,6,7], here we give the equations *
for data in terms of measured phases. To facilitate compari-

_50n with the notatio_n of our previ_ous papéis-4], We_ also_ FIG. 1. Schematic LISA configuration. The three spacecraft are
include a summary in the Appendix where the data is equivagqyigistant from poino in the plane of the spacecraft. Unit vectors

lently expressed in terms of measured frequencies. n; point between spacecraft pairs with the indicated orientations.

) In Sec. ”I_ we der_lve _the laser-noise-free une_qua_l'arm'are the(unequal arm lengths; at each spacecraft there are two op-
interferometric combination we caDKq, the combination .4 benchegdenoted 1, 1, etc), as indicated.

aq, and the totally symmetric Sagnac combinatigg.

Equivalent combinations of frequency data, denoted with thén the Appendix equations for data entering the correspond-
same symbols, are described in the Appendix. These combirg time-delay interferometric combinations of frequency
nations correspond to those derived in Réf, but now they =~ measurements and a glossary of notations from our previous
include the effects of lasers with different frequencies, spacePapers.

craft moving relative to each other, and USO noises. For Figure 1 shows the overall geometry of the LISA detector.
each combination, transfer functions are implied for the re-The spacecraft are labeled 1, 2, 3 and distances between
maining system noises arising from optical bench motionpairs of spacecraft ark;, L,, L3, with L; being opposite
optical path fluctuationgshot noisg proof mass buffeting spacecraft. Unit vectors between spacecraft ake oriented
(acceleration noige and now USO phase noise. We give as indicated in Fig. 1. We similarly index the phase differ-
plots of both frequency and phase system noise spectra thahce data to be analyzes;; is the phase difference time
will appear in the combinationX, and {,. We discuss re- series measured at reception at spacecraft 1 with transmis-
quirements on USO noise so that the desired sensitivity tg@jon from spacecraft LalongL ;). This slightly odd conven-
gravitational radiation can be achieved. If intrinsic oscillatortion should be carefully noted. It is perhaps unfortunate, as
phase noise cannot be reduced to this level, with improvedenoting it as ,,” might seem more immediate. Our con-
USOs, and by placing system requirements on laser fregention was adopted in Rdf3], and we have adhered to it so
quency offsets and orbital drifts, it will be necessary to takethat all papers in the series can be intercompared more easily.
additional data for calibration, which we consider in Sec. IV.Similarly, s, is the phase difference series derived from re-
Bender et al. [1] have proposed modulation of the laser ception at spacecraft 1 with transmission from spacecraft 3.
beams with USO generated frequencies. Helliagal. [6],  The other four one-way phase difference time series from
and Hellings[7] have analyzed a two-frequency version, for signals exchanged between the spacecraft are obtained by
the case when bench noises were not included, and only onR§clic permutation of the indices-2—3—1. We also use
laser in each spacecraft was assumed. We derive generalizgdyseful notation for delayed data streanss; ,=Sa(t
expressions for combinations of six streams of calibrating—| ), s, ,=s4(t—L,—L3) =533, etc. (we take the

data, which can be used for removing the USO noises frongpeed of lightt=1 for the analysis Six more phase differ-

all the previously identified laser-noise-free combinationsence series result from laser beams exchanged between ad-
These calibration data are different from those previouslyacent optical benches within each spacecraft; these are simi-
published 7] in that they also take account of the USO NOiS€|arly indexed asr; (i,j=1,2,3i#]).

introduced in the down c_onversio.n of the phase_m_easure— The proof-mass-plus-optical-bench assemblies for LISA
ments between each pair of optical benches within eachpacecraft number 1 are shown schematically in Fig. 2. We
spacecraft. In Sec. V we discuss the sensitivities of the newly;e the left-hand optical bench to be bench number 1, while
derived interferometric combinations and present our congye right-hand bench is*1 The photo detectors that generate

—> f, L 3

cluding remarks. the datas,;, S3;, 71, andry, at spacecraft 1 are shown. The
phase fluctuation of the laser on optical bench f;ig); on
Il. TIME-DELAY INTERFEROMETRY optical bench 1t it is pj (t) and these are independeitite

o _ lasers are not “locked). We extend the cyclic terminology
In what follows we present the principle of time-delay that at vertex (i=1,2,3) the random displacement vectors

interferometry discussed in R¢#] (which we will refer to o the two proof masses are, respectively, dend@ét) and
as paper )l now in terms of relative phase rather than fre- 3* (1), and the random displacemenrhaps several orders
guency measurements. This is because the analysis become?s( T q f E : cal b P h

somewhat simpler by working with phase rather than fre-2 ma?”"“ N great}zro t el optical benc e,s are corre-
quency when the six lasers have offset frequencies, and whepondingly denotea;(t) and A (t). As we pointed out in
the spacecraft have relative velocities; a direct comparisoRaper |, our analysis doetot assume that pairs of optical

with Refs.[6,7] is also easier. For completeness we providebenches are rigidly connected, i.§.i,¢ 5;* , in general. The
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tos/c2 tos/c3

FIG. 2. Schematic diagram, adapted from Ref.
[12], of the proof-mass and optical bench assem-
blies for LISA spacecraft 1. The left bench reads
out a phase signals;; (from spacecraft 2,
bounced off the left proof mass, read out using
the laser and the photodetector on the left optical
bench and r3; (from the right optical bench,
bounced off the back of the right proof mass, di-
rected through the optical fiber and read out using
the laser photodetector on the left benchhe
right bench analogously reads osy; and 7.
The random displacements of the proof masses
and optical benches are indicated wﬁhfor the
proof masses, and Witﬁi (i=1,2,3) for the op-
tical benches.

present LISA design shows optical fibers transmitting signalgirst bounced off the proof mass it encloses and then directed
both ways between adjacent benches. We ignore time-delag the other optical bench. Upon reception it daesinteract
effects for these signals and will simply denote fy(t) the  with the proof mass there, but is directly mixed with local
phase fluctuations upon transmission through the fibers dbser light, and again down converted. These data are de-
the laser beams with frequencigsand v . The u;(t) phase noted 74, @and 7, in Fig. 2.

shifts within a given spacecraft might not be the same for The terms in the following equations for theg and 7;

large frequency differences — v . For the envisioned fre- phase measurements can now be developed from Figs. 1 and
quency differencega few hundred megahejthowever, the 2. Consider thesy(t) procesgEq. (3)] below. The photode-
remaining fluctuations due to the optical fiber can be netector on the left bench of spacecraft 1, whighthe space-

glected[8]. . . . . -
Figure 2 endeavors to make the detailed light paths foFraft framg experiences a time varying _dlsplacemem,
feasures the phase differerszgby first mixing the beam of

these observations clear. An outgoing light beam transmitte " . . P
to a distant spacecraft is routed from the laser on the loc J"equencyvz from the distant optical benct*2in direction

optical bench using mirrors and beam splitters; this beanfiz [which has slowly varying Doppler shift (1L;), and
does not interact with the local proof mass. Conversely, amaser phase noisgs and optical bench motioﬁ’z* that have

incominglight beam from a distant spacecraft is bounced offheen delayed by propagation alohg], after one bounce off

the local proof mass before being reflected onto the photo; = . .
detector where it is mixed with light from the laser on that 1h€ Proof mass &y), with the local laser lightof frequency

. . . " v, With phase noisg,), and then down converting the dif-
same optical bench. Since the relative velociligft) be-  forance with the local frequencsyf; to remove the large
tween a pair of spacecraft will induce several megahert

Doppler on the received frequency of the laser ligit and Tout slowly varying frequency offset. In Eq4) the s, mea-

: surement results from light originating at the right-bench la-
furthermore the frequencies of the lasers themselves can be g g 9 g

different by several hundred megaheit?, the outputs of the 5" (“1,P1,A1), bounced once off the right proof mass
photodetectors have a large fringe rate, or “beat-note” fre{57), and directed through the fib¢incurring phase shift
quency, and must be properly down converted—tracked—4(t)], to the left bench, where it is mixed with laser light
before measurements of phase fluctuations in the gravit{1,p;), and again down converted. Similarly the right
tional wave band are made. In order to perform this dowrbench records the phase differensgs and 7,,. The four
conversion, each spacecraft is provided with an onboardata streams recorded at vertex 1, including Doppler effects,
clock, which is called the ultrastable oscillatddSO), to  lasers with different frequencies, gravitational wave signals,
generate the trackingpr base-bandingfrequency. We will  optical path noises, proof-mass and bench noises, and USO
characterize each USO with a frequengy which brings phase fluctuations, are now given by the following expres-
along phase fluctuatiortg at that frequencyi=1,2,3), and  sions:

as in Ref.[6] we introduce multipliers to generate the re-

quired tracking frequencigsve suggest phase-lock loops for

this frequency tracking in Sec. VThe interspacecraft phase Sp=[v3(1—Ly)— vi —apf,]t+ P3o— Pt — a0,
data are denotesk; ands,; in Fig. 2.

Beams between adjacent optical benches within a single — 3Ny Ag o+ v3(1—Lp)[2N,- 65 —ny- AF]
spacecraft are bounced off proof masses in the opposite way. ont. path
Light to betransmittedfrom the laser on an optical bench is +s3i+sph P (1)
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Tor=[v1— V¥ —Cpf]t+pi—p¥ —c0y can be derived from the corresponding te_rm given in Ref.
L [4]. The 7;; measurements will be made with high SNR so
+2viN3- (61— Ay)+ g, (2)  that for them the shot noise is negligible.
The expressions of the phase measurements given by Egs.
Sa1=[ 5 (1—L3)— vy—agf,]t+p3s—p1—azd; (1)—(4) imply (as will be evident beloythat if we would
o _ o substitute them into the laser-noise-free combinations de-
+v5n3-AZ 5+ v5(1-Lg)[—2n3- 6;+N3-A4] rived in paper I, the resulting data would now be affected by
- bench noise, and most importantly by the USO phase fluc-
ts3t+S3 (3 tuations, which have been denoteg (i=1,2,3). For in-
. . stance, with a state-of-the-art USO displaying a frequency
731= [ V] —v1—Carf 1 Jt+pT —pP1—Cads stability of about 1. 10 '3 in the millihertz frequency
—2u n,- (S’I —5’{)+#1- 4) band, the corresponding relative frequency fluctuatmis;

introduced by the USO in the laser-noise-free data combina-

For all the down conversions at spacecraft 1, the USOONs would be equal to about 30" ", several orders of
generated frequendy; is used, and the coefficierts,, a5;,  Mmagnitude above the LISA sensitivity godls. In what fol-
C,1, andcs; we envision as estimated via phase-lock loops©Ws we will address the USO noise, and we will identify the
driving numerically controlled oscillators, to remove the Magnitude of the remaining bench noise in the USO-
large frequency offsets in the phase measurem@mtsbeat ~ corrected data combinations.

notes”) [6,7]. This is shown in Fig. 5. Thus the values of

these coefficients are determined by the following expres- !ll. INTERFEROMETRIC COMBINATIONS FOR LISA

sions: The laser-noise-free combinations of phase data can

: * readily be obtained from those given in paper | for frequency
v3(1—Ly)—v]

A= ——————————, (5) data. We use the same notatioKsY, Z, «, B, v, {, etc., but
fa with a subscripg to emphasize that as yet no USO calibrat-
) ing data has been incorporated.
v5(1—L3)— vy The drag-free LISA unequal-arm-length interferometric
az1= # (6) combination, which we denote here wity, is now* [4]
Vi -, Xq= S32,327 S23,233" S31,20 S21,33+ S23,2~ S32,31 S21~ S31
C31= —C21= o (7

+ E( — T21,2233" To1,33% T21,20~ T21) + E( + 7312233
Eight other relations, for the readouts at vertices 2 and 3, are
given by cyclic permutation of the indices in Eq4)—(7). — Ta133~ Ta120F T3)- 8
The gravitational wave phase signal components in Egs.
(1) and(3) are given by integrating with respect to time the After substituting the phase differencgs, 7;; given by Egs.
Egs.(1), (2) of Ref.[3] that related frequency shifts to metric (1)—(4) into Eq. (8), all termsp;, p;' are eliminated. We
perturbations. The optical path phase noise contributionderive the following expression foX,, reflecting contribu-
si‘}pt' Pathdue mainly to shot noise from the low signal-to-noisetions from gravitational wave, optical path noise, USO noise,
ratio (SNR) in the links connecting the distant spacecraft, proof mass noise, and optical bench noise:

Xq= X9+ Xt PAINL 83 o 3~ U2,322] — A2d O3, 2~ U 233 + Azal 01 — 01,20 — A1l 01— 1 33+ Coal (A1 — 01 20 — (0ly
- Q1,22),33] - VI rA12' 3’1(,2233_ Vlﬁa' 51,22334' 2v4(1— La)ﬁs' 35,3.22+ ZVI (1- Lz)ﬁz' 33,2334'[7/1_ 2V§ (1- Ls)]ﬁa' 31,22
+ [V} = 2v3(1— L) IN;: 8% ggt ¥i Mo+ 8% oot vaNg- 8133~ 205 (1 Lp)Np: 830~ 2v5(1—La)Ng- 85 5+ [2v5(1- L)
—viny: 3’1‘ +[2v5(1—L3)—v1]ng: 31"’["5 —v1(1-L3)Ing: [53,322_53,3]+[V3_ v (1-Ly)Iny: [53,233_53,2]

+[vi— 7”5(1_"—3)]63‘[Aal_ﬁl,zﬂ*'[’/;r - 7’3(1_[—2)];12‘[&’1k _591‘,33]1 9

YIn order for this and other interferometric combinations to be effective, the arm lengths need to be known to the experimenters within a
well specified accurach?]. The arm length accuracy depends on the magnitude of the lasers phase stability and the level of the secondary
noise sources, and was derived by requiring the phase noise due to the lasers remaining in the interferometric combinations to be smaller than
the phase fluctuations arising from secondary noise sources. For nominal LISA pardh@leand the Michelson combinatioX, the arm
lengths must be known to about 30 m to cancel laser phase noise to the level of photon counting statistics.
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where we have denoted witk®™ and X°Pt Pathe contribu- Three other independent laser-noise-free linear combina-
tions of the gravitational wave signal and the optical pathtions of the phase difference measurements are defined by

fluctuations to the unequal-arm interferometric phase rethe following expression and its cyclic permutatidds:
sponse.

It should first be noticed that, with laser frequency offsets
of the order of a few hundred megahertz, the magnitude of
the proof-mass noise ternd and 8¢ entering inX, will be @q=S217 Sa1F S135 S12.3+ Sa2127 S23137 5 (7132t T1z13
essentially equal to that discussed in paper I. This is because

changes in their coefficients iK, will be of order 10 1

(typical difference between two lasers frequencies divided by + 7ot To1108F 32,37 73219+ 57232t To3.13% T
the nominal frequency of the las@rdhe magnitude of the

remaining bench noise, howeVeyiven in Eq.(9) by theA;, + Ta1,108F T12.5+ T12,10) (10

A* termg, needs to be estimated. If we assume the optical
bench noise to be equal to 10 nyiiz [11], Eq. (9) implies

that the corresponding relative frequerisyrain fluctuations where we have denoted witls, the interferometric combi-

remaining inX, are equal to about 164 Hz at 102 Hz, a nation uncalibrated for the USO phase fluctuations. After

negligible contribution to the unequal-arm response strairzsfbsitu.t'?g ItEhe ggase d]lcffe(;ence dafp. 7ij given by Egs.
noise budget. )—(4) into Eq. (10), we fin

ag=a%"+ o Pathy- [ Q31— @11 01 + Coal 1+ 01 129 +[ Capt 812102 3+ [ C13— @131 03 2+ [ C3o— @321 0015+ [ C13+ 823103 13
+[203 (1= Lg) = w1y 81+ [205(1= L) = v} 1Nz 6F +[20p(1=Ly) = w3 1Ny~ 85, [205 (1= Ly) — w210y 5y
+[2v1(1— La) - V;]ﬁs‘ 5;,12+ [ZVI (1- Lz) - Vs]ﬁz' 33,13_ Vaﬁz' 33,2_ V§ F‘1' 3§,13_ VJI‘ ﬁ2' 31123‘ VlﬁS' 51,123
- Vg ﬁs' 33,3_ VZﬁl' S2,12‘*’[”3c —vy(1- Ls)]ﬁs' A%’2k,12"’[1/3_ Vf (1- LZ)]ﬁZ' A%3,13+ [ Vg —vp(l- Ll)]ﬁl' 5;,2
o= V3 (L= Lo)Ing Ay gt [ =15 (1= Lg)Ing- Ay + [v] —vy(1-Lp)]n- A7 (11)

A symmetric data combination which exactly cancels all laser noises and has the property that eash ehtees exactly

once and is lagged by exactly one of the one-way light timeg;i$4]. Its expression in terms of the one-way phase
measurements is equal to

{q=S32,5~ S23,31T S13,37 S31,11 S21,1~ S12,0T E( — T1321F 23,15~ T21,231 T31,23~ 32,131 T1219 T E( — Tap0t T1207 T1331T 7233
— 711+ T31,0)- (12
After substituting the phase difference dafp, 7;; given by Eqs(1)—(4) into Eq. (12), we find
{q= O+ P PaNy- [ 31— A+ Cp1]0ly 1+ [ @12~ Az + Capl Oz 2+ [ @z~ As+ C13]03 3+ C2101 23+ Caxll2 317 C13003 12— ving: 51,23
- V’I rA12' 3’1‘,23_ VZﬁl' 32,13_ V; ﬁs' 53,13_ Vaﬁz' 33,12_ V§ rA11' 536,124‘ [27/; (1- La) - Vl]ﬁS' 51,1+ [2v3(1— Lz)
- Vf]ﬁz' 5114'[2”3((1_ Ll)_ Vz]ﬁl' 32,2"‘[2’/1(1_ Ls)_ V;]ﬁs' 33,2+[2VI(1_ Lz)_ Vs]ﬁz' 53,34'[21/2(1_ Ll)
— 31Ny 85 gt [v1— v (1—La)Ing- Ay [vF —wa(1— L) 1Ny AT 1+ [wo— 13 (1—Ly)Ing- Ay ot [ 5 — wa(1

—La)INg- A3 o+ [vg— 1§ (1— L) Ny Agat[vE —va(1—Ly) Ny A%, (13

Figures 3a) and 3b) illustrate the transfer functions of proof-mass and optical path noises—the desired ultimate
the optical bench and USO noises to the unequal arm interoise contributors for LISA—is shown. Unlike the situation
ferometer data combinatioky, (frequency and phase spectra, [4] of equal laser center frequencies and constant armlengths,
respectively. We have used in Eq9) worst-case laser center the optical bench noise now no longer cancels exactly. How-
frequency differences 4300 MHz) and Doppler shifts ever, the expected[11l] raw optical bench noise
(~15 MH2) [5]. For reference, the combined spectrum of (10 nm/\/E) is still cancelled so well that it is negligibly
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-30 T T T T T 4 4 T T T 4 4 T T T T T T 4 T T 4 4 T T

FIG. 3. (a) Noise spectrum,
expressed as spectral density of
fractional Doppler frequency fluc-
tuations [3] versus Fourier fre-
quency, for the unequal-arm
Michelson interferometer combi-
nation X, [Eq. (9)]. The curve la-
beled “X, proof mass and optical
path” is proof-mass acceleration
noise (3x 10 *® msec 2 Hz %),
and aggregate optical path noise
(20X 1072 mHz Y3 from Ref.
[1]. They are also appropriately
converted to fractional frequency
R , N | fluctuations [4], and passed

-6 -5 -4 -3 -2 -1 0 through their transfer functions to
logyg(frequency, Hz) the X, observable. This is the de-

@ sired aggregate noise performance
E——————— of the LISA Michelson interfer-
10=13 USO noise in X ] ometer data combination. The
-—_ ¢ 9 i specified raw optical bench noise
- ] (10 nm Hz *?) [11], and the op-

~ - raw 10 nm/~Hz optical bench ] tical bench noise after passing
-— | through theX, transfer function
~ are indicated by the other two
solid lines. The dashed line shows
the contribution to theX, noise
budget of aruncancelledstate-of-
the-art USO. Section IV of this

Wi paper shows how this noise can be
I removed to below that of the
“\ proof mass and the shot noi<b)

iy is as(a), but now the spectra are
expressed in units of cycles

{ squared, rather than fractional

N L N L 1 L L N N 1 N f " 1 N L L N L N L " "m”m
-6 -5 -4 -3 -2 -1 ]

log,o(frequency, Hz)

1
<
w

T

noises, Hz™")

|
»
Q
T

log,o(power spectra of X,
\

f

Xq proof mass and optical path

10 nm/\/Hz optical bench noise in Xc|
L L " 1 2 i L L 1 " L L i

o
T7

|
[6)]
T

o noises, cycles? Hz™")

Xq proof mass and optical path

ctra of X

|
o
T

Doppler frequency noise.

log,q(power spe

|
[6)]
T

10 nm/\/Hz optical bench noise in Xq —_— >

b

below the optical path noise in th&, observable. well below the optical path noise for the worst case center
The USO noise is, however, a problem. Shown in Figsfrequency differences and Doppler shifts. The USO noise
3(a), 3(b) are the frequency and phase noise spectra of gituation ingq is, however, even worse than it is Xy, . At
state-of-the-art flight-qualified USO for thé, observable. midband ¢(-10 3 Hz), USO Allan deviation would have to
To make USO noise negligible compared with proof-massbe about four orders of magnitude better than the current
plus-optical-path noises would, for th&, data combination, state-of-the-art to be below the proof-mass-plus-optical-path
require about a three order of magnitude improvement imoises.
USO Allan deviation at integration times of about 1000 sec. It is unfortunate that such large improvements in USO
Figures 4a) and 4b) illustrate similarly for the symmetric performance seem required to make USO noise small
Sagnac data combinatiafy [Eq. (13)]. As with X, the ex-  enough to neglect, at least in the worst case of laser fre-
pected bench noise does not cancel exactly but is nonethelegaency offset and Doppler drifts. In the next section we de-

082003-6



TIME-DELAY INTERFEROMETRY FOR LISA

PHYSICAL REVIEW D65 082003

FIG. 4. As for Figs. 88 and
3(b), but for the laser-phase-noise

cancelling data combinatiort,
[Eq. (13)].
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rive procedures which show how the data can be correcteldting it at the frequency; of the onboard USGcreating
for the USO noise. The penalty for making these neededwo side bands or more elegantly6] combining each beam
corrections, however, is an increase in the complexity of theyith a coherent second signal@t+ f; or v} +1;, depending

LISA system.

IV. USO NOISE CORRECTION DATA

In the scheme first proposed by Bendgral. [1], in ad-
dition to the six main laser beams of frequencies v (i

on the link considered. The main carrier signal, and a side
band(of intensity perhaps ten times lower than the intensity

in the carrief1]) are transmitted , and at the receiving space-

craft they are heterodyned at a photodetector with a laser
beam also containing a carrier and a side b@ed Fig. . If

the frequencies of the USOs are carefully selected to be a

=1,2,3) which are transmitted between spacecraft, a secorfdctor of about 3 to 10 larger than the laser frequency offsets
laser signal is superimposed on each beam by either modubut to differ from each other by a few kiloheytthen the
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vj't (v;+ )t

FIG. 5. Schematic diagram of the signal flow in the USO noise correction scheme. In addition to the six main laser beams of frequencies
v, vi (i=1,2,3) which are transmitted between spacecraft, a second laser signal is superimposed on each beam by modulating it at the
frequencyf; of the onboard USO, and generating a coherent second signat &t or v +f;, depending on the link considered. The main
carrier signal, and a side band are transmitted, and at the receiving spacecraft they are heterodyned at a photodetector with a laser beam als
containing a carrier and a side band. By properly selecting the frequencies of the USOs the lowest two phase differences can be distinguished
and measured at the photodetector within its operational bandwidth. These two phase differences are given by the difference between the
phases of the two carriers, and the difference of the phases of the two side bands, respectively. They are then independently down converted
with coefficientsa;; andb;; . This process provides six additional data recogjs,which are sufficient for USO noise correctigee Sec.

IV for details).

lowest two phase differences can be distinguished and mea-s;,)/f, (and cyclic permutations of their indicesBy tak-
sured at the photodetector within its operational bandwidthing into account Eqs(1)—(7) we derive the following ex-
These two phase differences are given by the difference bgyressions for,, andr;:

tween the phases of the two carriers, and the difference of the

phases of the two side bands, respectively. They are then . Q1 Qgp  [SORtPAM g xopt pay
independently down converted with coefficiets and by; ra=(1-— Lz)f—l Tt + s , (16)
(with by; differentfrom &;;, contrary to what was envisaged

in Ref.[7]). This process provides six additional data records .
we will call sj; (see Fig. 5 (We will see that this data suf- rs;=(1—Ljy)
fices for USO noise correction—no modulation data need be 17)
taken between lasers on the same spacecraft, even if their

frequencies are offset and bring in further noise tefi@en-  Ther; are six additional data streams that LISA must take
sider, for instance, the phase difference between the secoRghen USO noise is to be eliminated. By neglecting terms

signal transmitted by bench 3 and the second at the receiv"}?roportional tol;, Eqgs.(16), (17) can be rewritten to suffi-
| . y

opt. path_ . opt. pat
41 G2z [S3s1 S31 §
—_— + .,
fi f3 fa

bench ¥ cient accuracy as follows:
$3=[(va+fa)(1—Lo) = v] —f1—bofs]t+ps ot ds =PI Q1 Qs [P spoPt Py
_(11_b21(h_Vsﬁz'&s,z+ V3(1_|'—2)[2F‘2'3>1k er_f_l_E E , "o
—Ny- 5’1* ]+ s+ s 0Pt path (14) - % B qfi3 [sht Path; Lot paty | 9
1 2 2

where any differences in the gravitational wave signals, the
proof mass and the bench noise, from those given in(Bqg. with the remaining expressions obtained by cyclic permuta-
for s,1, have not been included since they are negligible as &ons of the indices. Since we have only three USO noises
consequence of the conditién< »; . Note that the numerical q;, and six calibration data;;, i,j=1,2,3,i#], there are
coefficientb,,, determined by the following equation: relationships among the six; data. They are given by the
following expressions:
va+fa)(1—Ly)— (v +f
b21:( kL le) SERAE ; (15 Ki=r2313tM123t 31— 3215~ M132-121=0, (20

o ) _ with two more identities obtained by permutation of the in-
close if all thef; are closg

Followir_lg He_IIings [7], where a three-space_craft, three- Ko=r120= 2117235 322t F311—T135=0, (21
laser configuration was treated, let us now introduce the
quantities r=(s,1—S;;)/fz and similarly r;=(ss;  which is consistent with the first three, in fact,
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Ko=Ko,1257 K117 K1 03t Ko 5= K3 311+ K3 3= K3 1. 22

In what follows we will show how to use the additional data

PHYSICAL REVIEW D65 082003

The USO noise terms involving thg in Eq. (11) then be-
come

[(agi—ax+2¢)f1+ (@~ ag+2c3) o+ (ax—ass

rij in order to remove the USO noise from the laser-noise-

free combinations presented in the previous section.
In order to remove fronX, the USO phase fluctuations,
one must find appropriate time-delay combinations ofrthe

(i,j=1,2,3) data that provide the combinations of the USO

phase noises that occur in E®). After taking into account
the expressions for the; determined by Eqg18), (19), it is
easy to find the following identities:

(1= 0122l =Fal 21t 232l (23)
[d1— 0133/ =Fa[ra1trazal, (24)
[O3.2— 03,233 = fa[ 21,35~ M1t 31+ T3z, (25)
(02,3~ 02,322 = fal 3122~ 31t 21t 232l (26)

°f]
+ 2C13)f3]f_1 —f1Co[ oz 13t ra1+ izl —fol €3

+a5]r 31— f3l Cig—a13lr o= ol Car—agol[ o1+ 32l
—f3lciztags][ratrizal. (31)

If we now take into account the expressions for the coeffi-
cientsa;; andc;;, the first term in Eq(31) becomes

[(vy—v3)Ly+ (vg— v} Lo+ (vy— V;)Ls]?_i- (32

This corresponds to relative frequency fluctuatiémsstrain
noise of the order of about 10°” under the assumptions of
having laser frequency offsets of a few hundred megahertz, a

In Egs.(23)-(26) we have disregarded the optical path noiselaser center frequency equal tx30'* Hz, Doppler termi

terms because the magnitude of the coefficiegtsandc; ~ €qual to about X 1078 [5], and a USO frequency stability of
(i,j=1,2,3i#]) is smaller than unitfperhaps as small as about 10 2. Thus we can ignore it and, after some algebra,
01), as a consequence of the values of the USO frequencié@fine the laser-noise-free and USO-noise-free reduced data
made earlier when we discussed the heterodyne measure-to be

ment. Substituting Eq$23)—(26) into Eq.(9) we finally find
the corrected respons€ defined to be

a=aqt §f1c21+ foCgot f3Ci3t foagot faans|rag
X=Xq—agaf o[ 13100 a1t o1t ozl +assfa[ o135 a1 1
a1t raoal —asifa[rog+rogol+anfifratrassl - [§f1031+ f3Cost f2Ciot faayst fragy|rant| faoCs:
1 1
+ 5 Carfalr 232337 Ma1,39 T23 2 Fo1t Fa2. 223 Ma1.22 +51Co1= T28g| 1135~ | f5Cost 5 F1Ca1— Fng| 123
—T3p3~ T31]- (27 1
Since the unequal-arm interferometric respoXse antisym- " EflCer 2313 Eflcslr 3212 33

metric with respect to permutation of the indicgs3), the ) . o )
corresponding combinations used for calibrating out theVith aq given by Eq.(11). Similar to the unequal-arm inter-
USO noise fromX, have been antisymmetrized by using the ferometric responsi, alsoa shOL_lId be ant|symme.tr|c.W|th
identities given by Egs(20), (21). The other two unequal- _respect to permutation _of th_e indicgs3). The con_1b|nat|ons
arm interferometer responses, which we dentemdz, fol-  in Eq. (31) used for calibrating out the USO noise froim
low from Eq. (27) after performing a cyclic permutation of have therefore, in Eq33), been antisymmetrized by using
the spacecraft indices. the identities given by Eq920), (21). The remaining two
In the case of thex, combination, it is impossible to résponses that we will denogeand y follow from Eg. (33)
calibrate out exactly the USO noise using the combinationgfter performing cyclic permutation of the spacecraft indices.
rij [7]. However, we can rewrite the USO phase noises in AS for thea, combination, also for the symmetric Sagnac
terms of some of the;; data and only the USO phase noise combination{ it is impossible to callbraye the USQ noise
q, by using the following additional identities: out exactly by using the;; [7]. However, if we rewrite the
USO phase noises in terms of some of theand the USO

O1,125= 01— fa[ o313t rip 5t ragl, phase noise|; ; by using the following identities:

=01 f1[rapat izt raal, (28 Q125=011F Falr120— 211 324l (34
fs f3

U212~ f_1Q1_ folrot+rizal, (29 O3,10= f_qul_ farong, (35
f3 2

03,13~ qu_ falraitriogl. (30 O2,13= f_qul_ farsia, (36)
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fa

02.= . IR PSPl PYRIF (37
f3

O3,3= aqu"‘ falrizs—raual, (39

the USO noise terms involving thg in Eq. (13) become
[(agi—ant2¢)f1+ (@~ agt+2¢3) fo+(ax—ass
Q11
+ 2013)“3]? +fo(aip—ast C3p)[ 1227 211

+f3(azs— a1zt Cia)[rig3—rapal +f1Coulr12- 211

— T30l = f2C3ar 311— F3C1ar 21 1. (39

Notably, the coefficient of the USO noisg ; given in Eq.

(39) is identical to that in the corresponding term in Egfl),

PHYSICAL REVIEW B5 082003

transfer functions of the noises to the time-delay-
interferometry observables; they thus provide a framework
within which noise-budget trade-oft8 SO performance ver-

sus arm-length changes due to orbits versus center frequency
differences between the lasesin be made.

With present specifications, phase noise from noninertial
motions of the optical benches will be negligible. We give
spectra of remaining frequency and phase noises in the laser-
noise-free data combinatioixsand{. For current-generation
USO performance, however, the added USO noise is unac-
ceptably high and thus must be calibrated. We generalized,
for the realistic LISA configuration, previous ideas about
how to calibrate and remove USO noise to acceptable levels.
This calibration scheme is described in detail in Sec. IV. We
conclude that the time-delay-interferometry results general-
ize to this realistic model of LISA, but now eighteen data
streams have to be taken. This allows us to calibrate out the
USO noises from the data, with the noise budget reduced to

making again the contribution from this remaining USO that of the proof-mass and laser shot noises.
noise negligible. Thus we define the laser-noise-free and N order to minimize the number of data streams for syn-

USO-noise-free reduced dafao be
1 1
(=4t 3 fi(azi—a)[riz3a—raiatrino—roial+ 3 fa(arn
1
—agy)[ra1,1— 22T 233 322+ 3 fa(azz—aig)[raz2
1
—lo33tr3 1~ M133l+ 5 f1Co1[ 3rap ot 3rozs—ran
1
+rizs— o1t i+ 6 foCad 3ri3 5t 3raz1—rizo

1
+ 11 320t N33+ 5 f3C1d 3ro 1t 3ri2o-ra33

+ I3 T133+314] (40

with {, given by Eq.(13). Note that expression given in Eq.
(40) for calibrating the USO noises has been made antisym-

thesizing interferometers with the LISA three-spacecraft, it
has been proposed to have very small frequency offsets by
phase locking the lasers to one master laser. One then per-
forms sets of two-way measuremeftg and constructs the
unequal-arm Michelson interferometric responggg], al-
though the other useful data combinations are lost. While
major laser frequency offsets are now avoided, onboard os-
cillators for removing the Doppler-induced beat notes are
still needed. The transfer functions of the USO noises into
the interferometric responses are now different from those
obtained using one-way measurements as discussed in this
paper, and furthermore additional one-way measurements
(such as thesj; introduced in this papgrfor calibrating the
USOs noises are no longer available. Since the technique for
removing USO noises presented in this paper is based on
one-way measurements, further work is needed in order to
identify a USO noise calibration technique when two-way
coherent measurements are used instead.
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We have treated a fairly general model of the LISA detec-
tor with unequal, time-dependent arm lengths, six lasers with APPENDIX: TIME-DELAY INTEREEROMETRY USING

center frequencies different from each other, six optical
and three USOs. These

benches, six proof masses,

DOPPLER DATA

oscillators—along with their noises—had to be introduced to The body of this paper on interferometry with separately
remove the large beat notes due to laser center frequenegoving spacecraft, communicating with offset laser beams,

offsets and Doppler shifts caused by armlength changes.

has been presented in terms of measured phases, using nota-

We generalized our previous time-delay interferometrytion close to that of Refd.6,7] to facilitate comparison of

(unequal arm Michelson interferomet¥y @, symmetric Sa-

results. The use of phase variables in conventional interfer-

gnac ¢, etc) results, presenting here data combinationsometry is customary, as phase change is seen as a direct

which again cancel the leading noilaser phase fluctua-

result of displacement of proof mass&&/\. In our previ-

tions) and preserve gravitational waves, but which are nowous papers on time-delay analy$®-4] we maintained a
more complex. These generalized data combinations implgonsistent notation using frequency variables; varying inter-
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TABLE I. Glossary of symbols representing phase observables introduced in this article, and relationships to their corresponding
frequency observabldg].

2 Averaged or nominal frequency of LISA's optical lasers. Used to normalize frequency variations to be
nondimensional.

vi, v Laser center frequencies.

s (O Measured time series of phase difference between received laser beam from distant spacecraft and local
laser; time integral obg y;; (1) as given in Refs[3] and[4].

7ij (O Measured time series of phase difference between lasers on adjacent optical benches within a given
spacecraft; time integral of, z; () as defined in Ref4].

& A‘i* (® Random displacement vectors of the optical benches; time integréls(of, Vi (t), respectively, as
given in Ref.[4].

Si (1), 57‘ (t) Random displacement vectors of the proof masses; time integia(n)f, ﬂi* (t), respectively, as given
in Ref. [4].

mi (1) Phase variation in optical fiber connecting adjacement optical benches; time integgas ¢f) in Ref.
[4].

fi USO center frequencies.

a; (v Random phase fluctuations of the USOs.

Qi (® ai(t) , ,
=5 = fractional frequency fluctuations of the USOs.

pi (1), pf () Random phase fluctuations of the lasers; time integralg®f(t), »} C’(t) in Ref.[4], respectively.

L, Arm length variationst; expected maximum for LISA is approximately<d.0 8,

si’j(t) Measured time series of phase difference between Doppler shifted laser calibration signal from a
remote spacecraft, and the local laser signal offset by the local USO freqlEeqdyi4) and Fig. 3.

ajj Coefficient used to remove large frequency offset between signal from distant spacecraft and the local
laser; used in the measurementsg{t) [Egs.(5), (6) and Fig. .

bj; Coefficient used to remove large frequency offset between the laser calibration signal from a remote
spacecraft and the local laser signal offset by the local USO frequency; used in the measurement of
sij(t) [Egs.(14), (15 and Fig. §.

Cij Difference in frequencies of lasers on adjacent optical benches divided by USO frequency for that
spacecraft; used in the measurement;gft) [Eq. (7)].

rij(t) Difference betwees;;(t) andsi’j(t) time series, divided by the USO frequerisge Sec. IV, Eqg16),
(17) ff].

on Difference between Doppler shifted frequency of remote laser and frequency of locdlHgséA2)
and Egs(5), (6)].

ajj Difference between frequencies of lasers on adjacent optical befiefe@\6), and Eq.(7)].

ference phenomena then are understood as arising from Dopilitate comparison with, and in the notation of, Rd{-4].

pler shifts upon reflection from moving onboard componentsn Table | we provide a conversion glossary between the two

such as mirrors, proof masses, and optical benchels notations; the only remaining source of any confusion might

=L. The two alternatives of course yield identical results. be that we do not change notation for the laser-noise-free
We have been inclined to prefer the frequency descriptiomlata combinations themselves. F¥r Y, Z, «, B, v, ¢,

because the wave form of the propagating Riemann curvawhether phase or frequency data is described will have to be

ture (spin-2 radiation that constitutes a gravitational wave determined from the context.

train appears directy as a fractional frequency We now will write an equation, equivalent to E¢B)

modulation—a time-dependent Doppler shift—imposed omyhqye  for the fractional frequency variatign,=Ss,/vg

an observed light beafi8,9,10. This formulation has always \oaq\red on the left bench of spacecraft 1. The phase rate is

been used in gravitational wave search experiments usinlg,;1ade dimensionless with a conventiona—or perhaps

microwave tracking of spacecraft. The gravitational wave ef'avera ed—laser frequen This equation describes the
fect on a phase variable, on the other hand, is the time inte- 9 quenax. 4

gral of the amplitude of the gravitational wave train. But of mixing of a laser beam from the right bench of spacecraft 2,

. . N e
course observational time series data can be differentiate@Mitted with frequency; (1+C3), time delayed and Dop-
And to further confuse the issue it may well be said thatPler shifted on transmission alorig; to spacecraft 1, and

experimental measurement of time-dependent frequenc&r/‘ertia”y referenced before mixing with the local laser light

shifts itself come down to counting the phase at preciselp! frequency »; (1+Cy). C3, C,, etc., are the time-
spaced time intervals. dependent fractional frequency variations of the lasers, as in

In the following we give equivalent frequency variable Eds:(2.1)—(2.4) of Ref.[4]. The Doppler shifts will involve
formulations of the key equations used in this paper, to faL; and V,, Vi, v,, vy, the fluctuating velocities of the

082003-11



MASSIMO TINTO, F. B. ESTABROOK, AND J. W. ARMSTRONG PHYSICAL REVIEW B5 082003

benches and proof masses with respect to the inertial frame 7, | and with the following synthesized frequencies used
of spacecraft 2 and 1, respectively. $8=A% , v*=55,  for the down conversion

etc. The output after mixing at a photodiode is-d0° Hz
beat frequency that is tracked—or down converted—uwith a
locally generated frequency we will denote as; (1 \ye have generalizations of Eq€.2) and (2.4) of Ref. [4]
+Q1). waq is slowly varying with the LISA geometry, while

Qq(t) is the fractional frequency fluctuation introduced by y,z,,= V1C1+2V153-(51—\71)+V17]1—021Q1— viCY,
the USO(or other frequency standardn spacecraft 1. In the (A7)
body of this paper we tooks;,=as; fq, the fractional fluc-
tuations wereQ,=q, /f,, andC,=p;/v;=p;/vy. Thus we
write in terms of frequency shifts —v,Cy. (A8)

o31=v] —v;=F1C3=— 0y, (A6)

_ k% * - e Tk *
voZ3= v CT —2viNn,- (v —VI)+vin—030Q;

voys=v3[1+Ch s+ N3 V3 [1-L3][1+n3-V,—2n3-0,]  Any frequency shifts due to the optical fibers result from
N their varying phase rates
—v1(1+Cp) — way(1+Qp) + woyd'+ woy g P

Vi =V =, A9
(A1) 171 17M= M1 (A9)

) . » When Eqs(A3), (A5), (A7), and(A8) are used to find laser-
We now impose the frequency tracking condition on the,ise_free frequency data combinations, it becomes clear that

slowly time varying terms, finding delayed terms must also be multiplied by corresponding
(=) — A2 Doppler factors[e.g.,_yim by (1-L,), etc]. In all the al-

©0a1= V2 37 (A2) ready derived combinations of frequency data, the comma

and the fluctuationys; become can simply be redefine(_j, or, better fqr empha§is, be replaced
by a semicolon. A semicolon subscripted indes now un-
voYa1= 5 (1—L3)Ch o+ v5(1— |_3)ﬁ3.\7’2<’3+ v (1-Ly) derstood to mean not only time del_ay by but also multi-
. . " plication by the Doppler factor (£L;). This generalized

X[N3-V1—=2n3-v1]—v,C1— 03:Q1 + voyd) result can, of course, also be obtained directly by time dif-

ferentiation of the laser-noise-free phase combinations given
in the main body of the paper, being careful to correctly use
which is a direct generalization of E€2.3) of Ref.[4]. Simi- the chain rule on functions of delayed times. As a single

larly for other frequency readouts we will have for £g.1) example, the .USO and aptical ben_ch frequency noises in the
of Ref. [4] unequal-arm interferometer combinatieg X, are, respec-

tively, equal to

+ vy 3P, (A3)

— N R
wr=va(1=La) =1, (A4) 3 Q2;3~ Q2,209 — w23 Q3,2 Q3,239 + w31(Q1—~ Q1,20
voY21= va(1—Ly)Ca o= v3(1-Ly)Ny Vs, —w21(Q1— Q1,39 + 021(Q1;2033
+v3(1—Ly)[2ny 05 —ny- Vi ] = Q1,337 Q1,207 Q1), (A10)
- VI C?I.( - w21Q1+ Voyggll.v—i_ Voyggt. pathv (AS) (1)31( ﬁg' \71;22_ ﬁ3' \71) + (1)21( ﬁz' \7* 1:337 ﬁz' \7* 1)
and cyclic permutations. — w35(N3-V* 5,905~ N3-V* 5.2)
Laser frequency comparison data between adjacent opti- o ' o '
cal benches were denoteg} in Ref. [4]. Evidently vyz; —wp3(Ny- V3235~ Ny-V3:0). (A11)
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