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Massive quark propagator and competition between chiral and diquark condensate
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The Green-function approach is extended to the moderate baryon density region in the framework of an
extended Nambu–Jona-Lasinio model, and the thermodynamic potential with both chiral and diquark conden-
sates evaluated by using the massive quark propagator. The phase structure along the chemical potential
direction is investigated and the strong competition between the chiral and diquark condensate is analyzed by
investigating the influence of the diquark condensate on the sharp Fermi surface. The influence of the diquark
condensate on the quark properties is investigated, even though the quarks in the color-breaking phase are very
different from those in the chiral-breaking phase; the difference between quarks in different colors is very
small.
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I. INTRODUCTION

QCD phase transitions along the baryon density direc
attracted much attention recently since it was found that
color-superconducting gap can be of the order of 100 M
@1,2#, which is two orders larger than early perturbative es
mations@3#. However, up until now, there has been no u
form framework discussing the phase structure in the w
region of chemical potentialm from about 300 to 108 MeV.

In the idealized case at asymptotically high baryon den
ties, the color superconductivity with two massless flav
and the color-flavor-locking~CFL! phase with three degen
erate massless quarks have been widely discussed from
principles QCD calculations, see@4# and references therein
Usually, the diagrammatic methods are used in
asymptotic densities. The Green function of the eig
component field and the gap equation were discussed in
tail in @5–7#. Neither the current quark mass nor the chi
condensate are necessary to be considered because the
be neglected compared with the very high Fermi surface
less-than-asymptotic densities, the corrections of nonz
quark mass to the pure CFL phase can be treated pertu
tively by expanding the current quark mass around the ch
limit @8,9#.

For physical applications we are more interested in
moderate baryon density region, which may be related to
neutron stars and, in very optimistic cases, even to heavy
collisions. Usually, effective models such as the instanton
well as the Nambu–Jona-Lasinio~NJL! model, are used. The
model parameters are fixed in the QCD vacuum. In this
gion, the usual way is to use the variational methods work
out the gap equations from the thermodynamic poten
@10–23#, except for@13# and @16# in the instanton model
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where the quark propagator was evaluated explicitly but
form is complicated.

One of our main aims in this paper is to apply the Gree
function approach in the moderate baryon density region
work out the phase structure from hadron phase to the c
superconducting phase, one should deal with the chiral c
densate and diquark condensate simultaneously. Becaus
chiral condensation contributes a dynamic quark mass,
not reasonable any more in this density region to treat
quark mass term perturbatively, like in@9#. By using the
energy projectors for massive quark, we will evaluate
Nambu-Gorkov massive quark propagator, which will he
us deal with the chiral and diquark condensate simu
neously.

In the normal phase, the quarks in different colors a
degenerate, while in the color-breaking phase, it is natura
assume that the quarks involved in the diquark conden
are different from that not participating in the diquark co
densate. In@13# and @16#, different masses for the quark
which participate and not participate in the diquark cond
sate are introduced. However, we will see that it is difficult
get the mass expression for the quarks participating in
diquark condensate, because the particles and holes mix
each other and the elementary excitations are quasipart
and quasiholes near the Fermi surface. In our case, the
ference between quarks in different colors has been refle
by their propagators; we read the difference through ca
lating the quarks’ chiral condensate, but did not try to wo
out their masses. In the chiral limit, the chiral condens
disappears entirely in the color superconducting phase;
not possible to investigate the influence of color breaking
quarks in different colors, so we will keep the current qua
mass finite in this paper.

In the moderate baryon density region people are in
ested in the question whether there exists a region wh
both the chiral symmetry and color symmetry are brok
@10–15#. In the chiral limit it was found that the existence o
the mixed broken phase depends on the coupling const
GS and GD in the quark antiquark and diquark channe
©2002 The American Physical Society12-1
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@12,14#. In the case of a small ratio ofGD /GS,1 the calcu-
lations in the instanton model@10,11#, the NJL model@12#,
and the random matrix model@14# show a strong competition
between the chiral and diquark condensates, i.e., where
condensate is nonzero the other vanishes. While
GD /GS.1 the calculations in the random matrix model@14#
and the NJL model@12# show that there exists a region whe
both chiral ~dynamical! symmetry and color symmetry ar
broken, and the chiral and diquark condensate coexist.
larger the value ofGD /GS is, the wider the region of the
mixed broken phase that has been found in the random
trix model @14#.

The presence of a small current quark mass will indu
chiral symmetry that only restores partially and there w
always exist a small chiral condensate in the color superc
ducting phase, this phenomena had been called the coe
ence of chiral and diquark condensates in@10,11#. In order to
differ from this coexistence of the diquark and the sm
chiral condensate induced by current quark mass, we
call the coexistence region of the diquark and large ch
condensate induced by largeGD /GS before the chiral phase
transition the mixed broken phase.

In the coexistence region resulting from the current qu
mass, the chiral condensate is small compared with the
quark condensate, and the role of the chiral condensate
be prescribed by the Anderson theroem@15#, i.e., in this
phase, the contribution of the chiral condensate to thermo
namic quantities becomes strongly suppressed, and one
calculate the diquark condensate and neglect the influenc
the chiral condensate.

In this paper we will explain the existence of the mix
broken phase induced by largerGD /Gs by analyzing the
influence of the diquark condensate on the Fermi surface
the mean-field approximation of the NJL model, the therm
system of the constituent quarks is a nearly ideal Fermi g
and there is a sharp Fermi surface. The chiral symmetry
gins to restore when the chemical potential is larger than
quark mass in the vacuum. When a diquark condensat
formed, the Cooper pair extends the Fermi surface, wh
induces the chiral symmetry to restore at a smaller chem
potential. The stronger the coupling constant in the diqu
channel, the larger the diquark condensate and the smoo
the Fermi surface.

In the following, we briefly introduce the extended NJ
model in Sec. II, then in Sec III we evaluate the thermod
namic potential using the massive quark propagator. In S
IV we get the gap equations and condensates. The nume
results and conclusions are given in Sec. V.

II. THE EXTENDED NJL MODEL

The choice of the NJL model@24# is motivated by the fact
that this model displays the same symmetries as QCD
that it describes well the spontaneous breakdown of ch
symmetry in the vacuum and its restoration at high tempe
ture and density. The model we used in this paper is
extended version of the two-flavor NJL model, including i
teractions in the color singlet quark-antiquark channel a
the color antitriplet diquark channel, which is not direct
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extended from the NJL model, but from the QCD Lagrang
@25–27#.

The importance of color 3¯ diquark degree of freedom i
related to the fact that one can construct a color-sing
nucleon current based on it. Because the gluon excha
between two quarks in the color 3¯channel is attractive, one
can view a color-singlet baryon as a quark-diquark bou
state. And experimental data frompp collisions indicate the
existence of this quark-diquark component in nucleons.

The first attempt to investigate the diquark properties
the NJL model was taken in@28#. Starting from an NJL
model for scalar, pseudoscalar, vector, and axial-vector in
actions of the (q̄q)3(q̄q) type and Fierz-transforming awa
the vector and axial-vector interactions, the scalar and ps
doscalar mesons, and diquarks can be obtained. Howe
this method could not get a consistent treatment of vec
and axial-vector particles.

The extended NJL model we used was derived direc
from QCD Lagrangian@25,26#. Integrating out gluon degree
of freedom from the QCD Lagrangian, and performing
local approximation for the~nonperturbative! gluon propaga-
tor, one gets a contact current-current interaction. By usin
special Fierz rearrangement@29#, one can completely decom
pose the two-quark-current interaction term into ‘‘attractiv
color-singlet (q̄q) and color-antitriplet (qq) channels. In this
way, a complete simultaneous description of scalar, pseu
scalar, vector, and axial-vector mesons and diquarks is
sible, thus the extended NJL model including (q̄q)3(q̄q)
interactions is completed by a corresponding (q̄q̄)3(qq) in-
teraction part.

In our present work we only consider scalar, pseudosc
mesons, and scalar diquarks, and we use the following
grangian density:

L5q̄~ igm]m2m0!q1GS@~ q̄q!21~ q̄ig5tWq!2#

1GD@~ i q̄C«ebg5q!~ i q̄«ebg5qC!#, ~1!

whereqC5Cq̄T, q̄C5qTC are charge-conjugate spinors,C
5 ig2g0 is the charge conjugation matrix~the superscriptT
denotes the transposition operation!, m0 is the current quark
mass, the quark fieldq[qia with i 51,2 anda51,2,3 is a
flavor doublet and color triplet, as well as a four-compone
Dirac spinor,tW5(t1,t2,t3) are Pauli matrices in the flavo
space, wheret2 is antisymmetric, and («) ik[« ik, (eb)ab

[eabb are totally antisymmetric tensors in the flavor a
color spaces.

In Eq. ~1!, GS andGD are independent effective couplin
constants in the scalar quark-antiquark and scalar diqu
channels. The former is responsible for the meson exc
tions, and the latter for the diquark excitations, which
principle can be determined by fitting mesons’ and baryo
properties in the vacuum. The attractive interaction in diff
ent channels in this Lagrangian will give rise to a very ri
structure of the phase diagram. At zero temperature and
sity, the attractive interaction in the color singlet channe
responsible for the appearance of a quark antiquark con
sate and for the spontaneous breakdown of the chiral s
2-2
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MASSIVE QUARK PROPAGATOR AND COMPETITION . . . PHYSICAL REVIEW D65 076012
metry, and the interaction in theqq channel binds quarks
into diquarks~and baryons!, but is not strong enough to in
duce diquark condensation. As the density increases, P
blocking suppresses theq̄q interaction, while the attractive
interaction in the color antitriplet diquark channel will in
duce the quark-quark condensate around the Fermi sur
which can be identified as a superconducting phase.

After bosonization@25,26#, one can obtain the linearize
version of the model~1!:

L̃5q̄~ igm]m2m0!q2q̄~s1 ig5tWpW !q

2
1

2
D* b~ i q̄C«ebg5q!2

1

2
Db~ i q̄«ebg5qC!

2
s21pW 2

4GS
2

D* bDb

4GD
, ~2!

with the bosonic fields

Db; i q̄C«ebg5q, D* b; i q̄«ebg5qC,
~3!

s;q̄q, pW ; i q̄g5tWq.

Clearly, thes and pW fields are color singlets, and th
diquark fieldsDb andD* b are color antitriplet and~isoscalar!
singlets under the chiralSU(2)L3SU(2)R group.sÞ0 and
DbÞ0 indicate that chiral symmetry and color symmetry a
spontaneously broken. We assume that the two conden
coexist i.e.,

sÞ0, pW 50,

D15D250, D3Þ0. ~4!

Here it has been regarded that only the first two colors p
ticipate in the condensate, while the third one does not. In
later expressions, we will simply useD[D3.

The real vacuum will be determined by the minimum
the thermodynamic potential atT50 and m50, and the
minimum of the thermodynamic potential at anyT,m deter-
mines the stable state at that point.

III. PARTITION FUNCTION AND THERMODYNAMIC
POTENTIAL

A. Nambu-Gorkov formalism

The partition function of the grand canonical ensem
can be evaluated by using the standard method@30,31#:

Z5N8E @dq̄#@dq#expH E
0

b

dtE d3xW~L̃1mq̄g0q!J ,

~5!

wherem is the chemical potential, andb51/T is the inverse
of temperatureT.

According to the mean field approximation Eq.~4!, we
can write the partition function as a product of three part
07601
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Z5ZconstZq1,2
Zq3

. ~6!

The constant part is

Zconst5N8 expH 2E
0

b

dtE d3xW F s2

4GS
1

D* D

4GD
G J . ~7!

For the quarks in the first two colors~named as ‘‘the first two
quarks’’ in the following! Q5q1,2 participating in the quark
condensate, one has

Zq1,2
5E @dQ̄#@dQ#expH E

0

b

dtE d3xW

3F1

2
Q̄~ igm]m2m1m!Q1

1

2
Q̄C~ igm]m2m2m!QC

1
1

2
Q̄D2QC1

1

2
Q̄CD1QG J . ~8!

Here we have introduced the constituent quark mass

m5m01s, ~9!

and definedD6 as

D252 iD«ebg5 , D152 iD* «ebg5 ~10!

with the relationD15g0(D2)†g0.
For the quark in the third color~named as ‘‘the third

quark’’ in the following!, which is not involved in the di-
quark condensate, one has

Zq3
5E @dq̄3#@dq3#expH E

0

b

dtE d3xW

3F1

2
q̄3~ igm]m2m1m!q3

1
1

2
q̄3

C~ igm]m2m2m!q3
CG J . ~11!

Introducing the 8-component spinors for the third qua
and the first two quarks, respectively,

C35S q3

q3
CD , C̄35~ q̄3 q̄3

C!, ~12!

C5S Q

QCD , C̄5~Q̄ Q̄C!, ~13!

and using the Fourier transformation in the moment
space,

q~x!5
1

AV
(

n
(

pW
e2 i (vnt2pW •xW )q~pW !, ~14!
2-3
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whereV is the volume of the thermal system, we can rewr
the partition function Eqs.~8! and ~11! in the momentum
space as

Zq1,2
5E @dC#expH 1

2 (
n,pW

C̄
G21

T
CJ

5Det1/2~bG21! ~15!

and

Zq3
5E @dC3#expH 1

2 (
n,pW

C̄3

G0
21

T
C3J

5Det1/2~bG0
21!, ~16!

where the determinantal operation Det is to be carried
over the Dirac, color, flavor, and the momentum-frequen
space. In Eqs.~15! and ~16!, we have defined the quar
propagator in the normal phase

G0
215S @G0

1#21 0

0 @G0
2#21D , ~17!

with

@G0
6#215~p06m!g02gW •pW 2m ~18!

andp05 ivn , and the quark propagator in the color-breaki
phase

G215S @G0
1#21 D2

D1 @G0
2#21D . ~19!

The Nambu-Gorkov propagator G(p) is determined from
solving 15G21 G, resulting in

G5S G1 J2

J1 G2 D , ~20!

with the components

G6[$@G0
6#212S6%21, S6[D7 G0

7 D6,

J6[2G7D6G0
652G0

7D6G6. ~21!

Here all components depend on the 4-momentumpm.
In the case of the mass termm50, i.e., both the curren

quark massm0 and the chiral condensate^s& are zero, the
Nambu-Gorkov quark propogator has a simple form wh
could be derived from the energy projectors for massl
particles@5,6#, while if there is a small mass term, the qua
propagator can be expanded perturbatively aroundm50, but
its form is very complicated@9#. In our case the quark mas
term cannot be treated perturbatively; we have to find a g
eral way to deal with the massive quark propagator.

Fortunately, we can evaluate a simple form for the m
sive quark propagator by using the energy projectors
07601
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massive particles. The energy projectors onto states of p
tive and negative energy for free massive particles are
fined as

L6~pW !5
1

2
S 16

g0~gW •pW 1m!

Ep
D , ~22!

where the quark energyEp5ApW 21m2. Under the transfor-
mation ofg0 andg5, we can get another two energy proje
tors L̃6 ,

L̃6~pW !5
1

2
S 16

g0~gW •pW 2m!

Ep
D , ~23!

which satisfy

g0L6~pW !g05L̃7~pW !, g5L6~pW !g55L̃6~pW !. ~24!

The normal quark propagator elements can be rewritte

G0
65

g0L̃1

p01Ep
6

1
g0L̃2

p02Ep
7

, ~25!

with Ep
65Ep6m. The propagator has four poles, i.e.,

p056Ep
2 , p057Ep

1 , ~26!

where the former two correspond to the excitation energ
of particles and holes, and the latter two are for antipartic
and antiholes, respectively.

The quark propagator, including the diquark condensa
contribution, can be evaluated as

G65S p02Ep
6

p0
22ED

62
g0L̃11

p01Ep
7

p0
22ED

72
g0L̃2D

3~dab2da3db3!d i j ~27!

and

J65S D6

p0
22ED

62
L̃11

D6

p0
22ED

72
L̃2D , ~28!

with ED
625Ep

621D2. This propagator is very similar to th
massless propagator derived in@5#.

From the Nambu-Gorkov propagator, it is difficult to ob
tain the mass of the quark which participates in the diqu
condensate. The four poles of the Nambu-Gorkov propa
tor, i.e.,

p056ED
2 , p057ED

1 , ~29!

correspond to the excitation energies of quasiparticles~quasi-
holes! and quasiantiparticles~quasiantiholes! in the color-
breaking phase. These quasiparticles are superposition
particles and holes.

We plot the excitation spectrum atm5500 MeV as a
function of Ep with different values ofD/m in Fig. 1. D/m
50 ~the circles! correspond to the excitation spectrum in t
2-4
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MASSIVE QUARK PROPAGATOR AND COMPETITION . . . PHYSICAL REVIEW D65 076012
normal phase, andD/m50.2 ~the squares!, 0.5 ~the stars!,
and 1~the triangles! correspond to the excitation spectrum
the color superconducting phase. The black points are for
particles and the white points are for the holes.~a! is for the
~quasi!particlesEp

2(ED
2) and~quasi!holes2Ep

2(2ED
2), and

~b! is for the~quasi!antiparticles2Ep
1(2ED

1) and~quasi!an-
tiholesEp

1(ED
1).

It can be easily seen from~a! that the quasiparticles an
the quasiholes mix particles and holes, which are ca
‘‘Bogoliubons.’’ In the normal phase, to excite a pair of pa
ticles and holes on the Fermi surface does not need en
while in the superconducting phase, to excite a pair of q
siparticles and quasiholes at least needs the energy 2D when
Ep5m. With increasingD, it is found that to excite a quasi
particle needs a larger energy, and the difference betwee

FIG. 1. The excitation spectrum atm5500 MeV for~quasi!par-
ticles and~quasi!holes in~a! and for ~quasi!antiparticles and~qua-
si!antiholes in~b! as a function ofEp with different values ofD/m,
D/m50 ~circles!, 0.2 ~squares!, 0.5 ~stars!, and 1 ~triangles!. The
black and white points are for the particles and holes, respectiv
07601
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excitation energies atEpÞm and that atEp5m becomes
smaller.

From ~b! we see that to excite an antiparticle is mu
more difficult, and the diquark condensate has little effect
the excitation spectrum of~quasi!antiparticles and~quasi!an-
tiholes.

B. The calculation of lnZq3

For the third quark which does not participate in the
quark condensate, from Eq.~16!, we have

ln Zq3
5

1

2
ln$Det~b@G0#21!%

5
1

2
ln$Det~b@G0

1#21!Det~b@G0
2#21!%. ~30!

Using the Dirac matrix, we first perform the determina
in the Dirac space,

Detb@G0
1#215Detb@~p01m!g02gW •pW 2m#

5DetbS ~p01m!2m sW •pW

2sW •pW 2~p01m!2m
D ,

52b2@~p01m!22Ep
2#, ~31!

and in a similar way we get

Detb@G0
2#2152b2@~p02m!22Ep

2#. ~32!

After performing the determinant in the Dirac space, we ha

Detb@G0
1#21Detb@G0

2#215b2@p0
22~Ep1m!2#b2@p0

2

2~Ep2m!2#. ~33!

Considering the determinant in the flavor, color, sp
spaces, and momentum-frequency space, we get the stan
expression

ln Zq3
5Nf(

n
(

pW
„ln$b2@p0

22~Ep1m!2#%

1 ln$b2@p0
22~Ep2m!2#%…, ~34!

remembering that the color space for the third quark is o
dimensional.

C. The calculation of lnZq1,2

It is more complicated to evaluate the thermodynamic
tential for the quarks participating in the diquark condensa
From Eq.~15!, we have

ln Zq1,2
5

1

2
ln Det~bG21!. ~35!

For a 232 matrix with elementsA, B, C, and D, we
have the identity

ly.
2-5
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DetS A B

C DD 5Det~2CB1CAC21D !

5Det~2BC1DC21AC!. ~36!

To prove the above equation, we have used

S A B

C DD[S 0 B

C 0 D S 1 C21D

B21A 1 D
[S BC21 AB21

DC21 CB21D S 0 C

B 0 D . ~37!

ReplacingA, B, C, andD with the corresponding elemen
of G21, we have

Det~bG21!5b2 DetD15b2 Det~2D1D2

1D1@G0
1#21@D1#21@G0

2#21!

5b2 DetD25b2 Det~2D1D2

1@G0
2#21@D2#21@G0

1#21D2!. ~38!

Using the energy projectorsL̃6 , we can work outD1 and
D2 as

D15D21g5@g0~p02Ep
2!L̃11g0~p01Ep

1!L̃2#

3g5@g0~p02Ep
1!L̃11g0~p01Ep

2!L̃2#

52@~p0
22Ep

222D2!L̃21~p0
22Ep

122D2!L̃1#,

D252$~p0
22~Ep

2!22D2!L̃1

1@p0
22~Ep

1!22D2#L̃2%. ~39!

Using the properties of the energy projectors, we can ge

D1D25@~p0
22~Ep

2!22D2!#@~p0
22~Ep

1!22D2!#

5@p0
22ED

22#@p0
22ED

12#. ~40!

With the above equations, Eq.~35! can be expressed as

ln Zq1,2
5

1

2
ln@DetbG21#5

1

4
Tr ln@b2D1b2D2#

5
1

4
$Tr ln@b2~p0

22ED
22!#

1Tr ln@b2~p0
22ED

12!#%

52Nf(
n

(
p

$ ln@b2~p0
22ED

22!#

1 ln@b2~p0
22ED

12!#%. ~41!
07601
D. The thermodynamic potential

The frequency summation of the free energy

ln Zf5(
n

ln@b2~p0
22Ep

2!# ~42!

can always be obtained by performing the frequency sum
tion of the propagator 1/(p0

22Ep
2). Differentiate Eq.~42!

with respect toEp :

] ln Zf

]Ep
522Ep(

n

1

p0
22Ep

2
5b@122 f̃ ~Ep!#, ~43!

where f̃ (x)51/(ebx11) is the usual Fermi-Dirac distribu
tion function. Then integrating with respect toEp , one can
get the free energy

ln Zf5b@Ep12T ln~11e2bEp!#. ~44!

With the help of the above expression, and replacing

(
p

→VE d3p

~2p!3
, ~45!

we get the expressions

ln Zq3
5NfbVE d3p

~2p!3
@Ep

112T ln~11e2bEp
1

!

1Ep
212T ln~11e2bEp

2

!#, ~46!

ln Zq1,2
52NfbVE d3p

~2p!3
@ED

112T ln~11e2bED
1

!

1ED
212T ln~11e2bED

2

!#. ~47!

Finally, we obtain the familiar expression of the therm
dynamic potential

V52T
ln Z
V

5
s2

4GS
1

D2

4GD

22NfE d3p

~2p!3
@Ep1T ln~11e2bEp

1

!

1T ln~11e2bEp
2

!1ED
112T ln~11e2bED

1

!

1ED
212T ln~11e2bED

2

!#. ~48!

IV. CONDENSATES AND GAP EQUATIONS

A. Condensates

With the Nambu-Gorkov quark propagator Eqs.~27! and
~28!, the diquark condensate is generally expressed as
2-6
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^q̄Cg5q&.5S iT(
n

D E d3p

~2p!3
Tr@J2g5#. ~49!

From general consideration, there should be eight scala
quark condensates@5,7#. In the case of the NJL-type mode
the diquark condensates related to momentum vanish,
there is only one independent 01 diquark gap with a Dirac
structureG5g5 for massless quarks, and there exists anot
01 diquark condensate with Dirac structureG5g0g5 at non-
zero quark mass. In our paper we assume the contributio
the diquark condensate withG5g0g5 is small, and we only
consider the diquark condensate withG5g5.

Performing the Matsubara frequency summation and
ing the limit T→0, we get the diquark condensate at fin
chemical potential

^q̄Cg5q&522DNcNfE d3

~2p!3 F 1

2ED
2

1
1

2ED
1G . ~50!

For the third quark, its chiral condensate can be evalua
by using the quark propagator in the normal phase,

^q̄3q3&52 iT(
n
E d3p

~2p!3
Tr@G0

1#, ~51!

while for the quarks participating in the diquark condensa
the chiral condensate should be evaluated by using the q
propagator in the color-breaking phase,

^q̄1q1&52 iT(
n
E d3p

~2p!3
Tr@G1#. ~52!

We have no explicit mass expression for the first t
quarks which participate in the diquark condensate. The
fluence of the diquark condensate has been reflected in
quark propagator. The difference between the first t
quarks which participate in the diquark condensate and
third quark which does not participate in the diquark cond
sate can be read from their chiral condensates and ca
defined as

d5^q̄1q1&
1/32^q̄3q3&

1/3, ~53!

whered has the dimension of energy. In the case of ch
limit, the quark massm decreases to zero in the color supe
conducting phase, and the influence of the diquark cond
sate on quarks in different colors vanishes.

After performing the Matsubara frequency summati
and taking the limitT→0, we get the expressions of th
condensates atmÞ0,

^q̄3q3&54mNfE d3p

~2p!3

1

2Ep
@u~m2Ep!21#,

~54!

^q̄1q1&54mNfE d3p

~2p!3

1

2Ep
@np

12np
2#,
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where

np
65

1

2 S 17
Ep

7

ED
7D ~55!

are the occupation numbers for quasiparticles and quasi
particles atT50. Correspondingly, 12np

6 are the occupa-
tion numbers of quasiholes and quasiantiholes, respectiv

We plot the occupation numbers for~quasi!particlesnp
1

and ~quasi!holes 12np
1 in Fig. 2~a!, and the occupation

numbers for~quasi!antiparticlesnp
2 and ~quasi!antiholes 1

2np
2 in 2~b! as a function ofEp with respect toD/m50

FIG. 2. The occupation numbers for~quasi!particles np
1 and

~quasi!holes 12np
1 in ~a!, and for~quasi!antiparticlesnp

2 and~qua-
si!antiholes 12np

2 in ~b! as a function ofEp with respect toD/m
50 ~circles!, 0.2 ~squares!, 0.5 ~stars!, and 1~triangles!. The black
and white points correspond to particles and holes, respectivel
2-7
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~circles!, 0.2 ~squares!, 0.5 ~stars!, and 1 ~triangles!; the
black and white points correspond to particles and ho
respectively.

It is seen that the Fermi surface is very sharp in the n
mal phaseD/m50, and becomes smooth when diquark co
densate appears. The smearing is a consequence of th
that the ‘‘Bogliubons’’ are superpositions of particle and ho
states. The smearing of the Fermi surface induces the c
symmetry restoring at a smaller chemical potential. T
larger the diquark condensate is, the smoother the Fermi
face will be. From Fig. 2~b! it can be seen that the occup
tion numbers for the~quasi!antiparticles~antiholes! in the
normal phase or color-breaking phase are not sensitive to
magnitude of the diquark condensate.

B. Gap equations

The two gap equationsm andD can be derived by mini-
mizing the thermodynamic potential, Eq.~48! with respect to
m andD,

]V

]m
5

]V

]D
50. ~56!

Taking into account the general expressions for the diqu
condensate and chiral condensates, one can get the rela
between the chiral gapm and the chiral condensate^q̄q&, i.e.,

m5m01s,
~57!

s522GS^q̄q&.

Here the chiral condensate should perform summation in
color space

^q̄q&52^q̄1q1&1^q̄3q3&, ~58!

and the relation between the diquark gapD and the diquark
condensatêq̄Cg5q&, i.e.,

D522GD^q̄Cg5q&. ~59!

Substituting Eq.~50! into the above equation, the gap equ
tion for the diquark condensate Eq.~59! in the limit of T
→0 can be written as

154NcNfGDE d3p

~2p!3 F 1

2ED
2

1
1

2ED
1G . ~60!

V. NUMERICAL RESULTS

In this section, through numerical calculations, we w
investigate the phase structure along the chemical pote
direction, analyze the competition mechanism between
chiral condensate and diquark condensate, and discus
influence of the color breaking on the quarks in differe
colors.

Before the numerical calculations, we should fix t
model parameters. The current quark massm055.5 MeV,
the fermion momentum cutoffL f50.637 GeV, and the cou
07601
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pling constant in the color-singlet channelGS
55.32 GeV22 are determined by fitting pion properties. Th
corresponding constituent quark mass in the vacuum is ta
to be m(m50)5330 MeV. The coupling constant in th
color antitriplet channelGD can in principle be determined
by fitting the nucleon properties. In@26# GD /GS.2.26/3
was chosen by fitting the scalar diquark mass of.600 MeV
to obtain a realistic baryon mass in the order of.900 MeV.
In our case, to investigate the influence of diquark cond
sate on the chiral phase transition, we will setGD /GS
50,2/3,1,1.2,1.5, respectively.

A. Phase structure at zero temperature

First, we investigate the phase structure along the che
cal potential direction with respect to different magnitudes
GD /GS . In the explicit chiral symmetry-breaking case, w
define the point at which the chiral condensate has maxim
change as the critical chemical potentialmx for the chiral
phase transition, and the point at which the diquark cond
sate starts to appear as the critical chemical potentialmD for
the color superconductivity phase transition.

The two gapsm ~white points! and D ~black points! de-
termined by Eqs.~57! and~59! are plotted in Fig. 3 as func
tions of m with respect to differentGD /GS52/3,1,1.2,1.5 in
3~a!, 3~b!, 3~c! and 3~d!, respectively. In Fig. 4, they are
plotted as functions of the scaled baryon densitynb /n0,
wheren0 is the normal nuclear matter density.

In Fig. 3~a!, i.e., in the case ofGD /GS52/3, we see that
in the region where the constituent quark mass keeps
value in the vacuumm(m50), the diquark condensate keep
zero. The chiral phase transition and the color supercond
tivity phase transition nearly occur at the same chemical
tentialmx.mD5340 MeV. The two phase transitions are
first order. In the explicit chiral symmetry-breaking cas
there is a small chiral condensate in the color supercond
tivity phasem.mx . This phenomena has been called t
coexistence of chiral and diquark condensate in@10,11#. In
this coexistence region, the chiral condensate is small
can be described by the Andersom theorem@15#.

In Fig. 3~b!, with GD /GS51, the diquark condensat
starts to appear atmD5298 MeV, then chiral symmetry re
stores atmx5304.8 MeV. BothmD andmx are smaller than
those in the case ofGD /GS52/3. In the region frommD to
mx , both chiral and color symmetries are broken, which
called the mixed broken phase. The diquark gap increa
continuously from zero to 82 MeV in this mixed broke
phase, and jumps up to 152 MeV at the critical pointmx .
The chiral symmetry phase transition is still of the first ord
and the jump of the diquark gap can be regarded as
influence of the first order chiral phase transition.

In Figs. 3~c! and 3~d! we see that by increasingGD /GS ,
the diquark condensate starts to appear at smallermD , and
chiral symmetry restores at smallermx , while the width of
the region of mixed broken phase,mx2mD , becomes larger
This phenomena has also been found in Ref.@14# in the
random matrix model. It is also seen that by increas
GD /GS , the first order phase transition of chiral symmet
restoration becomes the second order one, where the cr
2-8
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FIG. 3. The two gapsm ~white points! andD
~black points! as functions of chemical potentia
m for GD /GS50,2/3,1,1.2,1.5, respectively.
rk

l p

lor
ro-
and

olor
point mx is still defined by the maximum change of qua
massm.

We summarize the phase structure along the chemica
tential direction:~1! when m,mD , chiral symmetry is bro-
ken; ~2! in the region frommD to mx , both chiral and color
symmetries are broken, and~3! whenm.mx , chiral symme-
07601
o-

try restores partially and the phase is dominated by co
superconductivity. The phase transition from the chiral b
ken phase to the mixed broken phase is of second order,
the phase transition from the mixed broken phase to the c
superconductivity phase is of first order for smallGD /GS ,
and of second order for largeGD /GS . The phase structure
n

FIG. 4. The two gapsm ~white points! andD

~black points! as functions of the scaled baryo
density nb /n0 for GD /GS50,2/3,1,1.2,1.5, re-
spectively.
2-9
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depends on the magnitude ofGD /GS . If GD /GS is very
small, the diquark condensate will never appear. IfGD /GS

,1 but not too small, there will be no mixed broken pha
the chiral phase transition and the color superconducti
phase transition occur at the same critical pointmx5mD ,
and the two phase transitions are of first order like in@10#.

FIG. 5. The gapsm in ~a! and D in ~b! as a function of the
chemical potentialm with respect toGD /GS50,2/3,1,1.2,1.5, re-
spectively.
07601
,
y

B. The competition between the chiral
and diquark condensate

By increasingGD /GS , the diquark condensate starts
appear at smallermD and chiral symmetry restores at small
mx , while the width of the mixed broken phase,mx2mD ,
increases. In order to understand the competition mechan
and explicitly show how the diquark condensate influen
the chiral phase transition, we plot the constituent qu
massm and the diquark gapD as functions ofm for different
values ofGD /GS in Fig. 5.

In the case ofGD /GS50, only chiral phase transition
occurs; the thermal system in the mean-field approxima
is nearly a free Fermi gas made of constituent quarks. In
limit of T50, there is a very sharp Fermi surface of t
constituent quark. When the chemical potential is larger th
the constituent quark mass in the vacuum, the chiral sym
try restores, and the system of constituent quarks becom
system of current quarks. When a diquark gapD forms in the
case ofGD /GSÞ0, it will smooth the sharp Fermi surface o
the constituent quark. In other words, the diquark pair low
the sharp Fermi surface and induces a smaller critical che
cal potential of chiral restoration.

In Table I we list the chemical potentialsmD , at which the
diquark gap starts appearing, andmx , at which the chiral
symmetry restores for different values ofGD /GS . mF

0

5345.3 MeV is the critical chemical potential in the case
GD /GS50. Dx is the value of the diquark gap atmx , and if
there is a jump, it is the lower value.

We see that for largerGD /GS , the diquark condensat
appears at a smaller chemical potentialmD , and the chiral
phase transition occurs at a smaller critical chemical pot
tial mx , the gap of the diquark condensateDx at mx becomes
larger, and the region of mixed broken phase becomes w

We assume the relation betweenDx andmx as

mx5mF
02xDx , ~61!

and the relation betweenDx andmD as

mD5mF
02yDx . ~62!

In Table I we listed the values ofx5(mF
02mx)/Dx and

y5(mF
02mD)/Dx for different GD /GS . It is found thatx is

almostGD /GS independent and equal to 1/2. As fory, it is
larger than 1/2 and increases with increasing ofGD /GS .
From Eqs.~61! and ~62!, we have the relation
TABLE I. The GD dependence of chemical potentialsmD andmx , mF
05345.3 MeV.

GD /GS mD (MeV) mx (MeV) mx2mD (MeV) Dx (MeV) (mF
02mx)/Dx (mF

02mD)/Dx

1 298 304.8 6 82 0.49 0.57
1.2 242 266 24 162 0.49 0.64
1.5 70 190 120 310 0.50 0.89
2-10
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mx2mD5~y21/2!Dx ~63!

for the mixed broken phase. With increasing ofGD /GS , y
and Dx increase, and then the width of the mixed brok
phase,mx2mD , becomes larger.

Now we turn to study how the chiral gap influences t
color superconductivity phase transition. Firstly, we chan
the constituent quark mass in the vacuum from 330 MeV
486 MeV. To fit the pion properties, the coupling constant
the quark-antiquark channel is correspondingly increa
from GS to 1.2GS . We plot the diquark gap as a function o
m in Fig. 6~a! for the two vacuum masses and forGD /GS
52/3,1,1.2,1.5. We find that for the sameGD /GS , the di-
quark gap starts to appear at much larger chemical pote
mD when the vacuum mass increases from 330 MeV
486 MeV.

Then we withdraw the quark mass, i.e., takingm50 even
in the vacuum. We plot the diquark gap as a function ofm in

FIG. 6. The influence of the chiral gap on the color superc
ductivity phase transition in the case ofm(m50)5486 MeV in ~a!
andm(m50)50 in ~b!.
07601
e
o

d

ial
o

Fig. 6~b! for m(m50)50 and 330 MeV and forGD /GS

52/3,1,1.2,1.5. We find that for anyGD /GS , the diquark
condensate starts to appear at a much smaller chemica
tential mD for m(m50)50 compared with m(m50)
5330 MeV.

From Figs. 6~a! and 6~b! we can see that the quark
vacuum mass only changes the critical point of color sup
conductivity mD . The diquark gaps for different quark’
vacuum mass coincide in the overlap region of the co
superconductivity phase, where chiral symmetry is partia
restored.

From the influcence of the diquark gap on the chiral ph
transition and the influence of the chiral gap on the co
superconductivity phase transition, it is found that there d
exist a strong competition between the two phases. The c
petition starts atmD and ends atmx . We call the mixed
broken phase the competition region, which becomes w
by increasingGD /GS . This competition region is the resu
of the diquark gap smoothing the sharp Fermi surface of
constituent quark. If the attractive interaction in the diqua
channel is too small, there will be no diquark pairs, the s
tem will be in the chiral-breaking phase beforemx , and in
the chiral symmetry restoration phase aftermx . If the attrac-
tive interaction in the diquark channel is strong enough,
quark pairs can be formed and smooth the sharp Fermi
face, and a smaller critical chemical potential of chir
symmetry restoration is induced.

C. The influence of color breaking on quarks’ properties

Finally, we study how the diquark condensate influenc
the quark properties. In the normal phase, the quarks in
ferent colors are degenerate. However, in the color-break
phase, the first two quarks are involved in the diquark c
densate, while the third one is not.

The quark massm that appeared in the formulas of th
paper is the mass for the third quark which does not part
pate in the diquark condensate. We have seen from Fig.~a!
that the diquark condensate greatly influences the quark m
m in the competition regionmD,m,mx . In the color-
breaking phase, i.e., whenm.mD , the quark massm in dif-
ferent cases ofGD decreases slowly with increasingm, and
reaches the same value at aboutm5500 MeV.

The difference of the chiral condensates for quarks in d
ferent colorsd defined in Eq.~53! is shown in Fig. 7 as a
function of the chemical potentialm with respect to
GD /GS52/3,1,1.2,1.5. It is found that in any case whered is
zero beforemD , thend begins to increase atmD and reaches
its maximum atmx , and then starts to decrease afterm
.mx and approaches zero at aboutm5500 MeV. Whenm
.500 MeV, d becomes negative. With increasingGD ,
d(mx) increases from 1 MeV forGD /GS52/3 to 13 MeV
for GD /GS51.5. Comparing with the magnitude of the d
quark condensate,d is relatively small in the color supercon
ductivity phase.

VI. CONCLUSIONS

In summary, in an extended NJL model and consider
only the attractive interactions in the 01 color-singlet quark-

-
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antiquark channel and color-antitriplet diquark channel,
Nambu-Gorkov form of the quark propogator has be
evaluated with a dynamical quark mass. The Nambu-Gor
massive propagator makes it possible to extend the Gr
function approach to the moderate baryon density reg
and the familiar expression of the thermodynamic poten
has been reevaluated by using the massive quark propag
In this paper we have neglected another scalar diquark
densate with Dirac structureg0g5, which is assumed to be
small.

FIG. 7. The difference of the chiral condensates for quarks
different colorsd as a function of the chemical potentialm with
respect toGD /GS50,2/3,1,1.2,1.5, respectively.
.

s
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The phase structure along the chemical potential direc
has been investigated. The system is in the chiral-break
phase beforemD , in the color superconducting phase aft
mx , and the two phases compete with each other in
mixed broken phase with widthmx2mD . The width depends
on the magnitude ofGD /GS . If GD /GS is small, the width is
zero, and the chiral phase transition and the color superc
ductivity phase transition that occur at the same chem
potential. The width increases with increasing ofGD /GS .
The competition mechanism has been analyzed by inve
gating the influence of the diquark condensate on the sh
Fermi surface. The diquark condensate smoothes the s
Fermi surface, and induces the chiral phase transition
occurs at a smaller chemical potential, and the diquark
be formed more easily. The phase transition is of sec
order from the chiral symmetry broken phase to the mix
broken phase, and the phase transition from the mixed
ken phase to the partial chiral symmetry phase, i.e., the c
superconductivity phase is of first order for smallGD /GS ,
and is of second order for largeGD /GS .

The influence of the diquark condensate on the proper
of quarks in different colors has also been investigated. I
found that the difference of the chiral condensates betw
quarks in different colors induced by the diquark condens
is very small.
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