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Supersymmetric relations among electromagnetic dipole operators
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Supersymmetric contributions to all leptonic electromagnetic dipole operators have essentially identical
diagrammatic structure. With approximate slepton universality this allows the muon anomalous magnetic
moment to be related to the electron electric dipole moment in terms of supersymmetric phases, and to
radiative flavor changing lepton decays in terms of small violations of slepton universality. If the current
discrepancy between the measured and standard model values of the muon anomalous magnetic moment is due
to supersymmetry, the current bound on the electron electric dipole moment then implies that the phase of the
electric dipole operator is less than 231023. Likewise the current bound onm→eg decay implies that the
fractional selectron-smuon mixing in the left-left mass squared matrix,dmm̃ẽ

2 /ml̃
2 , is less than 1024. These

relations and constraints are fairly insensitive to details of the superpartner spectrum for moderate to large
tanb.

DOI: 10.1103/PhysRevD.65.075012 PACS number~s!: 12.60.Jv, 13.40.Em
c
a
f
a

a
en
a

vi

t
ila
th
u
m
d

r
r-
e
n
lo
r-
en
o
n
n
-
t

w
he
e
nt
he
lo
n

ing
text

m-
are
ia-
nti-
ro-
nt
ton

ified
u-

etic
ntri-
ns
ing

ion
tric
the

t is

m-
ng
mp-
st
ris-

-
o
m
tau

o-
op-
lity
ys
in

fla-
High precision measurements of low energy processes
often provide useful probes of physics beyond the stand
model. Many processes of this type involve the coupling o
photon to standard model fermions, such as anomalous m
netic dipole moments@1#, electric dipole moments~EDMs!
@2#, and rare radiative decays@3#. The effective operators
which describe these interactions are all of the electrom
netic dipole form. The magnitude of these operators in g
eral depends on the overall scale and details of the he
particle mass spectrum as well as the interactions which
late the requisite symmetries.

In supersymmetric theories the one-loop contributions
all the electromagnetic dipole operators have very sim
diagramatic structure. In this paper we point out that in
lepton sector this similarity allows the muon anomalo
magnetic moment to be related to the electron EDM in ter
of the phase of the electromagnetic dipole operator, an
the rate for radiative lepton decays,m→eg, t→mg and t
→eg, in terms of violations of slepton universality. Fo
moderate to large tanb and with approximate slepton unive
sality these relations turn out to be fairly insensitive to d
tails of the superpartner mass spectrum. If the discrepa
between the current measured value of the muon anoma
magnetic moment@4# and the standard model value is inte
preted as arising from supersymmetry, fairly model indep
dent bounds can be obtained on the phase of the dipole
erator and fractional flavor violating splitting in the slepto
mass squared matrix from the current experimental bou
on the electron EDM andl i→ l jg decays respectively. Alter
nately, an upper limit on the supersymmetric contribution
the muon anomalous magnetic moment provides a lo
limit for the most stringent possible bounds arising from t
electron EDM andl i→ l jg decays. The relations among th
supersymmetric electromagnetic dipole operators prese
here are particularly interesting and useful in light of t
recent high precision measurement of the muon anoma
magnetic moment@4#. The relation between the muo
0556-2821/2002/65~7!/075012~15!/$20.00 65 0750
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anomalous magnetic moment and radiative flavor chang
lepton decays has previously been considered in the con
of supersymmetric seesaw models of neutrino masses@5#.

In the next section the structure of the various supersy
metric contributions to electromagnetic dipole operators
illustrated. The relative importance of various classes of d
grams are presented and the dominant contribution ide
fied. Under the assumption of slepton universality and p
portionality the lepton dipole operators for differe
generations are shown to be related by ratios of the lep
masses. The manner in which these ratios may be mod
by slepton sflavor violation is also described. In Sec. II s
persymmetric contributions to the muon anomalous magn
moment are discussed, and the magnitude of possible co
butions from sflavor violation evaluated. These contributio
are shown generally to be smaller than the flavor conserv
contributions. Circumstances allowing the stau contribut
to be comparable to the flavor conserving supersymme
contributions are discussed. The relationship between
electron EDM and muon anomalous magnetic momen
discussed in Sec. III. For moderate to large tanb it is shown
that the electron EDM is dominated by a single supersy
metric phase to lowest order in gaugino-Higgsino mixi
and assuming strict gaugino unification. Under the assu
tion of slepton universality and proportionality, the mo
stringent possible model independent limit on this phase a
ing from the 205Tl EDM experiment consistent with the
Brookhaven muong22 experiment is derived. Contribu
tions to the electron EDM from sflavor violation are als
considered, and in particular, important contributions fro
staus are identified. For large selectron-stau mixing the s
provides a significant contribution to the electron EDM, vi
lating the relation between the electron and muon dipole
erators derived under the assumption of slepton universa
and proportionality. Radiative flavor changing lepton deca
arising from transition dipole moments are considered
Sec. IV. Fairly model-independent stringent bounds on s
©2002 The American Physical Society12-1
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MICHAEL GRAESSER AND SCOTT THOMAS PHYSICAL REVIEW D65 075012
vor violating mass squared mixings implied by current lim
on l i→ l jg and consistent with the Brookhaven muong22
experiment are derived. The manner in which they are mo
independent are described below. Throughout this paper
mass insertion approximation for the sflavor violation a
the gaugino-Higgsino mixing is used. The complete expr
sions for the one-loop supersymmetric contributions to e
tromagnetic dipole operators in the large tanb limit and to
first order in gaugino-Higgsino mixing are given in the A
pendix.

I. ELECTROMAGNETIC DIPOLE OPERATORS

The coupling of an on-shell Dirac fermion to the electr
magnetic field strength may be represented by the Lagra
ian dipole operator

2
1

2
Df f̄ Lsmn f RFmn2

1

2
Df* f̄ Rsmn f LFmn ~1!

where Df is the dipole moment coefficient, andf L,R
5PL,Rf are the left- and right-handed chiral components
the Dirac fermion. The dipole moment coefficient can in ge
eral be complex and have nontrivial flavor structure. T
on-shell dipole operator is chirality violating and so mu
vanish with the fermion mass. Supersymmetric contributio
are therefore proportional to the fermion mass, and s
pressed by two powers of the superpartner mass scale,
dering the dipole operator effectively dimension six.

Supersymmetric contributions to anomalous magn
moments require only violation of chiral symmetry, which
already violated in the standard model by the ferm
Yukawa couplings. In contrast, electric dipole moments
quire in addition the violation of parity and time-revers
symmetries beyond that of the standard model. And fla
changing radiative decays require violation of flavor symm
tries, which in the leptonic sector are not violated within t
standard model. The strategy here is therefore to use
similarity of the one-loop supersymmetric contributions d
cussed below to determine the overall scale of the dip
operators from anomalous magnetic moments and to re
this to electric dipole moments in terms of supersymme
phases which violate parity and time reversal, and to ra
tive flavor changing decays in terms of supersymmetric v
lations of flavor symmetries. Experimentally, only the mu
anomalous magnetic moment is measured sufficiently a
rately to allow the possibility of discerning the supersymm
ric contribution. As a practical matter, model independ
relations among the dipole operators are therefore only
ful in the leptonic sector. Under the mild assumptions
approximate universality and proportionality discussed
low, these relations turn out to be rather insensitive to det
of the superpartner mass spectrum.

In order to determine the dominant diagrams and relati
among the dipole operators it is instructive to consider
parametric dependences of various contributions. The su
symmetric one-loop contributions to the electromagnetic
pole operators arise from virtual sleptons and charginos
neutralinos. These can be classified according to whethe
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one-particle-irreducible diagrams are chirality conserving
violating. The chirality conserving diagrams give dimensio
six operators which reduce to the chirality violating dipo
operator~1! on-shell through the external equations of m
tion. The chirality violating diagrams give the effective d
mension six dipole operator~1! directly.

The chargino and neutralino mass eigenstates are ge
mixtures of the B-ino, W-ino, and Higgsino interaction
eigenstates. However, formi

22m2@mZ
2 , which holds over

much of the parameter space, the mixing may be trea
perturbatively inmZ

2/(mi
22m2), where mi5$mB̃ ,mW̃% are

theB-ino andW-ino Majorana mass parameters andm is the
Higgsino Dirac mass parameter. It is therefore sufficient
work to lowest nontrivial order in gaugino-Higgsino mixing
It is seen below that diagrams with gaugino-Higgsino mixi
can provide the most important contributions to the dip
moments. In addition, for lepton dipole operators it is su
cient to work to first order in the small lepton Yukawa co
pling. This greatly simplifies classification of the supersy
metric diagrams.

The chirality conserving one-loop diagrams for lepto
are shown in Fig. 1. Since the use of the external lep
equation of motion to obtain the dipole operator~1! involves
the lepton Yukawa coupling it is sufficient consider diagra
which do not include additional powers of the lepto
Yukawa. Left-right slepton mixing must vanish with the le
ton mass, and so can be ignored in the chirality conserv
diagrams. Likewise, the charginos and neutralinos o
couple through gaugino components to lowest order si
the Higgsino components couple through the lepton Yuka
coupling. The chargino propagator is therefore given

^W̃1W̃2& where throughout a sum over mass eigenstate
understood. Charginos only contribute to the left-left d
gram. For the neutralino diagramsB-ino–W-ino mixing
arises only at second order in gaugino-Higgsino mixing a
so the chirality conserving neutralino propagators are gi
predominantly by^W̃0* W̃0& which contributes to left-left
diagrams and̂B̃* B̃& which contributes to both left-left and
right-right diagrams. The parametric dependence of
chirality conserving contributions arising from the diagram
of Fig. 1 are

x conservingLL,RR ^B̃* B̃&: Df;
g1

2ml

16p2m̃2
~2!

FIG. 1. Chirality conserving left-left or right-right contribution
to lepton electromagnetic dipole operators. Arrows indicate the fl
of fermion or scalar-partner chirality. To lowest order in the fermi
Yukawa coupling only gaugino-gaugino propagators contribute
the internal chargino or neutralino propagators. The external pho
is attached to internal charged lines in all possible ways.
2-2
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SUPERSYMMETRIC RELATIONS AMONG . . . PHYSICAL REVIEW D65 075012
x conservingLL ^W̃1,0* W̃2,0&: Df;
g2

2ml

16p2m̃2
~3!

where 16p2 represents the loop factor,m̃ represents the su
perpartner mass scale determined by the heaviest partic
the loop, and the lepton massml arises from lepton equatio
of motion. TheB-ino contributions are suppressed by a fac
g1

2/g2
25tan2uw compared withW-ino. The dominant chirality

conserving contribution then arises for the left-left diagra
throughW-ino propagators.

The chirality violating one-loop diagrams for leptons a
shown in Fig. 2. These diagrams contribute directly to
operator~1! and have an explicit factor of the lepton Yukaw
coupling. In the first class of diagrams the lepton Yuka
coupling,l l , arises directly in the vertex which couples th
down-type Higgsino components of the chargino or n
tralino to the slepton and external lepton. To lowest orde
the lepton Yukawa coupling the other vertex then couples
the gaugino component of the chargino or neutralino prop
tional to a gauge coupling. Left-right slepton mixing can a
be neglected in these diagrams to lowest order in the lep
Yukawa coupling. The chargino propagator in these diagra
is then ^W̃1H̃d

2&. Since theW-ino couples to left-handed
fields, only the left handed slepton arises in this class
chargino diagrams. The neutralino propagators are^W̃0H̃d

0&
which arises only with the left-handed slepton and^B̃H̃d

0&
which arises for both the right-handed and left-handed s
tons. All these propagators require gaugino-Higgsino mix
which arises through coupling with the Higgs condens
proportional to a gauge coupling. To lowest order in mixi
the ^W̃1H̃d

2& and^W̃0H̃d
0& chirality violating propagators are

proportional tomW̃(g2vu)m through mixing of chirality vio-
lating W-ino and Higgsino propagators through the up-ty
Higgs condensate, andg2vd through mixing of chirality con-
serving propagators through the down-type Higgs cond
sate. The chirality violatinĝ B̃0H̃d

0& propagator is likewise
proportional tomB̃(g1vu)m andg1vd . Mixings through the
down-type Higgs condensates are suppressed for modera
large tanb5vu /vd . The parametric dependence of this cla

FIG. 2. Chirality violating left-right contributions to lepton elec
tromagnetic dipole operators. Arrows indicate the flow of fermi
or scalar-partner chirality. A cross indicates a chirality violati
propagator. A dot indicates a left-right slepton propagator or equ
lently a left-right mass squared mixing chiral insertion. To lowe
order in the fermion Yukawa coupling only gaugino-Higgsin
propagators contribute to the diagram without a chiral insertion
the scalar line, and only gaugino-gaugino propagators to the
gram with a chiral insertion on the scalar line. The later are do
nated byB-ino–B-ino propagators up to second order in gaugin
Higgsino mixing. The external photon is attached to inter
charged lines in all possible ways.
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of chirality violating contributions coming from the first dia
gram of Fig. 2 in this case are

x violating LR ^B̃H̃d
0&: Df;

g1
2mB̃mml tanb

16p2m̃4
~4!

x violatingLR ^W̃1,0H̃d
2,0&: Df;

g2
2mW̃mml tanb

16p2m̃4

~5!

where ml;l lvd . Even though these contributions requi
gaugino-Higgsino mixing, they are parametrically enhanc
by a factor of tanb with respect to the chirality conservin
contributions~2! and ~3! because of the coupling to the up
type Higgs condensate.

The second class of chirality violating diagrams invol
the lepton Yukawa coupling through left-right scalar mixin
To first order in the lepton Yukawa this mixing may b
treated as a mass squared insertion on the slepton propag
Under the assumption of proportionality of the scalar t
linear soft A-terms, the left-right mixing mass squared f
sleptons is given by (A2m tanb)ml . The factor ofm tanb
arises from a superpotential cross term between the Higg
mass parameter and lepton Yukawa coupling which mi
the scalar sleptons through the up-type Higgs condens
Left-right mixing only occurs for charged sleptons. So on
neutralinos contribute to the diagrams with external char
leptons. To lowest order in the lepton Yukawa only t
gaugino components of the neutralinos couple the slepton
the external leptons proportional to a gauge coupling. O
the B-ino component of the neutralinos couples to the rig
handed slepton. And since^W̃0B̃& arises only at second orde
in gaugino-Higgsino mixing the chirality violating neutralin
propagators are given predominantly by^B̃B̃&. For moderate
to large tanb the parametric dependence of this class
chirality violating contributions coming from the second di
gram of Fig. 2 is

x violating LR ^B̃B̃&: Df;
g1

2mB̃mml tanb

16p2m̃4
~6!

wheremB̃ arises from the chirality violatingB-ino propaga-
tor andm tanb from left-right slepton mixing. These contri
butions are also enhanced by a factor of tanb with respect to
the chirality conserving contributions~2! and ~3!.

For moderate to large tanb the chirality violating contri-
butions to dipole operators should dominate over the chi
ity conserving ones because of the coupling to the up-t
Higgs condensate. Among these, the neutralino contribut
~4! and ~6! which involve B-ino coupling~s! are suppressed
by a factor (g1

2/g2
2)mB̃ /mW̃ compared with the chargino an

neutralino contributions~5! which involveW-ino couplings.
With gaugino unificationmB̃ /mW̃.g1

2/g2
2 which implies an

overall suppression of (g1
4/g2

4)5tan4uw . So with slepton
universality and proportionality the first diagram of Fig.
which includes a left-handed slepton andW-ino coupling,
should give the dominant contributions to the dipole opera

-
t

n
a-
i-
-
l
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MICHAEL GRAESSER AND SCOTT THOMAS PHYSICAL REVIEW D65 075012
for moderate to large tanb @6,7#. This expectation is usefu
in identifying the microscopic phase bounded by the elect
EDM discussed in Sec. III, and the source of slepton fla
violation bounded byl i→ l jg decays discussed in Sec. IV.

Even though the neutralino and chargino diagrams of
dominant chirality violating contribution are parametrica
identical, the loop integrals differ because the external p
ton does not couple to the same internal lines. For eq
superpartner masses the neutralino diagram turns out to
factor 6 smaller than the chargino@6#. For general superpart
ner masses the relative importance of these two diagr
depends on the ratiosx[m2/mW̃

2 and y[mẽL

2 /mW̃
2 . An ex-

plicit evaluation of these diagrams~see the Appendix for
details! indicates that the relative importance of the charg
to neutralino diagram strictly increases for large left-hand
slepton masses, i.e., fory.1, x51, or for smallm, i.e., for
y51, x,1, and strictly decreases in the other directions
parameter space, that is for small left-handed slepton ma
i.e., for y,1, x51, or largem, i.e., for y51, x.1. Even
though the ratio is decreasing fory,1,x51, the chargino
diagram is more important for well-motivated values fory.
For example, withy51/10 the chargino diagram is thre
times larger than the neutralino diagram, and for the extre
value ofy51/100 it is still twice as large. There is a simila
behavior fory51 and withx varying. As noted above, fo
x,1 the chargino diagram is even more important than
the case of equal superpartner masses. Forx.1 the ratio
decreases rather slowly, with the chargino diagram still f
times as large even at the extreme value ofx5100. We there-
fore conclude that the chargino first diagram of Fig. 2
dominant over the neutralino first diagram over essenti
all of parameter space.

The importance of the second neutralino diagram of Fig
depends on the size of them parameter and the right-hande
slepton mass compared to the other superpartner masse
equal superpartner masses it is a factor of 3g2

2/g1
253/tan2u

.10 smaller than the dominant chargino diagram discus
above. However, in the limit in which them term is much
larger than all the other superpartner masses this diagra
easily seen to be larger than the other gaugino-Higgsino
grams. The reason is that the neutralino diagram with
left-right mass insertion is directly proportional tom,
whereas the diagrams with gaugino-Higgsino propaga
decouple at least as fast asm21. This behavior is preserve
even if the left-handed slepton andW-ino masses are larg
and comparable tom, whereas the right-handed slepton a
B-ino masses remain small. In this case the chargino diag
decouples as

D m
x1→2

eg2
2

64p2

mm
2

mL̃
2 tanb, ~7!

whereas in the same limit the neutralino second diagram
Fig. 2 with the left-right mass squared insertion decoup
more slowly,
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xLR
0

→2
eg1

2

96p2

mm
2 mmB̃

mL̃
2
mR̃

2 tanb ~8!

and form.mẽL
this can easily dominate. Asm is decreased

further the chargino diagram becomes dominant. Form small
compared to theW-ino and left-handed slepton mass th
chargino diagram decouples asmL̃

23 , but the loop integral
has an logarithmic infra-red divergence that is cutoff bym.
In this limit the chargino diagram is

D m
x1→2

eg2
2

16p2

mm
2 m

mL̃
3 S lnS mL̃

2

m2D 2
11

6 D tanb ~9!

whereas the neutralino diagram with the left-right mass
sertion is unchanged from Eq.~8!. In this limit the logarithm
is large, and the chargino diagram still dominates this n
tralino diagram for left-handed slepton and wino mas
more than roughly 10 times larger than them term, B-ino,
and right-handed slepton masses.

Finally, the importance of the first neutralino diagram
Fig. 2 with B-ino coupling and right-handed sleptons, rath
than W-ino coupling and left-handed sleptons consider
above, obviously depends onm and the right-handed an
B-ino mass spectrum. If gaugino unification is assum
mB̃ /mW̃5g1

2/g2
2, then this neutralino diagram and th

chargino diagram depend on the mass ratiosx[m2/mW̃
2 , y

[mẽL

2 /mW̃
2 , and z[mẽR

2 /mW̃
2 . The relative importance o

these two diagrams is determined by these ratios. Cons
the case withmẽL

5mW̃ , i.e., y51. For comparable right-
handed and left-handed slepton masses the chargino dia
is dominant. For example, forz51 corresponding tomẽR

5mW̃ , the b-ino neutralino diagram is typically a factor o
roughly 10 smaller than the dominant chargino diagram
m in the range 1/9,x,9. For a right-handed slepton mas
small compared to theW-ino mass the neutralino diagram
may however be comparable to the chargino diagram. M
concretely, forz51/9 corresponding tomẽR

.mB̃5mẽL
/3,

the neutralino diagram is typically less than but compara
to the chargino diagram for various values ofm or x; the
neutralino to chargino diagram ratio forx51/9 is 0.7, and
steadily decreases to 0.5 forx59.

For even lighter right-handed slepton masses this n
tralino diagram remains larger than the chargino diagram
a factor of a few. It might be imagined that in this limit th
neutralino diagram scales as an inverse power of the ri
handed slepton mass and then easily dominates. In fact, t
is no infrared divergence. This is apparent in the effect
theory below theB-ino and Higgsino masses. At this sca
integrating out theB-ino and Higgsino generates a dimensi
five operator which couples two fermions and two slepto
This operator contributes at one-loop to the muon dip
operator, and by inspection naively vanishes as the rig
handed slepton mass goes to zero. The loop integral how
is linearly divergent and this cancels the vanishing mass
2-4
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SUPERSYMMETRIC RELATIONS AMONG . . . PHYSICAL REVIEW D65 075012
pendence to leave a finite part. In this limit theB-ino neu-
tralino first diagram of Fig. 2 approaches

D
m

xR
0

→
eg1

2

32p2

mm

mmB̃

~10!

in this limit. Thus the heavierB-ino and Higgsino masses s
the scale for this contribution rather than the lighter rig
handed slepton mass. Comparing this result to the char
diagram assuming gaugino unification and equalm term
Higgsino mass,W-ino mass, and left-handed slepton ma
shows that in these limits it is larger by a factor of two th
the chargino diagram.

The result is that within the gaugino mass unification
sumption the firstB-ino neutralino diagram of Fig. 2 with
right-handed sleptons is actually more important than
chargino diagram for a right-handed slepton mass roug
three times smaller than the mass scale of theSU(2)L super-
partner masses. For heavier right-handed slepton masse
chargino diagram is dominant. Finally, it is interesting
note that for equal superpartner masses and assuming sl
proportionality there is an accidental cancelation between
leading tanb contributions to theB-ino neutralino first dia-
gram of Fig. 2 and the secondB-ino neutralino diagram of
Fig. 2 which involves a left-right mass squared insertion.

Independent of which diagrams dominate, up to ve
small corrections proportional to powers of the lept
Yukawa coupling, all contributions to the lepton dipole o
erators are proportional to a single power of the lepton m
as discussed above. With slepton universality and pro
tionality of the scalar tri-linear soft terms this implies that t
dipole operators for different leptons are related simply
ratios of the Yukawa couplings or equivalently lepto
masses. This applies diagram by diagram. For example
the electron and muon

De.
me

mm
Dm ~11!

for both the real and imaginary parts, and likewise for the
dipole operator. This relation is good over all of parame
space with slepton universality and proportionality. This
lation will be used in subsequent sections to relate the m
anomalous magnetic moment to the electron EDM in ter
of the phase of the operator, and to radiativel i→ l jg decays
in terms of small violations of slepton flavor.

Violations of slepton universality and proportionality ca
in principle modify the relation~11!. The magnitude of the
scalar tri-linearA-terms for the first two generations are
principle limited only by the requirement that the radiative
induced contribution to the lepton mass not be larger than
observed lepton masses@8#. For non-proportional A
*m tanb the relation~11! would be modified. However, in
almost all theories of supersymmetry breaking in which
lepton masses arise in a conventional fashion from tree-l
superpotential Yukawa couplings, theA-terms are at most o
order of the other supersymmetry breaking mass parame
Splittings of theẽ, m̃, and t̃ masses would also of cours
modify the precise relation~11!. Such splittings depend o
07501
-
no

s

-

e
ly

the

ton
e

y

s,
r-

y

or

u
r
-
n
s

e

e
el

rs.

the underlying theory of flavor and supersymmetry break
and in most models are small at least for the first two g
erations.

More interesting modifications of the relation~11! can
arise from sflavor violation in the slepton soft mass squa
matrix. For the first two generations, sflavor violating mi
ings can introduce dependence on a heavier lepton m
This occurs in the second chirality violating diagrams of F
2. Sflavor violation in the slepton propagators allows le
right mass squared insertions proportional tomm or mt for
the electron dipole operator, andmt for the muon. For mod-
erate to large tanb the parametric dependence of this class
chirality violating contributions to the electron and muo
dipole operators is

De;
g1

2mB̃m

16p2m̃4
@~d12

l !LL~d21
l !RRmm

1~d13
l !LL~d31

l !RRmt#tanb ~12!

Dm;
g1

2mB̃m

16p2m̃4
@~d23

l !LL~d32
l !RRmt#tanb ~13!

where throughout

~d i j
l !LL[

dml̃ iL l̃ jL

2

ml̃ L

2 ~14!

represents insertions of sflavor violating left-left ma
squared mixings in the slepton propagators, and likewise
right-right and left-right sflavor violating mass square
terms. The potential importance of these sflavor violat
mixing effects in introducing dependence on heavier ferm
masses depends on the magnitude of the sflavor violation
on the specific dipole operator. Possible contributions as
ciated to the EDM and flavor changing operators are p
sented in subsequent sections.

II. MUON ANOMALOUS MAGNETIC MOMENT

The anomalous magnetic momentaf[(g22)/2 of a
Dirac fermion is related to the dipole operator~1! by

af5
2umf u
eQf

uDf ucosw ~15!

whereQf the fermion electric charge,1 and in a general basi

w[Arg~Dfmf* ! ~16!

is the relative phase between the dipole operator and ferm
mass.

Supersymmetric contributions to the anomalous magn
dipole moments of various fermions can be related in ter
of the microscopic parameters of the theory. As discusse

1The electron electric charge isQe521.
2-5
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MICHAEL GRAESSER AND SCOTT THOMAS PHYSICAL REVIEW D65 075012
Sec. I, slepton universality and proportionality imply that t
lepton dipole moment operators are related by ratios of
ton masses~11!. With the definition~15! this gives the well
known relation relation that supersymmetric contributions
anomalous magnetic moments are related by ratios of
mion masses squared. For example, for the electron
muon

ae
SUSY.

me
2

mm
2

am
SUSY ~17!

and likewise for the tau.
The best measured anomalous magnetic moment in

portion to the fermion mass squared is for the muon. Bou
on, or measurements of,am therefore provide the most usefu
information about the overall magnitude of supersymme
contributions to lepton dipole operators. The Brookhav
muon g22 experiment has observed a value which diffe
by at the 2.6s level from the standard model predictio
am

exp2am
SM543616310210 @4#. Additional data and a run

utilizing anti-muons will reduce both statistical and syste
atic errors. The largest theoretical uncertainty in the stand
model prediction arises from hadronic contributions to ph
ton vacuum polarization. At present there is not a comp
concordance among the various theoretical calculations u
to extract the photon polarization frome1e2→ hadrons and
tau decays. It is of course very important that this uncerta
be better understood@9,10#.

One possible explanation for the experimental discr
ancy @4# is the existence of additional non-standard mo
contributions to the muon anomalous magnetic mome
Electroweak scale supersymmetry can easily give contr
tions to am of the requisite magnitude@11#. The dominant
chargino-sneutrino diagram gives a contribution to the mu
anomalous magnetic moment of

am
x6

.
g2

2tanb

32p2

mm
2

m̃2
sgn~m! ~18!

where m̃ is the effective mass of the virtual superpartne
This supersymmetric contribution can account for the d
crepancy withm̃;50Atanb GeV and sgn(m)51. The to-
tal supersymmetric contribution of course depends on de
of the superpartner mass spectrum and couplings an
model dependent. However, as detailed in the next two
tions, the relation among supersymmetric contributions
electromagnetic dipole operators in terms of violations
time reversal and parity or sflavor symmetries is not parti
larly sensitive to details of the superpartner spectrum an
fairly model independent. The discrepancy,am

exp2am
SM, if in-

terpreted as arising from supersymmetry, may therefore
used to set the overall scale for supersymmetric contribut
to all lepton electromagnetic dipole operators. Alternate
the discrepancy may be interpreted as an upper limit on
overall scale of supersymmetric contributions to lepton
pole operators.

The muon anomalous magnetic moment, or equivale
the dipole moment coefficient, may be used to set the s
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for other lepton dipole operators through the relations~11!
and ~17!. Since these relations assume slepton universa
and proportionality it is important to consider the magnitu
of possible modifications of these relations from violatio
of universality or proportionality. As mentioned at the end
Sec. I, dependence of a dipole operator on a heavier le
mass can be introduced by slepton flavor violation. For
muon dipole operator the presence of both right-right a
left-left smuon-stau mixing gives a contribution~13! propor-
tional to mt through flavor conserving left-right stau mixin
in the chirality violatingB-ino second diagram of Fig. 2. In
terms of insertions this corresponds to smuon-stau mix
insertions on both the left and right handed slepton lines
a left-right stau mixing insertion proportional tomt repre-
sented by a dot in the second diagram of Fig. 2. For mod
ate to large tanb the parametric dependence of the sflav
violating contribution~13! arising from stau mixing propor-
tional tomt in theB-ino diagram, compared to the domina
flavor conserving contribution~5! is

am
SUSY-t̃

am
SUSY-m̃

.
g1

2

3g2
2

mt

mm

mB̃

mW̃

~d23
l !LL~d32

l !RR

h0

f 1
h0,LR9 ~19!

where the sflavor violating mixing masses squared
treated as insertions, and here it is understood that the fl
violating insertions refer to the real parts only. The functio
f 1 andh0 are loop functions defined in the appendix for t
chargino first diagram of Fig. 2 and the neutralino seco
diagram of Fig. 2, and normalized to unity for equal sup
partner masses. The dimensionless derivative function

h0,LR9 [
ml̃ L

2
ml̃ R

2

h0

]2h0

]ml̃ L

2
]ml̃ R

2 5
1

h0

]2h0

] ln ml̃ L

2
] ln ml̃ R

2 ~20!

represents the modification of the loop function induced
the two sflavor violating mixing insertions such thath0h0,LR9

is the loop function for the stau contributionam
SUSY2 t̃ . This

function does not differ significantly from unity and is fairl
insensitive to details of the superpartner mass spectrum s
it is a logarithmic derivative of the loop function. The rat
of loop functionsh0 / f 1 does however depend on the supe
partner spectrum. For equal sparticle massesh0 / f 151 and
h0,LR9 52/5. With gaugino unificationmB̃ /mW̃5g1

2/g2
2, the ra-

tio ~19! is then roughlyO(102121)3(d23
l )LL(d23

l )RR. So a
significant sflavor violating supersymmetric contribution
the muon anomalous magnetic moment would require es
tially maximal smuon-stau mixing in both the left-left an
right-right channels.

The magnitude of possible sflavor violating mixings
bounded by radiative flavor changing lepton decays, as
cussed in Sec. IV. The bounds depend on the overall ma
tude of the electromagnetic dipole operators, which as
cussed here may be related to the muon anomalous mag
moment. First, assume thatam

SUSY is dominated by the flavor
conserving chargino contribution, and that the discrepa
am

exp2am
SUSY @4# is interpreted as arising from supersymmet

In this case limits ont→mg radiative decay discussed i
2-6
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Sec. IV imply that (d23
l )LL(d32

l )RR&1021 up to model depen-
dent ratios of loop functions. So possible sflavor violati
contributions toam

SUSY are subdominant in this case. If supe
symmetric contributions to the muon anomalous magn
moment are in fact smaller than the current discrepa
am

exp2am
SUSY then the bound on sflavor violating mixings a

weakened since the overall magnitude of all electromagn
dipole operators is smaller. To estimate the importance
this effect consider the Brookhaven muong22 experiment
which may reach an ultimate sensitivity ofDam

exp;4
310210 @12#. If agreement with an improved calculation o
the standard model contribution were obtained at this le
then the bound onam

SUSY would improve by approximately
an order of magnitude. This would weaken the bounds
tained in Sec. IV derived under the assumption that the s
vor conserving chargino contribution dominatesam

SUSY to
roughly (d23

l )LL(d32
l )RR&1 again up to model dependent r

tios of loop functions. In this case the sflavor violating sta
B-ino contribution could be at most comparable to the fla
conserving smuon-chargino contribution.

So we conclude that for any value ofam
SUSY which could

be accessible to the ultimate sensitivity of the Brookhav
muon g22 experiment, sflavor violating stau contribution
to am

SUSY are at most comparable to the flavor conserv
contribution ~which would require that both left-left an
right-right smuon-stau mixing are near maximal!, and in fact
are an order of magnitude smaller if the current discrepa
am

exp2am
SM @4# is due to supersymmetry. This allowsam

SUSY to
be identified with the dominant sflavor conserving charg
contribution for moderate to large tanb over most of param-
eter space. And in turn the overall scale for other electrom
netic dipole operators may then be related toam

SUSY through
the relations~11! and ~15!.

III. ELECTRON ELECTRIC DIPOLE MOMENT

An electric dipole moment~EDM! coupling the spin of a
fermion to the electric field is odd under both parity and tim
reversal. The dipole operator~1! in general violates both
these symmetries and is related to the electric dipole mom
by

df5uDf usinw ~21!

wherew is the relative phase~16! between the dipole opera
tor coefficient and fermion mass. An EDM requires that t
relative phase be non-vanishing.

Under the assumption of slepton universality and prop
tionality the electron and muon dipole operator coefficien
including the phase, are related by the ratio of masses~11!.
The supersymmetric contribution to the electron EDM m
then be related to the supersymmetric contributions to
muon anomalous magnetic moment by

de
SUSY.2e

me

2mm
2

am
SUSYtanw

.24.6310216am
SUSYtanwe cm. ~22!
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This relation is independent of which diagrams dominate
dipole operator, or any details of the superpartner spectr
It is valid over all of parameter space if slepton universal
and proportionality holds.

If the current discrepancy betweenam
exp and am

SM @4# is
interpreted as arising from supersymmetry,am

SUSY;42
310210, the current bound on the electron EDM ofudeu,4
310227e cm obtained from205Tl @13# along with the relation
~22! can be used to obtain a bound on the phase of su
symmetric contribution to the dipole operator of

utanwu&231023.

Alternately if am
exp2am

SM is taken as an upper limit onam
SUSY,

the above bound can be interpreted as the most strin
possible bound the205Tl EDM experiment places on the
phase of the dipole operator consistent with the bound
am

SUSY.
The relation of the phase of the dipole operator to

underlying phases of the supersymmetric Lagrangian
pends in principle on the relative importance of the in
vidual diagrams. As discussed in Sec. I, for moderate to la
tanb the chirality violating diagrams of Fig. 2 are all para
metrically larger by a factor of tanb than the chirality con-
serving diagrams of Fig. 1. In order to relate the phase of
dipole operator in this limit to underlying supersymmetr
phases it is instructive to determine the origin of the phase
each chirality violating diagram. All the supersymmetr
phases arise from relevant terms in the supersymmetric
supersymmetry breaking Lagrangians, and appear in the
tralino, chargino, and slepton mass matrices and there
propagators after electroweak symmetry breaking.

Consider first the dominant chargino diagram of Fig.
This diagram involves a sneutrino propagator, which w
slepton universality does not involve a phase. The chira
violating chargino propagator may be obtained to lowest
der in W-ino–Higgsino mixing by treating the mixing in
duced by the Higgs condensate as an insertion. In Weyl
tation this propagator is

^W̃1H̃d
2&.

ip” ~2 ig2vd /A2!ip”̄1 imW̃
* ~2 ig2vu* /A2!im*

~p22umW̃u2!~p22umu2!
~23!

wherevu,d[A2^Hu,d
0 & are the up- and down-type Higgs bo

son expectation values. The first term in Eq.~23! arises from
chirality conservingW-ino and Higgsino propagators con
nected through the mixing insertion to the down-type Hig
condensate, while the second arises from the chirality vio
ing propagators connected through the up-type Higgs c
densate. Including the lepton Yukawa coupling,l l , from the
Higgsino-lepton-slepton coupling, the dipole operator ph
arising from the first term in Eq.~23! proportional to the
down-type Higgs condensate is Arg(Dl)5Arg(l lvd), while
that from the second term proportional to the up-type Hig
condensate is Arg(Dl)5Arg(l lmW̃

* m* vu* ). The physical
phase relevant for the EDM is the relative phase~16! be-
tween the dipole operator and lepton massw[Arg(Dlml* ).
2-7
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MICHAEL GRAESSER AND SCOTT THOMAS PHYSICAL REVIEW D65 075012
The phase of the lepton mass in a general basis is determ
by the down-type Higgs boson expectation value Arg(ml)
5Arg(l lvd). The physical phase arising from the first ter
in the propagator ~23! therefore vanishes Arg(Dlml* )
5Arg(l lvdl l* vd* )50, and so contributes only to the ma
netic dipole moment. The magnitude of this contribution
however suppressed with respect to the second term in
propagator for large tanb, as discussed in Sec. I. The phys
cal phase arising from the second term in the propag
~23! along with the lepton Yukawa coupling,l l , from
the Higgsino-lepton-slepton coupling is Arg(Dlml* )
5Arg(l l* mW̃

* m* vu* l l* vd* )52Arg(mW̃mvuvd). In the
ground state with broken electroweak symmetry the rela
phase of the up- and down-type Higgs condensates is
aligned with the Higgs up-Higgs down soft mass parame
Arg(vuvd)52Arg(mud

2 ), where V.mud
2 HuHd1H.c. @14#.

The phase of the dominant chirality violating chargino
sneutrino contribution to the lepton EDM to lowest order
W-ino-Higgsino mixing and to leading order in (tanb)21 is
therefore given by the basis independent combination
phases@14#

w.2Arg„mW̃m~mud* !2
…. ~24!

Next consider the neutralino first diagram of Fig. 2. W
slepton universality the slepton propagator does not invo
a phase. The chirality violating neutralino propagator d
gram receives contributions at lowest order from bo
W-ino–Higgsino andB-ino–Higgsino mixing. Thê W̃0H̃d

0&
propagator is identical to the propagator~23! including
phases. The physical phase of the leading contribution
(tanb)21 is therefore identical to chargino diagram pha
~24!. TheB-ino–Higgsino propagator to lowest order in mi
ing in Weyl notation is very similar

^B̃H̃d
0&.

ip” ~2 ig1vd /A2!ip”̄1 imB̃
* ~2 ig1vu* /A2!im*

~p22umB̃u2!~p22umu2!
.

~25!

Applying the same discussion of the relative phases as g
above for the chargino diagram then implies that the ba
independent physical combination of phases arising at le
ing order in (tanb)21 from this diagram is

w.2Arg„mB̃m~mud* !2
… ~26!

with strict gaugino unification Arg(mB̃)5Arg(mW̃). So in
this case the phase of this contribution is also identical
of the chargino diagram~24!.

Finally, consider the neutralino second diagram of Fig
The slepton propagator includes left-right mixing which in
general basis can involve a phase. To lowest order the
right mass squared mixing this may be treated as an inse
in the slepton propagator. With slepton universality and p
portionality
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^ l̃ L l̃ R* &.
i @ il l~Avd2m* vu* !# i

~p22ml̃ L

2
!~p22ml̃ R

2
!

. ~27!

The first term in the numerator arises from the soft sca
tri-linear A term mixing left- and right-handed slepton
through the down-type Higgs condensate, while the sec
term arises from a superpotential cross term between
Higgsino boson mass parameter and lepton Yukawa coup
through the up-type Higgs condensate. Through second o
in mixing, the chirality violating neutralino propagator o
this diagram is dominated by theB-ino component. In Weyl
notation this propagator is

^B̃B̃&.
imB̃

*

~p22umB̃u2!
. ~28!

The dipole operator phase arising from the first term in sl
ton propagator~27! proportional to the down-type Higg
condensate along with the phase of theB-ino propagator~28!

is Arg(Dl)5Arg(l lAvdmB̃
* ). The physical phase

Arg(Dlml* ) from these terms is therefore given by the ba
independent combination of phases@14#

w.Arg~AmB̃
* !. ~29!

With slepton proportionality the magnitude of this term
however suppressed with respect to the second term in
slepton propagator for moderate to large tanb since it is
proportional to the down-type Higgs condensate. The dip
operator phase arising from the second term in the slep
propagator~27! proportional to the up-type Higgs condensa
along with the phase of theB-ino propagator ~28! is
Arg(Dl)5Arg(l lm* vu* mB̃

* ). Anti-alignment of the relative
phase of the up- and down-type Higgs condensates with
Higgs up–Higgs down soft mass parameter, Arg(vuvd)5
2Arg(mud

2 ), then implies that the physical phas
Arg(Dlml* ) is given by the basis independent combination
phases~24!. So under the assumption of slepton universal
proportionality and gaugino unification,all the tanb en-
hanced electromagnetic dipole operator diagrams have
same phase to leading order in Higgsino-gaugino mixi
The phase~24! therefore dominates the phase appearing
the electron EDM for moderate to large tanb over most of
parameter space.

It might have been possible in principle for the phas
among various contributions to the dipole operator to ha
accidentally approximately canceled@15#. This could in prin-
ciple occur for small tanb by a cancellation between th
phases~24! and ~29!. But theB-ino diagram proportional to
the phase~29! is parametrically suppressed by ratios
gauge couplings compared with the dominant chargino d
gram. Cancellation would only occur if the ratio of th
phases~24! and~29! just happens to be nearly equal in ma
nitude and opposite in sign to the ratio of the chargino
B-ino contributions. Cancelations might also in principle o
cur in the region of parameter space with large Higgsin
gaugino mixing. However, such fortuitous cancellations d
2-8
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SUPERSYMMETRIC RELATIONS AMONG . . . PHYSICAL REVIEW D65 075012
pend on accidental details of the superpartner spectrum
not enforced by any symmetry, and occur only over ve
narrow slivers of parameter space@16#. Outside of these nar
row regions of parameter space the electron EDM can th
fore be considered to bound the phase~24! rather directly for
moderate to large tanb under the assumption of slepton un
versality and proportionality.

Slepton flavor violation can in principle lead to violation
of the proportionality relation~11!. Left-left and right-right
sflavor violation in the slepton propagators allows flav
conserving left-right mass squared insertions proportiona
both mm and mt in the electron electromagnetic dipole o
erator as illustrated in Eq.~12!. This sflavor violation can
introduce important additional sources for the physical ph
appearing in the electron EDM. The intermediate stau c
tribution to the electron EDM proportional tomt through a
left-right mixing arises from the second neutralino diagra
of Fig. 2 with both left-left and right-right selectron-stau fl
vor violating mass squared insertions. The ratio of the sta
B-ino contribution to the electron EDM to the flavor co
serving contribution from the selectron-chargino first d
gram of Fig. 2 is

de
SUSY-t̃

de
SUSY-ẽ

.S g1
2

3g2
2

mt

me

mB̃

mW̃
D u~d13

l !LL~d31
l !RRu

3
h0

f 1
h0,LR9

sin~w1w1331!

sinw
~30!

wherew is the relative phase between the flavor conserv
contribution to the dipole operator and electron mass~16!
and

w13315Arg„~d13
l !LL~d31

l !RR… ~31!

is the phase of the left-left times right-right selectron-s
mass squared mixing, and where strict gaugino unificat
Arg(mB̃)5Arg(mW̃), has been assumed. The functionsf 1

and h0 are loop functions defined in the Appendix for th
chargino first diagram of Fig. 2 and the neutralino seco
diagram of Fig. 2, and normalized to unity for equal sup
partner masses. The dimensionless derivative functionh0,LR9
defined in Eq.~20! represents the modification of the loo
function induced by the two sflavor violating mixing inse
tions such thath0h0,LR9 is the loop function for the stau con

tribution de
SUSY-t̃ .

The importance of the sflavor violating stau contributi
to the electron EDM depends on the magnitude and ph
of the left-left and right-right selectron-stau mass squa
mixings. With gaugino unification, the first term in parenth
sis on the right-hand side of the ratio~30! is
(mt /3me)tan4uw.100. The most stringent possible limi
on the magnitude of left-left and right-right selectron-st
sflavor violation arising from the limits ont→eg radiative
decay, and consistent with the current experimental res
for the muon anomalous magnetic moment, are presente
Sec. IV. The bounds derived there imply that at b
u(d13

l )LL(d31
l )RRu&1021 up to ratios of model dependent loo
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functions. Since the sflavor violating phases are unc
strained, themt enhanced sflavor violating stau contributio
to the electron EDM could clearly dominate the flavor co
serving contribution. So unlike the muon anomalous m
netic moment discussed in Sec. II, the electron EDM c
potentially receive significant contributions from sflavor vi
lation.

The muon anomalous magnetic moment is likely to
dominated by sflavor conserving contributions for anyam

SUSY

which will be accessible to the ultimate sensitivity of th
Brookhaven muong22 experiment@12#, as discussed in
Sec. II. The sflavor conserving supersymmetric contribut
am

SUSY may then still be used to characterize the magnitude
the sflavor violating stau contribution to the electron EDM
terms of sflavor violation and ratios of loop functions. Fro
the ratio~30! and the relation between the flavor conservi
contribution to the electron EDM andam

SUSY given in Eq.
~22!, the sflavor violating stau contribution may be written

de
SUSY-t̃.2

g1
2

6g2
2

mt

mm
2

mB̃

mW̃

am
SUSYu~d13

l !LL~d31
l !RRu

3
h0

f 1
h0,LR9 3~ tanw cosw13311sinw1331!e cm

.24.9310214am
SUSYu~d13

l !LL~d31
l !RRu

3
h0

f 1
h0,LR9 3~ tanw cosw13311sinw1331!e cm. ~32!

If the current discrepancy betweenam
exp andam

SM @4# is inter-

preted as arising from supersymmetry,am
SUSY;42310210,

the current bound on the electron EDM ofudeu,4
310227e cm obtained from205Tl @13# along with the relation
~32! can be used to obtain a bound on the imaginary par
the product of the left-left times right-right selectron-st
mass squared mixings

u~d13
l !LL~d31

l !RRuusinw1331u

&231025S h0

f 1
h0,LR9 D 21

where possible cancellation with the flavor conserving c
tribution has been ignored. If the sflavor violating phase
large, the electron EDM apparently provides a more string
bound on the the product left-left times right-right selectro
stau mixing than that obtained fromt→eg decay discussed
in Sec. IV. Alternatively, an observation oft→eg close to
the current experimental limit combined with the electr
EDM constraint would yield a very strong direct bound o
this product of sflavor violating phases.

The electron EDM can also receive analogous sflavor v
lating contributions proportional tomm through sflavor con-
serving left-right smuon mixing in combination with bot
left-left and right-right selectron-smuon mixing, as illustrat
in Eq. ~12!. The ratio of this contribution to the sflavor con
serving chargino contribution is identical to Eq.~30! with mt
2-9
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MICHAEL GRAESSER AND SCOTT THOMAS PHYSICAL REVIEW D65 075012
replaced bymm , and stau mixing replaced by smuon mixin
This contribution should be smaller than the possible s
contribution discussed above for two reasons. First,
smuon contribution is proportional tomm rather thanmt .
Second, the bounds on selectron-smuon mixing are m
more stringent than those on selectron-stau mixing. The m
stringent possible limits derived is Sec. IV on selectro
smuon sflavor violation arising from limits onm→eg radia-
tive decay, and consistent with the current experimental
sults for the muon anomalous magnetic moment, imply t
at bestu(d12

l )LL(d21
l )RRu&1027 up to ratios of model depen

dent loop functions. In this case the smuon contribution
the electron EDM is smaller than the sflavor conserv
selectron-chargino contribution unless the the sflavor c
serving phase is smaller than the sflavor violating phase
factor of roughly 1026.

IV. RADIATIVE FLAVOR CHANGING LEPTON DECAYS

Nontrivial flavor structure of the electromagnetic dipo
operators gives rise to radiative flavor changing fermion
cays. There are two possible chiral structures for such t
sition dipole moments. For example, form –e transitions the
operators are

2
1

2
DLemēLsmnmRFmn2

1

2
DLem* m̄RsmneLFmn ~33!

2
1

2
DRemēRsmnmLFmn2

1

2
DRem* m̄LsmneRFmn ~34!

where the subscriptL or R refers to the chirality of the lighte
final state fermion, and likewise fort –m andt –e operators.
The lepton radiative flavor changing decay rates arising fr
transition operators of the form~33! and ~34! are

G~ l i→ l jg!5
~ uD Li j u21uD Ri ju2!ml i

3

16p
~35!

where the left- and right-handed operators do not interfere
to corrections of ordermj

2/mi
2 @17#.

The supersymmetric standard model allows for the po
bility of individual lepton flavor violation in the left- and
right-handed slepton soft mass squared matrices and in
scalar tri-linear softA-terms mixing left- and right-hande
sleptons. These flavor violations appear in the slepton pro
gators after electroweak symmetry breaking. The supers
metric diagrams which contribute to the transition dipole o
erators are just those of Sec. I with the inclusion of slep
flavor violating propagators. If the flavor violation in thes
propagators is small, it may be represented by left-left, rig
right and left-right flavor violating mass squared insertio
In this case the magnitude of the flavor violating operat
may be related to that of the flavor conserving operators
terms the small flavor violation. Under the various assum
tions detailed below, the muon anomalous magnetic mom
may then be related to the decay rates of radiative fla
changing decaysl i→ l jg in terms of flavor violating mass
squared insertions.
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Consider first the assumption of approximate slepton u
versality and approximate proportionality which we define
sflavor violation which is small enough so as not to mod
the relation~11! that flavor conserving dipole operators are
proportion to the fermion masses. In this case the lead
effects come from single insertions of flavor violating ma
squared insertions. Possible modifications of approxim
universality and proportionality arising from sflavor viola
tion are considered separately below. As discussed in S
the chirality violating chargino-sneutrino first diagram
Fig. 2 generally gives the dominant contribution to the flav
conserving dipole operators for moderate to large tanb. In
this case, ignoring possible cancellations with sub-domin
diagrams discussed below, the supersymmetric contribut
to the transition dipole moment forl i→ l jg can be related to
the flavor conserving muon dipole moment in terms
sneutrino flavor violating left-left mass squared insertions
the chargino-sneutrino diagram as

DLi j .
mi

mm
Dm~d i j

l !LL f 1,L8 ~36!

where the flavor conservingDi.(mi /mm)Dm is assumed to
be dominated by chargino-sneutrino diagram, and (d i j

l )LL is
the dimensionless sflavor violating left-left mixing defined
terms of the left-left mixing mass squared matrix in Eq.~14!.
The dimensionless derivative function

f 1,L8 [
mñ

2

f 1

] f 1

]mñ
2 5

] ln f 1

] ln mñ
2 ~37!

represents the modification of the loop function induced
the left-left sflavor violating insertion on the sneutrino prop
gator such thatf 1 f 1,L8 is the loop function for the transition
dipole operator withf 15 f 1(mñ

2 ,mW̃
2 ,m2) the loop function

of the dominant chirality violating chargino first diagram
Fig. 2. This order one function depends on details of
superpartner mass spectrum. For equal superpartner m
f 1,L8 520.4, while for 0.1,mñ

2/mW̃
2

,10 with mW̃5m it var-
ies in the range20.11, f 1,L8 ,20.75. Aside from this slight
model dependence from modification of the loop functio
the transition dipole moment induced by left-left sflavor vi
lation is related rather directly to the muon dipole mome
by Eq. ~37! for moderate to large tanb and assuming ap
proximate universality.

Transition dipole moments can also receive contributio
from left-right and right-right sflavor violation through dia
grams which are sub-dominant in the flavor conserving
pole moments. The importance of these diagrams depend
the relative magnitude of the underlying sflavor violation
Left-right sflavor violation contributes to transition dipo
operators through the chirality violating neutralino seco
diagram of Fig. 2. The left-right slepton mixing insertio
represented by the dot in the second diagram Fig. 2 in
case is flavor violating. Since this diagram does not invo
an explicit Yukawa coupling in the neutralino coupling,
contributes to both chiralities of transition operators~33! and
~34!
2-10
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DLi j ,DRi j.
mi

mm
Dm

g1
2

3g2
2

mB̃

mW̃

h0

f 1

ml̃ L
ml̃ R

mim tanb
~d i j

l !RL .

~38!

The factor (g1
2mB̃ /g2

2mW̃)(h0 / f 1) accounts for the differ-
ence in loop function and parametric dependence of the c
plings and gaugino mass insertions and of the subdomi
neutralino second diagram of Fig. 2 compared with
dominant chargino first diagram. The loop functions are n
malized to unity for equal superpartner masses. The fa
ml̃ L

ml̃ R
/(mim tanb) accounts for the difference in parame

ric dependence of the flavor conserving and violating le
right mass squared insertions.

Right-right sflavor violation contributes to transition d
pole operators at lowest order through two diagrams. T
first is the chirality violating neutralino first diagram of Fig
2 with a right-right mass squared mixing insertion on t
slepton propagator. The second is the chirality violating n
tralino second diagram of Fig. 2 with again a right-right ma
squared insertion on the right handed slepton propaga
Both these diagrams have the same parametric depend
on couplings and chirality violating mass insertions on
neutralino propagators

DRi j.
mi

mm
Dm

g1
2

3g2
2

mB̃

mW̃
S 2 f 0

f 1
f 0,R8 1

h0

f 1
h0,R8 D

3~d i j
l !RR ~39!

where (d i j
l )RR is the dimensionless slepton sflavor violatin

right-right mixing.
In order to display the relation between the transition

pole moments, the muon anomalous magnetic mom
which determines the overall scale for the dipole mome
and sflavor violating mass squared insertions, it is conven
to define the transition dipole operator coefficients in ter
of the scaled flavor conserving dipole operator coeffici
times dimensionless flavor violating transition elements

DLi j .2e
mi

2mm
2

am
SUSYeLi j

DRi j.2e
mi

2mm
2

am
SUSYeRi j . ~40!

The leading sflavor violating contributions discussed ab
then give

eLi j .~d i j
l !LL f 1,L8 1

g1
2

3g2
2

mB̃

mW̃

h0

f 1

ml̃ L
ml̃ R

mim tanb
~d i j

l !RL ~41!
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g1

2

3g2
2

mB̃

mW̃

F S 2 f 0

f 1
f 0,R8 1

h0

f 1
h0,R8 D ~d i j

l !RR

1
h0

f 1

ml̃ L
ml̃ R

mim tanb
~d i j

l !RLG . ~42!

Supersymmetric contributions to the branching branching
tios for radiative flavor changing decaysl i→ l jg relevant for
muon and tau decays are then

Br~ l i→ l jg!.
12p3a~am

SUSY!2

GF
2mm

4

3~ ueLi j u21ueRi ju2!Br~ l i→ l j n̄ l j
n j !

.1.8531014~am
SUSY!2

3~ ueLi j u21ueRi ju2!Br~ l i→ l j n̄ l j
n j ! ~43!

wherea is the fine structure constant, the muon weak de
rate isG(m→en̄enm)5GF

2mm
5 /(192p3), Br(m→en̄enm).1,

and Br(t→ l j n̄ l j
nt).0.175. Note that themi dependence of

the transition dipole coefficient~36! cancels with themi de-
pendence of the radiative decay rate~35! within the branch-
ing ratio ~43!.

Left-left and right-right sflavor violating slepton mas
squared mixings appear in the dimensionless flavor viola
transition elements~41! and ~42! in proportion to ratios of
coupling constants,B-ino to W-ino masses which may b
related to coupling constants under the assumption
gaugino unificationmB̃ /mW̃5g1

2/g2
2, and ratios and deriva

tives of loop functions. Since, as discussed above, the ra
and derivatives of loop functions do not depend too dra
cally on the superpartner spectrum, left-left and right-rig
sflavor violating contributions to radiative flavor changin
decays can then be related to the muon anomalous mag
moment through the branching ratios~43! in a fairly model
independent manner. In contrast left-right sflavor violati
mass squared mixings appear in the transition elements~41!
and ~42! in proportion to slepton masses and tanb. The re-
lation between left-right mixings, the muon anomalous ma
netic moment, and flavor changing branching ratios~43! is
therefore model dependent. Therefore only the fairly mo
independent relations which can be extracted for left-left a
right-right sflavor violating mass squared mixings are p
sented below.

If the current discrepancy@4# betweenam
exp and am

SM is

interpreted as arising from supersymmetry,am
SUSY

;43310210, the current bound onm→eg of Br(m→eg)
,1.2310211 @18# along with the relation~43! can be used to
obtain a bound on the smuon-selectron transition dipole
efficients of

AueL21u21ueR21u2&631025.

In the absence of cancellations among the various contr
tions, this bound on the dipole coefficients may be used
2-11
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bound the individual dimensionless sflavor violating m
ings. Assuming a single contribution dominates then yie
bounds on left-left and right-right selectron-smuon dime
sionless mass squared mixing of

u~d12
l !LLu&631025~ f 1,L8 !21

u~d12
l !RRu&231023S 2 f 0

f 1
f 0,R8 1

h0

f 1
h0,R8 D 21

where gaugino unificationmB̃ /mW̃5g1
2/g2

25tan2u has been
assumed.

The bound obtained above on (d12
l )LL is stronger by

roughly a factor of 50–100 than a previously quoted bou
@19#. The difference arises from a number of factors. In@19#
only the chirality conserving photino diagram is consider
which is suppressed compared to the dominant chargino
gram by factors of gauge couplings, tanb, and for equal
superpartner masses, a smaller loop function. In addi
there has also been an improvement in the experimental
sitivity to m→eg radiative decays@18#. All these factors
combine to provide a stronger constraint.

In analogy the the bounds derived above, the curr
bounds on flavor changingt radiative decays of Br(t
→mg),1.131026 @20# and Br(t→eg),2.731026 @21#
along with the relation~43! can be used to obtain bounds o
smuon-stau and selectron-stau dipole coefficients of

AueL32u21ueR32u2&431022

AueL31u21ueR31u2&731022.

Assuming a single contribution dominates then yields
bounds on the left-left smuon-stau and selectron-stau dim
sionless mass squared mixings of

u~d32
l !LLu&431022~ f 1,L8 !21

u~d31
l !LLu&731022~ f 1,L8 !21

where again gaugino unification has been assumed. Bo
on the right-right mixings are not significant since these
sertions appear in subdominant diagrams

u~d32
l !RRu&1.3S 2 f 0

f 1
f 0,R8 1

h0

f 1
h0,R8 D 21

u~d31
l !RRu&2.3S 2 f 0

f 1
f 0,R8 1

h0

f 1
h0,R8 D 21

.

All the bounds given above are good for moderate to la
tanb for which the first chargino diagram of Fig. 2 genera
gives the dominant contribution. The only model depende
appears in the ratios and logarithmic derivatives of lo
07501
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functions as indicated. If the current discrepancy@4# between
am

exp and am
SM is interpreted as an upper limit on supersym

metric contributions,am
SUSY&43310210, then the bounds

given above may be interpreted as the most stringent p
sible bounds consistent with the muon anomalous magn
moment.

V. CONCLUSIONS

Supersymmetry can give many interesting signals wh
may be observable in low energy processes. In this pape
have illuminated the relation between the muon anomal
magnetic moment, the electron EDM, and the lepton fla
violating radiative decays,m→eg, t→mg and t→eg. A
bound~measurement! of the non-standard model contribu
tions to the muon anomalous magnetic moment can bo
~determine! the overall scale of the dipole operators whi
contribute to these processes in a manner which is fa
insensitive to details of the superpartner mass spectrum
this way the electron EDM andl i→ l jg decays can be relate
to small supersymmetric violations of time-reversal and sl
ton flavor respectively in a fairly model independent mann

The Brookhaven muong22 experiment may eventually
reach a sensitivity ofDam

exp;4310210 @12#. If this sensitivity
is achieved and the measured value is in agreement wit
improved determination of the standard model hadro
vacuum polarization and light by light scattering contrib
tions then the bound onam

SUSY would improve by approxi-
mately an order of magnitude. Such an agreement with
standard model would imply concomitantly heavier sup
partners and weaken the bound given above on the phas
the dipole operator coming from the present205Tl EDM ex-
periment @13# by an order of magnitude, and weaken t
bounds given above on the slepton mixing amplitudes co
ing from the presentl i→ l jg experiments@18,20,21# by a
factor of roughly three. However, future EDM experimen
in atomic traps may improve the sensitivity to the phase
the dipole operator by two to three orders of magnitude@22#,
and a future experiment sensitive to Br(m→eg)*2
310214 @23# would improve the sensitivity to the selectron
smuon mixing amplitude by a factor of roughly 25.
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APPENDIX: SUPERSYMMETRIC DIPOLE MOMENTS

Supersymmetric contributions to lepton electromagne
dipole operators which couple to the up-type Higgs cond
sate are enhanced by a factor tanb with respect to couplings
2-12
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to the down-type Higgs condensate. As discussed in Se
the contributions which are enhanced by this factor includ
subset of the chirality violating diagrams of Fig. 2. In th
appendix the expressions for these tanb enhanced contribu
tions are presented. Gaugino-Higgsino mixing is treated
turbatively to first order as an insertion of a up-type Hig
condensate. Slepton proportionality is assumed in which
left-right mass squared mixing is given bymlm tanb in the
large tanb limit.

The supersymmetric contributions toDf may be ex-
pressed in terms of the dimensionless loop functions
07501
. I
a

r-

e

JN~x1 ,x2 , . . .xN![E
0

`

dyy2)
i 51

N
1

y1xi
~A1!

I N~x1 ,x2 , . . .xN![E
0

`

dyy)
i 51

N
1

y1xi
. ~A2!

In terms of these functions, the chargino with sneutrin
W-ino neutralino with left-handed slepton,B-ino neutralino
with left-handed slepton,B-ino neutralino with right-handed
slepton, andB-ino neutralino with left-right mass square
insertion diagrams of Fig. 2 give, respectively,
^W̃1H̃d
2&: 22D f

x1
5

eg2
2tanb

32p2

mf

m̃H
4

mmW̃S 4J5S mñL

2

m̃H
2

,
m2

m̃H
2

,
mW̃

2

m̃H
2

,
m2

m̃H
2

,
m2

m̃H
2 D 14J5S mñL

2

m̃H
2

,
m2

m̃H
2

,
mW̃

2

m̃H
2

,
mW̃

2

m̃H
2

,
mW̃

2

m̃H
2 D

14J5S mñL

2

m̃H
2

,
m2

m̃H
2

,
mW̃

2

m̃H
2

,
mW̃

2

m̃H
2

,
m2

m̃H
2 D D

[
eg2

2tanb

32p2

mf

m̃H
4

mmW̃f 1 ~A3!

^W̃0H̃d
0&: 22D f

x052
eg2

2tanb

192p2

mf

m̃H
4

mmW̃
2 S 12I 4S mW̃

m̃H
2

,
m2

m̃H
2

,
mf̃ L

2

m̃H
2

,
mf̃ L

2

m̃H
2 D 212J5S mf̃ L

2

m̃H
2

,
m2

m̃H
2

,
mW̃

2

m̃H
2

,
mf̃ L

2

m̃H
2

,
mf̃ L

2

m̃H
2 D D

[2
eg2

2tanb

192p2

mf

m̃H
4

mmW̃f W̃0L ~A4!

^B̃H̃d&: 22D f
x0L

5
eg1

2tanb

192p2

mf

m̃H
4

mmB̃S 12I 4S mB̃
2

m̃H
2

,
m2

m̃H
2

,
mf̃ L

2

m̃H
2

,
mf̃ L

2

m̃H
2 D 212J5S mf̃ L

2

m̃H
2

,
m2

m̃H
2

,
mB̃

2

m̃H
2

,
mf̃ L

2

m̃H
2

,
mf̃ L

2

m̃H
2 D D

[
eg1

2tanb

192p2

mf

m̃H
4

mmB̃f B̃L ~A5!

^B̃H̃d&: 22D f
x0R

5
22eg1

2tanb

192p2

mf

m̃H
4

mmB̃S 12I 4S mB̃
2

m̃H
2

,
m2

m̃H
2

,
mf̃ R

2

m̃H
2

,
mf̃ R

2

m̃H
2 D 212J5S mf̃ R

2

m̃H
2

,
m2

m̃H
2

,
mB̃

2

m̃H
2

,
mf̃ R

2

m̃H
2

,
mf̃ R

2

m̃H
2 D D

[
22eg1

2tanb

192p2

mf

m̃H
4

mmB̃f B̃R ~A6!

^B̃B̃&: 22D f
x0LR

5
2eg1

2tanb

192p2

mf

m̃H
4

mmB̃S 6J5S mB̃
2

m̃H
2

,
mB̃

2

m̃H
2

,
mf̃ L

2

m̃H
2

,
mf̃ R

2

m̃H
2

,
mf̃ R

2

m̃H
2 D 16J5S mB̃

2

m̃H
2

,
mB̃

2

m̃H
2

,
mf̃ L

2

m̃H
2

,
mf̃ L

2

m̃H
2

,
mf̃ R

2

m̃H
2 D D ~A7!

[
2eg1

2tanb

192p2

mf

m̃H
4

mmB̃h0 . ~A8!
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In the textf B̃R is denoted byf 0. The dependence of the loo
functions f i andh0 on the mass ratios has been left implic
The three neutralino diagrams of the first diagram in Fig
are proportional to the same loop function evaluated w
different arguments, as is evident from the above exp
sions. Also note that the factors in the large parenthese
equivalently, the loop functionsf i andh0, are normalized to
unity for equal superpartner masses. In particular, for eq
superpartner massesJ5(1,1,1,1,1)51/12 and I 4(1,1,1,1)
51/6. Thus, for example, for such a spectrum the charg
diagram is}(32p2)21. Note that a factor ofm̃24 has been
factored out of the loop integrals in order to render th
dimensionless; this may be any internal mass but for con
nience it is chosen to the mass of the heaviest sparticle.
arbitrariness of this factoring follows from the scaling re
tions

JN~x1 , . . . ,xN!5x1
32NJNS 1,

x2

x1
, . . . ,

xN

x1
D ~A9!

I N~x1 , . . . ,xN!5x1
22NI NS 1,

x2

x1
, . . . ,

xN

x1
D . ~A10!

The contributions given above for the individual diagram
agree with those found in@6#. There appears to be a diffe
ence in the expressions for the chargino diagram and the
neutralino diagram of Fig. 2. This superficial difference
however a result of a different choice of routing the lo
momenta. A numerical comparison between our results
those of@6# indicate no difference.

Analytic expressions may be obtained for the loop fun
tions if only two mass scales appear:

J5~x,1,1,1,1!5
1

6~x21!4
~126x13x212x326x2ln x!,

→
x!11

6
„11O~x!…, ~A11!

J5~x,x,1,1,1!5
1

2~x21!4
„114x25x212x~21x!ln x…,

→
x!11

2
„11O~x!…, ~A12!

J5~x,x,x,1,1!5
1

2~x21!4
~2514x1x222 lnx24x ln x!,

→
x!11

2
„2522 lnx1O~x!…, ~A13!

J5~x,x,x,x,1!5
1

6~x21!4 S x226x131
2

x
16 lnxD ,

→
x!11

6 S 31
2

x
16 lnx1O~x! D , ~A14!
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I 4~x,1,1,1!5
1

2~x21!3
~211x222x ln x!,

→
x!11

2
„11O~x!…, ~A15!

I 4~x,x,1,1!5
1

2~x21!3
„222x1~11x!ln x…,

→
x!1

2
1

2
~21 ln x!. ~A16!

Note that J5(x,x,x,1,1)5x22J5(x21,x21,1,1,1) and
J5(x,x,x,x,1)5x22J5(x21,1,1,1,1), which is an example o
the more general relation in Eq.~A9!.

The loop functions appearing in the radiative transiti
dipole moments involve additional sflavor violating ma
squared insertions beyond those of the flavor conserving
pole moments. The function

f 1,L8 5
mñL

2

f 1

] f 1

]mñL

2 5
] ln f 1

] ln mñL

2 ~A17!

represents the sflavor insertion for the chargino-sneut
diagram such thatf 1 f 1,L8 is the loop function. The loop
functions for the sflavor insertions for the three neutrali
diagrams from the first neutralino diagram of Fig. 2 are d
scribed by the same loop function but with different arg
ments. These are represented by a subscript that indic
B-ino or W-ino coupling, and right-handed or left-hande
sleptons

f B̃L(R),L(R)
8 5

ml̃ L(R)

2

f B̃L(R)

] f B̃L(R)

]ml̃ L(R)

2 5
] ln f B̃L(R)

] ln ml̃ L(R)

2 ,

f W̃0L,L
8 5

ml̃ L

2

f W̃0L

] f W̃0L

]ml̃ L

2 5
] ln f W̃0L

] ln ml̃ L

2 .

The sflavor violating mass squared insertions for the sec
neutralino diagram of Fig. 2 are represented by

h0,L(R)8 5
ml̃ L(R)

2

h0

]h0

]ml̃ L(R)

2 5
] ln h0

] ln ml̃ L(R)

2 ,

h0,LR9 5
ml̃ L

2
ml̃ R

2

h0

]2h0

]ml̃ L

2
]ml̃ R

2

5
1

h0

]2h0

] ln ml̃ L

2 ln ]ml̃ R

2

such thath0h0,L(R)8 andh0h0,LR9 are the loop functions.
2-14
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