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Light-front quark model analysis of rare B\Kl¿lÀ decays
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Using the light-front quark model, we calculate the transition form factors, decay rates, and longitudinal
lepton polarization asymmetries for the exclusive rareB→Kl 1l 2( l 5e,m,t) decays within the standard
model. Evaluating the timelike form factors, we use the analytic continuation method in theq150 frame to
obtain the form factorsF1 andFT , which are free from the zero mode. The form factorF2 which is not free
from the zero mode in theq150 frame and contaminated by the higher~or nonvalence! Fock states in the
q1Þ0 frame is obtained from an effective treatment for handling the nonvalence contribution based on the
Bethe-Salpeter formalism. The covariance~i.e., frame independence! of our model calculation is discussed. We
obtain the branching ratios for BR(B→Kl 1l 2) as 4.9631027uVts /Vcbu2 for l 5e,m and 1.27
31027uVts /Vcbu2 for l 5t.

DOI: 10.1103/PhysRevD.65.074032 PACS number~s!: 14.40.Aq, 12.39.Ki, 13.10.1q, 13.20.He
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I. INTRODUCTION

The upcoming and currently operatingB factories BaBar
at SLAC, Belle at KEK, LHCB at CERN and B-TeV at Fe
milab as well as the plannedt-Charm factory CLEO at Cor-
nell make precision tests of standard model~SM! and beyond
the SM ever more promising@1#. Especially, a stringent tes
on the unitarity of the Cabibbo-Kobayashi-Maskawa~CKM!
mixing matrix in the SM will be made by these facilitie
Accurate analyses of exclusive semileptonicB decays as well
as rareB decays are thus strongly demanded for such pr
sion tests. One of the physics programs at theB factories is
the exclusive rareB decays induced by the flavor-changin
neutral current~FCNC! transition. Since in the standar
model they are forbidden at the tree level and occur at
lowest order only through one-loop~penguin! diagrams
@2–6#, the rareB decays are well suited to test the SM a
search for physics beyond the SM. While the experimen
tests of exclusive decays are much easier than those o
clusive ones, the theoretical understanding of exclusive
cays is complicated mainly due to the nonperturbative h
ronic form factors entered in the long distan
nonperturbative contributions. The calculations of hadro
form factors for rareB decays have been investigated
various theoretical approaches, such as relativistic qu
model @7–10#, heavy quark theory@11#, three point QCD
sum rules@12#, light cone QCD sum rule@13–16#, and chiral
perturbation theory@17,18#. Perhaps, one of the most wel
suited formulations for the analysis of exclusive proces
involving hadrons may be provided in the framework
light-front quantization@19#.

The aim of the present work is to calculate the hadro
form factors, decay rates and the longitudinal lepton po
ization asymmetries~LPA! for B→Kl 1l 2( l 5e,m, and t)
decays within the framework of the SM, using our light-fro
0556-2821/2002/65~7!/074032~15!/$20.00 65 0740
i-

e

al
in-
e-
-

c

rk

s

c
r-

constituent quark model~LFCQM or simply LFQM! @20–
23# based on the LF quantization. The LPA, as anot
parity-violating observable, is an important asymmetry@24#
and could be measured by the above mentionedB factories.
In particular, thet channel would be more accessible expe
mentally thane or m channels since the LPA in the SM ar
known to be proportional to the lepton mass. Although so
recent works@25# have studied the lepton polarizations usi
the general form of the effective Hamiltonian including a
possible forms of interactions, we shall analyze them wit
the SM as many others did.

Our LFQM @20–23# used in the present analysis has se
eral salient features compared to other LFQM@7,8# analysis:
~1! We have implemented the variational principle to t
QCD motivated effective LF Hamiltonian to enable us
analyze the meson mass spectra as well as various w
function-related observables such as decay constants
electromagnetic form factors of mesons in a spacelikeq2

,0) region@20#. ~2! We have performed the analytical con
tinuation of the weak form factors from the spacelike regi
to the entire~physical! timelike region to obtain the weak
form factors for the exclusive semileptonic decays of ps
doscalar mesons@21#. ~3! We have recently presented in@22#
an effective treatment of handling the higher Fock state~or
nonvalence! contribution to the weak form factor inq1.0
frames, based on the Bethe-Salpeter~BS! formalism ~see
also @23#!.

The explicit demonstration of our analytic continuatio
method using the exactly solvable model of
(311)-dimensional scalar field theory model can be fou
in @26#. The Drell-Yan-West (q15q01qz50) frame is use-
ful because only valence contributions are needed as fa
the ‘‘1 ’’ component of the current is used. Our analytic s
lution in theq150 frame as a direct application to the tim
like region differs from the method used in@7,8# where the
©2002 The American Physical Society32-1
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authors used a simple parametric formula extracted from
small q2 behavior of a form factor. However, some of th
form factors in timelike exclusive processes receive hig
Fock state contributions~i.e., zero mode in theq150 frame
or nonvalence contribution in theq1Þ0 frame! within the
framework of LF quantization. Thus, it is necessary to
clude either the zero-mode contribution~if working in the
q150 frame! or the nonvalence contribution~if working in
theq1Þ0 frame! to obtain such form factors. Specifically, i
the present analysis of exclusive rareB→Kl 1l 2 decays,
three independent hadronic form factors, i.
F1(q2), F2(q2) from the V-A ~vector–axial vector! cur-
rent, andFT(q2) from the tensor current, are needed. Wh
the two form factorsF1 andFT can be obtained from only
valence contribution in theq150 frame without encounter
ing the zero-mode complication@27#, it is necessary to in-
clude the nonvalence contribution for the calculation of
form factor F2 . Our effective method@22# of calculating
novalence contributions has been shown to be quite reli
by checking the covariance of the model. Thus, we util
both the analytic method in theq150 frame to obtain
(F1 ,FT) and the effective method in theq1.0 frame to
obtainF2 , respectively.

The paper is organized as follows. In Sec. II, we disc
the standard model effective Hamiltonian for the exclus
rare B→Kl 1l 2 decays and reproduce the QCD Wilson c
efficients necessary in our analysis. The formulas of the h
ronic form factors, differential decay rates, and the LPA
also introduced in this section. In Sec. III, we calculate
weak form factorsF1(q2),F2(q2) and FT(q2) using our
LFQM. To obtainF1(q2) and FT(q2), we use theq150
frame~i.e., q252qW'

2 ,0) and then analytically continue th
results to the timelikeq2.0 region by changingq' to iq' in
the form factors. The form factorF2(q2) is obtained from
our effective method@22# in purely longitudinal q1.0
frames~i.e., q25q1q2.0). In Sec. IV, our numerical re
sults, i.e., the form factors, decay rates, and the LPA foB
→Kl 1l 2 decays, are presented and compared with the
perimental data as well as other theoretical results. Summ
and discussion of our main results follow in Sec. V. In A
pendix A, we list the QCD Wilson coefficients necessary
the rareB→K transition. In Appendix B, we show the der
vation of the differential decay rate forB→Kl 1l 2 in the
case of nonzero lepton (mlÞ0) mass. In Appendix C, we
show the generic form of our analytic solutions for the we
form factors in the timelike region.

II. OVERVIEW OF EFFECTIVE HAMILTONIAN IN
OPERATOR BASIS

The rareb→sl1l 2 decay process can be represented
terms of the Wilson coefficients of the effective Hamiltoni
obtained after integrating out the heavy top quark and
W6 bosons@2#, i.e.,

Heff5
4GF

A2
VtbVts* (

i
Ci~m̃ !Oi~m̃ !, ~1!
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where GF is the Fermi constant,Vi j are the CKM matrix
elements andCi(m̃) are the Wilson coefficients. It is known
that the Wilson coefficientsC32C6 of QCD penguin opera-
tors O32O6 are small enough to be neglected and also
operatorO8(;Gmn

a , strong interaction field strength tenso!
does not contribute tob→sl1l 2 transition. Thus, the rel-
evant basis operatorsOi(m̃) to the rareb→sl1l 2 decay are

O15~ s̄agmPLba!~ c̄bgmPLcb!,

O25~ s̄agmPLbb!~ c̄bgmPLca!,

O75
e

16p2
mb~ s̄asmnPRba!Fmn, ~2!

O95
e2

16p2
~ s̄agmPLba!~ l̄ gml !,

O105
e2

16p2
~ s̄agmPLba!~ l̄ gmg5l !,

wherePL(R)5(17g5)/2 is the chiral projection operator an
Fmn is the electromagnetic interaction field strength tens
The Lorentz and color indices are denoted asm ~andn) and
a ~andb), respectively. The renormalization scalem̃ in Eq.
~1! is usually chosen to bem̃.mb in order to avoid large
logarithms, ln(MW/mb), in the matrix elements of the opera
tors Oi . The Wilson coefficientsCi(mb) determined by the
renormalization group equations~RGE! from the perturba-
tive valuesCi(MW) are given in the literature~see, for ex-
ample@3,4#!.

Since the operatorsO1 and O2 contribute tob→sl1l 2

throughcc̄ loops which again couple tol 1l 2 through a vir-
tual photon, they can be incorporated into an ‘‘effective’’O9.
The resulting effective Hamiltonian in Eq.~1! has the follow-
ing structure~neglecting the strange quark mass!:

H eff
l 1 l 2

5
4GF

A2

e2

16p2
Vts* VtbF2

2iC7~mb!mb

q2

3 s̄smnqnPRb l̄gml 1C9
eff~mb!s̄gmPLb l̄gml

1C10~mb!s̄gmPLb l̄gmg5l G . ~3!

The effective Wilson coefficientC9
eff( ŝ5q2/mb

2) is given
by @6,28,29#

C9
eff~ ŝ![C̃9

eff~ ŝ!1YLD~ ŝ!

5C9S 11
as~m!

p
v~ ŝ! D1YSD~ ŝ!1YLD~ ŝ!, ~4!

where the functionYSD( ŝ) is the one-loop matrix element o
O9 , YLD( ŝ) describes the long distance contributions due
2-2



-

il-

ea

or

n-

LIGHT-FRONT QUARK MODEL ANALYSIS OF RARE . . . PHYSICAL REVIEW D 65 074032
the charmonium vectorJ/c,c8, . . . resonances viaB
→K(J/c,c8, . . . )→Kl 1l 2, and v( ŝ) represents the one
gluon correction to the matrix element ofO9. Their explicit
forms are given in the literature@3,4,28–30# and also in Ap-
pendix A of this work. For the numerical values of the W
son coefficients and relevant parameters in obtaining Eq.~4!,
we use the results given by Refs.@29,30#:

mt5175 GeV, mb54.8 GeV, mc51.4 GeV,

as~MW!50.12, as~mb!50.22, C1520.26,

C251.11, C350.01, C4520.03, C550.008,

C6520.03, C7520.32, C954.26, andC10524.62.

In Fig. 1, we plot the effective Wilson coefficientC9
eff as a

function of ŝ. As the real part ofC9
eff , the thick~thin! solid

line represents the result with~without! the LD contribution,
i.e., Re(C9

eff)@Re(C̃9
eff)#. The imaginary~dotted line! part of

C9
eff is the result without LD contribution, Im(C̃9

eff). In our
numerical calculation ofC9

eff ~thick solid lines!, we include
two charmonium vectorJ/c(1S) and c8(2S) resonances
~see Appendix A!. The cusp of Re(C̃9

eff) at ŝ54(mc /mb)2

.0.34 as shown in Fig. 1~thin line! is due to thecc̄-loop
contribution fromYSD( ŝ) @see Eqs.~A1! and~A2! in Appen-
dix A#. In Fig. 1, one can also find that Re(C̃9

eff)@Im(C̃9
eff).

The long-distance contribution to the exclusiveB→K de-
cay is contained in the meson matrix elements of the bilin

quark currents appearing inH eff
l 1 l 2

given by Eq. ~3!. The
matrix elements of the hadronic currents for theB→K tran-
sition can be parametrized in terms of hadronic form fact
as follows:

FIG. 1. The effective Wilson coefficientC9
eff as a function ofŝ

5q2/MB
2 . As the real part ofC9

eff , the thick~thin! solid line repre-

sents the results with~without! the LD contribution, i.e.,C9
eff(C̃9

eff).
The imaginary~dotted line! part ofC9

eff is the result without the LD
contribution.
07403
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Jm[^Kus̄gmPLbuB&5
1

2
@F1~q2!Pm1F2~q2!qm#, ~5!

and

JT
m[^Kus̄ismnqnPRbuB&

5
1

2~MB1MK!
@q2Pm2~MB

22MK
2 !qm#FT~q2!, ~6!

where P5PB1PK and q5PB2PK is the four-momentum
transfer to the lepton pair and 4ml

2<q2<(MB2MK)2. We
use the conventionsmn5( i /2)@gm,gn# for the antisymmetric
tensor. Sometimes it is useful to express Eq.~5! in terms of
F1(q2) andF0(q2), which are related to the exchange of 12

and 01, respectively, and satisfy the following relations:

F1~0!5F0~0!, F0~q2!5F1~q2!1
q2

MB
22MK

2
F2~q2!.

~7!

With the help of the effective Hamiltonian in Eq.~3! and
Eqs. ~5! and ~6!, the transition amplitude for theB
→Kl 1l 2 decay can be written as

M5^Kl 1l 2uHeffuB&

5
4GF

A2

a

4p
Vts* VtbH FC9

effJm2
2mb

q2
C7Jm

T G
3 l̄ gml 1C10Jm l̄ gmg5l J , ~8!

wherea5e2/4p is the fine structure constant. The differe
tial decay rate for the exclusive rareB→Kl 1l 2 with nonzero
lepton mass (mlÞ0) is given by~see Appendix B for the
detailed derivation!

dG

dŝ
5

MB
5GF

2

3329p5
a2uVts* Vtbu2f̂1/2S 124

m̂l

ŝ
D 1/2

3F f̂S 112
m̂l

ŝ
D FT116

m̂l

ŝ
F01G , ~9!

where

FT15UC9
effF12

2C7

11Ar̂
FTU2

1uC10u2uF1u2,

F015uC10u2@~12 r̂ !2uF0u22f̂uF1u2#, ~10!

f̂5~ ŝ212 r̂ !224r̂ ,

with ŝ5q2/MB
2 , m̂l5ml

2/MB
2 , and r̂ 5MK

2 /MB
2 . We used

mb.MB in derivation of Eq.~9!. Note also from Eqs.~9!
and~10! that the form factorF2(q2) @or F0(q2)# contributes
2-3
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only in the nonzero lepton (mlÞ0) mass limit. Dividing Eq.
~9! by the total width of theB meson, which is estimated t
be @7,34#

G tot5
f MB

5GF
2

192p3
uVcbu2, f .3.0, ~11!

one can obtain the differential branching ratiodBR(B
→Kl 1l 2)/dŝ5@dG(B→Kl 1l 2)/G tot#/dŝ.1

As another interesting observable, the LPA, is defined

PL~ ŝ!5
dGh521 /dŝ2dGh51 /dŝ

dGh521 /dŝ1dGh51 /dŝ
, ~12!

whereh511(21) denotes right~left! handedl 2 in the final
state. From Eq.~9!, one obtains forB→Kl 1l 2

PL~ ŝ!5

2S 124
m̂l

ŝ
D 1/2

f̂C10F1FF1ReC9
eff2

2C7

11Ar̂
FTG

F f̂S 112
m̂l

ŝ
D FT116

m̂l

ŝ
F01G .

~13!

Note that our formulas for the differential decay rate in E
~9! and the LPA in Eq. ~13! are written in terms of
(F1 ,F0 ,FT) instead of (F1 ,F2 ,FT) as obtained in Refs
@8,10#. However, our formulas and those in@8,10# are
equivalent with each other once we rearrange our formula
terms of (F1 ,F2 ,FT). One nice feature of usingF0 in the
decay rate formula is to separate theF0 contribution from the
total rate as we shall show later.

III. FORM FACTOR CALCULATION IN LIGHT-FRONT
QUARK MODEL

A. Analytic calculation in the q¿Ä0 frame

As shown in Eq.~9!, only two weak form factorsF1(q2)
andFT(q2) are necessary for the massless (ml50) rare ex-
clusive semileptonicb→sl1l 2 process. The form factor
F1(q2) and FT(q2) can be obtained in theq150 frame
with the ‘‘good’’ component of currents, i.e.,m51, without
encountering zero-mode contributions@27#. Thus, we shall
perform our light-front quark model calculation in theq1

50 frame, whereq25q1q22qW'
2 52qW'

2 ,0, and then ana-

lytically continue the form factorsFi(qW'
2 )( i 51,T) in the

spacelike region to the timelikeq2.0 region by changing
qW' to iqW' in the form factor.

The quark momentum variables forPB(q1q̄)→PK(q2q̄)
transitions in theq150 frame are given by

1With f 53 and the central value ofuVcbu50.0402@31#, we obtain
tB.1.688 ps whiletB6

expt
5(1.65360.028) ps. Since our numerica

results of the branching ratios are obtained from using Eq.~11!,
approximately 2% theoretical error due to the lifetime ofB meson is
understood.
07403
s
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p1
15~12x!P1

1 , pq̄
1

5xP1
1 ,

pW 1'5~12x!PW 1'1kW' , pW q̄'5xPW 1'2kW' ,

~14!

p2
15~12x!P2

1 , pq̄
81

5xP2
1 ,

pW 2'5~12x!PW 2'1kW'8 , pW q̄'
8 5xPW 2'2kW'8 ,

which require thatpq̄
1

5pq̄
81 andpW q̄'5pW q̄'

8 . For B→K tran-
sitions, one hasm15mb , m25ms , and mq̄5mu . Our
analysis forb→sl1l 2 decays will be carried out in thisq1

50 frame and the decaying hadron (B meson! is at rest, i.e.,
PW 1'50.

The matrix elements of the currentsJm in Eq. ~5! andJT
m

in Eq. ~6! are obtained by the convolution formula of th
initial and final state light-front wave functions as follows

^P2uq̄2Gmq1uP1&5(
l8s

E d3pW q̄f2~x,kW'8 !f1~x,kW'!

3R l2l̄
00† ūl2

~p2!

Ap2
1

Gm
ul1

~p1!

Ap1
1

R l1l̄
00 ,

~15!

whereGm5gmPL for Jm in Eq. ~5! and ismnqnPR for JT
m in

Eq. ~6!, respectively. The measure@d3pW q̄# in Eq. ~15! is writ-
ten in terms of light-front variables as

d3pW q̄5P1
1dxd2kW'A]kz8

]x
A]kz

]x
, ~16!

where]kz /]x is the Jacobian of the variable transformati

$x,kW'%→kW5(kz ,kW') defined by

]kz

]x
5

M0

4x~12x! F12S mq
22mq̄

2

M0
2 D 2G , ~17!

M0
25

mq
21kW'

2

12x
1

mq̄
2
1kW'

2

x
. ~18!

The spin-orbit wave functionR lq ,l q̄

JJz (x,kW') is obtained by

the interaction-independent Melosh transformation. The
plicit covariant form for a pseudoscalar (J50,Jz50) meson
is given by

R lq ,l q̄

J50,Jz50
~x,kW'!5

ū~pq ,lq!g5v~pq̄ ,l q̄!

A2AM0
22~mq2mq̄!2

, ~19!

wherel ’s are light-front helicities. Our radial wave functio
is given by the Gaussian trial function for the variation
principle to the QCD-motivated effective light-front Hami
tonian @20#:
2-4
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f~x,kW'!5S 1

p3/2b3D 1/2

exp~2kW2/2b2!, ~20!

which is normalized as*d3kuf(x,kW')u251, wherekW25kW'
2

1kz
2 andkz is given by

kz5S x2
1

2D M01
mq

22mq̄
2

2M0
. ~21!

Then, the sum of the light-front spinors over the helicities
Eq. ~15! is obtained as

(
l8s

vl q̄

† ~pq̄!g5ūl2

† ~p2!ūl2
~p2!

3Gmul1
~p1!ūl1

~p1!g5vl q̄
~pq̄!

5Tr@~p” q̄2mq̄!g5~p” 21m2!Gm~p” 11m1!g5#.

~22!

Using the matrix element of the ‘‘1 ’’ component of the cur-
rents (m51), and the particle on-mass shell condition, i.
the light-front energypi

25(pW i'
2 1mi

2)/pi
1 ( i 51,2 andq̄) in

Eq. ~22!, we obtain the weak form factorsF1(qW'
2 ) and

FT(qW'
2 ) as follows:

F1~qW'
2 !5E

0

1

dxE d2kW'A]kz8

]x
A]kz

]x

3f2~x,kW'8 !f1~x,kW'!
A1A21kW'•kW'8

AA1
21kW'

2AA2
21kW'8

2
,

~23!

and

FT~qW'
2 !52E

0

1

dxE d2kW'A]kz8

]x
A]kz

]x

3f2~x,kW'8 !f1~x,kW'!
MB1MK

~12x!M̃0M̃08

3F ~m22m1!
kW'•qW'

qW'
2

1A1G , ~24!

where

Ai5xmi1~12x!mq̄~ i 51,2!, M̃05AM0
22~mq2mq̄!2,

andkW'8 5kW'2xqW' . The primed factors in Eqs.~23! and~24!

are the functions of final state momenta, e.g.,kz85kz8(x,kW'8 )

andM̃085M̃08(x,kW'8 ). Since the weak form factorsF1(qW'
2 ) in

Eq. ~23! andFT(qW'
2 ) in Eq. ~24! are defined in the spacelik

(q2,0) region, we then analytically continue them to t
timelike q2.0 region by replacingq' with iq' in the form
07403
,

factors. We describe in Appendix C our procedure of analy
continuation of the weak form factors.

Our analytic solutions will be compared with the follow
ing parametric form used by many others@7–9,13,29#

F~q2!5
F~0!

12s1q21s2q4
, ~25!

where the parameterss1 ands2 are determined by the firs
and second derivatives ofF(q2) at q250.

B. Effective calculation in q¿Ì0 frame

Our effective calculation of weak form factors is pe
formed in the purely longitudinal momentum frame@22,27#
where q1.0 and PW 1'5PW 2'50 so that the momentum
transfer squareq25q1q2.0 is timelike.

One can then easily obtainq2 in terms of the momentum
fraction a5P2

1/P1
1512q1/P1

1 as q25(12a)(M1
2

2M2
2/a). Accordingly, the two solutions fora are given by

a65
M2

M1
FM1

21M2
22q2

2M1M2
6AS M1

21M2
22q2

2M1M2
D 2

21G .

~26!

The 1(2) sign in Eq.~26! corresponds to the daughter m
son recoiling in the positive~negative! z direction relative to
the parent meson. At zero recoil (q25qmax

2 ) and maximum
recoil (q250), a6 are given by

a1~qmax
2 !5a2~qmax

2 !5
M2

M1
,

a1~0!51, a2~0!5S M2

M1
D 2

. ~27!

The quark momentum variables in theq1.0 frame are simi-
lar to Eq.~14! in theq150 frame but the momentum trans
fer q2 in q1.0 frames flows through only the longitudina
component of quark and antiquark momenta, i.e.,

p1
15~12x!P1

1 , pq̄
1

5xP1
1 , pW 1'52pW q̄'5kW' ,

p2
15~12x8!P2

1 , pq̄
81

5x8P2
1 , pW 2'52pW q̄'

8 5kW' ,
~28!

wherex85x/a and PW 1'5PW 2'50 has been used~see Fig.
2!.

The a6-independent form factorsF6(q2) defined inq1

.0 frames are then obtained as follows

F6~q2!56
~17a2! j 1~a1!2~17a1! j 1~a2!

a12a2
, ~29!

where j 1(a6)5^Kus̄g1PLbuB&ua6
/P1

1 from Eq. ~5!.

As shown in Fig. 2, theq1.0 frame requires not only the
particle-number-conserving~valence! Fock state contribution
in Fig. 2~b! but also the particle-number-nonconservi
2-5
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~nonvalence! Fock state contribution in Fig. 2~c!; i.e.,
j 1(a6)5 j val

1 (a6)1 j nv
1 (a6) in Eq. ~29!. In our previous

works @22,23#, we have developed a new effective treatme
of the non-wave-function vertex@black blob in Fig. 2~c!# in
the nonvalence diagram arising from the quark-antiqu
pair creation or annihilation. Since the detailed procedu
for obtaining the effective solution for the non-wav
function vertex have been given in@22,23#, here we briefly
present the salient points of our effective method@22,23# and
the final forms of the current matrix elements for both v
lence and nonvalence diagrams.

The essential feature of our approach is to consider
light-front wave function as the solution of the light-fron
Bethe-Salpeter equation~LFBSE! given by

~M22M 0
2!C~xi ,kW i'!

5E @dy#@d2 lW'#K~xi ,kW i' ;yj , lW j'!C~yj , lW j'!, ~30!

whereK is the BS kernel which in principle includes all th
higher Fock-state contributions,M 0

25(m1
21kW1'

2 )/x11(m2
2

1kW2'
2 )/x2, andC(xi ,kW i') is the BS amplitude. Both the va

lence ~white blob! and nonvalence~black blob! BS ampli-
tudes are solutions to Eq.~30!. For the normal~or valence!
BS amplitude,x15x andx25a2x.0, while for the nonva-
lence BS amplitude,x15x andx25a2x,0. As illustrated
in Figs. 2~b! and 2~c!, the nonvalence BS amplitude is a
analytic continuation of the valence BS amplitude. In t
LFQM the relationship between the BS amplitudes in
two regions is given by@22,23#

~M22M 0
2!C8~xi ,kW i'!

5E @dy#@d2 lW'#K~xi ,kW i' ;yj , lW j'!C~yj , lW j'!, ~31!

whereC8(xi ,kW i') represents the nonvalence BS amplitu
and again the kernel includes in principle all the higher Fo
state contributions because all the higher Fock compon
of the bound state are ultimately related to the lowest F
component with the use of the kernel. This is illustrated
Fig. 3.

FIG. 2. The covariant diagram~a! corresponds to the sum of th
LF valence diagram~b! defined in 0,x,a region and the nonva
lence diagram~c! defined ina,x,1 region. The large white and
black blobs at the meson-quark vertices in~b! and~c! represent the
ordinary LF wave function and the nonvalence wave function v
tices, respectively. The small black box at the quark-gauge bo
vertex indicates the insertion of the relevant Wilson operator.
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Equations~30! and ~31! are integral equations for which
one needs nonperturbative QCD to obtain the kernel. We
not solve for the BS amplitudes in this work, but a ni
feature of Eq.~31! is a natural link between the nonvalenc
BS amplitudeC8 and the valence oneC which enables an
application of a light-front CQM even for the calculation o
the nonvalence contribution in Fig. 2~c!. In (111)-QCD
models@35,36#, it is shown that expressions for the nonv
lence vertex analogous to our form given in Eq.~31! are
obtained. With the iteration procedure given by Eq.~31! in
this q1.0 frame, we obtain the current matrix element
the nonvalence diagram in terms of the light-front vert
function and the gauge boson vertex function. The interes
reader may consult Refs.@22,23# on this subject.

The matrix element of the valence current,j val
1 in Eq.

~29!, is given by

j val
1 5E

0

a

dxE d2kW'A]kz8

]x8
A]kz

]x

3f2~x8,kW'!f1~x,kW'!
B1B21kW'

2

AB1
21kW'

2AB2
21kW'

2
, ~32!

where

B15xm11~12x!mq̄ , B25x8m21~12x8!mq̄ ,
~33!

and kz85kz(x8,kW') in Eq. ~21!. The matrix element of the
nonvalence current,j nv

1 in Eq. ~29!, is obtained as

j nv
1 5E

a

1 dx

x8~12x8!
E d2kW'A]kz

]x
xg~x,kW'!f1~x,kW'!

3
kW'

2 1B1B21x~12x!~12x8!~M1
22M0

2!

Ax~12x!M̃0

3E dŷE d2 lW'A] l z

]y

K~x,kW' ;y, lW'!

M̃08~y, lW'!
f2~y, lW'!,

~34!

where

xg~x,kW'!5
1

aF q2

12a
2S kW'

2 1m1
2

12x
1

kW'
2 1m2

2

x2a
D G ~35!

-
on

FIG. 3. Non-wave-function vertex~black blob! linked to an or-
dinary LF wave function~white blob!.
2-6
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LIGHT-FRONT QUARK MODEL ANALYSIS OF RARE . . . PHYSICAL REVIEW D 65 074032
is the light-front vertex function of a gauge boson2 and dŷ
5dy/Ay(12y). In derivation of Eq.~34! with the ‘‘1’’-
component of the current, we also separate the on-mass
propagating part@i.e., the term proportional to (kW'

2 1B1B2)#
from the instantaneous part@i.e., the term proportional to
x(12x)(12x8)(M1

22M0
2)#, where the struck quarks (m1

5mb andm25ms) are on-mass shell and the spectator qu
(mq̄5mu) is off-mass shell. Note that the instantaneous c
tribution exists only for the nonvalence diagram as far as
‘‘ 1 ’’ component of the current is used. As we shall show
the next numerical section, the instantaneous contributio
the weak form factorsF6(q2) for the B→K transition is
quite substantial near zero recoil.

Note that Eq.~31! was used to obtain the last term in E
~34!. While the relevant operatorK is in general dependen
on all internal momenta (x,kW' ;y, lW'), the integral ofK over
y and lW' in Eq. ~34! depends only onx and kW' , which we
define

GBK~x,kW'![E dŷE d2 lW'A] l z

]y

K~x,kW' ;y, lW'!

M̃08~y, lW'!

3f2~y, lW'!. ~36!

In this work, we approximateGBK(x,kW') as a constant which
has been tested in our previous works@22,23# and proved to
be a good approximation. As we shall show in the next s
tion, the reliability of this approximation can be checked
examining the frame independence of our numerical resu

IV. NUMERICAL RESULTS

In our numerical calculation for the process ofB
→Kl 1l 2 transition, we use the linear potential paramet
presented in Ref.@21#. Our predictions of the decay constan
for K and B were reported @20,21# as f K
5161.4 MeV (Expt.5159.861.4) @20# and f B
5171.4 MeV@21#, respectively.3 Our model parameters an
decay constants are summarized in Table I and comp
with experimental data@31# as well as lattice results@37#.
Note that in the numerical calculations we takemb55.2 GeV
in all formulas except in the Wilson coefficientC9

eff , where
mb54.8 GeV has been commonly used.

In Fig. 4, we show our analytic (q150 frame! solutions
for the weak form factorsF1(q2) ~thick solid line! and
FT(q2) ~thick dashed line! for 25 GeV2<q2<(MB
2MK)2. We also include the results obtained from the pa

2While one can in principle also consider the BS amplitude forxg,
we note that such an extension does not alter our results within
approximation in this work because both the hadron and ga
boson should share the same kernel.

3The difference of decay constants between this work and R
@20,21# is only due to the definition, i.e., we use the definitio

^0uq̄2gmg5q1uP&5 i f PPm in this work so that f p
expt.5130.7

60.1 MeV while we used̂ 0uq̄2gmg5q1uP&5 iA2 f PPm in Refs.
@20,21#.
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metric formula given by Eq.~25! where the thin solid
~dashed! line representsF1(FT). Our analytic solutions
given by Eqs.~23! and ~24! are well approximated by Eq
~25! up toq2&15 GeV2 but show some deviations near ze
recoil point. We summarize in Table II our numerical resu
for the weak form factorsF1(q2) andFT(q2) at q250 and
the parameterss i defined in Eq.~25! and compare with othe
theoretical results@7,9,13,29#. As one can see from Table II
our results forF1(q2) and FT(q2) in the q2→0 limit are
quite comparable with other theoretical results. As other t
oretical schemes predicted, our results also showF1(0)
(50.348).2FT(0)(520.324).

For the analysis of heavyt decay process, the weak form
factor F2(q2) @or equivalentlyF0(q2)# is necessary for the
calculations of the decay rate and the LPA and we obtai
using our effective method@22,23# in the q1.0 frame as
described in Sec. III B. In Fig. 5, we show our effectiv
(q1.0 frame! solution of F1(q2) ~thin solid line! with a
constantGBK53.9 fixed by the normalization ofF1(q2) in
theq150 frame~thick solid line! at theq250 limit. As one
can see in Fig. 5, our effective solution ofF1(q2) ~thin solid
line! is very close to the analytic one~thick solid line! for the
entire kinematic region. It justifies the reliability of our con
stant approximationGBK of the kernelK. For comparison,

ur
e

s.

FIG. 4. Analytic solutions ofF1(q2) ~thick solid line! and
FT(q2) ~thick dashed line! compared with the results~thin lines!
obtained from the parametric formula given by Eq.~25! for the B
→K transition.

TABLE I. Model parameters (mq ,b) and the decay constant

defined bŷ 0uq̄2gmg5q1uP&5 i f PPm for p, K andB mesons used
in our analysis. We also compare our decay constants with the
@31# and the lattice result@37#.

Meson (qQ̄) mQ ~GeV! bqQ̄ ~GeV! f ~MeV! f expt.

p 0.22 0.3659 130 131
K 0.45 0.3886 161.4 159.861.4
B 5.2 0.5266 171.4 200630 @37#
2-7
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TABLE II. Results for form factorsF(0) and parameterss i defined in Eq.~25!.

Model F1(0) s1 s2 FT(0) s1 s2

This work 0.348 4.6031022 5.0031024 20.324 4.5231022 4.6631024

QM @7# 0.30 6.0731022 1.0831023 20.30 6.0131022 1.0931023

QM @9# 0.36 4.831022 6.331024 20.346 4.931022 6.431024

SR @13# 0.341 5.0631022 5.2231024

SR @29# 0.35 4.9131022 4.5031024 20.39 4.9131022 4.7631024
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we also show the valence~dotted line! and the instantaneou
~dot-dashed line! contributions to F1(q2) in the q1.0
frame. Although the valence contribution dominates over
nonvalence one forq2&10 GeV2, the nonvalence~espe-
cially the instantaneous! contribution is not negligible for
q2*10 GeV2.

Using the same constant operatorGBK53.9, we are now
able to calculate the scalar form factorsF0(q2) andF2(q2)
in q1.0 frames and the results are shown in Fig. 6~solid
line!. As in the case ofF1(q2) in Fig. 5, we also include the
valence contributions~dotted line! to both F0(q2) and
F2(q2) and the instantaneous contribution~dot-dashed line!
to F0(q2). It is very interesting to note especially from
F2(q2) that the nonvalence contribution, i.e., the differen
between the solid and dotted lines, is very substantial eve
the maximum recoil point (q250) and is growing asq2

increases. As a reference, our numerical results forF2 ob-
tained from our effective~valence! solution at maximum-
and zero-recoil limits areF2(0)520.14(20.34) and
F2(qmax

2 )520.9(22.23), respectively. Our result fo
F2(q2) presented in Fig. 6 agrees very well with the lig
cone QCD sum rule~LCSR! result for F2(q2) by Aliev
et al. @15# @see their Fig. 1~b!#. Similarly, our effective solu-
tion for F0(q2) is in a close agreement with the LCSR resu
given by Ball@13# and Ali et al. @16#. Our effective solution
of F0(q2) as well as the analytic solutions ofF1(q2) and
FT(q2) shown in Fig. 4 will be used for the calculations

FIG. 5. Effective solution ofF1(q2) ~thin solid line! for the B
→K transition. The line code is in the figure.
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the branching ratios and the longitudinal lepton polarizat
asymmetries. We shall also discuss how we take the effec
the vector meson dominance~VMD ! into account at the end
of this section.

We now show our results for the differential branchin
ratios for B→Kl 1l 2( l 5e,m) in Fig. 7~a! and B→Kt1t2

in Fig. 7~b!, respectively. The thick~thin! solid line repre-

sents the result with~without! the LD contribution@YLD( ŝ)#
to C9

eff given by Eq.~4!. In plotting Figs. 7~a! and 7~b!, we
setml50 andmt51.777 GeV, respectively. As one can s
the pole contributions clearly overwhelm the branching ra
near J/c(1S) and c8(2S) peaks; however, suitablel 1l 2

invariant mass cuts can separate the LD contribution fr
the SD one away from these peaks. This divides the sp
trum into two distinct regions@24,38#: ~i! low-dilepton mass,
4ml

2<q2<MJ/c
2 2d, and ~ii ! high-dilepton mass,Mc8

2
1d

<q2<qmax
2 , whered is to be matched to an experiment

cut. The branching ratios with~without! the pole~i.e., LD!
contributions forB→Kl 1l 2 are presented in Table III fo
low ~second column!, high ~third column!, and total ~4th
column! dilepton mass regions ofq2. Although the contribu-
tion of scalar form factorF0(q2) to massless lepton decay
negligible ~zero for ml50), its contribution tot decay as
shown in Fig. 7~b! ~dotted line! is very substantial, e.g.
;75% contribution to the total~nonresonant! decay rate in
our model calculation. Thus the reliable calculation
F0(q2) is absolutely necessary and our effective method
calculating the nonvalence diagram seems very useful.

It is worthwhile to compare our results for the branchi
ratios with other light-front quark models@8,10#. While the
authors in Ref.@8# used the simple parametric formula, E
~25!, to obtainF1 and FT and the heavy quark symmetr
~HQS! to extractF2 , the authors in Ref.@10# used the dis-
persion representation through the~Gaussian! wave func-
tions of the initial and final mesons and then analytica
continue the form factors from the spacelike region to
timelike region. The common aspect in these models is
have the same form factorsF1 andFT , which are free from
the zero-mode contribution, not in the timelike region but
the spacelike region as far as the same model parameter
used. Indeed our method of analytic continuation of the fo
factorsF1 and FT is equivalent to that of Ref.@10#. How
ever, the difference is in the calculation ofF2 , which is not
immune to the zero-mode contribution. The zero-mode c
tribution must be properly taken into account for the calc
lation of F2 . Thus, it is not quite surprising to note tha
although our branching ratio@see Fig. 7~a!# for the massless
2-8
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FIG. 6. Effective solutions~solid line! of F0(q2) and F2(q2)
compared with the valence contributions~dotted line! for the B
→K transition.
07403
lepton (l 5e,m) decay is not much different from the resul
in Ref. @8# @see their Fig. 1~a!# and Ref.@10# @see their Fig.
3~a!#, our branching ratio@see Fig. 7~b!# for the t decay is
quite different from the results in Ref.@8# @see their Fig.
1~b!# and Ref.@10# @see their Fig. 3~c!#.

FIG. 7. The branching ratios forB→Kl 1l 2( l 5e,m) ~a! and
B→Kt1t2 ~b! transitions. The thick~thin! solid line represents the
result with ~without! the LD contribution toC9

eff in Eq. ~4!. The
dotted line in ~b! represents theF0(q2) contribution to the total
branching ratio oft decay.
TABLE III. Branching ratio ~in units of uVts /Vcbu2) with ~without! the pole contributions forB
→Kl 1l 2 for low, high, and total dilepton mass region.

Mode 1<q2<8 16.5<q2<22.9 4ml
2<q2<22.9 (GeV2)

(e,m) 2.5931027 3.3431028

(2.2531027) (3.7031028) (4.9631027)
t 7.2031028

(7.4731028) (1.2731027)
2-9
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TABLE IV. Nonresonant branching ratio~in units of 10273uVts /Vcbu2) for B→Kl 1l 2 transition com-
pared with other theoretical model predictions within the SM as well as the experimental data taken fr
Belle Collaboration~Abe et al.! @1#.

Mode This work @10# @15# @16# Exp. @1#

e 4.96 4.4 3.260.8 5.7 ,1.231026

m 4.96 4.4 3.260.8 5.7 (0.9920.3220.15
10.3910.13)31026

t 1.27 1.0 1.7760.40 1.3
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Our numerical results for the nonresonant branching
tios ~assuminguVtbu.1) are 4.9631027uVts /Vcbu2 for B
→Kl 1l 2 ( l 5e,m) and 1.2731027uVts /Vcbu2 for B
→Kt1t2, respectively. While the CLEO Collaboration@1#
reported the branching ratio Br(B→Ke1e2),1.731026,
the Belle Collaboration~Abe et al.! @1# reported Br(B
→Ke1e2),1.231026 and Br(B→Km1m2)
5(0.9920.3220.15

10.3910.13)31026, respectively. Our nonresonant r
sults for the branching ratios ofB→Kl 1l 2 are summarized
in Table IV and compared with experimental data as well
other theoretical predictions within the SM.

The exclusiveB→Kt1t2 has been computed via th
heavy meson chiral perturbation theory by Duet al. @18#,
where the branching ratio of the exclusive decay was fo
to be about 50–60 % of the inclusive one. Although calcu
tions of exclusive decay rates are inherently model dep
dent, chiral perturbation theory is known to be reliable
energy scales smaller than the typical scale of chiral sym
try breaking,LCSB.4p f p /A2. In B→Kt1t2, the maxi-
mum energy of theK meson in theB rest frame is (MB

2

1MK
2 24mt

2)/2MB;1.5 GeV, which places most of th
available phase space around the scaleLCSB @18,24#. From
the above argument and our exclusivet branching fraction,
we can estimate the branching ratio of inclusiveB
→Xst

1t2 as (2.1222.54)31027uVts /Vcbu2 which is quite
comparable to the prediction given by Hewett@24# where
BR(B→Xst

1t2)52.531027 was obtained.
In Figs. 8~a! and 8~b!, we show the LPA for B

→Km1m2 and B→Kt1t2 as a function ofŝ, respectively,
and with ~thick solid line! and without~thin solid line! LD
contributions. For theB→Km1m2 case, we use the physica
muon mass,mm5105 MeV. In both figures, the longitudina
lepton polarization asymmetries become zero at the
point regions ofŝ. Our numerical values ofPL without LD
contributions and away from the end point regions a
20.97.PL.20.98 in 0.3, ŝ,0.6 region forB→Km1m2

and 20.15.PL.20.18 in 0.5, ŝ,0.7 region for
B→Kt1t2, respectively. In fact, thePL for the muon decay
is insensitive to the form factors, e.g., ourPL.20.98~away
from the end points region! is well approximated by@11#

PL.2
C10ReC9

eff

uC9
effu21uC10u2

.21, ~37!

in the limit of C7→0 from Eq. ~13!. It also shows that the
PL for them dilepton channel is insensitive to the little vari
tion of C7 as expected. On the other hand, the LPA for tht
07403
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s

d
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t
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d

dilepton channel is sensitive to the form factors. In oth
words, as in the case of branching ratios, although our re
of the LPA for the muon decay is not much different from t
results in Ref.@8# @see their Fig. 2~a!# and Ref.@10# @see their
Fig. 4~a!#, the result for the tau decay is quite different fro
the results in Ref.@8# @see their Fig. 2~b!# and Ref.@10# @see
their Fig. 4~c!#.

Comparing our results for the weak form factors wi
other phenomenological models, one may find that there i

FIG. 8. The longitudinal lepton polarization asymmetriesPL( ŝ)
for B→Kl 1l 2 ~a! and B→Kt1t2 ~b! transitions. The same line
code is used as in Fig. 7.
2-10
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LIGHT-FRONT QUARK MODEL ANALYSIS OF RARE . . . PHYSICAL REVIEW D 65 074032
general a good agreement for the small and intermediatq2

region. Nevertheless, there are some differences for the l
q2 region where vector mesons are expected to domin
~VMD ! especially forF1(q2). For example, both results o
the LCSR in@13,39# and our LFQM analyses show that th
direct solution forF1(q2) is well approximated by Eq.~25!
up to q2&15 GeV2. However, the large momentum beha
ior of F1(q2) @as well asFT(q2)# is somewhat different
since our model does not include the VMD effect.

Following the same method used in recent LCSR anal
@39#, we use the VMD formula~i.e., B* -pole with MB*
55.325 GeV) given by

F1
VMD~q2!5

c

12q2/MB*
2 ~38!

at the largeq2 region and match the parametric formu
F1(q2) in Eq. ~25! by the following constraint@39#

F1
VMD~q2!5F1~q2! in Eq. ~25!,

d

dq2
F1

VMD~q2!5
d

dq2
F1~q2! in Eq. ~25!,

~39!

to make both parametrizations a smooth connection at a t
sition pointq25q0

2, wherec is fixed atq25q0
2 in Eq. ~39!.

We should note that theF1(q2) in Eq. ~25! is almost equiva-
lent to our LFQM prediction F1

LFQM(q2) up to q2

&15 GeV2 and the transition pointq0
2 is expected to be a

q2;15 GeV2 ~see also Ref.@39#! in order for interpolation
betweenFLFQM(q2<q0

2) and FVMD(q2>q0
2) to make more

sense.4 In our case for theB→K transition, we obtain
(c,q0

2)5(0.388, 14.38 GeV2) for F1
BK(q2). For the tensor

form factor, we get (c,q0
2)5(20.358, 14.23 GeV2) for

FT(q2).
It is necessary to discuss the exclusiveB→p ln l process

in that the constantc has a direct physical implication for th
B→p ln l l process, i.e., it is related to the physical couplin
as @39,41,42#

c5
f B* gB* Bp

2MB*
, ~40!

where f B* is the decay constant of theB* meson
defined by ^0ub̄gmuuB* &5MB* f B* em and gB* Bp is the
~axial-current! coupling defined by^B0(P)p1(q)uB* 1(P
1q)&5gBB* p(q•e) and can be extracted from the soft pio
q2→0 limit in the heavy meson chiral perturbation theo

4As discussed in@40#, a naive extrapolation of the VMD formula
in Eq. ~38! to the pointq250 is not consistent with the monopol
formula F1(q2)5F1(0)/(12q2/L1

2) used in many theoretical an
satz since the relevant parameters are in general different,
F1(0)Þc andL1ÞMB* .
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@43,44#. In the limit where the heavy quark massmQ(Q
5c,b) goes to infinity there are flavor-independent relatio
between coupling constants

g5
f p

2MD
gD* Dp5

f p

2MB
gB* Bp , ~41!

wheref p5131 MeV and the coupling constantg appears in
the interaction Lagrangian of the effective meson field the
@17,43,44#.

In our numerical calculation ofc for the exclusiveB
→pene process, we obtain (c,q0

2)5(0.312,15.12 GeV2)
from Eq. ~39! and (s1 ,s2)5(4.7531022,5.5031024) in
Eq. ~25!, which was obtained in our previous analysis@45#.
Since we also obtained theB* meson decay constant a
f B* 5185.8 MeV @45#, we can now extract the couplin
constant of theB* to Bp pair and the result isgB* Bp1

517.88 andg50.23 while the recent fit@46# to the experi-

mental data gives two possible solutions,g50.2720.0220.02
10.0410.05

or g50.7620.0320.1
10.0310.2. We acknowledge the remark in@46# that

for the B→p ln l form factors with Ep,2mp , analytic
bounds combined with chiral perturbation theory giveg fB
&50 MeV @47#. That means while the solutiong50.27
gives f B&190 MeV, g50.76 givesf B&66 MeV, which is
roughly a factor of three smaller than lattice QCD result@37#,
i.e. f B

Lat.5200630 MeV. Note that our LFQM prediction is
given by f B

LFQM5171.4 MeV. As a reference, other theore
ical calculations forg are 0.2–0.4 for the QCD sum rules
1/3–0.6 for the quark models5 and 0.42~4!~8! for the lattice
calculation~see Ref.@48# for the survey ofg values obtained
from different models!.

In Fig. 9, we show the VMD corrections to bothF1
BK(q2)

~solid line! and F1
Bp(q2) ~dashed line!, i.e.,

F1(q2)5F1
LFQM(q2<q0

2)1F1
VMD(q2>q0

2). Comparing Fig.
4 ~Fig. 3 in @21#! and Fig. 9, we find the enhancement
F1

BK(q2)@F1
Bp(q2)# at q25qmax

2 by around 40@70#%. Our re-
sult for F1

Bp(q2) including the VMD correction is quite com
parable with that obtained from QCD sum rules in Ref.@39#
where the authors used the same method to enha
F1

Bp(q2). Our result forF1
BK(q2) in Fig. 9 is also comparable

with those of Refs.@13,16#. However, the branching ratio fo
B→Kl 1l 2( l 5e,m) increases less than 2% by including th
VMD effect. It is not surprising to note that the large e
hancement of the weak form factors near the zero-re
(q25qmax

2 ) region does not affect the differential decay ra
very much, since the phase space of the largeq2 region is
highly suppressed in Eq.~9!.

e.,

5Using similar LFQM to ours, Jaus@40# obtainedg50.56 from
the direct calculation of the hadronic matrix element in the soft p
limit and argued that the calculatedr-p-p and K* -K-p coupling
constants within the same model are in fair agreement with d
The reason for the discrepancy of theg value is not yet understood
However, the computed decay constantsf B and f B* are in good
agreement between Ref.@40# and ours.
2-11
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V. SUMMARY AND CONCLUSION

In this work, we investigated the rare exclusive semile
tonic B→Kl 1l 2 ( l 5e,m andt) decays within the SM, us
ing our LFQM which has been tested extensively in spa
like processes@20,23# as well as in the timelike exclusiv
semileptonic decays of pseudoscalar mesons@21,22#. The
form factorsF1(q2) andFT(q2) are obtained in theq150
frame (q2,0) and then analytically continued to the tim
like region by changingq' to iq' in the form factors. The
form factorF2(q2) is obtained from our effective treatmen
of the nonvalence contribution in addition to the valence o
in q1.0 frames (q2.0) based on the BS formalism. Th
covariance~i.e., frame independence! of our model has been
checked by comparison ofF1(q2) obtained from bothq1

50 andq1.0 frames. Our numerical results for the for
factors are comparable with other theoretical calculations
shown in Table II. Using the solutions ofF1 and FT ob-
tained from theq150 frame andF2 obtained from theq1

.0 frame, we calculate the branching ratios and the LPA
B→Kl 1l 2 including both short- and long-distance contrib
tions from QCD Wilson coefficients. Our numerical resu
for the nonresonant branching ratios are in the order of 1027,
which are consistent with many other theoretical predictio
as shown in Table IV. Of particular interest, we were able
estimate the inclusive branching ratio forB→Xst

1t2 as
BR(B→Xst

1t2);(2.12–2.54)31027uVts /Vcbu2 with the
help of chiral perturbation theory@18#. For the LPA as a
parity-violating observable, we find that the LPA for thet
channel is sensitive to the form factors while the LPA for t

FIG. 9. VMD corrections to the LFQM predictions forF1
BK(q2)

~solid line! and F1
Bp(q2) ~dashed line!, i.e., F1(q2)5F1

LFQM(q2

<q0
2)1F1

VMD(q2>q0
2).
07403
-
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m channel is insensitive to the model for the hadronic fo
factors. Thus, the experimental data of the LPA fort decay
would provide useful guidance for the model building
hadrons and make a definitive test on existing models.
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APPENDIX A: FUNCTIONS YSD„ ŝ…, YLD„ ŝ…, AND v„ ŝ… IN
EQ. „4…

The functionYSD( ŝ) in Eq. ~4! is given by

YSD~ ŝ!5h~m̂c ,ŝ!~3C11C21C(0)!2
1

2
h~1,ŝ!~4C314C4

13C51C6!2
1

2
h~0,ŝ!~C313C4!1

2

9
C(0)

2
Vus* Vub

Vts* Vtb

~3C11C2!@h~0,ŝ!2h~m̂c ,ŝ!#, ~A1!

where C(0)[3C31C413C51C6. The function h(m̂q

5mq /mb ,ŝ) in Eq. ~A1! arises from the one loop contribu
tions of the four quark operatorsO12O6 and
h(m̂c ,ŝ),h(1,ŝ), andh(0,ŝ) representc quark,b quark, and
u,d,s quark loop contributions, respectively. The explic
form of h(m̂q ,ŝ) is given by

h~m̂q ,ŝ!52
8

9
lnS mb

m D2
8

9
ln m̂q1

8

27
1

4

9
yq2

2

9
~2

1yq!Au12yqu H Q~12yq!F ln
11A12yq

12A12yq

2 ipG
1Q~yq21!2 arctan

1

Ayq21
J , ~A2!

whereyq54m̂q
2/ ŝ and

h~0,ŝ!5
8

27
2

8

9
lnS mb

m D2
4

9
ln ŝ1

4

9
ip. ~A3!

The functionYLD( ŝ) in Eq. ~4! is given by
2-12
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YLD~ ŝ!5
3k

a2 F2
Vcs* Vcb

Vts* Vtb

~3C11C21C(0)!

2
Vus* Vub

Vts* Vtb

C(0)G (
Vi5J/c,c8, . . .

pG~Vi→ l 1l 2!MVi

MVi

2 2 ŝmb
22 iM Vi

GVi

,

~A4!

where G(Vi→ l 1l 2), GVi
and MVi

are the leptonic decay

rate, width and mass of thei th 122 cc̄ resonance,
respectively. In our numerical calculations, we u
G(J/c→ l 1l 2)55.2631026 GeV, MJ/c53.1 GeV, GJ/c
58731026 GeV for J/c(1S) and G(c8→ l 1l 2)52.12
31026 GeV, Mc853.69 GeV, Gc8527731026 GeV
for c8(2S) @31#. The fudge factork is introduced in Eq.
~A4! to account for inadequacies of the naive factorizat
framework~see@32# for more details!. We adoptk52.3 @30#
to reproduce the rate of decay chainB→XsJ/c→Xsl

1l 2.
In the SD contribution ofb→sl1l 2, the u-quark loop

contribution is neglected due to the smallness of the con
bution Vus* Vub /Vts* Vtb.O(l2) (l.0.22 is the Wolfenstein
parameter! compared with Vcs* Vcb.2Vts* Vtb . The term
(Vus* Vub /Vts* Vtb)C(0) in the LD contribution is also ne
glected forb→sl1l 2.

The functionv( ŝ) in Eq. ~4! represents theO(as) correc-
tion from the one-gluon exchange in the matrix element
O9 @33#:

v~ ŝ!52
2

9
p22

4

3
Li2~ ŝ!2

2

3
ln ŝ ln~12 ŝ!

2
514ŝ

3~112ŝ!
ln~12 ŝ!

2
2ŝ~11 ŝ!~122ŝ!

3~12 ŝ!2~112ŝ!
ln ŝ1

519ŝ26ŝ2

6~12 ŝ!~112ŝ!
,

~A5!

where Li2(x)52*0
1dt ln(12xt)/t.

APPENDIX B: DERIVATION OF THE DECAY RATE
FOR B\Kl¿lÀ

In this appendix, we show the derivation of the decay r
for B→Kl 1l 2. For simplicity, we shall omit the facto
Vts* Vtb in the following derivation.

The transition amplitude forB→Kl 1l 2 is given by

M5^Kl 1l 2uHuB&

5
4GF

A2

a

4p H FC9
effJm2

2mb

q2
C7Jm

T G l̄ gml

1C10Jm l̄ gmg5l J . ~B1!
07403
n

i-

f

e

For all possible spin configurations, we make the repla
ment

uMu2→uMu2[
1

~2SB11!~2SK11!

3 (
all spin states

uMu2, ~B2!

whereSB(SK) is the spin ofB(K) meson and we sum ove
the spins of the lepton pair. After summing over all sp
states for the lepton pair, we obtain

uMu25
GF

2

2p2
a2F F2~P•pl !~P•pl̄ !2

P2q2

2 GFT112
m̂l

ŝ
F01G ,

~B3!

whereFT1 is given by Eq.~10! and

F015uC10u2„@q2P22~P•q!2#uF1u21~P•q!2uF0u2….
~B4!

Here, we usemb.MB in the derivation of Eq.~B3!.
In the B-meson rest frame, Eq.~B3! can be rewritten as

uMu25
MB

2GF
2

p2
a2F @ uPW Ku22~El2El̄ !

2#FT11
m̂l

ŝ
MB

2F01G ,

~B5!

whereuPW Ku25MB
2f̂/4.

The differential decay rate forB→Kl 1l 2 is given by

dG5
uMu2

2MB
S d3PW K

~2p!32EK
D S d3PW l

~2p!32El
D S d3PW l̄

~2p!32El̄
D

3~2p!4d4~PB2PK2Pl2Pl̄ !. ~B6!

After doing thePW l̄ integration, one obtains

dG5
MBGF

2

64p5
a2F @ uPW Ku22~2El1EK2MB!2#FT1

1
m̂l

ŝ
MB

2F01GdEKdEl . ~B7!

The lepton energyEl in Eq. ~B7! satisfies the following up-
per (El

1) and lower (El
2) bounds

El
65

~MB2EK!6uPW KuA124~m̂l / ŝ!

2
. ~B8!

Finally, the integration of Eq.~B7! over El with dEK

5(MB/2)dŝ gives Eq.~9!.
2-13
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APPENDIX C: ANALYTIC FORM OF THE WEAK FORM
FACTORS IN TIMELIKE REGION

In this appendix, we show the generic form of our an
lytic solutions for the weak form factorsF1(q2) @Eq. ~23!#
andFT(q2) @Eq. ~24!# in timelike region.

In our numerical analysis, we use change of variables

kW'5 lW'1
xb1

2

b1
21b2

2
qW' ,

kW'8 5 lW'2
xb2

2

b1
21b2

2
qW' . ~C1!

Since the form factors in Eqs.~23! and ~24! involve the
terms proportional to (lW'•qW')odd, which are related to the
imaginary parts of the form factors by changingqW' to iqW' ,
we separate the terms with even powers of (lW'

2 ,qW'
2 ) from

those with (lW'•qW')odd in the form factors. One useful iden
tity in this separation procedure is

A2Aa1b~pW'•qW'!5Aa1Aa22b2~pW'•qW'!2

1
b~pW'•qW'!

Aa1Aa22b2~pW'•qW'!2
.

~C2!

By changing pW'•qW'→ ipW'•qW'5 i u lW'uAq2cosu[idl where
q2.0, we separate the ‘‘Real’’ parts from the ‘‘Imaginary
parts in Eqs.~23! and ~24! as follows:

b1
2kW28

21b2
2kW1

2

2b1
2b2

2
[ l̄ R~ lW'

2 ,q2!1 id l l̄ I~ lW'
2 ,q2!, ~C3!
.

t

07403
-

s

from the exponent off2f1, and

A]kz8

]x
A]kz

]x
[JR~ lW'

2 ,q2!1 id lJI~ lW'
2 ,q2!, ~C4!

from the Jacobi factor. The separations of Eqs.~C3! and~C4!
are common for bothF1(q2) andFT(q2). The main differ-
ence between the two form factors comes from different v
tex structures and we denote generically as

(
l8s

R l2l̄
00† ūl2

~p2!

Ap2
1

G1
ul1

~p1!

Ap1
1

R l1l̄
00

5MR~ lW'
2 ,q2!1 id lMI~ lW'

2 ,q2!. ~C5!

Combining Eqs.~C3!–~C5!, we separate the ‘‘Real’’ and
‘‘Imaginary’’ parts of the weak form factors:

F~q2!5
1

~pb1b2!3/2E0

1

dxE d2 lW'exp~2 l̄ R!†@JRMR

2d l
2JIMI #@cos~d l l̄ I !2 i sin~d l l̄ I !#

1d l@JRMI1JIMR#@sin~d l l̄ I !1 i cos~d l l̄ I !#‡,

[FR~q2!1 iF Im~q2!. ~C6!

We do not list here the detailed functional forms of oth
terms. However, since only the termd l is of odd power inlW'

andqW' , one can easily check the imaginary term of the fo
factor FIm(q2) vanishes afterl' integration due to the fac
that*d2 lW'l'

oddexp(2l'
even)50. In fact, we also found that the

term d l l̄ I is small enough to make cos(dl l̄ I).1 and sin(dl l̄ I)
.dl l̄ I with very high accuracy.
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