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Potential models for radiative rare B decays
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We compute the branching ratios for the radiative rare decays ofB into K-meson states and compare them
to the experimentally determined branching ratios for inclusive decayb→sg using the nonrelativistic quark
model, and form factor definitions consistent with the HQET covariant trace formalism. Such calculations
necessarily involve a potential model. In order to test the sensitivity of the calculations to potential models we
use three different potentials: namely, the linear potential, screening confining potential, and heavy quark
potential as it stands in QCD. We find the branching ratios relative to the inclusiveb→sg decay to be
(16.0765.2)%, (19.7565.3)%, and (11.1864.6)% forB→K!(892)g for the linear, screening confining, and
heavy quark potential, respectively, while the corresponding values of branching ratios forB→K2

!(1430)g
relative toB→K!(892)g are 0.4560.13, 0.2460.06, and 0.4660.14, respectively. All these values are con-
sistent with the corresponding present CLEO experimental values: (16.2561.21)% @for B→K!(892)g# and
0.3920.13

10.15 @for B→K2
!(1430)g#.

DOI: 10.1103/PhysRevD.65.074018 PACS number~s!: 13.25.Hw, 12.39.Hg, 12.39.Pn, 13.40.Hq
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I. INTRODUCTION

The flavor changing weak decays of mesons have alw
been a rich source of information about basic interaction
particle physics. In particular, the radiativeB decays B
→K** g@K** ;K* (892), K* (1430) etc.# have received
intensive theoretical studies. The presence of a heavyb quark
permits the use of heavy quark effective theory~HQET! in
evaluating the relevant hadronic matrix elements where
relevance of the use of a potential model comes in. O
purpose of our paper is to test the sensitivity of the branch
ratios forB→K** g decays relative toB→K* (892)g to po-
tential models. Among the radiative processesB→Xsg,B
→K* (892)g and B→K2* (1430)g exclusive branching ra
tios have been measured experimentally@1#:

B„B→K* ~892!g…5~4.5560.34!31025, ~1!

B„B→K2* ~1430!g…

B„B→K* ~892!g…
50.3920.13

10.15 ~2!

and so has been the inclusive rate@2#

B~B→Xsg!5~2.3260.5760.35!31025. ~3!

Several methods have been employed to predictB
→K* g decay rate: HQET@3,4#, QCD sum rules@5–10#,
quark models@11–21#, bound state resonances@22# and lat-
tice QCD @23–26#. In this paper we follow the approach o
@3,4# in which both b and s quarks are considered heav
Although thes quark is not particularly heavy and very su
stantial corrections to the Isgur-Wise functions are to be
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ticipated, particularly at the symmetry point, it has be
found that the use of heavy quark symmetry for thes quark
has not been too bad@4#, particularly in connection with the
prediction of decay rates forD→K (* )ln l , D→Kln l from
B→D (* )ln @3#.

In order to justify the use of heavys-quark mass limit, we
show that although this limit may be not so good for ind
vidual decay rates is quite justified for the ratios of dec
rates. For this purpose we consider the overlap of the in
and final states-wave functions:

I 5E d3pFFFp2
msp

M
K GF I~p!mf3F E1mf

EE8~E81mf !
G 1/2

,

~4!

which can be determined without using the heavy qu
limit. Here E andE8 are the initial and final state energies

K5AmK!

mB
~mB2mK!! ~5!

andM5mf1msp , wheremf andmsp are masses of decay
ing and spectator quarks, respectively. In the heavy qu
limit, the recoil correction~the second term in the argume
of FF) vanishes. We find that the ratio of the overlap integ
for B→K2

!(1430)g and that forB→K!(892)g remains al-
most the same whether we calculate it using the actual i
gral or the one withK50, i.e., in the heavy quark limit.
Actually this ratio comes out to be 0.678 forK5” 0 and 0.689
for K50, if we chooseFF and F I to be the Gaussian
momentum-state trial wave functions. Thus, it may be c
cluded that the ratios calculated in this paper are not se
tive to the heavy quark limit for ‘‘s.’’ This conclusion agrees
with the one obtained in@27#.

In the heavy quark limit, the long distance effects a
contained within unknown form factors whose precise de
©2002 The American Physical Society18-1
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nition consistent with the covariant trace formalism@28–31#
has now been clarified. We use the same nonrelativi
quark model for the wave functions of the light degree
freedom~LDF! as was used in@4# but employ the numerica
approach of@32#. We use three different potentials: line
potential ‘‘V524as/3r 1br1c,’’ screening confining po-
tential ‘‘V5(24as/3r 1sr )@(12e2mr)/mr # ’’ @33#, as sug-
gested by lattice gauge theory, and heavy quark poten
‘‘ V5sr 2(8CF /r )u(r )’’ @34#. Our results for the linear po
tential are (16.0765.2)% for B→K* (892)g and 0.45
60.13! for B→K2* (1430)g while those for the screenin
confining potential are (19.7565.2)% and (0.2460.06)%
and for the heavy quark potential are (11.1864.6)% and
(0.4660.14)%, respectively. They are in good agreem
with the recent experimental measurements made by CL
@1# and at the present precision of both theoretical and
perimental values, one cannot distinguish between the ab
potentials.

In Sec. II we present the theoretical framework forB
→K** g decays. The Isgur-Scora-Grinstein-Wise~ISGW!
model is described in Sec. III which also contains the pro
dure for finding the wave function of LDF using differen
potential models. The obtained results are summarized in
Conclusion.

II. THEORETICAL FRAMEWORK

For B→K** g decays the effective Hamiltonian is we
known @32,35,36,37#:

He f f52
4GF

A2
VtbVts* C7~mb!O7~mb!, ~6!

where

O75
e

32p2
Fmn@mbs̄smn~11g5!b1mss̄smn~12g5!b#.

~7!

Matrix elements of bilinear currents of two heavy quar

@J(q)5Q̄TQ# are most conveniently evaluated within th
framework of covarient trace formalism. Denotingv5v8
•v, wherev andv8 are the four velocities of the two meson
we have

^C8~v8!uJ~q!uC~v !&5Tr@M̄ ~v8!GM ~v !#M~v!,

whereM 8 andM denote matrices describing statesC8(v8)
andC(v), M̄5g0M†g0, andM(v) represents the LDF.M,
M 8, andM(v) can be found in@4,31# and using Eq.~7! we
can write

^K** guO7~mb!uB&

5
e

16p2
hmqn Tr@M̄ 8~v8!VmnM ~v !#M~v!,

~8!
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where the factorqn5mBvn2mK** vn8 comes from the de-
rivative in the field strengthFmn of Eq. ~7!, hm is the photon
polarization vector and

Vmn5mBsmn~11g5!1mK** smn~12g5!. ~9!

Using the mass shell condition of the photon (q250) and
polarization sums for spin-1 and spin-2 particles, the de
rates are calculated in@4,32#:

G„B→K* ~892!g…

5VujC~v!u2
1

y
@~12y!3~11y!5~11y2!#, ~10!

G„B→K1~1270!g…

5VujE~v!u2
1

y
@~12y!5~11y!3~11y2!#, ~11!

G„B→K1~1400!g…

5VujF~v!u2
1

24y3
@~12y!5~11y!7~11y2!#,

~12!

G„B→K2* ~1430!g…

5VujF~v!u2
1

8y3
@~12y!5~11y!7~11y2!#, ~13!

G„B→K* ~1680!g…

5VujG~v!u2
1

24y3 @~12y!7~11y!5~11y2!#,

~14!

G„B→K2~1580!g…

5VujG~v!u2
1

8y3
@~12y!7~11y!5~11y2!#, ~15!

G„B→K* ~1410!g…

5VujC2
~v!u2

1

y
@~12y!3~11y!5~11y2!#, ~16!

G„B→K1~1650!g…

5VujE2
~v!u2

1

y
@~12y!5~11y!3~11y2!#, ~17!

where

y5
mK**
mB

, ~18!

V5
a

128p4
GF

2mB
5 uVtbu2uVtsu2uC7~mB!u2 ~19!
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and the argument of the Isgur-Wise~IW! function is fixed by
the mass shell condition of the photon (q250):

v5
11y2

2y
. ~20!

III. POTENTIAL MODELS FOR THE ISGUR-WISE
FUNCTIONS

Following @32# for the evaluation of IW form factors
needed for the decay rates we assume that we can des
heavy-light mesons using some nonrelativistic poten
models; the rest frame LDF wave function can then be w
ten as

f j l j
(aL)~x!5 (

mL ,ms

RaL~r !YLmL
~V!xms

3 K L,mL ;
1

2
,msU j ,l j ;L,

1

2L , ~21!

wherexs represent the rest frame spinors normalized to o
xm

s8
†

xms
5dm

s8 ,ms
and a represents all other quantum num

bers. In@32# the following expressions for the form facto
are obtained:

jC~v!5
2

v11
^ j 0~ar !&00, 01/2

2 →~01/2
2 ,11/2

2 !, ~22!

jE~v!5
2

Av221
^ j 1~ar !&10, 01/2

2 →~01/2
1 ,11/2

1 !, ~23!

jF~v!5A 3

v221

2

v11
^ j 1~ar !&10, 01/2

2 →~13/2
1 ,23/2

1 !,

~24!

jG~v!5
2A3

v221
^ j 2~ar !&20, 01/2

2 →~13/2
2 ,23/2

2 !, ~25!

where, denoting the energy of LDF asEq ,

a5~Eq1Eq̄8!Av21

v11
~26!

and

^F~ar !&L8L
a8a

5E r 2drRa8L8
* ~r !RaL~r !F~ar !. ~27!
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To find the form factors we use the method of@32#, i.e., solve
the Schro¨dinger equation numerically. We use three differe
potentials.

The linear potential:

V5
24as

3r
1br1c. ~28!

The screening confining potential@33#:

V5S 24as

3r
1sr D 12e2mr

mr
. ~29!

the heavy quark potential@34#:

V5sr 2
8CF

r
u~r !. ~30!

For the linear potential we use the same parameters as d
mined in @32#, namely b50.18 GeV2, as in the range
0.37 to 0.48 andc in the range 0.83 to20.90 GeV. In@32#,
these values were obtained by fixing@38# b50.18 GeV2,
and varyingas and c for a given value ofmu,d and ms
~respectively in the ranges 0.30–0.35 GeV and 0.5–
GeV!, until a good description of the spin averaged spec
of K-meson states is obtained. These parameters are in
agreement with the original ISGW values@38# (as50.5 and
c520.84 GeV). For the screening confining potential@33#,
s50.1860.02 GeV2 andm2150.860.2 fm, while for the
heavy quark potential,s is as given above,CF5(Nc

2

21)/2Nc, and@a(q2) is defined in@34#, k5s/2pCF]

u~r !5E
0

`dq

q S a~q2!2
k

q2D sin~q•r !, ~31!

FIG. 1. Low r and high r ~asymptotic! behavior of the LDF
wave function.
8-3
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TABLE I. Ratios[BR(B→K!!g)/BR(B→K!(892)g).

Meson JP Linear Pot. Scr. Pot. Heavy Quark Ref.@32# Experimental value

K! 01 Forbidden
K1 11 0.2960.08 0.4260.10 0.1560.04 0.2660.07
K1 11 0.1560.04 0.1960.05 0.4960.15 0.1360.03
K2

! 21 0.4560.13 0.2460.06 0.4660.14 0.3760.10 0.3920.13
10.15

K! 12 0.0360.01 0.1960.05 0.1260.04 0.0360.01
K2 22 0.1260.03 0.0460.01 0.1660.05 0.1060.03
K 02 Forbidden
K! 12 0.3460.10 0.3260.08 0.2860.08 0.2460.07
K0

! 01 Forbidden
K1 11 0.1160.03 0.1660.04 0.1860.05 0.1060.03
r
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which is calculated numerically atr>0.01 fm and repre-
sented in theMATHEMATICA file.1 The short distance behavio
of the potential is purely peturbative, so that atr<0.01 fm
we can put

V~r !52CF

āv~1/r 2!

r
, ~32!

where the value of the running coupling constantāv(1/r 2) at
r s50.01 fm isāv(1/r s

2)50.22213.
As in @4# the definition of the LDF energy for aK**

meson, proposed to account for the fact thats mesons are no
particulaly heavy, is

Eq̄5
mK** 3mu,d

ms1mu,d
. ~33!

Another definition which is consistent with heavy qua
symmetry is

Eq̄5mK** 2ms . ~34!

These two definitions are not equivalent in the heavy qu
limit, so we have done all calculations employing both
these two definitions and at the end we have quoted

1In the format of note book at the sit
http://www.ihep.su/;kiselev/Potential.nb.
.

er
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broadest possible range of the results obtained. Finally,Eq̄
for theB meson has been taken to be the same as for theK*
meson, consistent with heavy quark symmetry. It turns
that this is actually a very reasonable assumption. To find
size of a meson, which we need for the evaluation of
integral in Eq.~ 27!, we investigate for the asymptotic be
havior of the Schro¨dinger equation for a particular potentia
model. As an example we display the asymptotic behavio
the LDF wave function for a linear potential model~for l
51) in Fig. 1.

IV. CONCLUSION

In Table I we present our results for the ratioR5G(B
→K!!g)/G(B→Xsg) for variousK meson states; the inclusiv
branching ratio is usually taken to be the QCD improv
quark decay rate forB which can be written as@35,37#

G~B→Xsg!54VS 12
ms

2

mb
2D 3S 11

ms
2

mb
2D ~35!

giving the prediction for BR(b→sg) to be (2.860.8)
31024 @32#, where the uncertainty is due to the choice of t
QCD scale.

We find that the radiative decays ofB into K meson states
saturate 30% to 50% the inclusive decay rate. We can
reach more quantitative conclusions due to errors involve
theoretical estimates, due to which we also cannot at pre
distinguish between the potential models used.
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