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CP violation and matter effect in long-baseline neutrino oscillations in the four-neutrino model
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We investigate theCP violation effect and the matter effect in the long-baseline neutrino oscillations in the
four-neutrino model with the mass scheme of the two pairs of two close masses separated by a gap of the order
of 1 eV by using the constraints on the mixing matrix derived from the solar neutrino deficit, atmospheric
neutrino anomaly, LSND experiments, and the other terrestrial neutrino oscillation experiments. We also use
the results of the combined analyses by Gonzalez-Garcia, Maltoni, and Pen˜a-Garay of the solutions to the solar
and atmospheric neutrino problems with the recent SNO solar neutrino data. For the solution of close-to-active
solar neutrino oscillations plus close-to-sterile atmospheric neutrino oscillations, the pureCP violation part of
the oscillation probability difference between theCP-conjugate channels could get as large as 0.10–0.25 in the
neutrino energy range ofE56 –15 GeV at the baselineL5730 km for nm→nt oscillation and the matter
effect is at the 8–15 % level of the pureCP violation effect, while for the solution of near-pure-sterile solar
neutrino oscillations plus near-pure-active atmospheric neutrino oscillations, the pureCP violation effect in
DP(nm→nt) is very small (;0.01) and is comparable to the matter effect. Fornm→ne oscillation, the pure
CP violation effect is independent of the active-sterile admixture and is at most 0.05 inE51.5–3 GeV atL
5290 km and the matter effect is at the 15–30 % level.
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I. INTRODUCTION

CP violation has not yet been observed in the lepto
sector. Since it is found in the hadronic sector, such as iK
@1# andB meson@2# decays, the observation ofCP violation
in neutrino oscillations will bring an important clue to unde
standing the origin ofCP violation.

The solar neutrino deficit@3# and the atmospheric neutrin
anomaly@4# have been interpreted as evidence of neutr
oscillation. The relevant mass-squared differences of
neutrinos are derived to beDmatm

2 5(1.525)31023 eV2 for
the atmospheric neutrino anomaly@5# and to be in the range
Dmsolar

2 5(1021121024) eV2, corresponding to the four so
lutions to the solar neutrino deficit@6#. Moreover, the Liquid
Scintillation Neutrino Detector~LSND! measurements@7#

have given possible evidence ofnm→ne and n̄m→ n̄e oscil-
lations withDmLSND

2 5(0.221) eV2 in the short-baseline ex
periments.

The recent measurement of the solar neutrino flux by
use ofne charged current process on deuteron disintegra
by the Sudbury Neutrino Observatory~SNO! @8# seems to
indicate that the large mixing angle~LMA ! solution and the
low mass ~LOW! solution in the Mikheyev-Smirnov-
Wolfenstein~MSW! mechanism survive among the neutrin

*Email address: hattori@ias.tokushima-u.ac.jp
†Email address: hasuike@anan-nct.ac.jp
‡Email address: wakaizum@medsci.tokushima-u.ac.jp
0556-2821/2002/65~7!/073027~13!/$20.00 65 0730
c

o
e

e
n

oscillation solutions for the solar neutrino problem in t
three-neutrino mixing scheme@9#.

As for the sterile neutrino@10–19#, the oscillation into
sterile neutrinos is claimed to be disfavored by the Sup
Kamiokande Collaboration for both the solar neutrino@20#
and the atmospheric neutrino@21# transitions in the two-
neutrino analyses. However, the recent four-neutrino an
ses by Barger, Marfatia, and Whisnant@22# and by Gonzalez-
Garcia, Maltoni, and Pen˜a-Garay@23# including the SNO
measurement show that the oscillation into the active-ste
admixture is allowed for both the solar neutrino and the
mospheric neutrino.

CP violation in the long-baseline neutrino oscillations h
been investigated in the three-neutrino mixing scheme@24–
29#, including the earth matter effect@30#. The size of the
CP violation effects turns out to be of (a few210)% level
up to the neutrino energyE;1 GeV at a baselineL5250
2730 km for the mass-squared differencesDm21

2 [Dmsolar
2

.331025 eV2, Dm31
2 [Dmatm

2 .331023 eV2 and uUe3u
.0.05 which is related to the only undetermined angle
present of the three mixing angles@27#. The matter effect
affects the pureCP violation effect, depending on the lengt
of the baseline, although there are cases in which the o
lation probabilities are approximately independent of t
presence of matter, called ‘‘vacuum mimicking phenomen
@31#. The observability of theCP violation effects in long-
baseline experiments was recently extensively studied
both the beams from the neutrino factory@32# and the con-
ventional superbeams@33#.
©2002 The American Physical Society27-1
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On the other hand, theCP violation effect in the four-
neutrino mixing scheme with one sterile neutrino is shown
be possibly highly sizable@34# and is studied by us for its
dependence on the mixing angles and phases for variou
cillations such asne→nm andnm→nt and is shown to reach
to a magnitude as large as 0.3 in thenm→nt oscillation in
the long-baseline experiments@35#. Since the oscillation pat
tern is governed by the LSND mass scale in the sh
baseline experiments in the four-neutrino mixing scheme,
sensitivity toCP violation at the neutrino factory is studie
in detail at the baselineL5102100 km @36,37#.

In this paper we will investigate in the four-neutrin
model how large theCP violation effects can be in the long
baseline experiments withL5290 km and 730 km for
Gonzalez-Garciaet al.’s two solutions @23#, that is, ~A!
close-to-active solar neutrino oscillations plus close-to-ste
atmospheric neutrino oscillations and~B! near-pure-sterile
solar neutrino oscillations plus near-pure-active atmosph
neutrino oscillations, and will evaluate the matter effect
these CP violation effects in the four-neutrino mixing
scheme.

The paper is organized as follows. In Sec. II the meth
of calculating the oscillation probability with matter effec
formulated by Arafune, Koike, and Sato@25#, is applied to
the four-neutrino model. In Sec. III the constraints on t
four-neutrino mixing matrix are derived by using the resu
from the recent combined analyses of the solar and at
spheric neutrino deficits in the four-neutrino scheme@23# and
using the data from the LSND, Bugey, CHOOZ, CHORU
and NOMAD experiments. In Sec. IV we study the behav
of the CP violation effect with respect to the mixing ang
that governs the active-sterile admixture and, therefore,
tinguishes the above-mentioned two solutions~A! and ~B!,
and we show our results on the pureCP violation effects and
the matter effect in the long-baseline experiments fornm
→ne and nm→nt oscillations with the baselines ofL
5290 km and 730 km. It turns out that theCP violation
effect innm→nt oscillation can be highly sizable (;0.2) for
the solution~A! and is very small (;0.02) for the solution
~B!. On the other hand, the matter effect is small fornm
→ne oscillation in the neutrino energy rangeE<2 GeV at
L5290 km. Fornm→nt oscillation, the matter effect is neg
ligibly small in E<12 GeV atL5730 km for the solution
~A!, while it is comparable to pureCP violation effect for
the solution~B!. Section V is devoted to the conclusion.

II. OSCILLATION PROBABILITY
IN THE FOUR-NEUTRINO MODEL

In order to consider the solar neutrino deficit, the atm
spheric neutrino anomaly and the LSND experiment, we t
the four-neutrino model with the three ordinary active ne
trinos and one sterile neutrino with three different scales
the neutrino mass-squared difference,Dmsolar

2 5(1026

21024) eV2, Dmatm
2 5(1.525)31023 eV2, and DmLSND

2

5(0.221) eV2.
Under the notion of the neutrino oscillation hypothe

@38,39#, the flavor eigenstates of neutrinosna (a
5e,m,t,s) are the mixtures of mass eigenstates in
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vacuumn i ( i 51,2,3,4) with massesmi as follows:

na5(
i 51

4

Ua i
(0)n i , ~1!

wherene , nm , andnt are the ordinary neutrinos,ns is the
sterile neutrino, andU (0) is the unitary mixing matrix.

In order to evaluate the matter effect, which gives a fa
CP violation effect, in the long-baseline neutrino oscillatio
experiments, we apply the method formulated by Arafu
Koike, and Sato@25# to the four-neutrino mixing scheme.

The evolution equation for the flavor eigenstate vector
matter is expressed as

i
dn

dx
5Hn, ~2!

wherex is the time in which the neutrino propagates and

H[2U diag~p1 ,p2 ,p3 ,p4!U†

.
1

2E
U diag~m1

2 ,m2
2 ,m3

2 ,m4
2!U†, ~3!

with a unitary mixing matrixU, energy of neutrinoE, and
the effective mass squaredm i

2’s ( i 51,2,3,4). In Eq.~3! we
have taken an approximation that neutrino masses are m
smaller than their momenta and energies and have negle
an irrelevant term to the neutrino oscillation. The matrixU
and the massesm i ’s are determined by

US m1
2 0 0 0

0 m2
2 0 0

0 0 m3
2 0

0 0 0 m4
2

D U†

5U (0)S 0 0 0 0

0 Dm21
2 0 0

0 0 Dm31
2 0

0 0 0 Dm41
2

D U (0)†

1S a 0 0 0

0 0 0 0

0 0 0 0

0 0 0 a8

D , ~4!

whereDmi j
2 5mi

22mj
2 and

a[2A2GFNeE57.6031025
r

~g cm23!

E

~GeV!
eV2,

a8[A2GFNnE.A2GFNeE5a/2. ~5!

The quantitiesa anda8 denote the matter effect to the osc
lation, a coming from the charged current process ofne and
a8 from the neutral current process ofne , nm , andnt . In
7-2
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Eq. ~5!, Ne is the electron density of the matter,r is the
matter density, andNn is the neutron density which is ap
proximately equal toNe since we consider the earth matt
effect in the long-baseline experiments. The solution of
~2! is given by

n~x!5S~x!n~0!, ~6!

with

S~x!5T expS 2 i E
0

x

dsH~s! D , ~7!

whereT is the time ordering operator, andx is actually the
distance in which the neutrino propagates with a speed
most equal to the light velocity. In the following, the matt
density is assumed to be independent of space and tim
simplicity, and then we have

S~x!5e2 iHx. ~8!

The oscillation probability forna→nb for the distanceL is
expressed as

P~na→nb ;L !5uSba~L !u2. ~9!

The oscillation probability for the antineutrinosP( n̄a

→ n̄b ;L) is obtained by replacingU→U* , a→2a, and
a8→2a8 in Eq. ~9!. TheCP violation effect in the neutrino
oscillation is given by the probability difference betwe
CP-conjugate channels as follows:

DP~na→nb![P~na→nb ;L !2P~ n̄a→ n̄b ;L !. ~10!

This quantity DP(na→nb) consists of the pure
CP-violation effect due to the phases ofU (0) and the fake
CP-violation effect due to the matter effect.

In the four-neutrino model, the four neutrino masses c
be divided into two classes: 311 and 212 schemes. The
212 scheme consists of the two pairs of close masses s
rated by the LSND mass gap of the order of 1 eV@13,17,18#
so as to accommodate the solar and atmospheric neu
deficits and the LSND experiments together with the res
from the other accelerator and reactor experiments on
neutrino oscillation. The 311 scheme consists of a group
three masses separated from an isolated one by the gap o
order of 1 eV. This scheme is only marginally allowed@40#
and the phenomenology includingCP violation is discussed
by Donini and Maloni@37# together with the 212 scheme,
showing that the detailed comparison of the physical reac
the neutrino factory in the two schemes gives similar res
for the sensitivity to the mixing angles. We concentrate h
on the 212 scheme in ordr to see theCP violation effect in
the oscillation for various rates of the active-sterile adm
ture of neutrinos, as stated in the Introduction. There are
following two mass patterns in the 212 scheme:~i! Dmsolar

2

[Dm21
2 !Dmatm

2 [Dm43
2 !DmLSND

2 [Dm32
2 and ~ii ! Dmsolar

2
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[Dm43
2 !Dmatm

2 [Dm21
2 !DmLSND

2 [Dm32
2 . We will adopt

the first pattern in the following analyses, and the seco
pattern can be attained only through the exchange of ind
(1,2)↔(3,4) in the following various expressions such
the oscillation probabilities.

Since Dm21
2 !Dm31

2 ,Dm41
2 and a,a8!Dm31

2 ,Dm41
2 , we

decomposeH asH5H01H1 of Eq. ~3! with

H05
1

2E
U (0)S 0 0 0 0

0 0 0 0

0 0 Dm31
2 0

0 0 0 Dm41
2

D U (0)†, ~11!

and

H15
1

2E
U (0)S 0 0 0 0

0 Dm21
2 0 0

0 0 0 0

0 0 0 0

D U (0)†

1
1

2E S a 0 0 0

0 0 0 0

0 0 0 0

0 0 0 a8

D , ~12!

and treatH1 as a perturbation and calculate Eq.~8! up to the
first order ina, a8, andDm21

2 . Following the Arafune-Koike-
Sato procedure@25#, S(x) of Eq. ~8! is given by

S~x!.e2 iH 0x2 ie2 iH 0xE
0

x

dsH1~s!, ~13!

where H1(x)5eiH 0xH1e2 iH 0x. The approximation in Eq.
~13! requires

Dm21
2 L

2E
!1,

aL

2E
!1,

a8L

2E
!1. ~14!

The requirements of Eq.~14! are satisfied forDm21
2 5(1025

21024) eV2, Dm31
2 5(0.121) eV2, E51215 GeV, L

5(3002750) km, andr53 g/cm3 as

Dm21
2 L

2E
.53102420.2,

aL

2E
,

a8L

2E
.0.120.4. ~15!

Equation ~14! also shows that the approximation becom
better as the energyE increases, so we can apply this a
proximation to the multi-GeV region such asE51
215 GeV. If we expressSba(x) as

Sba~x!5dba1 iTba~x!, ~16!

theniTba(x) is obtained as follows~in the following,Uba
(0) is

denoted asUba for brevity!:
7-3
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iTba~x!522i expS 2 i
Dm31

2 x

4E D sinS Dm31
2 x

4E D FUb3Ua3* H 12
a

Dm31
2 ~2uUe3u22dae2dbe!

2
a8

Dm31
2 ~2uUs3u22das2dbs!2 i

ax

2E
uUe3u22 i

a8x

2E
uUs3u2J

2S a

Dm31
2

1
a

Dm43
2 D ~Ua3* Ub4Ue3Ue4* 1Ua4* Ub3Ue4Ue3* !

2S a8

Dm31
2

1
a8

Dm43
2 D ~Ua3* Ub4Us3Us4* 1Ua4* Ub3Us4Us3* !G22i expS 2 i

Dm41
2 x

4E D sinS Dm41
2 x

4E D
3FUb4Ua4* H 12

a

Dm41
2 ~2uUe4u22dae2dbe!2

a8

Dm41
2 ~2uUs4u22das2dbs!2 i

ax

2E
uUe4u22 i

a8x

2E
uUs4u2J

2S a

Dm41
2

2
a

Dm43
2 D ~Ua3* Ub4Ue3Ue4* 1Ua4* Ub3Ue4Ue3* !

2S a8

Dm41
2

2
a8

Dm43
2 D ~Ua3* Ub4Us3Us4* 1Ua4* Ub3Us4Us3* !G

2 i
Dm31

2 x

2E FDm21
2

Dm31
2

Ub2Ua2* 1
a

Dm31
2 $daedbe1Ub3Ua3* ~2uUe3u22dae2dbe!1Ub4Ua4* ~2uUe4u22dae2dbe!

1Ua3* Ub4Ue3Ue4* 1Ua4* Ub3Ue4Ue3* %1
a8

Dm31
2 $dasdbs1Ub3Ua3* ~2uUs3u22das2dbs!

1Ub4Ua4* ~2uUs4u22das2dbs!1Ua3* Ub4Us3Us4* 1Ua4* Ub3Us4Us3* %G . ~17!
n
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We use Eq.~17! in Eq. ~16! and calculate the oscillation
probability for na→nb by Eq. ~9!. The complete expressio
of P(na→nb ;L) in the four-neutrino model with matter ef
fect is given in the Appendix.

III. CONSTRAINTS ON THE MIXING MATRIX

In this section the constraints imposed on the mixing m
trix U are derived from the solar neutrino deficit, atm
spheric neutrino anomaly, LSND experiments and the ot
terrestrial oscillation experiments using the accelerators
reactors.

~i! We use the results of the recent combined analysi
the atmospheric neutrino anomaly and the solar neut
deficit in the four-neutrino scheme, done by Gonzal
Garcia, Maltoni, and Pen˜a-Garay@23#. They obtained two
solutions:~A! close-to-active solar neutrino oscillations pl
close-to-sterile atmospheric neutrino oscillations, expres
by

uUs1u21uUs2u2;0.2, ~18!
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and ~B! near-pure-sterile solar neutrino oscillations pl
near-pure-active atmospheric neutrino oscillations, expres
by

uUs1u21uUs2u2;0.9120.97. ~19!

For the later convenience, we define the quantityuUs1u2
1uUs2u2 asD.

~ii ! A constraint onUm3 and Um4 is derived from the
atmospheric neutrino anomaly, where the survival proba
ity of nm is given by

P~nm→nm!.124uUm3u2uUm4u2 sin2 D43

22~ uUm1u21uUm2u2!~12uUm1u22uUm2u2!,

~20!

where D i j [Dmi j
2 L/(4E). The Super-Kamiokande data

sin2 2uatm.0.82 for 531024,Dmatm
2 ,631023 eV2 @4#,

give a constraint, along with the expectation ofuUm1u2

1uUm2u2!1, of

uUm3u2uUm4u2.0.205. ~21!
7-4
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~iii ! The Bugey experiment of short-baseline reactorn̄e
disappearance@41# gives a constraint onuUe3u21uUe4u2. The
survival probability ofn̄e is expressed by

P~ n̄e→ n̄e!.124~ uUe3u21uUe4u2!

3~12uUe3u22uUe4u2!sin2 D32, ~22!

where D41;D42;D31;D32 is used. The data, sin2 2uBugey
,0.1 for 0.1,Dm2,1 eV2, bring a constraint of

uUe3u21uUe4u2,0.025. ~23!

The first long-baseline reactor experiment, that is,
CHOOZ experiment @42# gives a constraint of
4uUe3u2uUe4u2,0.18, through their data of sin2 2uCHOOZ
,0.18 for 331023,Dm2,1.031022 eV2. This constraint
can be involved in the constraint of Eq.~23! obtained from
the Bugey experiment.

~iv! In the same way as above, the LSND experiment@7#
brings a constraint of

uUm3* Ue31Um4* Ue4u50.01620.12 ~24!

from the data of sin2 2uLSND51.03102326.031022 for
0.2,DmLSND

2 ,2 eV2.
~v! The CHORUS@43# and NOMAD @44# experiments

searching for thenm→nt oscillation gives a constraint of

uUm3* Ut31Um4* Ut4u,0.4 ~25!

for Dm2,1 eV2, which is derived from the latest NOMAD
experimental data of sin2 2u NOMAD,(0.8 eV2/Dm2)2 for
0.8,Dm2,10 eV2.

The details of the derivation of the constraints in~ii !–~v!
can be seen in our previous work@35#.

IV. CP VIOLATION AND MATTER EFFECT

In this section we will investigate how large theCP vio-
lation effect could be in the long-baseline neutrino oscil
tions in the light of the recent combined analysis of the so
and atmospheric neutrino deficits, that is, depending on
rate of the active-sterile neutrino admixture, and how mu
the matter effect affects the pureCP violation effect.

In order to translate the constraints onU derived in the
previous section into the ones with the mixing angles a
phases, we adopt the most general parametrization ofU for
Majorana neutrinos@19#, which includes six mixing angles
and six phases. The expression of the matrix is too com
cated to show here, so that we cite only the matrix eleme
which are useful for the following analyses:Ue1

5c01c02c03, Ue25c02c03sd01* , Ue35c03sd02* , Ue45sd03* ,
Um352sd02* sd03sd13* 1c02c13sd12* , Um45c03sd13* , Ut3

52c13sd02* sd03sd23* 2c02sd12* sd13sd23* 1c02c12c23, Ut4

5c03c13sd23* , Us352c13sd02* sd03c232c02sd12* sd13c23

2c02c12sd23, andUs45c03c13c23 ~instead ofUs1 andUs2),
where ci j [cosuij and sdi j[si j e

id i j [sinuije
idij, and

u01,u02,u03,u12,u13,u23 are the six angles an
d01,d02,d03,d12,d13,d23 are the six phases. Three of the s
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oscillation probability differences are independent so t
only three of the six phases are determined by the meas
ments of theCP violation effects, that is, the Dirac phase

By using this parametrization ofU, the constraints of Eqs
~18!, ~19!, ~21!, ~23!, ~24! and ~25! are expressed by th
mixing angles and phases as follows:

us02s03c13c23e
2 id11c02c23s12s131c02c12s23e

id2u2

1uc03c13c23u2;0.8 ~A! or 0.0320.09 ~B!,

~26!

u2s02s03s13e
2 id11c02c13s12u2c03

2 s13
2 .0.205, ~27!

c03
2 s02

2 1s03
2 ,0.025, ~28!

uc02s02c03s12c131c02
2 c03s03s13e

id1u50.01620.12, ~29!

uc02
2 c12s12c13c232c02s02s03s12c13

2 s23e
2 i (d11d2)

2c02s02s03c12s13c23e
id11c02s02s03s12s13

2 s23e
i (d12d2)

1c13s13s23~c03
2 2c02

2 s12
2 1s02

2 s03
2 !e2 id2u,0.4, ~30!

whered1[d022d032d121d13 andd2[d122d131d23. The
constraint of Eq.~26! is expressed foruUs3u21uUs4u2 instead
of the one foruUs1u21uUs2u2 in Eqs.~18! and ~19!.

Equation~28! from the Bugey experiment gives a strin
gent constraint on the two mixing angless02 ands03, like the
one for uUe3u from the CHOOZ experiment in the three
neutrino mixing scheme. And, in this situation, Eq.~27! from
the atmospheric neutrinos gives a strong constraint on
mixing angless12 ands13, roughlys12.0.91 ands13 around
the maximal mixing. The angles23 strongly affects the rate
of the active-sterile admixture,uUs1u21uUs2u2 ([D), as
seen in Eq.~26!. The angles01 does not occur in Eqs.~26!–
~30!. The phased1 affects the the determination of the a
lowed regions ofs02, s03, s12, and s13 through Eqs.~27!
and ~29!.

In order to see the gross features of the pureCP violation
effect in the long-baselinenm→ne and nm→nt oscillations
with respect to the mixing angles and phases, we write do
the expressions of the effect to the leading terms relevan
the long-baseline oscillation and by using the smallness
s02 ands03 as follows:

DP~nm→ne!.4c02s02c03
2 s03s12c13s13

3sind1 sinS Dm43
2 L

2E D , ~31!

DP~nm→nt!.24c02
2 c03

2 c12s12c13
2 s13c23s23

3sind2 sinS Dm43
2 L

2E D . ~32!

These expressions are obtained from the exact expressio
the pureCP violation effect of Eq.~10!, not from the ap-
proximate one given in the Appendix. As can be seen in E
~31! and ~32!, DP(nm→ne) depends primarily on the phas
7-5
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d1 andDP(nm→nt) depends on the phased2. The angles23
determinesDP(nm→nt), but does not affectDP(nm→ne)
to the leading terms. Similarly, the angless02 ands03 deter-
mine DP(nm→ne), but do not appreciably affectDP(nm
→nt), sinces02 ands03 are very small. So, first, in Fig. 1 w
show the pureCP violation effect innm→ne oscillation as a
function of the phased1 for the baseline ofL5290 km and
the neutrino energyE51.2 GeV for the typical three param
eter sets which are allowed by the constraints of Eqs.~26!–
~30!: (s0250.12, s0350.06, s1250.93,s1350.71), (s02
50.12, s0350.05, s1250.97,s1350.71), and (s0250.15,
s0350.02, s1250.95, s1350.71), and commonlys015s23

51/A2 andd25p/2. We have taken the mass-squared d
ferences as Dm43

2 5Dmatm
2 52.531023 eV2, Dm32

2

5DmLSND
2 50.3 eV2, and Dm21

2 5Dmsolar
2 5531025 eV2,

which are fixed in the following unless stated otherwise.
seen in Fig. 1, the magnitude ofCP violation in nm→ne
oscillation is at most 0.03 forL5290 km and at E
51.2 GeV, which is almost the same in magnitude as in
three-neutrino mixing scheme. In Fig. 2 we show the p
CP violation effect innm→nt oscillation as a function of the
phased2 at L5730 km andE56.1 GeV for the typical
three parameter sets: (s0250.12, s0350.06, s1250.93, s13
50.71), (s0250.12, s0350.06, s1250.97, s1350.71), and
(s0250.15,s0350.03,s1250.99,s1350.71), and commonly
s015s2351/A2 andd15p/2. As seen in Fig. 2, the magn
tude ofCP violation effect innm→nt oscillation could attain
as large as 0.3, as already shown in Ref.@35#. We show in
Fig. 3 the pureCP violation effect innm→nt oscillation as a
function of the mixing angleu23 at L5730 km andE
56.1 GeV for the three parameter sets: (s025s0350.11,
s1250.93, s1350.71), (s0250.15, s0350.05, s1250.95, s13
50.71), and (s025s0350.11, s1250.97, s1350.71), and
commonlys0151/A2 andd15d25p/2. As seen in Fig. 3,

FIG. 1. The pureCP violation effect innm→ne oscillation with
respect to the phased1 of the mixing matrix in the long-baseline
experiment with the baselineL5290 km and the neutrino energ
E51.2 GeV for the typical three parameter sets: (s0250.12,s03

50.06, s1250.93, s1350.71) ~solid line!, (s0250.12, s0350.05,
s1250.97, s1350.71) ~dashed line!, and (s0250.15, s0350.02, s12

50.95, s1350.71) ~dotted line!, and commonly taken ass015s23

51/A2, d015d025d035d1250, and d25p/2. The mass-square
differences of neutrinos are fixed asDmatm

2 52.531023 eV2,
DmLSND

2 50.3 eV2, andDmsolar
2 5531025 eV2.
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the maximal mixing ofu23(.45 °) gives the maximumCP
violation effect. As can be seen fron Eqs.~31!and ~32!, the
CP violation effectsDP(nm→ne) andDP(nm→nt) do not
depend on the mixing angles01 to the leading terms. So, in
the following calculations we fix ass0151/A2.

Next, we discuss the relation between the rate of acti
sterile admixtureuUs1u21uUs2u2 ([D) and the pureCP
violation effect innm→ne andnm→nt oscillations, whereD
is given by Eq.~26! subtracted from 1. As can be seen fro
Eq. ~31!, since the pureCP violation effect DP(nm→ne)
does not depend on the mixing angles23 to the leading terms,
it does not vary with the quantityD. So, DP(nm→ne) is

FIG. 2. The pureCP violation effect innm→nt oscillation with
respect to the phased2 of the mixing matrix in the long-baseline
experiment with the baselineL5730 km and the neutrino energ
E56.1 GeV for the typical three parameter sets: (s0250.12,s03

50.06,s1250.93,s1350.71) ~solid line!, (s0250.12,s03

50.06,s1250.97,s1350.71) ~dashed line!, and (s0250.15,s03

50.03,s1250.99,s1350.71) ~dotted line!, and commonly taken as
s015s2351/A2,d015d025d035d1250, and d15p/2. The mass-
squared differences of neutrinos are the same as in Fig. 1.

FIG. 3. The pureCP violation effect innm→nt oscillation with
respect to the mixing angleu23 of the mixing matrix at L
5730 km andE56.1 GeV for the typical three parameter se
(s025s0350.11, s1250.93, s1350.71) ~solid line!, (s0250.15,s03

50.05, s1250.95, s1350.71) ~dashed line!, and (s025s0350.11,
s1250.97, s1350.71) ~dotted line!, and commonly taken ass01

51/A2, d015d025d035d1250, andd15d25p/2.
7-6
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almost the same at the level of<0.05 atL5290 km and in
1<E<10 GeV among the close-to-active solar neutrino
cillations plus close-to-sterile atmospheric neutrino osci
tions (D;0.2), near-pure-sterile solar neutrino oscillatio
plus near-pure-active atmospheric neutrino oscillationsD
;0.9120.97), and the maximal active-sterile admixture (D
;0.5). We show in Fig. 4 the pureCP violation effect of
DP(nm→ne) at L5290 km in the neutrino energy range
1.5<E<3 GeV for the two cases of mixing angles: (s02
5s0350.11, s1250.97, s1350.73) in solid line and (s02
50.12, s0350.06, s1250.93, s1350.71) in dashed line, for
commonly s2350.4 andd15d25p/2. In order to see the
magnitude of the matter effect toDP(nm→ne), we show in
Figs. 5 and 6 the pureCP violation effect~solid line! and the
matter effect~dotted line! for the above-mentioned two case
of the mixing angles, respectively. The matter effect is c
culated from the equation in the Appendix and, as can
seen in Figs. 5 and 6, its relative magnitude to the pureCP

FIG. 4. The pureCP violation effect innm→ne oscillation with
respect to the neutrino energyE(51.5–3 GeV) atL5290 km for
the typical two parameter sets: (s025s0350.11, s1250.97, s13

50.73) ~solid line! and (s0250.12, s0350.06, s1250.93, s13

50.71) ~dashed line!, and commonly taken ass0151/A2, s23

50.4, d015d025d035d1250, andd15d25p/2.

FIG. 5. The pureCP violation effect~solid line! and the matter
effect ~dotted line! in nm→ne oscillation with respect to the neu
trino energy E at L5290 km for the parameter set (s025s03

50.11,s1250.97,s1350.73) and the other angles and phases
the same as in Fig. 4.
07302
-
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violation effect is around 15% at 1.5 GeV and 30% at 3 Ge
Figure 7 shows the pureCP violation effect and the matte
effect in nm→ne oscillation in the high energy range of
<E<10 GeV for (s025s0350.11, s1250.97, s1350.73).
The relative magnitude of the matter effect becomes lar
than that in the energy range of 1.5<E<3 GeV.

For nm→nt oscillation, the pureCP violation effect
DP(nm→nt) depends ons23 as can be seen from Eq.~32!
and therefore on the quantityD. In Tables I–III, we show
DP(nm→nt) as a function of the mixing angles23 and the
phased2, both of which largely affect the magnitude ofD, at
L5730 km andE56.1 GeV for the typical three cases o
(s02,s03,s12,s13). The case of (s0250.12, s0350.06, s12
50.93,s1350.71) andd2590 ° gives a class of the possibl
maximum values ofDP(nm→nt) at that baseline and neu
trino energy in the region of the mixing angles and pha
allowed by Eqs.~26!–~30!. In Figs. 8–12 we show the rela
tion between the rate of active-sterile admixtureD and the
behavior of theCP violation effect in thenm→nt oscillation
at L5730 km in the energy range 6<E<15 GeV. In the

e

FIG. 6. The pureCP violation effect~solid line! and the matter
effect ~dotted line! in nm→ne oscillation with respect to the neu
trino energyE at L5290 km for the parameter set (s0250.12,s03

50.06,s1250.93,s1350.71) and the other angles and phases are
same as in Fig. 4.

FIG. 7. The pureCP violation effect~solid line! and the matter
effect ~dotted line! in nm→ne oscillation in the energy rangeE
53 –10 GeV atL5290 km for the parameter set (s025s0350.11,
s1250.97,s1350.73) and the other angles and phases are the s
as in Fig. 4.
7-7
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case of the solution of the close-to-active solar neutrino
cillations plus close-to-sterile atmospheric neutrino osci
tions (D;0.2) to the combined analysis of the solar a
atmospheric neutrinos@23#, the pureCP violation effect of
DP(nm→nt) is shown in Fig. 8 for the two cases of (s02
50.12, s0350.06, s1250.93, s1350.71, s2350.40) and (s02
50.12, s0350.06, s1250.97, s1350.72, s2350.40), along

TABLE I. The pureCP violation effect innm→nt oscillation,
DP(nm→nt), at the baselineL5730 km and neutrino energyE
56.1 GeV, and the active-sterile admixtureD with respect to the
mixing angles23 and the phased2 for the parameter set of (s02

50.12,s0350.06,s1250.93,s1350.71) andd15p/2.

d2530 ° d2560 ° d2590 °
s23 D DP(nm→nt) D DP(nm→nt) D DP(nm→nt)

0.00 0.08 0.00 0.08 0.00 0.08 0.00
0.10 0.04 -0.03 0.06 -0.06 0.08 -0.06
0.20 0.03 -0.06 0.06 -0.11 0.11 -0.13
0.30 0.03 -0.09 0.08 -0.16 0.15 -0.18
0.40 0.05 -0.12 0.12 -0.20 0.20 -0.24
0.50 0.10 -0.14 0.17 -0.24 0.28 -0.28
0.60 0.16 -0.16 0.25 -0.27 0.36 -0.31
0.65 0.21 -0.16 0.29 -0.28 0.41 -0.32
0.70 0.26 -0.17 0.35 -0.28 0.47 -0.33
0.75 0.32 -0.17 0.40 -0.28 0.52 -0.32
0.80 0.38 -0.16 0.47 -0.28 0.58 -0.32
0.85 0.46 -0.15 0.54 -0.26 0.65 -0.30
0.90 0.55 -0.14 0.62 -0.23 0.72 -0.26
0.95 0.67 -0.11 0.72 -0.18 0.79 -0.21
1.00 0.87 -0.02 0.87 -0.02 0.87 -0.02

TABLE II. The pureCP violation effect innm→nt oscillation,
DP(nm→nt), at L5730 km and E56.1 GeV, and the active
sterile admixtureD with respect to the mixing angles23 and the
phased2 for the parameter set of (s0250.12,s0350.06,s1250.97,
s1350.72) andd15p/2.

d2530 ° d2560 ° d2590 °
s23 D DP(nm→nt) D DP(nm→nt) D DP(nm→nt)

0.00 0.04 0.00 0.04 0.00 0.04 0.00
0.10 0.02 -0.02 0.03 -0.04 0.05 -0.04
0.20 0.02 -0.04 0.04 -0.07 0.08 -0.09
0.30 0.04 -0.06 0.07 -0.11 0.12 -0.13
0.40 0.08 -0.08 0.12 -0.14 0.18 -0.16
0.50 0.14 -0.10 0.19 -0.17 0.27 -0.19
0.60 0.23 -0.11 0.28 -0.19 0.37 -0.21
0.65 0.28 -0.11 0.34 -0.19 0.42 -0.22
0.70 0.34 -0.12 0.40 -0.20 0.48 -0.23
0.75 0.40 -0.12 0.46 -0.20 0.55 -0.23
0.80 0.48 -0.11 0.54 -0.19 0.62 -0.22
0.85 0.56 -0.11 0.62 -0.18 0.69 -0.21
0.90 0.66 -0.10 0.71 -0.16 0.77 -0.19
0.95 0.77 -0.08 0.80 -0.13 0.85 -0.15
1.00 0.94 -0.02 0.94 -0.02 0.94 -0.02
07302
s-
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with the matter effect for the first case of the above tw
cases. The first case represents the possibly maximum v
of the pureDP(nm→nt) for this solution (D;0.2). The
matter effect is around 8% at 6 GeV and 15% at 10 G
relative to the pureCP violation effects, and is about half th
one of thenm→ne oscillation. Figure 9 shows the pureCP
violation effect~solid line! and the magnitude of the matte
effect ~dotted line! for the second case of the above tw
cases. The matter effect is very small in 6<E<12 GeV in
comparison with the pureCP violation effect. We show in

TABLE III. The pureCP violation effect innm→nt oscillation,
DP(nm→nt), at L5730 km and E56.1 GeV, and the active-
sterile admixtureD with respect to the mixing angles23 and the
phase d2 for the parameter set of (s0250.12,s0350.06,s12

50.99,s1350.73) andd15p/2.

d2530 ° d2560 ° d2590 °
s23 D DP(nm→nt) D DP(nm→nt) D DP(nm→nt)

0.00 0.02 0.00 0.02 0.00 0.02 0.00
0.10 0.01 -0.013 0.02 -0.02 0.03 -0.03
0.20 0.02 -0.025 0.04 -0.04 0.06 -0.05
0.30 0.06 -0.038 0.08 -0.06 0.11 -0.07
0.40 0.11 -0.049 0.14 -0.08 0.17 -0.10
0.50 0.18 -0.059 0.22 -0.10 0.26 -0.11
0.60 0.28 -0.067 0.32 -0.11 0.37 -0.13
0.65 0.34 -0.070 0.38 -0.12 0.43 -0.13
0.70 0.40 -0.072 0.44 -0.12 0.49 -0.14
0.75 0.47 -0.072 0.51 -0.12 0.56 -0.14
0.80 0.55 -0.072 0.59 -0.12 0.64 -0.13
0.85 0.64 -0.069 0.67 -0.11 0.71 -0.13
0.90 0.73 -0.064 0.76 -0.10 0.80 -0.11
0.95 0.84 -0.054 0.86 -0.08 0.89 -0.09
1.00 0.98 -0.019 0.98 -0.02 0.98 -0.02

FIG. 8. The pureCP violation effect innm→nt oscillation in
the energy range ofE56 –15 GeV atL5730 km for the typical
two parameter sets: (s0250.12,s0350.06, s1250.93, s1350.71,
s2350.40) ~solid line! and (s0250.12, s0350.06, s1250.97, s13

50.72,s2350.40) ~dashed line! for the active-sterile admixtureD
;0.2, and the matter effect~dotted line! for the first parameter se
of the above, and commonly taken ass0151/A2, d015d025d03

5d1250, andd15d25p/2.
7-8
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Fig. 10 the pureDP(nm→nt) and the matter effect for the
solution of the near-pure-sterile solar neutrino oscillatio
plus near-pure-active atmospheric neutrino oscillationsD
;0.9120.97) for the typical case of (s0250.12, s0350.06,
s1250.95,s1350.71,s2351.0). The pureCP violation effect
is very small,;20.01, and is comparable to the matter e
fect.

Incidentally, we show in Fig. 11 the pureDP(nm→nt)
and the matter effect for the case of the maximal acti
sterile admixture (D;0.5), which is not allowed by the
combined analysis of the solar and atmospheric neutr
@23#, for the two parameter sets of (s0250.12, s0350.06,
s1250.93, s1350.71, s2350.75) and (s0250.12, s0350.06,
s1250.97,s1350.73,s2350.70), along with the matter effec
for the first set. The first parameter set represents the po
bly maximum value of the pureDP(nm→nt) in this case.
Figure 12 shows the pureCP violation effect~solid line! and
the matter effect~dotted line! for the second set of the abov
two sets. The matter effect is very small in 6<E<15 GeV in
comparison with the pureCP violation effect.

FIG. 9. The pureCP violation effect~solid line! and the matter
effect ~dotted line! in nm→nt oscillation atL5730 km for the pa-
rameter set, (s0250.12, s0350.06, s1250.97, s1350.72, s23

50.40) and the other angles and phases are the same as in F

FIG. 10. The pureCP violation effect~solid line! and the matter
effect ~dotted line! for the active-sterile admixtureD;0.9 in nm

→nt oscillation atL5730 km for the parameter set, (s0250.12,
s0350.06,s1250.95,s1350.71,s2351.0) and taken ass0151/A2,
d015d025d035d1250, andd15d25p/2.
07302
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V. CONCLUSION

We have evaluated the pureCP violation effect and the
fake one due to the matter effect in the long-baseline n
trino oscillations for the baselinesL5290 km and 730 km in
the neutrino energy rangeE51.5215 GeV in the four-
neutrino model with the 212 scheme, where two pairs o
two close neutrino masses are separated by the LSND m
gap of the order of 1 eV, on the basis of the constraints on
mixing matrix from the solar neutrino deficit, atmospher
neutrino anomaly, LSND experiments, Bugey and CHOO
measurements, and CHORUS and NOMAD experime
The matter effect is estimated with Arafune-Koike-Sato’s a
proximation method@25#. The matter effect is at (15
230)% level, relative to the pureCP violation effect for
nm→ne oscillation in 1.5<E<3 GeV atL5290 km, and is
at (8215)% level for nm→nt oscillation in 6<E
<10 GeV at L5730 km for the active-sterile admixtur

. 8.

FIG. 11. The pureCP violation effect innm→nt oscillation at
L5730 km for the typical two parameter sets (s0250.12, s03

50.06, s1250.93, s1350.71, s2350.75) ~solid line! and (s02

50.12,s0350.06,s1250.97,s1350.73,s2350.70) ~dashed line! for
the maximal active-sterile admixtureD;0.5, and the matter effec
~dotted line! for the first parameter set of the above, and commo
taken ass0151/A2, d015d025d035d1250, andd15d25p/2.

FIG. 12. The pureCP violation effect~solid line! and the matter
effect ~dotted line! in nm→nt oscillation atL5730 km for the pa-
rameter set (s0250.12, s0350.06, s1250.97, s1350.73, s2350.70)
and the other angles and phases are the same as in Fig. 11.
7-9
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range of 0.15<D<0.8, whereD[uUs1u21uUs2u2.
Then, we have studied the relation between the act

sterile admixture~D! of neutrinos and the magnitude of pu
CP violation effect. For the close-to-active solar neutri
oscillations plus close-to-sterile atmospheric neutrino os
lations (D;0.2) @23#, the pure CP violation effect in
DP(nm→nt) could attain the magnitude as large as 0.1
0.25 in 6<E<15 GeV at L5730 km for Dmatm

2

52.531023 eV2, Dmsolar
2 5531025 eV2 and DmLSND

2

50.3 eV2. This magnitude is prominently governed by th
mixing angle productc23s23 in DP(nm→nt), ands23 deter-
mines the active-sterile admixtureD. For near-pure-sterile
solar neutrino oscillations plus near-pure-active atmosph
neutrino oscillations (D;0.9120.97) @23#, the pureCP vio-
lation effect inDP(nm→nt) is very small, about 0.01, in 6
<E<15 GeV atL5730 km and is comparable to the matt
effect. On the other hand, fornm→ne oscillation, the pure
07302
e-

l-

–

ic

CP violation effect is independent of the active-sterile a
mixture and is at most 0.05 in 1.5<E<3 GeV at L
5290 km, which is almost the same in magnitude as in
three-neutrino model.

It may be interesting to measure theCP violation effect in
nm→nt oscillation for the baseline ofL5730 km by using
the conventional superbeams ofnm and n̄m in the energy
range ofE56215 GeV@45,46#. Also it might be intriguing
to measure theCP violation effect innm→ne oscillation for
L52502300 km by using the conventional superbeams
nm and n̄m in E50.123 GeV @47#.

APPENDIX: OSCILLATION PROBABILITY

Here we present the oscillation probability of Eq.~9! with
Eq. ~17! taken in Eq.~16!:
P~na→nb ;L !5dbaF124 sin2S Dm31
2 L

4E D H uUa3u2F122
a

Dm31
2 ~ uUe3u22dae!22

a8

Dm31
2 ~ uUs3u22das!G

22S a

Dm31
2

1
a

Dm43
2 D Re~Ua3* Ua4Ue3Ue4* !22S a8

Dm31
2

1
a8

Dm43
2 D Re~Ua3* Ua4Us3Us4* !J

22 sinS Dm31
2 L

2E D uUa3u2S aL

2E
uUe3u21

a8L

2E
uUs3u2D24 sin2S Dm41

2 L

4E D H uUa4u2

3F122
a

Dm41
2 ~ uUe3u22dae!22

a8

Dm41
2 ~ uUs4u22das!G22S a

Dm41
2

2
a

Dm43
2 D Re~Ua3* Ua4Ue3Ue4* !

22S a8

Dm41
2

2
a8

Dm43
2 D Re~Ua3* Ua4Us3Us4* !J 22 sinS Dm41

2 L

2E D uUa4u2S aL

2E
uUe4u21

a8L

2E
uUs4u2D G

14 sin2S Dm31
2 L

4E D F uUa3u2uUb3u2H 122
a

Dm31
2 ~2uUe3u22dae2dbe!22

a8

Dm31
2 ~2uUs3u22das2dbs!J

22S a

Dm31
2

1
a
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2 D $uUa3u2 Re~Ub3* Ub4Ue3Ue4* !1uUb3u2 Re~Ua3* Ua4Ue3Ue4* !%

22S a8
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1
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2 L

2E
sinS Dm31

2 L

2E D FDm21
2

Dm31
2
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3~2uUe4u22dae2dbe!1uUa3u2 Re~Ub3* Ub4Ue3Ue4* !1uUb3u2 Re~Ua3* Ua4Ue3Ue4* !%
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Dm31
2 $uUs3u2dasdbs1uUa3u2uUb3u2~2uUs3u22das2dbs!1Re~Ub3* Ub4Ua3Ua4* !

3~2uUs4u22das2dbs!1uUa3u2 Re~Ub3* Ub4Us3Us4* !1uUb3u2 Re~Ua3* Ua4Us3Us4* !%G
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